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PREFACE^ 


The remarkable progress made in recent years in the Theory of 
General Functions has revolutionised the method of treatment 
of many of the higher branches of Pure Mathematics ; and the 
brilhant work of Riemann, Weierstrass, and their followers has 
opened out new paths for research. The discovery by Stokes 
and Seidel of the fundamental principles underlying the con- 
vergence of an infinite series has been far-reaching, and the 
question of uniformity or non-uniformity of approach to a 
limit which arises in deaUng with such series and of continmty 
in the Hmiting values of functions dependent upon more than 
one variable when those variables are made to approach definitely 
assigned values, are matters which necessitate close attention. 
Professor Chrystal, in his Algebra, vol. ii., discusses such ques- 
tions at considerable length in a most useful chapter on “ The 
Convergence of Infinite Series and Products.” 

A general discussion of Abel’s Theorem regarding .the general 
integration of Algebraic Functions and of its development by 
Liouville and others is given by Bertrand {Calc. Integ., ii., ch. v.), 
and an account of the general problem of integration of a function 
of a single variable, its possibilities and its barriers, is to be found 
in No. 2 of the Cambridge Mathematical Tracts (2nd ed.) by Mr. 
G. H. Hardy. A clear and careful exposition of the modern 
theory of Integration from Riemann’s point of view, and of 
the question of Convergence of Infinite Integrals, is given in 
Professor Carslaw s work on the Theory of Fourier' s Series. 

It was my original intention to incorporate into this book some 
account of the more recent developments of the subject, and a 
long chapter was written for Volume I. with that view. But the 
further I progressed the stronger was my comdction, gained from 
many years of experience of work with post-graduate students, 
that there is in these days far too great a tendency on the part 
of teachers to push on their pupils so fast to the Higher Branches 
of Analysis or to Physical Mathematics that many have neither 
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. . oppominity for tlie cultivation of real personal pro- 

:..j- V'-y, or for the acquirement of that inditudual manipulative 
vhicL is essential to any real confidence of the student in his 
c’n ro've" ’ o conduct unaided investisation. and vithout the 

X w 

p''-pr-?'.nc‘j of irhich any temporar}’’ interest he may have gained 
"Vi i udent must speedily die a natural death. I therefore felt 
that f should best serve the interests of the majority of readers 
by endeavouring to help them to cultivate and consolidate their 
knomiedge, and to acquire an adequate mastery over the common 
process-.-' of the Calculus rather than bv pointing out the direc- 
tion of the more modem trends of thought and bv indicating 
turthor wstas for research. To do this, it has been necessarv to 
enhibiT- a large number of worked-out illustrative examples, in 
audition to furnishing an adequate selection for personal practice, 
•i. great part of what I had prepared with regard to modern work 
legrerfuliy withdrawn, and other projected and partially 
tompleted portions either abandoned or drasticaUv abridsed, as 
they dealt with matters which would rather be of interest to 
specialists than helpful to the overage reader. 

The functions considered are for the most part combinations of 
the Elementary Functions of Ordinary Analysis, continuous and 
in general bounded, and for such the definition of integration as 
used by Cauchy and generally adopted in tc.xt-books will suifice. 
ftid fiirra an adequate instrument for the treatment of the 
particular desses discus.sed. The more f-lal>orato definition by 
Eitm.'im. vhich furnishes a more powerful and ddicate. hut at 
tile -^ame lime somewhat C( mpie.v in.^-tniment for the discussion 
of generalised functioms, introduces certain difficulties of con- 
eeptiou likely to be an unnecessary source of trouble to the 
ordinar} student iu his earlier studiei. It is therefore postponed 
until it IS to be expected that he has arnved at a thorough 
mastery of the common processes to be used in the various appli- 
cation.^i of the Calculus, and has gained a rijier exp'Wicncc for its 
consideration. And it does not appear that auv danger is to be 
apprehended in such delay, seeing that Riemann's dlhuition is 
specially devised to meet generalities which will only have to be 
deaK with in a later stage of specialisation. 

•riisL'PM EnWAEDS, 


QuEE.n’s (.'cLLr&E, L( -', bON. 
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CHAPTER XXIIL 


CHANGE OF THE VARIABLES IN A MULTIPLE 

INTEGRAL. 


826. A NUMBER of cases have occurred in previous chapters 
in which the evaluation of an area or a volume has been much 
facilitated by a proper choice of coordinates, and changes 
have been made from one specific system of coordinates to 
another specific system, such, for example, as from Cartesians 
to polara, or to elliptic coordinates. 

In particular, we have established the results, that in 
transforming from an x, y system, which may be regarded as 
Cartesian, to a w, v system, we have 




3(m, v ) 

and when we change from a three-dimensional Cartesian x, y, z 
system to another system in terms of new variables u, v, w, we 
have 


the symbol V' representing merely the value of V as expressed 
in terms of the new coordinate system. 

These changes have been found very especially useful in 
the case where the hounding curves or surfaces of the regions 
under consideration are themselves members of the three families. 


w=const., 't;=con.st., w=const. 


This was the case in the typical example of Art. 793, viz. the evalua- 
tion of the area of a Carnot’s c^'cle, bounded by isothermals xy=ai, 
^.y=® 2 ) and the adiabatics .ry>'=;S,, and it will be recalled that 
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■ 'rn n bounded was divided ini-o elementary areas bounded by 
i. ■ 'f the same tj-pes, viz. 

.ry = «, xi/^=i\ 

xv — iL + hi. .r;/=t’ + Sy. 

Eroodv the same course was followed in the three-dimension 
r.vTucal examples of Articles 797, 798. 

827. Further Examples. 

1. The quadrilaceral bounded by the four parabolas 

= y'^' — b^x, x" = e^y, x-=f^y, 

revolves round the axis of y ; find the volume generated. 

[Colleges a, 1890.J 

If bz Sy be an elementary rectangle of this area, we have 



Fig. 295. 

Now, instead of taking elements of rectangular shape such as 8x8y, let 
us divide up the area by the families of parabolas 

y^^7c^x, x'^-v^y, 

Then M = a and u=h, v = e and v=f are the bounding parabolas of 
the region, and tlie elementary area enclosed by 'u,%i + 8u, r, r + Si' is 
±J8ii8v. ’ /• 
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From equations (1) x=uv'^, y=u^v. 


j_'d{x.,y) I 2 


'■luv 


— — 


Hence 


* du dv 


, 2uv, id- 

= 6w£j^^u^v- 

= ^(a*-b*)(d-n 

2. Evaluate the triple integral m ~~ taken through a volume 
bounded by six confocal quadrics, the semiaxes of the quadrics being 

^ 1 ) ^ 1 ) •'Ij \ ^ 2 > ^ 2 » ^ 2 , ) 0 ! 3 , 63 , C 3 , 'I 

and oti', V, Cl, I and a^', hi, c/,/ and a^, h^, Cj.f 

[Math. Trip., 1889.] 

Taking a definite confocal a, b, c, let the three confocals through any 
point X, y, z of the region be 

*7-'^ 

■ + + = h ::2^+ + =i, ^+ + = 1 , 


a'“ + A 


a^ + ji 


and we have 

whence 

and 


(X. + a^)(y. + a^)(y+a^) /A^tgioV 

(a^-b^)(a^-c^) ’ ^ (Art. 812 ), 


2 ctx 


_ 'd(x, y, z) _xyz 


j= 


2 “dx 
xdfi~ 

>+a 2 ’ 

1 

1 

1 

k+a^' 

/X + ’ 

v + u^ 

1 

1 

] 

A + 62’ 

11 + 

v+b^ 

1 

1 

1 

A + c='’ 

/X + 

v + c^ 


Hence 

= [log (A + «==)] {[log (/I + 6^)] [log (v + c^)] 

, , . . , , j . -[Iog(/i + t;2)][log(v + 6=‘)]}, 

and at one set of the boundaries 

A4-a* = ai^, X + b^ = bi^, A + c® = Ci*, 

/j. + a^ = a2^, Ii + b^ = b2^, li + c^^c^. 


v+d 


2 =/ 


‘3 j 


v + b^ = b3^, v + c* = C; 


2 . 

3 I 


and for the other set, 

A4-a^ = ai'‘', A + 6^=&i''‘, etc. 

Hence the limits for A are from a^-a^ to a-l'^-dd, 

for /X from b-^ — ld to 

for V from c^ — c^ to Cj'^ — c^. 
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828. Ilemarks on the Transformation. 

The iisefnlne.s.s of a cliange of variables is not, however, 
eon lined to the case in wliich the bounding curves or surfaces 
of tlie region considered are particular cases of the families of 
currcs or surfaces by which it has been deemed desirable to divide 
u.p the region into eleincnt.s and for wliich case tlie limits are 
'•■losiai'ts. 

The process of irnnsfonnation is threefold : 

(fi) The tr-.n.sl'ormation of tlie subject of integration into 
terms (d the leov wsriables. 

(/;) Idle detiniiiination of the new element of integration, 
which resolves itself into the calculation of J. 

(. j The detei-niination of the new limits. 

Of these, (e) and {b) an* merely algebraic processes, and give 
no trcnibli’. 

Th'‘ rtetei-nnnalion of tie- m-w limits (c) however, often 
presents considerable dillii-uliv to the stinlent. And we can- 
not lay down e.vplicit rul«-s to be followed to suit all cases. 
Generally speaking, it is best to proceed, from geometrical 
consideratious, first forming a cleai idea of the region which the 
original element of area or volume was made to traverse. This 
will be clearly indicated by the limits of the integrals occurring 
ill the expression to be transformed. Then the new limits 
for the transformed integral must be so chosen that the new 
element of area or volume, as the case may be, traverses the same 
region, once and once only, as was traversed by the original 
element in its march as defined by the limits of the original 
integral. 

The student will require considerable practice in the assign- 
ment of the new limits, and therefore a number of illustrative 
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examples are appended from which he may gather an idea of 
the course to be adopted. 

And before proceeding to discuss them in detail the student 
is advised to note that at times, even a change of order in the 
integration, without any change in the variables, may be useful, 
and that in some cases an integration in different orders may 
lead to important conclusions. Some of the earlier examples 
are therefore confined to mere change of order with no change 
in the coordinates, and the necessar}'^ change in the limits 
will be the subject of main attention. 


829. Change of Order op Integration. 

Ex. 1. Consider f dx j all the limits being known constants. 

Ja Jc 

Here the sjjace bounded by g=c, y—d, x—a, x=b is the region 
through which all products such as f{x,y)hxZy are to be added, viz. the 


y 


N 


D 


SS' 


R' 


M 


Fig. 296. 


Q 

Q 


X 


rectangle ABCD in Fig. 296. In the integration as it stands we integrate 
first with regard to y, keeping .r constant, thus adding up all elements 
in such a strip as RSS' R! in the figure. Then all such strips are to be 

added in the operation f ( )dx. 

•'a 

If we wish to change the oi’der of the operation and express it as 

/ % \dxf(x, y) 

we have to assign the new limits. 

Clearly in this case the sum of such elements as we have considered, 
added up along such a strip as PQQ'P' parallel to the x-axis, will be 
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>r :'.,b sum of all these strips, froia y = c to jf — d, will be 

f d^ f dxf(.r, ij). 

J c da 

Thus 'd.v I^^d7//(.r, ij) = d^j d.r f(.r, y). 

1 - appears therefore that iu the case of constant limits no change is 
rniiiiled by a change in the order of integration. 

Er.. 2. Consider 1 / f{x,y)d.vdy. 

•'o -fit 

Here the limits for _?/ are from w = 0 to y = x, and for x from x = 0 to 

.r=a 

These indicate that the boundaries of the region for which the elements 
y) (i.c 8i/ are to be added are 

the x-axis, the line y = x, the line .v = a. 

And if instead of taking strips parallel to the y-axis, we add up tlie 
elements in strips parallel to the .r-axis, of which PQQ’P is a type 



Fig. 297 

(Fig. 297), this summation i.s to be taken from x—y to x = a, and 

/ f{^)y)dx will be the sum for the strip PQQ'P'. 

Jy 

These strips are then to be added from y = 0 to y = a, giving 

I I /(•'■- .»/) dy dx 
Jo Jy 

as the transformed result. 

ra cos o rsla^x' 

Ex. 3. Consider I I f{x,y)dxdy. 

Jo J a: tan a 

The region of integration is bounded by the straight line _7/ = .rtan a, 
the circle y = ^a^ — x^. and the y-axis. 

The present summation is that of str'ps parallel to the y-axis. If we 
change the order of the integration we must add up all elements in a strip 
parallel to the x-axis before adding the strips. ^ 
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These strips change their character at the point where y = asin a ; from 
y=Q to _?/=asina, the length of a strip is bounded by the y-axis and 
the straight line _y=a:tana; from 2 /=asina to y=a the strip is termi- 
nated by the circle. 

Hence the integration consists of two separate parts, viz. 



Fig. 298. 


It is often useful to test general results and verify our conclusions by 
application to some simple case. Take, for instance, f{x,y) = \. Then 
the primary integral represents the area of the sector of a circle of 

radius a and angle Hence the result should be 

The integration of the transformed result is 

pa sin a pa 

I ycotady+\ -Ja^—y^dy 

Jo J a sin a 


as it should be. 


TT 

1 0 • 

a* 

a* i 

fir \ 

2 

— ^a-^sin a cos a - 

1 

p 

II 

= 2< 



Ex. 4. To change the order of integration in the integral 

n 'Jax 

f{^,y)d.rdy. 

'dax—x' 


Here the region of integration is bounded by 

(1) The parabola y‘^=ax. 

(2) The semicircle x'^-\-y'‘'=ax, which we may note is the circle of 

curvature at the vertex of the parabola, and lies entirely within 
the parabola. 



o 
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) Tiie straight line x = (t ; and this is a tangent to the cii'cle. 
instead of adding np the quantities /(.r, y) Sr along strips such as 
DE (Fi<r. 299) parallel to the ^/-axis, and then adding the strips, we have 



10 add np elements in a strip parallel to the .r-axis, and then add up these 
new strips. It will bo noted that so long as ?/ is less than ^ such strips 
are broken into two parts as FO and UK, but for values of y > ^ they 

are continuous as at UW Let IT be the point of contact of the tangent 
JJC to the semicircle, which is parallel to the .r-axis. The new integration 
must cover the three portions 

{])AFBWGA ; (2) WOKNHW ; (3) BUPCWB. 

Referring to the ligur'e in which the lines FA' and FT parallel to the 
r-axis meet tlie y-axis at L and .1/ I'espectively, 

In region (1), 

the limits foi' .r are fi'om LF to LG, and for y from 0 to KC. 

In region (2), 

the limits for .r are from LIl to LK, and for ?/ fi'om 0 to NC. 

In region (3), 

the limits for x are from MU to MV, and for y from KC to NP. 
Hence the ti-ansformed result will bo 




rt 


E;t. 5. Change the order of integration in 


•r ra(i -i-cos fl) 


f{r, d)rdedr + 


TT ra(l 4* cos 0 ) 


0 J a cos e 


n 


f{r, 6)rdddr. 


As the integral stands, integration is effected through a region bounded 
by the upper half cardioide r = a(l -f cos 6), the upper half circle r = afcos 9 
and the intercepted portion of the initial line. 
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When the order of integration is changed we are to add elements along 
strips which are bounded by circular arcs as shown in Fig. 300, and then 
add all the strips. Let BG be the arc, with centre 0, which touches the 
circle at B. Let MQ, M'Q' be contiguous arcs with centres at 0 inter- 
cepted between the circle and the cardioide, and NP, N'P' contiguous 



arcs with centres at 0 intercepted between the initial line and the 
cardioide. Then the new limits of integration are : 

for 0, from d=AOM to 9=AOQ, for values of r from 0 to OB, 

and for 6, from 6=0 to 6=A0P, for values of r from OB to OA. 

The first of these accounts for the region OMBCQO. 

The second accounts for the region APCBA. 

And the transformed integral stands as 



-\r-a 

f{r, d)rdrd9+ 

-iL 

a 



cos 

0 


/(r, 9)rdrd9. 


Ex. 6. Change the order of operation in the integration system 

Oa 2aa: 

'V2aa;-i« f5 fix-Sa 

f{x, y)dxdyA - ' 




^(2a-a:) 




^( 20 -*) 


f{x,y)dxdy 
la P'Alax—x^ 


+ 


r2a rv2fla;— x* 

f{x',y)dxdy. 


6 2a 
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i ' .niuiiKir^on is effected b}' strips parallel to the y-axis ^vithill a 
•, ‘lOlinded by 

( 1 ) the parabola 2fly =.r('2a - a-), 

(2) the semicircle 7/- = 2a.v — .r", 

(3) the hyperbola Say = 2a.r -h 3oy. 

Hie iM-a'dinates ot the intersections of the curves are shown in Fig. 301. 



Let (', D be ihe intersections of the circle and the h^’perbola, and B 
the vertex of the parabola. Let LPQ be the tangent to the parabola at 
B, and let ML) be drawn through D parallel to the ,r-axis, cutting the 
y-axis at L and M respectively. 

Then in division by strips parallel to the .j--axis we have four regions 
to consider, viz. : (i) OL^B, (ii) BQA, (iii) PRDQ, and (iv) RCEDR. 

We then obtain fcu' the transformed result, 


a 




If) 


0 rt — tf — y 
3a 


/(.3 , y) di/ d.l 

a4- V<i*— '2av 


3av 


-h 


n ai-N «*—!/* Ca fnj/ — 2a 

fV', y) dy d.v -f fix, y) dy dx. 


? s 

the several items of integration referring to the respective regions 
enumerated. 


Ex. 7. 


— dx dy. 


[St. John’s Coll., 1889.] 


As the integral stands, summation is conducted over the infinite region 
bounded by the line y = x, the y-axis, and an infinite boundary, say 
y = a, where a is infinitely large, and along which the subject of integra- 
e~- 

tion — is ultimately zero, the strips being taken parallel to the y-axis. 

Change the order of integration, taking strips parallel to the a’-axis. 
The new limits are : for x, from ,'r=0 to x—y ^ 

and for y, from y=0 to y = cf. 
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n v g— y 

— dy dx 

= Lta^a^ rfy 

= Z«„=„[-e-3']'‘ 

= Z!:„=„(l-e-'') = l. 

Hence the value of the integral is unity. 



Ex. 8. Change the order of integration of the triple integral 


fa fa—x Ta- 

Jo Jo Jo 


f{x, y, z) dx dy dz 


in all possible permutations of dx, dy, dz. 

The integration referred to is evidently through the volume bounded 
by the three coordinate planes and the plane x+y -{■z = a. 

The integration as it stands supposes this region divided into volume- 
elements BxBy^z by means of slices or laminae parallel to the plane x—0, 
subdivided into tubes or prisms parallel to the z-axis, and these further 
subdivided into elementary cuboids by planes parallel to the plane 2=0. 
The other modes of division and summation are obvious. 

And the transfoi-mations are 



f{x, y, z)dxdzdy, 
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I r . I a—y . «— s— y , - 

.'0 .'0 Jo 


iH. 9. 


I'rt r'i—2 rrt— r— “I 

/ f{-^, ih 2 ) 

.'0 Jo Jo 

'a i’rt— 2 Ai— y— 2 

/ I f{-'r,y,z)dzdyd.r. 
.'o Jo Jo 


Express the integral 



/■(■'■, .y, z)d.rdydz 


as an integral of the form 

J j j /(•»■> .'A z)dydzdx. 

In che first integral the region over which the siiniination is conducted 
IS hounded by 

(1) the sphere .r^+.i/- + ^- = a-, 

(•2) the plane .'/ = 0, 

(3) the plane .r = 0, 

(4) the plane ^ =j/, 



and the first integration was that of elementarj' cuboids in the tub^s on 
5.r8y for base and parallel to the z-axis. The second with regard to ?/ 
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added the tubes in a slice parallel to the plane x=0, and the third, 
integrated with regard to x, added up the slices. 

We are now to construct tubes on SySz for base, and the limits for the 
first integration will be for x from 0 to — — 



Then we are to sum these tubes which are bounded on two sides by 
planes parallel to the plane of y=0, and the limits for z are from z=y to 
z=\la^ —y'^. 


Finally the slices thus formed are to be added from y=0 to 
The transformed integral is therefore 


r- 

Jo 


VaZ-j(«-r2 


/(x, y, z)dy dz dx. 


830. Examples of Change of the Variables. 

We shall use the notation Y for any function of the original 
variables and Y' for the same function expressed in terms of 
the new variables. 

In the case of change from Cartesians to Polars for two- 
dimension problems, the element of area Sx Sy is replaced by 
r Sd Sr, and for three-dimension problems Sx Sy Sz is replaced 
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' - ,?ii) 6 S6 Scf) Sr. In converting from three-dimension Car- 

t.- dans to cylindrical coordinates SxS^Sz is replaced by the 

ne-u element of volume r Sd SrSz. 

It is co)ivenient to remember these, as the labour of calcu- 
lating the new element from the general result, viz. 

JSu Sv Sw or "'j r Su Sv Sw 

o\u, V, w) 

is in these cases thereb}’’ avoided. 


831. Illustrative Examples. 

Ex. 1. Show that j j Vd.cd^ = j^ V'lidvdu, 

if y + .;• = !<, y = uv. 


Here 


[Colleges, 1881.] 

(Jacobi’s Transformation, Crclle's Journal, vol. xi. p. 307.*) 
x = u{l-v), y = uv, 

\-v. 


J= 


-u =«. 


Hence J Sti 8v = it 8u 8v. 

Also I' upon transformation becomes F'. 

The transformed result therefore becomes 

J j' Fududu or J J" V'ududr, 

according as we are to integrate with regard to u or with regard to v first. 



In our example the former is the case. We now have to determine the 
proper limits of integration. 

In the original form the integration was for ?/ from 0 to c — .v and for 
X from 0 to c. 

*Gregor3’’s Examples, p. 41. ^ 



CHANGE OF THE VARIABLES. 


15 


The region through which the integration is to be conducted is then 
that bounded by the axes and the straight line x^y=c. 

The transformation formulae 

x-+y=M, y=~^x 


indicate that the new division of the area is to be by means of lines 
drawn parallel to x-\-y=c and by radial lines through the origin, the 
lines M, « + ■w, v + Sa bounding the element whose area has already 

been formed, viz. u Sw Sv. 

Let these lines be LM, L'M', OP, OQ respectively. Then as we are to 
integrate first with regard to u, keeping v constant, we are to add up all 
the elements in the triangle OPQ, and afterwards add up the elementary 
triangles. In passing from 0 to P u increases from ?«=0 to m = c. 


Hence the first 


integration is 


/■ 


V'u du. 


In the second integration changes from tan 0 (ie. 0) to tan 90° 
(i.e. 00 ), and v changes fi'om 0 to 1. Hence the transformed result is 


a: 


V'v dv du. 


If we had elected to integrate in the opposite order the result would 
have been 


/■/ 


V'u du dv. 


Ex. 2. Change the variables in j jdxdy to u, v, where x^+y'^ = u, 

x^-y‘^=v ; and apply the result to shoAv that the area included between 
the circles x^+y^ = a^, x'^+y'^=}p, one branch of the hyperbola x'^—y'^ = c'^ 
and the axis of y is 


(IP 2\ I • -1 • _i 1/^ + 

-(6“-a2) + -sin-i — sin-i-n + - log , 

8 ' 'A 62 4 „2 4 6 


where c<a<b. 
Here 


and therefore 


(R.P.) 


./' = 


2x, 2y 
2x, — 2y 


= - 8.ry, 


1 


4,y„2_v2’ 


and the transformed integral is — 
the proper limits. 

The region over which summation is to be conducted is the portion 
ABEGDFA of Fig. 306. 

If OFE be the asymptote of the rectangular hyperbola, the area of the 
portion FEGD is plainly \{TTlfi — iraP). We have then to turn our atten- 
tion to the portion ABEF. And for this the line FE is a case of 
rectangular hyperbola, viz. v=0. Hence for this region the limits are 


IfJ: 


dudv 
4I I ^y — -yi 


, where it remains to assign 
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oonstont, viz. M = and v=0 to r = r^ and vv'iUi tliis assignment of 

limits vve may omit the — sign and take 


Area ABEF= 


1 p’ A’ dud>' 


4 ja'‘ Jo ^y u" — v'^ 

4 .',,2 L ?< J„=0 

1 r ■ 

= - I sin ‘ — dll 
4 ./„2 7t 

If . .cn''* 1 /■'■’ c" , 

= - ?<sin-*— +- I - 7 ==du 

41- llAal ■Ju- — c^ 

If • 

= -\ u sin * — + c- cosh * — 

4 L u c- J,.i 

i-’ . a^- . ,c- c2, b~ + Jh'-c^ 

= -r sin~i JT,- —3111“' —, + -riOg — ]===,' 

4 i- 4 4: — 



Fig. 30G. 


Hence adding the portion FECD already found, we have 


Area of ABECDFA 


TT 

8 


/ 2 

{h- - a") + sin 



a- . ,c~ c- . 

— sin-' -r,+ - lor 
4 a- 4 ' 


c- + s!7A^^' 


Ex. 3. Show by transforming to polar coordinates that 

ra tan a ra tan a dx dlj 

Jo Jo (x^+r+d^r 

= ^ {sin a tan“'(tan ft cos a) + sin ft tan”' (tan a cos ft)}. 

[COLLKGES, 1887.] 


Putting .77 — rcosd, T/=rsind and remembering that the element of 

area S:rSy is replaced in polars by r868r, we have 
remains to assign the limits for r and 6. 
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The region of integration is the rectangle bounded by a7=0, a’=atana, 
y =0, y=a tan /?. If y be the angle which the diagonal through the origin 

makes with the a;-axis, tan'/=^^^^^^. 

' tan a 



Fig. 307. 


The whole integration consists of two parts, viz. 


p l-atanaseofl rdOdl 

0 Jo 


'• d0 dr p p P cosec e rdd dr 

Jo 


the first referring to the portion of the rectangle between the diagonal 
and the .r-axis, and the second to the part between the diagonal and the 
y-axis. 

This is clearly 

1 ry r 1 “1“ a sec 0 1 r- r 1 na tan B cosco 0 

2 Jq L r^ + ct- Jo 2jy L r' + a-^Jo 

_J_ fYf __oof9_\ ^ I sin^g 

2a2jo \ cos'‘*0 + tan'-^a/ 2d‘)y \ sin^ty + tan'^/i/® 


aec-0 dd 


1 p Uiu^fidd 

2a~Jy sec- 13 sin“^ + tan-^ cos-0 

cosec20 d0 


^J_ p tan^adg 1 p Uin^/SdQ 

2d^ Jg sec-u cos20 + tan^a sin^^ 2a- Jy sec -13 sin - 9 + tan-^ cos- 

_ 1 p sec-d dd 1 ^ p cosec20d0 
2d^jg cosec'-a + tan'-^^ 2a^./y cosec‘^^ + cot^0 

~ 2^ [^sin a tan“'(sin a tan 0)^ 2^ ^ tan~’(sin (3 cot 0)J^ 

= ^ sin a tan“Xcos a tan /j) + ^ sin /3 tan“'(cos (3 tan a). 


Ex. 4. Two lemniscates whose equations are r^ = Oi2cos20 and 
r2=6jiisin20 respectively, are drawn through a point P, and two others 
whose respective equations are /-=«./ cos 20 and r^ = 0./sin 20 are drawn 
through Q. P and Q are both in the first quadrant. Tlie remaining 
intersections of the four curves in the first quadrant are R and S. The 
coordinates of these points are respectively (jq, 0i), {i\, 62), O3, 03)1 Oq, 6i)> 
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required to that the curvilinear quadriiateral thus enclosed 

1 I y ) ( 1 

2 I \sin 4d3~sin 4d^/ \sin4yi sin46’»/J 
Coiisirlfnnq the tv,’o t3'pes r- = ie^ cos 20, /- — v- sin 20, we obtain 


\?f- vj 


1 and tan 26 


=V^’ 

Y V 


0 = itan-iV 


Hence 

Also 


'C{r, 0 ) _ I } r- , u- I ] _ 1 I 


A—jjrdddr — j fr 


^{r, 6) 

d{n, r) 


du dr = 


1 f f 

J (u + t)^ 


■J’he limits of intcgi'ation are u,-' to uA for v, and to for v taking 


a positive sign I'cfore the integral. 



Fig. 30y. 


H dice 


_1_ j'“^' /‘‘'A du dv 

du 

r-,4 



1 f_ 1 


— — I du 
{!>■/ + »)- 1 


- 1 [ih* + a=‘)^ - (0i‘ + aj*)i’ - (6,- + a,«)i + + „/)i] 
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Now the curves intersect at rj, 6i, and 


j. i .. i 

a iA-h «— I 

T"l — 77T?7r7r + 


iVj* 


Similarly, 


cos®20i sin^26^i sin^40i‘ 




" • 2<"zr5 ^2 “T^l — — « . /I J rt-iivi U'2 “r‘^2 — ^ 9 - /3 • 

sin^46/4 sin^403’ siir4&2 


Hence 




I 

A n -• 


9. 2 
^ 2 


2 Lsili 4^/3 sin 4^4 sin 4 i?i sin 4^/2 




rT /sin (/) 

Ex. 5. Transform the integral / / — ^d(f>d6 by the substitution 

*'0 ‘'0 ’ sin u ^ 


and show that its value is tt. 
Here 


.« = sin cos ?/ = sin^sin0, 

[Oxford II. P., 1880 .] 

cos <f) cos 6, — sin 4> sin 6 
cos sin sin ^ cos ^ 

= sin <f> cos (j) 


r/_3(-«, ?/) 
6) 


and 


! I I . J ^ <'? rf'* 

JJ ' sm 6 J J s\n <f> cos <!> ' s\n 6 

i./s/^7l-.r--y' 

The original limits were ^=0 to and <^=0 to i> = ^- 
Now a7* + = sin^ d) and - = tan0. 

.V 



We may then regard the integration as extending through the positive 
quadrant of the circle a;*+_y* = l. The limits for a; will then be from ,v=0 
to a:=\/l —y^, and for y from y=0 to y= 1. 
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H ennt,tniit 



Cx t'. Sli' W lliat if .r=«(l+i'f and )/ = !'(l + i/), 

-'1 r ri p + t' 

ri !(r-?;)'-^-2(.r + //) + l\--dj:dy= I f dvdv, 

and i>[ovc thu identity l'_v finding the value of each integiTih 

[Oxford II. P., 1S89.] 

Heie ./= 1 + 1 ', n = 1 + ?; + a 
i\ I - a 

nnd ( f '•-: // -r 1 —{>t- r)‘ + 2{n + i')i-~Uir+ 1 = (n + J’ + !)"• 

Mci,!'-' j I '2(.r+//)~\i~-d.r(/i/ — j Jdrdr. 


R r.’.-O 



Fis. 310. 

Next eonsider tlie liinit«. The region thioiigli \vliicli tlio .summation in 
the fir.'.t integral is to ho eflecled i.s tliat luuindecl by the .r-axis, the line 
?/=.r, and tlie ordinate .r=g; /.c. the triangle (KV/i in the accompanying 
figure (Fig. 310). 

The loci »:=const., i' = const. are respectively tlie line.s 

■I _ 

21 1+21 ’ r 1 + r 





CHANGE OP THE VARIABLES. 


21 


We are to integrate first with regard to keeping v constant, 
i.e. along a strip formed by the lines v, r + Sr. These lines, represented 
by C^AiPiQi and CiAiP 2 Q 2 respectively in the figure, form a strip of 
gradually widening breadth in passing from P to Q, for, as the intercept 
00^ on the a:-axis increases (negatively), the line rotates counterclock- 
wise. It begins its rotation, as far as our triangle is concerned, with 
coincidence with OW, for which v = 0, and ends its rotation when v—], 
“i/ cc 

when the line is ^-- = 1, and passes. through R(2, 2), taking the position 

J. ^ 


G'B. Now along the whole length of OR, i.e. y = .v, we have u = v, and 

2 

along the whole length of NR, i.e. x=2, we have 2 = i{(l -Fv), i.e. = 

Hence, in integrating along the strip P 1 Q 1 Q 2 P 2 , keeping v = constant 

2 

u changes from u = v at Pi to m = ^ at Qi. 


Hence the limits for u are v and , and for v, 0 and 1. 

1 -fri 

2 

Hence j / {(x-y)^+2(x + y) + l}~idx(/y= I f dvdu. 

-'0 •'0 " .'0 Jv 

The student may show without difficulty that each side of the identity 
takes the value 2 log 2 - i. 

If, however, the integration had been conducted in the reverse order, 
integrating first for strips along which u is constant, it is to be noted 
that the character of such strips changes when the line /),/?]/?, passes 
through ^^(l, 0), the strips being terminated by OE (r = 0) and OR (v = u) 

for the portion OER and by EN (r = 0)and NR = for the second 

part. 

o 

We then have dv+ 


Ex. 7. Obtain the value of 


/= 




the integral being taken for all values of x, y, z, such that 


4 -.^: 

,2 


-b-T <1. 


d‘- 

We shall divide up the ellipsoidal volume into a set of thin homoeoidal 
shells, that is shells bounded by ellipsoidal surfaces, concentric, similar 
and similarly situated with the bounding surface. Let a typical mem- 
ber of this family of surfaces be 


p lying between 0 and 1. 
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'•’iiei; ‘the volume of the shell bounded by p and + is 
S{^ ~{ap){hp){cp)} = A-ahcp'^ 8p, 

piHi ih- value of -+|^V^afc points between the boundaries of the 
a- 0 - c- 

■;1 ell illiTers from p" by an infinitesimal only. 

Hence 


"Write p = ci)s <!> 


h : VI 


— ^ • iirahcp- dp. 
l+p ' ' 


Then 


1=1 \l - — . 4-(,bc . cos- f/) sin ^ 

0 T ‘ * 


1 cos (/) 


= 4 

= 4 
1 


TTObc I (1 - C 03 (/)) cos" (f)d(p 
.■0 



— 8 ). 


E.'. K r(i-fyr = (f- and .rv-iin — O. prove that 



V'a'du dr 

( H- + (•-)- 


And if till' iiinita in the former integral are ,y = 0 to y = sld--jr and 
,1=0 to r=<f, investigate the limits in the latter. [St. Joiik’s, 1885.] 


I fere 


a- n a- r 

'/= --- r., 

if + v- n- + i- 


und 


v% liei. 


(/i-Ar-y 


)- - It-, - zitr ! 
-'2in\ It- - V- I 


(tf-Ar-)" ’ 


, , , V'-i'ditdr 

1 M <li/ -- - -7-:,- .vrr . 


Ij (u--\-r-)- 


wheie V is V, hat I' becomes after .siib.stitution for .r and ,?/ in terms of 
n and i . 

Next, as to tlie luiuts. In / I Vc/.r</j/ the integration ia over the 

Jo Jo 

region bounded by the positive (|uadrant of the circle .r-+y-=:a-. 
Kliminating r and it alternately, we have 

+ d- + r 


and the curves 11 = const., r = const., are orthogonal circles touching 
the lines at the origin. Let us integrate tir.st with regard to then witli 
regard to it. WhiLst integrating with regard to r, the element J S?t Sr is 
bounded always by the two complete semicircles it and it-j-8ii, so long as 
this ring lies entirely within the circle .(••+y- = a-, and the limits for v are 
from the case where the r-curve is a circle of infinite radius ci^nciding 
with the .i-a.\is, to the case where it is a point circle at the origin. Tlie 
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radius is Hence the limits for v are from v = 0 to v = cd. And the 
2 ^ 2 

ct^ di 

M-circle has a radius jr-, and changes from a circle of radius 5 to a circle 
of radius zero, i.e. u changes from u=a to m = oo. 

When the circle has a radius in excess of the limits for v will be 

from the value of v for which the ^-circle cuts the a-circle, viz. at P, in 
Fig. 311, to the value of v for which the 2;-circle becomes a point-circle 
at the origin, i.e. when v = co. 

Now at P we have 

— y=x^-\-'ifl = a'^ and —x = a^, 

i.e. at that point x=u and y — v, whence 



Hence the limits for v are from sl<P — v? to 00, and u now varies 
between the value which makes the -w-circle a straight line coincident 
with the y-axis, i.e. 7i=0, and the value of u which gives a semicircle on 
the radius OA, i.e. u=a. Thus the integration referred to divides into 
two portions, the first referring to the portion of the quadrant included 
in a semicircle on OA for diameter, and the other to the remainder of 
the quadrant. 

Thus 

/-vsizs r^r^V'dudv. ./■“/■” V'dudv 

Vdxdy-aJ^ io 


0 Jo 


It may be observed that the transformation formulae x=- 


u^+v'^ 

indicate an inversion from the Cartesian coordinates x,y oi & point within 
the circle, with a for the constant of inversion, to a point whose coordi- 
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. ,c « K Nvliicli lies Nvitbout the circle. Hence ns y) is to traverse 

' C'hO'-ior of the qnadi-ant of the circle, {v, v) ^s to traverse the por 
Ihe first qnadrant of space ^’hich lies vuUidc the quadrant of the circle, 
ffovr^ circle having cqnation »=+.■==«= in the ne» coord, nates. 

the limits must he 

to ^> = co from u — 0 to w — a, 
i; = 0 to 11=00 from 11 = a to ® , 

which agrees with the result stated. 

E.':. 9. Obtain the value of the integral 

/ = JJ d>\A > " + ^Bxy + Cy-) dx dy, 

.-aeiuled to all values of .r, y which satisfy the condition 

A X- + -2 Dxy + Cif ^ 1 , 

1 and C living supposed po.sitivc, and .-10- /i= > 0. 

■ The eomhtuins given indicate integration within the area bounded by 
the el 1 ip.-e .1 .r’ + 2/?-i‘'/ + Cv’ = 1 • 

D'vrIo tills ,uea up by a family of similar and similarly situated con- 
centi 11 elhpsi's, of which a type is 

A.r’-(-2Zf.n/ + (y = h 

t varying from o to 1. 

Tli'o eipiatioi, to lind the semi-axes of this ellipse is 

1 .-(•1-0 1 . AC - B~ fSMiTii, Conic Sections, 

Art. 171.] 


P 


f p- 


and Its area h " I'Zl'fp 

Hence the arc.i of the anmiliis liouiidcd by the ellipses t and Si is 

of 

" vCuWP’ 

and i//(.-I.r--i-2/j.ry + (TV-) only differs from (//(f) by an infinitesimal at 
anv point of this ring. 

,-i dt 

Hence in the limit /= 1 </>'(f).7r -j.==r— 

,'o ^ yl O iJ” 

(/>(!) -</»(0) 

^ ( '• 7 ' r.> > 


Ex 10 Prove that da di> over a portion of the surface «) = 0 is 

J J 


li 


3(71, 11, w) 

d(.r, y. A) I / ^u,\2 


dS 


m 


+ 


(I)-' 


V3. 


+ 


rJ}' 


ii, V, w being functions of .r, y, r. 

Let X, y, : be a point on the surface tv = 0 at wliicli an element of the 
normal is Sii. Then S7i = -^-, where h-=wJ^-\-Wy-+w,- (Art. 789). 
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Also SS.Sn is an element of volume, and may be replaced in volume- 
integration by 

8u 8v 8w (Art. 794), 

d(u, V, w) 

i.e. 8S . Y may be replaced by Sti 8v 8w 

y, 2) 


and 


Ex. 11. Prove that j j j dxdydzdw for all values of the variables 

for which x'^+y^+z'^+iiP is not less than and not greater than is 


In this case we cannot appeal immediately to a figure to help in the 
determination of the limits. 

We may at first ignore the condition that x'^+y^-rz^+w'^ is not less 
than a\ and let the variables have full range of any values up to such as 
will make x^+y^+z'^+w^=b“^. We shall then subtract the result for such 
as make the variables in the extreme case such th&i 

In the first integration, keeping a:, y, g Axed, w ranges through all 

values from -’Jb^ — x^—y'^ — z'^ to +>Jb^-x'^-y^ — z^, and 

I III j j j [w]dxdydz 

— 2 JJJ •^b'^-x'^-y'^-z^ dx dy dz. 

In this integral, keeping x and y constant, z ranges from 
0 =_s/ 62 -^ 2 -y 2 to 

r , zslb^ — x'^—v'^ — z^ . W’ — x^—y'^ . , 2 

and ljb^-x^-y^-z^dz= ^ slb^-x-^-f' 

X and y being constant during the integration. And inserting the limits, 

JJJ>Jb^-x^-y’‘-z^dxdydz= J J^(b^-x^-y’^)dxdy. 

We have now reduced j j j jdxdydzdw to 2.|J J(b^ - x^ - y^)dx dy ; 
and now we are to integrate with regard to y, keeping x constant, and the 
limits for y are from —ijb^ — x'^ to +‘Jb^ — a^. 

I (62 _ ^ 2 -y2)dy = (62 - x^)y - 

= 2[f(62-a;2)^] 


Also 


and 

when the limits are taken. 
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'Ve have now arrived at ^irj(l/- — .v-)^d.v, tlie limits for .r being from 
lo —/>. Piit,r=6sin 0. The integral tlien becomes 

r 

2.^7r/ h cos 6 do or i.e. 

i'' 'MV, in exactly tlie same way we may see, as is indeed obvious at once, 
ll.'al the amount included in excess b}' giving the variables free play up 
to till? case .r- -{-]/' + z- ■>!- w- — h- instead of excluding those values which 
ma ke x- + //- + 'c- < o“ is ^ «•. 

Idchce the summation of the cases from 


IS 




= a- t o .?•- + ?/- + z--\- w" = b" 


It is clear also that after tlie lirst integration with regard to w had been 
completed we might for the remainder have illustrated the triple integral 



~ dx d^ d: 


ijy mtcgratmn tlirough a spherieal volume, the summation being that of 
v/;-- ■-'-y- - rhrougliout the sphere x- + z- = h~. 

Tiicn wrilirig r- 4- //- + i- = r", we have 


I = -2j I I r- r-^iu OdOdthdr 

. 0 . ll . •» 

V 

- <‘'r ^ /-V (/r = Stt / d ^ sill- y cos- y rfy, (r = isiny) 

- '' ~ before. 

Noll. Case of au Implicit Relation between Two Sets of Variables. 
In .)ur piwiou.s work and in the typical examples discussed, 
e have retiarded tin* transformation formulae to be such 
that each ol the one set of variables is expressed, or easily 
expre.ssible, as an explicit function of the variables of the new 
tfroup. If Ibis be not .so, we can still form the Jacobian by 
the^rules of Arts. .543 and 544, Diff. Calculus. 

Fin- in tlie case when 


'!/} ■y)— 0, /^(a:, ?/, 71, v) = 0 

are the connecting cquatioirs, we have 

^(^4 y) 3(«, v) d{u,'v] ’ 

y, z, V, V, 7v)=o, 

y, z, V, V, 7o)=o, ( 

/y(^> Z, U, V, 7c)=0, 


and when 
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are the connecting formulae, 

. '^ix,y,z) ^ 3 'HfvAJA . 

d {x, y, z) ?){u, V, to) d{u, v, w) ’ 

and generally, if there be n connecting equations, 

/i = 0,/2 = 0./3 = 0,.../. = 0, 
between 2n variables, 

Mp u^, ... u„ and x^, x^, ... x„, 

'^ifv fit ‘"fn) _ ^2> ••• ^n) / ^ifv •••fn) 

^(®1J ^2^ ^ (^1> ^2* *" ^n) ^2* *^n) 

Hence for a double integration 


HfvA) 


d{x, y) 


and for a triple integration 


and so on. 


d{x, y, z) 


Digression on Jacobians. Jacobi’s and Bertrand’s 

Definitions. 

833. Jacobi’s Definition. 

-"/n any function of the n variables 

^ 2 > ® 3 > 

the determinant 

§A, 

oXy dx^ dx^' ?)x„ 

^ % 2 /? 54 

"dXy 'dx^' BXg’ 3 x„ 

^ ^ 

SXg’ SXg’ 3 x„ 

is called the Jacobian ...fn with regard to x^, x^, ... x„. 

Jacobi in one of his memoirs pointed out the strong analogy 
which the properties of this function bears to those of a 
differential coefficient of a function of a single variable. This 
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. -f inblance of results, rather than of demonstrations, has 
been mentioned {Diff. Calculus, Articles 542 onwards). 
h was Iw starting from the form of this determinant that 
Jacobi investigation proceeded. 

Bertrand's System of Increments. 

A different standpoint was suggested by M. J. Bertrand in 
a memoir to the Acade'mie des Sciences (1851), which has 
raa]i 3 - advantages, and Jacobi’s results may be deduced from 
IJ. Ijortrand’s new definitions almost as corollaries. 

n functions of the n independent variables 

J.j. x.y . . . x„. 

Let us gi\ e to these independent variables the following n 
s;cstems of increments, viz. 

d,T„ d,.T,, d,x„ 
d..x.,, d.,x.„ 

etc., 

d„x,, d„x., d„x.j, 

atid let the coria'sponding increments in the several functions be 

••• di/„ 

d,f„ d,f,, dj,, ... d,f,, 

etc., 

■■■ d„f„i 

I.c. ii f. IS ihe iiKremeui ,,f ^ increa.se to 

.T, -I x.^-{-d iX ,, etc. 

These several increments J,j-„ d._x„ f/.y„ etc., though in- 
ciements of the same variable, are arbitraiy and independent, 
and there is re.served to us the power of making them equal 
later, or of assuming any such relations between them as we 
may subsecpiently choo.se. 

It is clear chat we have the n- relations of which 


d.x„ 




.(A) 


■(B) 


Jx. c'r" + (C) 

S a type, it being unnece.s.sary in the partial differential 
coefficients occurring to specify which of the particular in- 
crements we choose when we proceed to the limit in. their 
torination. ^ 






IS 
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835. Bertrand’s Definition of a Jacobian. 

M. Bertrand’s definition of a Jacobian is that it is the ratio 
of the determinant formed by the increments of Group B to 
the determinant formed of the increments in Group A. 

Now 


d^Xi, 


diX^, 

. . . , d-^x„ 

X 

3/i 

a*,’ 

dX2 ■■ 


d^x^, 

<^-2^2 > 

^2®3 » 



3/2 

Sa;,' 

?/* 
ax,’ ■' 

3/a 
• ax„ 



dn^l, 

d„ X 2 , 

dfiX^, 

. . . , d„x„ 


3/» 

ax,” 

3/n __ 
dxf " 

3/« 
■’ ax„ 

^i/n 

^1/21 


• • • 5 ^l/n 

> 




^2/1) 

^2/2. 


...» 1^2/ n 





^«/l) 

d'nfz’ 

^n/s) 

• • * > d„f„ 






by the rule of multiplication of determinants and by virtue 
of the equations of Group C. 

Hence Bertrand’s definition agrees with that of Jacobi. 
We have, however, gained command over the increments of the 
independent variables. 

If we adopt the notation Df and Dx for the determinants 


^1/1 > ^1/2 > • • • 

and 

d^x^, d-pX 2 , ... 

^2/ 1 ) • • • > • • • 


d'^x . . • • ) 

dnflt •••> 





respectively, we have J 


836. Corollaries. 

1. It follows at once that if J’j, F 2 , ••• be functions of 
/1./2. •••/n. and/ 1 ,/ 2 , .../„ be functions of x^, x^, ... x^, then, 
since m_mDf 

Dx Df Dx' 

we have 


[Jacobian of F^, F^, ...) [Jacobian of F^, F^, 1 
{ with regard to Xj , cCg, . . . j | with regard to /j , /g, . . . J 

[Jacobian of /],/ 2 , ...) 
^ \ with regard to rci, Xj, . . . j 



CHAPTER XXIII. 


Df Dx , , 

i. Also, since 

JJacobian of /n, -••| JJacobian of Xg, 

1 v.'ibn regard to x^, X2 — j i with regard to /j , / 2 , 



= 1 . 


3. Again, if i?’2=0, - i^r=0 ..., i?’„=0 be w indepen- 

dent equations connecting n variables Wj, u^, ... w„, and n 
other variables x^, x^, ... then, since 


- — c/.cci + — d,X2 +:--r^-dsX„ 

L.j'1 cXo 




we liave 




which may be abbreviated into 

ds_xFr= —ds,uFr (®) 

the suffix X being attaclied to indicate those partial differential 
coefficients in which w^, ^2* ••• regarded as eonstant whilst 
Xj, Xj, .. vary and vice versa. 

Now DxF and DuF arc the respective determinants 


dc.F, 

d,,,F,.. 

■■d,,,F„ and 

dx,u Fi, 

di,u Fo, 

... d,^uF„ 

d:. F, 

d 2 ...F,, . 

..d:^.Fu 

^ 2 , 11 F\ , do_ „ Fn 1 

... d 2 ,uFu 

d.xF, 

d.xF,,. 


d„,uFj 

d„,uF.>, 

• •• d„^,,F„ 


and by virtue of equations (a) the constituents of the one only 
differ from the corresponding constituents of the other by 
a negative sign, wlicnce 

D^F={-'^yD„F, 


that is 


DxF 

Fu_ , Dx 
Dx ^ ' DuF 

Du 


Hence in the case of iinqylicit connections amongst the 2 n 
variables Wg- ••• '“n 1 ^1. ^2* ••• ®n> by virtue of n equations 
jPi = 0, = ••• Fn = ^, connecting them, ^ 
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[The Jacobian oi u^y ... uA 
] with regard io Xz, ... XnJ 

[Jacobian of Fi, F^,... with regard to x^, ... ,) 

( t reating u^, u^, ... as constants j_ 

[Jacobian of F^, .f’a.*-- with regard to %, Wg. ••• A 
\ treating x^, x^, ... as constants j 

The substance of this and the immediately preceding articles 
on M. Bertrand’s treatment of Jacobians was communicated to 
the author many years ago by his former tutor, the late 
. Dr. E. J. Routh. The reader may consult Bertrand’s Calcul 
Differentiel, pages 62-70, and Calcul Integral, pages 465-469. 

837. Advantage of Bertrand’s Definition. 

It will be seen that M. Bertrand’s definition leads to simpler 
proofs of the fundamental properties of Jacobians than those 
given in Arts. 540, 544 of the author’s Differential Calculus, 
and retains a command of the several increments which we 
shall find useful for subsequent work in the transformation of 
a multiple integral. 

838. Bertrand’s Method of Calculating the Jacobian Determinant. 

Let there be 2n variables, in two groups, viz. Xj, Xg, ... x„ 
and Wi, Uz, ... connected by n independent implicit relations 
iPj^=0, Fz=^, -^3=0, ... Fn=Q. Then n of the 2n variables 
are independent. If increments be given to each, these 2n 
increments are connected by n homogeneous linear equations, 
and if w — 1 of the increments be chosen to be zero, the ratios 
of the remaining w+1 are determinate by the n connecting 
equations. 

Consider the n incremental systems, 


d-jU-y, 

dyUz, 

dyUg, 

..., 


dyXy, 

0, 

0, .. 

. 0 ' 

0, 

d'zUz, 

dgWg, 

..., dzU„ 


dzXy, 

dgXg, 

0, .. 

. 0 

0, 

0, 

d^Uz, 

... , dzU„ 

- - 

dgXj, 

dgXg, 

dgXg, .. 

. 0 

1 0, 

0, 

0, 

. . . d„u„^ 


^ d^Xj, 

d„Xz, 

d„Xg, .. 

• d„x„^ 


that is systems in which 

increments d^Uz, ..., d^u^ give rise to an increment 
djXi in Xj, but make no change in Xg, Xg, ..., x„. 
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. increments d^u^, ... , d.u^, d^x, give rise to a change 
f/o^'o in Xn, but make no change in u^, x^, x^, ..., x„, 

and so on. 

Let L be the Jacobian of a:i, x^, x^ with regard to 
a- v-i, ..., Un- Then forming J according to Bertrands defini- 
tion/ each of the determinants of the increments, the one 
formed from the .r-increments, tlie other from the w-increments, 
reduces to its diagonal term, and 

^ ^ , d-f x~i . dpX^ . d^x^ . . . d„x„ __ dx j 3^ 3^ dx„ 


d^U.^.d^Un- d^Vg ... 


^vhere — is the limit of the infinitesimal change in Xr to 

dtt 

that in Ur when Mj, Mg, ... Xr+i, Xr+-> x„ are regarded 

as constants. 


839. It is necessary for the u.se of this rule to consider the 
several connecting etjuations reduced to such form that 

(] ) is a function of 71^, Xn, x^, ..., x„; Uy only varying ; 

(2) .r; is a function of Wj, Wo, x^, ..., a;,, ; iC 2 only varying ; 

(3) Xg is a function of t/j, t/g* ^ 3 > \ W 3 only varying ; 


{n) x„ is a function of Wj, w,. •••> ooly varying. 

The calculation of J will then be reduced to the multipli- 
cation of t!ie several partial differential coefficients derived 
therefrom. 


840. Illustrative Examples. 

Ex. 1. If .v = rcosd, j/ = 7-s\n0, write 

.r=vV" — containing one of tlie new variables; 
y = ;-sin 0, containing two and no .r. 

V 

Then J = . r cos 6 — r. 


Ex. 2. 


Then 


If .r = r sin 0 cos (/), _7/ = 7’sin 0sin </>, 2 = rcos0, write 
w = — containing ove of the new variables ; 

2 = rcos 6, containing two and no .r; 

7 = r sin 0 sin cfi, containing t/irce and no .v or z. 

^ — rsin 0)(rsin 0cos(^)= -r'sin ^ 
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Ex. 3. If x-Vy-\-z—u^ y-\-z=uv, z=uviu, we have 

x=u-y — Zy containing one new variable, 
y=jtD — 2, containing two and no x, 
z—uvw^ containing three and no x ov y\ 


and 


_ ^x di/ dz 

J=^ • ^ = \ .U. UV = '»^ 

ou ov ow 


u‘v. 


Ex. 4. If 

Xi=r sin 0 cos <^, 

2,3 = 7’ sin 0sin <p, 



2-2 =7' cos 6 cos 

.74 = rcos 0 sill \p, 


we have 

Xi = ‘Jr'^-x^ — X2^ 

— x^, containing r, .I’a, x^, 

j'4 ; 


.Fa = \/7'®COS®0 - .^4® 

, containing r, 0, 

^4; 


.r3=}'sin 0sin <^, 

containing r, 0, <^; 



x\ = r COS 0 sin \p, 

containing 7-, 0, 

-A; 

and 

3.ri 

'dr 

dxi dxs dxi r 

30 d(fi 'd\p Xi 

-7-®sin0cos0 • /) 1 at 

; . r S)n0cos9. r cos0cosiy 

•'lo 


Ex. 5. If 


we have 


= — sin 6 cos 0 . 

Xi = rco 5 6i, 

5^2 =7- sin ^I'cns 6^, 

.r3 = rsin ^isin ^2 cos ^3, 

:i'4=rain ^isin 6^2 s>n 6 a cos 6^, 

^5 = 7' sin 6^1 sin ^jsin ^asin ^4003 8^, 
a# = 7- sin 61 sin ^2 sin ^asiii 6^4 sin 6b, 
x^ — s/r^- x^ - x^ - a.’3^ - x,^ - .rj*, 

.■ri = 7’ cos ^1, 

X2=7' sin ^icos 02 j 
:r3 = rsiu 0isin 02^08 83, 

.r4 =7" sin 01 sin 83 sin 83 cos 04, 

Xb =r sin 0i sin 82 sin 03 sin 04 cos 8b \ 

and J’= — ( - ?'sin 0i)( -7'ain 0i sin 62) ( -7'3in 8\ sin 82 sin 83) 

X B 

X ( —7’ sin 01 sin 02 sin 03sin 04)( -7’sin 81 sin 02 sin 83 sin 04 sin 0j) 
= ( — 1 )® 7’® sin* 01 sin® 82 sin® 03 sin 04, 
a result which can obviously be generalised. 


841. Change of the Variables in any Multiple Integral. 
Theorem. 

Let tlie integral in (question be 

... dx„, 


General 


there being n integration signs, and V any function of the 
variables x^, x.^, ... a;„. Let the new system of variables be 
Wi, u.^, ... w„, there being n independent connecting relations 
F^=0, ... 7’„=0, 
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I'.,- ■■,,een the two groups of variables, either set forming a 
yroup in which tiiere is no interdependence. That is, the group 
api ' t' foniis ^ ^ independent variables, as also does 

t)ie iiroup u-^, U. 2 , ■■■ When a further relation is assigned, 

"ov o.(:Ci, a;,, ... ai„) = 0, to be satisfied at the boundaries of the 
iTgion of inregration, an interdependence of the a:-group is 
ci’eated, and one of tlie a;-group of variables is dependent upon 
the cabers. Integration is then to be conducted for the domain 
or region bounded by the specific limitation 0 = 0. There will 
tlien he a corresponding relation amongst the w-group of 
coordinates, and a specific limitation will be implied for the 
new definition of the domain of integration when I has been 
referred to its new coordinate.s. 

812. In the transformation of 1 three separate considerations 
are to be attended to. As lias alread}" been pointed out in the 
case of double and triple integration, "we have to consider 

(1) the determination of the new form of F, which is merely 

an algebraic matter of substitution or elimination ; 

(2) the assignment of the new limits which is also an 

algebraic matter, materially assisted in the case of 
double and triple integration by geometrical con- 
siderations ; 

(d) (he determination of the new element "of integration 
which is to replace dx^dx^dx^ ... dx^- 

As regards the assignment of new limits it is not possible 
to give a general rule, but it must be such as will cause the 
march of the new element as described in the new system of variables 
to traverse the same domain once and once only as was traversed 
in the march of the original element, which domain was defined 
by the limits of integration in the original system of variables. 

Let us imagine that the connecting equations have been 
tin-own into the forms 



^2> 

CTg, ... 

x„) ... 

•••(IX 

Z.C. Wqj ^3) • • • 

eliminated; 


^2’ 

Xg, ... 

x„) ... 

.••(2X 

2^1^ 5 *^4^ * * * 

)> 

=/3(Wi, 

u.,, 

Mg, X^, 

...x„) 

• ..(3X 

etc. 

> 



etc., 




r 



Mg, ... 

M„) ... 


etc. 
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We have seen in earlier articles and examples, that in a 
given multiple integral the order of integration may be 
changed, provided a suitable change be made in the limits. 

Then, first, suppose we attempt to replace integration with 
regard to Xy b}^ integration with regard to u^. 

Change tlie order of integration in 


7 = 



V dx^ dx.2 


dXn, 


SO that dx^ stands last with the suitable change in the limits. 
We then have to perform the operation 




F dx.y dx ^ . . . dx^ 


dx,, 


and in this operation x^, x^, ... x„ are to be regarded as 
constants, and equation (1) gives dx^ = ^^ du^. 

And since we have as Xy and iq are the 

only varying quantities 


where Vy is what F becomes when fy{Uy, x^, % ... x„) has 


been substituted for Xy, that is, Vy is the value of F expressed 
in terms of Uy, x^, x^, ... a:„. 

We have now arrived at 


Let us repeat the process. 

By change of order of integration with a suitable change in 
the limits, transfer dx^ so that it stands last. 


"dUy 


dx^ dxn 


dXi^ d'tj/y . 



or 


ll-ll' ■ ■ "• duy dx, 


and in this operation x.^, x^, ... a;„, Uy 
constants, and equation (2) gives da;g= 


are to be regarded 
du^. 




du. 


as 
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V.'honce again applying the theorem jU'dx,=jU :^^du 2 , 
luicl v, being the only varying quantities, we have 

whf^i-A F, is what F^ becomes when u.,, x^, ... x^) is sub- 

stituted for .T,„ that is V, is the value of F expressed in terms 
of u,. V.,, x„ ... x„; and we have now arrived at 

1'"' 

Continuing this process of changing the order of integration 
so that dx.j^ is transferred to the end, and then exchanging the 
variable x„ for etc., we finally arrive at 

l=\[{ [y ML.^.^...^du^du2...dUn, 

where F„ is tlie value of F when all letters of the x-group in 
V have been replaced b}'^ letter's of the w-group, that is 
F„ = F', say. 

Now it has been seen that 

OXl-^ OU,) N/j 


j=(-ir 


of Xp .) 

A,, ... 

with regal 

.’d to lip 

W2> •• 

. w„ ; ai 


ZF, 

OFj 1 

/ 

/ 



dF^ 

‘ du^’ 

) • 

d'Uo 

■■ 3i/„ 


dxj ’ 

dx^’ 

dx„ 

1 dF.. 


dF^ 

, / 

/ 

dF, 

dF, 

dF, 

du^’ 

dU.y’ 


/ 

1 

3Xj ’ 

dx./ 

■■■ dx„ 

■ dF„ 

dF^ 

dF„ 


dF„ 

dF„ 

dF„ 

1 ’ 

du., ’ ' 


i 

3Xi ’ 

dx,’ 

dx„ 


d(F„ F„, F3, ... F„) 

' 3(j., /<■„ F „ ... r„) ’ 

9(Xj, X,, X 3 , ... x„) 

where in forming the numerator all letters of the x-group are 
considered constant, and in the denominator all letters 6f the 
w-group are considered constant. 
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Hence, we' have finally, 
dx^dx.^ ... dx^ 

-djF^, ^ 2 , ... F^) 

3(2?!, Xg, ... Xj^ 


84.3. Ex. If 


xu+yv^a^. 

XV 

1 

8 

II 

0 


y 

J=^ 

-.y, 

U, V 


V, —u 


be tlie connecting equations, 


X- 


Compare the process of Ex. 8, Art. 831. 


du^ 


844. The Vanishing of J. 

It may be noted that the vanishing of J would imply that 
when tCp x^, ... a;„ are regarded as functions of Wj, Wg) ^ 3 , ... , 
there would be some identical relation amongst the members 
of the cc-group of variables ; and if J were infinite, we should 
have J'—Q, and there would be some identical relation amongst 
the values of u-^, ... as expressed in terms of x^, ... x^, 

(Art. 547, Differential Calculus). We have, however, assumed 
all our several connecting equations i^i = 0 , F^=0, ... 7„=0, to 
be independent relations, so that no such identical relation 
can occur amongst either set of variables. 


845. Eemarks. 

It may be useful to call attention to the fact that in the 
geometrical treatment of Arts. 792 and 794 for double and 
triple integrals respectively, the new element of integration 
was formed and the variables were changed to the new group 
all together. In the general proof of Art. 842, the original 
variables were exchanged for the new variables one at a time. 
When a geometrical method of determining the new limits 
is not available, this consideration will often be useful for 
their proper assignment, and may be used when other means 
are wanting. But the process followed out in detail is 
generally tedious, as every change in order of an integration 
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f ■ 've.li as every exchange of a new variable for an old one 
necessitates in general a readjustment of the limits of each 
inieo'ration. 


Examples in which Multiple Integrals of Order higher than 
tre Third occur in Physics. 

Multiple integrals occur frequently in researches of physical 
nature, of higher degree of multiplicity than the third. For 
instance, in the problem of the illumination of one surface by 
anotlier, the two surfaces being such that every point of the 
one can be seen from each point ol the other, the quantity to 
be evaluated is the quadruple integral* 



cos (f) cos <!>' 

o 

r- 


dSdS', 


vvhere dS, dS' are the elements of tlie two surfaces ; cp' the 
angles which the outward normals make with r, the distance 
between dS and dS', and the integration is to be conducted 
over each surface. In such case, the limits form two separate 
groups, the one referring to surface S, the other to surface S , 
and if any ti-ansformation of variables be required, a new 
assignment of limits being required, tliey will be available 
from geometrical conditions for each group. 

Another illustration from Physics is in the mutual potential 
of two attracting systems, which for a continuous distribution 
of matter in regions P, Q has for its e.xpression the sextuple 


integral 






pdT ij. 


where is the volume density at a point p of the region P ; 
p,! the volume density at a point q of the region Q ; 
drp, dr, I elements of volume at p and q, and the 
distance from p to q. 

In this case also the sy.stem of limits will be two separate 
systems, the one ensuring summation through the I’egion P 
and the other through tlie region Q. And if any change of 
variable be required to facilitate integration, necessitating a 
new assignment of limits, tliey will be available as in the 
former case from the geometrical conditions for each gtOup. 


See Herman, Geometrical Optics, Art. 157. 
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847. Case of Implicit Relations. 

If in Art. 839 Equations (1), (2), ... [n) had not been supposed 
to express 

cCi explicitly as a function of u^, Xg, a^g, ... 

Xg explicitly as a function of x^, ... x„, 

etc., 

but had been given as implicit relations, viz. 

ajj, ajg, ... x„) =0 ...(1), in which Wg. Wg, ... u„ are 

eliminated, 

02 (“i. ^ 2 , X 2 , X 3 , ... x „)=0 ...(2), in which Xj, Wg, ... are 

eliminated, 

03 (^l> ^2) '^3) ®3> ••• •••(3)) etc., 

etc., 

0„(Wi, Wg, Mg, ... M„, a;„)=0 ...(n) etc., 

we have in the subsequent work, from equation (1), con- 
sidering ajg, a;g, ... x^ as constants, 




^01 

dUi 


dui ; 


dxi 


and from equation (2), considering Xg, ... a;„ as constants. 


o?Xn= 


^02 

^02 

3x, 


dMg, 


and so on. 

And we finally obtain in the same way as before, 


II dxi^Xg ... dx„ 


F 


i^01 ^02 

, 9Mi ^Mg 


^03 

^^3 


^0n 


3m 


^01 

3xi 


^02 

9Xg 


^03 ^071 

3x, c)x„ 


-duydu2 ••• 


848. For example, taking 

(f}i = r^ — x^ — 7/^ — z^ =0 (containing z, y, a;, r), 
ff>2 = r^sin ^0 — x^—y^=O (containing y, r, 0), 

03 = rsin 6coscf} — x =0 (containing x, ?•, 0). 
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Then we have 

d(}>., 3^3 

jjjviTdi,dz= -JJJr 

'dz "dy 'dx 

___fffy. 2r ■ 2/-^ sin g COS g(-r sing sin ^ , 

“ JJJ (-2z)(-2y)(-l) ^ 

= - f f f p r^sin^oosggin^^^^g^^ 

JJJ 7- sin g sin </> . r cos g 

= — j'J J T’^'»-^sin ddrdOdcji, 

as ive should expect ; see Ex. 2, Art. 840, and elsewhere. 


849. Example of Assignment of Limits. 

Ex. As an example of the assignment of limits in a multiple integral, 
let us take two squares of sides 2a in parallel planes at distance c apart, 
the squares being jilaced so that they form the ends of a rectangular 
parallelepiped of square section, and let us find the mean value of the 
squares of the distances of points on the 07ic sq^tare f'om points on the other. 
By a mean or average value we shall suppose to be meant that each 
square is divided up into equal small elements, and the sum of the 
squares of the distances apart is to be divided by their number, i.e. if 
there be n such elements, and rrq be the distance betw'een two of them at 

P and at (J respectively, or, w'hich is the same thing, 

n ZjOi^pOOq 

if SiSp and 8Sq he the elements at P and Q ; and in the limit, when n 
becomes infinitely large, we have 


Jill r^dSrdSq 
jJj'JdSrdSq 


(See Chapter XXXVI., Art. 1657.) 


Let 0, O' be the centres of the squares, and take 0 for origin and axes 
of X and y parallel to the sides of the squares. 

Divide up each square by families of lines parallel to the axes, and let 
(.r, y, 0), {x, y\ c) be the respective coordinates of P and Q. Then the 
Mean Value required is 


/ / / f [(.r - .1-')== + (y- ff + c2] dx' dy' dx dy 
M = -^— -'-•1 , . . 

iii J^-^-'Ay'dxdy 

Now keeping the position of Q fixed, we may add up all the elements 
rpi^8x8y in a strip between x and .t+S.'t, by varying y from —a to +o, 
keeping x\ y', x constant. Then, still keeping x\ y' constants, we miiy 
add up all the strips in the square ABCD which lies in the x-y plane, by 
integrating wdth regard to x from x=-ato x=+a. We have then 
completed the summation of all such quantities as r\dx' dy' for all 
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positions of P in the square ABGD. In the same way we may add up the 
results of these integrations for various points of the square A'B'C’D’, 
by integrating with regard toy' from —a to +a, keeping x' constant to 
add up the elements in a strip between x' and x'+8x'. And finally in- 
tegrating with regard to^' from -a to -fa will add up the results for all 
the strips in the square A'B'C'D' and will complete the integration. 



And the same with the denominator. The result for the denominator 
is obviously the product of the two areas, t.e. Aa^'x.4:aP' or 16a^ 

The numerator is 

jjj j(^^+y^+x''^+f^-2xx'-2^7)' + c^)dx'dydxdi/, 

and it will save some trouble to observe : 

(1) That for every terra xx' 8x' 8y' 8x 8i/, there is another term 

x(-x') 8x' 8y' 8x Sy. 

Hence such a term contributes nothing to the value of the 
integral, and the same with the yy' term. 

(2) That obviously 

dS dS' = Sy2 dS dS' = 2x'2 dS dS' = 2y '2 dS dS'. 

Hence it M'ill be sufiicient to attend to the value of one of them, 
and quadruple the result. 

Now 


[ f [ ^ x^dx' dy' dxdy== C T T 2ax-dx'dy'dx 
J-aJ-aJ-aJ-a J-aJ-aJ -a 


Hence the value of the numerator is 


2a2 

.3 


and 


4(J3®a®)-f c2. 16a^, 


M: 


4a2-f3c2 
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It I'c ilotvs that, the mean of the squares of the distances from any point 

'if a souare to any other point of the same square is — , hy putting c = 0. 
[Also see Art. 1657 and Art. 1658, Ex. 2.] 


hoO. A Consideration useful for the Simplification of some 
Transformation Formulae. 

Let a multiple integral j"!"... J F ••• trans- 

formed in two ways : 

( 1 ) to a set of variables Xj, x^, ... x„; 

( 2 ) to a set of variables £2 - ••• 

And suppose these two sets are linearly connected with each 
other, the transformation formulae 
for the linear connections being 
viven bv the transformation scheme 

V 

in the margin. And let the two 
results be 

... dxydx., ... dx„ 


and 


V^J..d^^di.....d^^. 



^1 

ii 

^3 


a;. 

k 


71^ 

... 

^2 

k 

m„ 

W 2 

... 

2^2 

h 

m., 

^3 

... 

... i ... 

1 

... 

... 

... 


Then, the Jacobian is a covariant of Mj, w.>, ... ; we have 

J,=J, I I, ... \ = 

i nio, ... I 'Gale., Art. 546), 


/uL being the transformation modulus. And that the above 
expressions are equal ma}'- be seen by transforming directly, for 


I ... F^ Jj dx., . . . dx„ 




and the results are identical, as might have been expected. 

It follows that if a transformation be proposed t6 a set 
of variables ^ 3 ,..., a transformation to another set 
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Xj, X. 2 , Xg,... may be substituted for the former, where a 
suitable choice of linear connection between the former and 
the latter sets may sometimes be made to simplify the 
working. 

851. For example, if the transformation formulae proposed be 

u^ = (A^ + B?)) sin (C^ + Brf), 

U 2 = (A^+ By) cos (C^ + By), 

we shall have the same result as if we transform with the easier formulae 

«j=;rsin^, I 
U2=.rcos^,j 

for which the Jacobian is obviously — .r, and multiply the result by the 
modulus AB- BC. 

Thus //^ — j j Vixdxdi/ 

= -(AB~BC)J I V,(A^ + B7})d$dy, 

thus avoiding the more troublesome evaluation of the Jacobian with 
regard to y. 

852. Speaking of the result 

Lacroix* remarks : “Ce resultat a ^te donnee pour la premiere 
fois par Lagrange en 1773. Mais Legendre, en 1788, en a 
fait des applications que Lagrange n’avoit point indiquees.” 
This application referred in part to the analytical proof of a 
theorem Avith regard to the attraction of a spheroid. 

The corresponding result for a double integral had been 
employed by Euler in 1769. 

Many references with regard to the history of the subject 
are given by Todhunter, Integral Calculus, Art. 251. There is 
a valuable table of references in Lacroix’s Calc. Dijf. et Int., 
vol. ii., prefixed to the volume, which may be useful to 
students interested in the subject and desiring to consult early 
Avriters. 

* Lacroix, Calcul. Biff, et hit., vol. ii., p. 206. 
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PEOBLEMS. 

1. If the rectangular coordinates of a point are 

.T = a + /cosa, y = ^ + e^ siua, 

sho^Y that the area included between the curves a^, a,, I3„ is 

1 (a, - a„) (-2/6’, - - 2/8, + c-^-). 

^ ' [Math. Trip., 1873.] 

2. Integrate over the space enclosed the four 

narabolas y- = iax, y- = 4&c, x- — icy, x?- = idy- 

[Trinity Coll., 1882.] 

3. The four curves y = ax", y = hr?, y = cx^, y = dx^ intersect in four 
points, excluding the origin, and thus form a curvilinear quadii- 
lateral ; prove that its area is 

12^^^ ^ [Oxford II. P., 1901.] 

4. An area is bounded by those portions of the four rectangular 
hyperbolae xi/ = a-, xy = a'^, x^-y- = c\ x--y^ = c^, which lie in the 
first quadrant. Every element of the area is multiplied by the 
square of its distance from the centre. Prove that the sum of all 

such products is ^^^2 _ a’-){c- ~ c'-). [J. M. Sch., Oxf., 1904.] 

5. If the surface density <r of the area in the first quadrant 

bounded by .r.’"/ = xJ'y'' = 

x"Y = ao”'*’', x>y = bY\ 
be given by a-xy-k, show that the mass is 

+ + 

mq - np ^ a., ° Ik, 

6. Change the variables from x and y to u and v in the double 

integral 'll 

<j}{x,ij)dxdy, 

where xy = u-, x~ + y- = v-. [St. John’s, 1882.] 

7. Show that in | j f(x,y)dxdy all terms in f{x,y) may be 

omitted which contain an odd poiver of x or y. 

n x 

(x + y) cos{mv + ny)dxdy. 

-X ^ [Irinity Coll., 1881.] 


pco pV-iax a^dcdi/ 

8. Transform 1 — s by the substitution 

J 0 J n (•*'" + y +a )‘ 

3-/ ^=y,if = + y" + a'V a, f 

and show that its value is 7r/4\/2. [O.xford II. P., 1903.] 



PROBLEMS. 


45 


9. Change the order of integration in 


a 

X 




V dx dy. 


[St. John’s, 1889.] 

10. If xy = ^, x'^-y‘^ = y transform [ f V dxdy so that in the 

Jo Jo 

result we integrate first with regard to ^ and then with regard to y. 

[R.P.] 

11. Change the order of integration in the expression 

1. L. 


‘ c^+x> 


also, change the variables to | and y where x‘^ + y'^ = g, $x = cy, without 
assigning the new limits. (It may be assumed that k is greater 
than h.) [St. John’s, 1888.] 

12. Prove that 


r i-T-fj 




, x^ 


dxdy = j(^-l^ab, 


the integral being taken for all positive values of x and y such that 

[Colleges, 1886.] 


-4-^ C 1 


13 Express if* terms of r and 6, where x = r cos 0, 

?/ = r sin 6. 


Change the order of integration in 

f{x, y) dx dy. 


14. Change the order of integration in 
ab a 


rf— 

Jo J Vox— a:’ 

inf 


rva«+6’ fo 

Jo Jo 


/(a^, y) dy dx. 


[Colleges a, 1883.] 


[St. John’s, 1892.] 


15. Change the order of integration in 




Jacos^ 


0 J a sec* 


/(r, 6) dd dr. 


16. Change the variables from x, y to u, v, where x’^ + y^ = u, 
xy = V, and find the limits in the new integral when integration is 
extended over the positive quadrant of the circle x‘^ + y'^ = a^. 

[St. John’s, 1881.] 
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i . u 


hange the order of integration in the integral 




V dxdy, 


a 


v.'hore r is less than a. 


[CoLLEGKS a, 1888.] 


18. Change the order of integration in 

f.a ^'Ja^—x' 

Udxdy, 


JoJ 


I ^\la^—x’ 

U being a function of x and y. 

E,x:press the same integral in polar coordinates. [Colleges a, 1886.] 

19. Show that 


Hiax (•-" r“ Or 

Vdxdy=^\ —Vdyd^, 

’^'iax-x' Jfl JTi-n d 


whcT 


^ y- 
t = v = 


V- 

x-+y- 


ix- ■ 2x ’ 
and change the order of integration in the latter integral. 

[Colleges 1889.] 

20. If tlie density of a plate be show that the mass of the 

xx-^-y- 

part enclosed by the curves x--y- = a, z- - y~ = fS, xy = y, xy = 8 is 

H p p dii dv 

Show whether thi.s gives the mass of one of the areas between the 
tAvo curves, or of both. [Colleges a, 1883.] 

21. Change the variables from (.r, ;/) to (?', r) in the double 

integral //) d.rdv, where x- + y- = u, xy = v, and the integration 

extends over the area bounded by the straight lines 

y = x, x + y=\, y = 0, 

obtaining the new limits on the .suppo.sition that the order of inte- 
gration is first u and then v. [Colleges a, 1870.] 

Verify your result by evaluation of the integral for the case 
Avhen 4>{x,y) = l. 

22. Change the variables from x and y to ^ and y in the expression 
jj F dx dy, having given <f,(x, y, if) = 0 and y, yy) = 0. 


ShoAv, by transforming to polar coordinates, that 

-^tano -?=t 

'ir I 


c c 

—r= tan o -7^ tan a j j 

V 2 fV 2 axay .sec a -cos a 

= tan“i 


(x2 -j- y2 .j. 


f 


[Trinity, 1882.] 
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23 . If r be the distances of a point in the plane of reference 
from two fixed points at a distance 2c apart on the axis of x, then 
between corresponding limits of integration 


24 . Prove that 


JJ ‘Icy dx dy = ' dr dr'. 

[ [ dy F(x, y) = f dx \ dy F{1 - y, I - x), 

Jo Jo Jo Jo ' 


[Oxford II., 1886.] 


and hence deduce that 


f (70 [ ( 70 '(sin 0 sin ^ sin (0-0') 
Jo Jo 


25 . Prove that 


1.3.5...(4i- 1) TT ' 

2. 4. 6.. .47 ■ i' 

[Sylvester. ] 


[ c?a;[ dzf{z)(f>{x-z)={ dz{f{z) -f( 0 )] cjy{x- z). 
Jo Jo Jo 


[St. John’s, 1885.] 


26 . Transform the integral ^Vdxdy by the substitution 


a: = c cos ^ cosh >?, y = c sin ^sinh 17. 


27 . If u. + vj - 1 =(f)(x-hy\/ - 1 ), prove that 


ffl 



7 .J ffi 

rV3F'\! 


JJI 

L(sj +1 

\dy) _ 


L(^) +1 

V dj _ 


[Colleges y, 1890.] 


du dv, 


when V is the result of substituting for x, y in terms of v, v in F. 

[Colleges a, 1881.] 

28 . If a: = a sin a cos ^ cosh 77 and y = a sin a sin ^ sinh 77, transform 


® fcosa Va’ - a;’ 
0 


n 


{(x - a sin a)2 + y2| ^dxdy 

into an integral in terms of ^ and 17, and evaluate the new integral. 

' = ^^dx dy J \ + , transform the 


29 . If % + y^ + t \ and S- 

02 (.1 

variables in the integral to 0, </>, where 

x = asin0cos^, y = 0 sin 0 sin </>. 

[Ivory, Phil. Trans., 1809.] 

30 . Prove that the assumptions 

Xj = T cos 0j , 
x^ = r sin 0j cos 02, 


x„_, = r sin 0j sin 02 . . . sin 0„_2 cos 0„_j , 
x„ = r sin 0^ sin 0 ^... sin 0„_2 sin 0„_j , 
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vill transform the integral ^^2 ^^3 • • • 

± [ [ f . . . H' ?•"-! sin”-2 6^ sin”-3 0^... sin 0„_2 drd9^... (f 0„_i . 

[Clare, etc., 1881 ; Todhpnter, Ini. Calc., p.241.] 

31. ShoAV that 
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III {x^ + y^ + 2 ^) d.t dif dz = bica^ 


for positive values of x, y, z limited by x- + 4: az and :}> ti^. 

[Oxford II. P., 1889.] 

32. Prove that 

tn 

J, Jo Jo (x^ + r + == + »-) • ,885,., 

33. Two given rectangular hyperbolae have the same asymptotes ; 

two other given rectangular hyperbolae have also common asymp- 
totes, one of which coincides with an asymptote of the first pair, 
while the oth.er is parallel to their other asymptote. Show that the 
area of the curvilinear quadrangle formed by the four hyperbolae 
is the same, whatever the distance between the pair of parallel 
asymptotes. [Math. Tripos, 1895.] 

34. Transform the double integral 

|'|a:’"“^7/'’~^ dy dx 

by the formulae x+ 11 = 11 , y=uv, showing that the transformed 
result is pr 

[Jacobi, Crelles Journal, tom. xi.] 

:HjU2 > 

jjj, 


35. If 
prove that 

is transformed into 4 


H,.r = ?L,R3, ■H2.'/ = ’'3’'n '"s" = 


[O.xFORD II. F., 1885.] 
1 


rfi/j du^dn^. 

jj.t 

36. Show that 

ra'J2 pN/2a’-i’ dl/ /. 

J. *Jo (J+T)*”'' "■‘A./a’ 

and both from geometrical considerations and by direct evaluation, 
show that this integral is equal to the integral 

pO pN/ 2 n>-y‘ dx 


[Oxford I.^., 1912.] 
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EULERIAN INTEGRALS, GAUSS’ 11 FUNCTION, ETC. 


853. The Original Forms of the Eulerian Integrals. 
Tlie properties of the two important integrals 





n-q 

(1-a;") ” 


and Zg = 



were tlie subject of several remarkable memoirs by Euler. 
His investigations were published in the Institutiones Calculi 
Integralis, 1768-1770, and are of great importance in the 
general theory of Definite Integrals. The notation above, viz. 


and 

y 

\qj 

L(?J 


that used by Euler, and 


the above forms are 


those in which the integrals were studied both by Euler 
and Lagrange. In each of these the value of the integral 
was supposed to change by the variation of p and q\ the 
n which occurs in the first integral was supposed to be a 
constant. 

Legendre, for the purpose of characterising these integrals 
and honouring their great discoverer, named them “ Integrales 
Euldriennes.” * The second part of Legendre’s Exercices de 
Oalcul Integral is devoted to a discussion of their properties. 


He adheres to the notation for the first integral, but 
suggests the notation r(p for the second, regarding r(a) as 
a continuous function of a. 


* Exercices de Oalcul Integral, par A. M. Legendre, 1811, p. 211. 
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.S54. The More Convenient Modern Forms. 

'j’lie above forni.s of the integrals are not the most convenient 
HI practice. Taking the first integral, write x^=y, and put 
p = vl, q = '/T)n. 

Tlieii 

1 X 

j n V L 




0 


(1 - .r") " 


Jo 1-’ wJo*^ 


( 1 - 2 /) ” 


Taking tlie second integral and writing log- — ?/, that is 

, • V 

and putting 

/.^Plh.g^V (tx=\ e-vy'^-^dy. 

J(i JO 


(S.'j.o. Definition. 

We sliall thei-efore define tlie FtR.ST AND SECOND EuLERIAN 
I\TF.(;i{ \L.s a.s ri 

B(/, ???)- 

Jo 

and ]’(?0^-f c-^.r"-'dx, 

Jo 

and refer tn tliein re.spectively as the Beta and Gamma 
Functions This is now the commonly accepted notation and 
notnenchuurc. 


SnO, In Gregory's Examples (p. 470), tlie digamma F(/, m) 
is used to denote what we liave above defined as the Beta 
function. It will be ob.scrved that B(/, m) is n times the 


integral discussed by Euler, that is n 



We shall a.ssume in our subsequent work that all the quanti- 
ties /, m, n arc positive but not necessarily integral, and 
further that they are real unle.ss the contrary be express!}’' 
stated. 


857. The Beta Function is symmetric in I and m, that is, 

B(/, ?/?) = B(??c /). 

If in the Beta function 

B(7, ???)= [ (] — 

Jo 
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we write 1—y for x, we obtain 
B{1, m)=— 

= [ x”'~^{l—xy~^dx='B{m,l)', 

Jo 

whence it appears tliat B{1, m) is a symmetric function of 
I and m, the I and m being interchangeable and 

B{1, m) = B(m, 1). 

Tliis property might be exhibited by writing B(?, m) as 

B{1, f \x^~^{\—x)^~'^-\-x'^'~'^{l—xy-'^'\dx. 

Jo 


858. Case when I or m is a Positive Integer. 

When eitlier of the two quantities Z, m is a positive integer, 
the integration is expressible in finite terms. 

Suppose m is a positive integer, 

B{1, m)=f x^-'^{l~xy’^-''-dx, 

Jo 

and by continued integration by parts 

= j{l (m-l)(l -xr-‘ 


^1+2 

1(1-^ 1 )(i^+2) 


(m— l)(m— 2)(1 — ... 


X 


l+m—'i 


(m— 1)! 


{m—l)(7n~2)...2 


l{l+l) ... (i+m-1)’ 

Similarly, if i be a positive integer, 

(Z-1)! 


B{1, m)=- 


m(m+l) ... 
and if both be positive integers. 


B{1, m)-- 


{l-j-m— 1)1 



859. Various Forms of the Beta Function. 

The Beta function may be thrown into many other forms 
by a change of the variable, and therefore many other integrals 
are expressible in terms of the Beta function. 



CHAPTER XXIV. 


X 


a 


Thus; (1) Let y= 

Then B{1, m) [ 

Jo 

a) 


- dx 
a 


< © 

= — i — -1 ad-'^ia—x^-'^dx. 


Hence 

[ :d-\a 


Jo 

(2) Let 


Then 

B(^, m) 


y= 


1+x 


dx, 


( X dx 

^ (i+xy 


X 


=r 




(l_l_a.)J+m 

and since I, m are interchangeable this must also 


=r 




■dx, 


,o(l+a;y+’'» 

which would have appeared immediately if we had made the 

X . 1 

substitution = — instead of y=-r -< — • 

l+x 1 + x 

Note also that the sj^’minetr^’- in I, m may be exhibited as 

whilst for all positive values of I and m we have 

— 1 “1 


1' 

Jo 


■ dx—O. 


)o (i+xy+”‘ 

So that, for instanco, 

/■* .r®(l -.7'®) , , p.v®(l+.r®) , o-d/r io\ 

I (r+5 r‘““°‘ ’■ 


(1 + .r)^ 

(3) Putting ^=;^, dy=a{a+l) 


r 


l + ci x+a’ 


(x+ay’ 





a(a+l) 


dx 


[x-\-aY 


Hence 


=a”(l+a)M 

f 


0 {a+xY+^ 


,m— 1 


dx. 




dx- 


Bil, m) 


(a+a;y+’" a’"(l+a)' 

This is Abel’s transformation {(Euvres, Vol. I., p. 93). 

(4) Put ^ 

Then B(Z, m) = f y^~^{l—y)”^~^dy 

Jo 


/'a — x\^~^ dx 

3/ ^ 


_ f“ /'x—b\}~'‘^ /a—c 
Jj \a — b) \a—l 


and f (x—by~'^{a~xy"-'^dx={a—by'^^~'^B(l,m). 

h 

Here the limits have been changed to any arbitrary con- 
stants a and b. 

(5) Transform by the formula = a — h. 

\ / j X y 

Here the limits remain unaltered, for if y = l we have a; = l, 
and if y = ^, x=Q. 


B(^, m)= f 2/^-i(l 

Jo 

_pr hx y~^/ 1”’“^ 

~Jo l«+(^ — I 


ah dx 


a-\-{b — a)xj {a-B{b—a)x}‘^ 


Jo 


x' '(1 — re)’" ' 


dx. 


>0 {x+{h—a)xy'^''' 

also obviously £ ’ 
and if we write a — h=c, 


•^0 


(&+crcy+’" 
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(G) In the last transformation, put a;=siir0. 
Then 


sin'-"-^’ e cos-^'"-'^ e 2 sin 0 cos 6 de=J^, on), 


((( co.s-0+/>.sm“0) 


ii+iii 


i.e. 


siir'"* 0 cos-"' '0 1 t :,^7 

e+b sin- eW ‘ ' ^ 


COS- 

/, m, (i and h being positive constants. 

( 7 ) 7= sinJ'0cos5 0(/0 is expi-essible in the same way in 
' 0 

terms of a Beta function. 

Let 


1 


sin0 = v".r, i.e. cos0(/0= — —-clx. 

2s/.r 

ri 1 

“ 2s/T'" 

This also follows from No. (G) by putting a = h=l. 

S()0. Properties of the Gamma Function. 

Consider next the Gamma function, viz. 

e~-^ dx. 


ill) 


Integrating b_\ ]); 


Ft 




~i-( II 


1)[ e-\c’'--dx, 

J u 


and whatever ii may be, provided it be hnite and >1, 
— x’‘~^e~-’^ vanishes at both limits. 

Hence Ft /0 = ( a — I) Ff n — 1 ). 

Similarl}-, ] b /( — 1 ) = t /( — 2) F (?? — 2), 

and so on. 

in the case then, where ti is a positive integer, 

F(a)-t»-]){a-2)(n-:3)...3.2.ir(l), 


and 





- 

! in that case. 


-1, 


-^0 


r 



THE GAMMA FUNCTION. 


55 


861. Working Properties. 

We then have the properties 

r('n.+ l)='Jir('a), I. 

r(l)=l; II. 

and when n is a positive integer, 

r('n.+ l)='n! III. 


The Gamma functions of the positive integers are then 

r(i)=i, 

r( 2 )=i.i=i, 

r(3)=2r(2)=i.2, 

r(4)=3r(3)=1.2.3, 

r(.o)=4r(4)=1.2.3.4, 

etc., 

from which a rough idea of the march of r(a;) as a continuous 
function may be inferred, viz. a minimum existing somewhere 
between x—l and x—2, and then after x=2 a quantity 
increasing more and more rapidly. 

862. In any case the equation r('n.+ l)=n ^(7^) furnishes a 
means of reduction of the Gamma function of any number 
greater than unity to a Gamma function of a number less 
than unity. 


For instance 


1 1 


|r(|)=V- 


1 1 

~'5 


|r(i) 


r(-V-)=V-r(V-)=V- vr(V) = V 

_ 1 4 11 8 6 2 p/2\ 

— 'IT' • ij- • ■ -S' ^ 

That is, the Gamma function of any number greater than 
unity can be connected with the Gamma function of a number 
which is not greater than unity ; so that it is already obvious 
that when we come to the calculation and tabulation of the 
numerical values of Gamma functions it will be unnecessary 
to tabulate r(a') for any values of x except those which lie 
between 0 and 1. 


863. A Caution. 

The student should guard against the idea that the equations 

pco 

r (cc) = e-'^ v'^-^ dv and F (a;+ 1 ) =x T (x) 

Jo 

are co-equivalent. They are not so. The latter is a conse- 



CHAPTER XXIV. 


quence of the former, not the former of the latter. The latter 
is a functional or difference equation, viz. 

and such equations may have many solutions. What is proved 

IS that u^— 1 dv is a particular solution, of u^+^=xux. 

Jo r” 

But so also are ^ e-^v^^dv when A is any constant, or 
Jo 

such an expression as 

^ + ^cos^27ra; 

C-\-D sin® 27 ra;Jo 

where A, B, G, D are constants, for these multipliers are not 
altered when x is increased by unity. Nor does it follow 

that [ e-^'v^~'^dv occurs as a factor in all solutions of the 
Jo 

difference equation. 

The solution of tia+i=xux is obviously 

Ax(x—\){x~2 ) ... (?’+l)rWr 

when A is either a constant or some arbitrary periodic function 
of X whose periodicity is unity, and which therefore does not 
alter when x is increased or decreased by any integer, and u^ 
an}’’ assumed initial value of Ux- We shall return to this 
matter later. 

864. Transformation of the Gamma Fimction. 

As in the case of tlie Beta function, transformations of the 
variable will give rise to other integrals. 

(1) We have seen that a;=log^ or y=e~^ produces 

r (?i ) = [ dT= [ Tlog -) dy, 

Jo Jo'' 

the form studied by Euler. 

(2) If we write Jcx for x. 


•a 

T(n) = 

n 


e~ dx ; 


whence 1 dg=— 

Jo /o" 

provided Jc be a real constant (see Arts. 1159 ^o 1162 
and 1327). 
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(3) If we put cc"=i/ where n is positive, 




e-y” dy ; 


^00 

J 

J n 


e-y” dy=nT {n)=T 
In this case, if we put 01 =^, 

re-y^dy=re-^^dx=lTi^), 

Jo Jo 

and this leads to an easy calculation of F (^). 

For {^r(J)}2=re-^^da;x [ e-y^dy, 

Jo Jo 

and as x and y are independent variables and the limits 
constant, we may write this as 


[T 

Jo *’0 


g-(a:*+y‘) dxdy. 


Now, regarding x, y as the Cartesian coordinates of a point 
we have to sum all such elements as 8x6y through an 

infinite square in the positive quadrant, two of whose sides are 
the coordinate axes. 



Transforming to polars, we have to sum 

e“’ V50 Sr 

through the same square. 

Let x=a, y=a, where a=oo, be the other two sides of the 
square. Then for the portion of the square which lies inside 

the circle x^-\-y'^=a'^ the limits for 6 are 0 and ^ > Q-iid for r 
0 and 00 . 
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Hence tlie portion within the circular quadrant contributes 

[c-''rdrde=^\ re-''dr=^ 

-(I Jo “Jo “ 

*\.L point, of the square outside tlie circle the elements ai’e 
never greater than (5/*, and when a is made sufficiently 

great tliis becomes an infinitesimal of liigher degree than the 
seconc], and hence in the double integration disappeai’s. There- 
foi'i' the portion of tlie area between the circle and the square, 
exterior to tlie circle, contributes nothing. 

Hence the value of r(i) is ± s/w, and as all the Gamma 
functions are fi’om the definition essentially positive quantities, 

r(^. )='/-> 

865 We ma}’ also regard the investigation of I du as 

Jo 

tlie problem of finding the volume t bounded b}’’ the plane of 
and the .surface formed b\' the revolution about the c:-axis 
of the curve z — for this volume may be regarded as 




being built up of C 3 dindrical shells whose axe.s coincide with 


the c-axis. The volume of this solid is then 


2~u (/ a . z, where 


* u 

is the radius of a section parallel to the or-?/ plane. 


0 


ur 


d n ~ 77. 


ImiIlt, 'I’diii. V., (li\i (Dinriis Mihiwira tie PtHtribourr/, p. 44. 
I .‘Viry, Errors of Oli!<n-nxllo7i, j). I'i. 
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But dividing it by planes parallel to the coordinate planes 
of a;=0 and y=0, the volume is also expressed by 


J — v; L J — a 


e-(a:'+y«) dy 


dx 


^co poo 

= 1 dy 

J — CO — CO 

=4(1 


whence 


Jo ^ 

This gives another geometrical interpretation to the work 
. of the preceding article. 

S6G. When % is diminished without limit 1 e~'^x''^~^dx be- 

comes infinite. For the formula r('?i + l)='?ir('n-) holds for 
all positive values of n. Hence 

i.e. r(0) = oc. 

This is also obvious from the integral itself. For the 

o 

Q-X 

integrand -p (for the case '/i=0) takes an oo value at the 

lower limit, and the principal value of the integral becomes 
infinite (see Art. 348). 

8G7. Connection of the Two Functions. 

We shall next prove tliat the Beta function is expressible in 
terms of Gamma functions, the connection being 

m)- • 

Consider the double integral 

nco 

e-^v{xyY~''- X e~^x‘^dx dy 

0 

[tliat is xy is written for x in the integrand of F (1), and this is 
multiplied by the factors of the integrand of r(7n+l)], i.e. 


i^-rr 

Jo Jo 


e~^V+^)x^+m-lyl-ldy dx. 


Integrating first with regard to x, we have 
J= f w'-i r(i+m) , 

]J (i+y)'+’" ^ 


= r(^+m)B(^, m), by Art. 859 (2). 



GO 


CHAPTER XXIV. 


But changing the order of integration, taking y first, 

/= f f cZi/ 

Jo Jo 


= I 

)o 






x‘ 


dx 


e ^x'" ^dx 


=rwr(m). 

Hence = 

868. Deductions. 

It/urther follows that 

B((+m, = 

1 (fc+m+n) 

and therefore that 

\ r(^) r(7n,) r(n) 

i [i-tm+n) 

wjiicii is a symmetric function of Z, lyi, n. Hence we have 
B{/, 771) B(Z-f777. n) = B(77l, 77) B{777 + 77, Z) =B ( 77 , Z) B( 77 +Z, 777 ). 
Hence also 

B(i, m)B(i+m. u) h(l+m+n, p)=n.t ^ WrW r(p) 

869. It now follows that the results of the. transformations 
of the Beta function given in Art. 859 could be further expressed 
as Gamma functions. 

Thus 

r x^-\i-x)^-^dx _ j r(Z)r(777) 

Jo (6+cx)'-'™ (5_j_c)^6’" ^ ’ (^1,-^cyb^n ril+m) ' 


i 


^ sin^^ ldC0S^'»-ld 1 1 r(Z)r(777) 

o(acos2d + Z)sin2(9)^+w 2a‘>'¥ ’ 


^ r 

j^'sinP0cos9dcZd=lB(^^, = 


7z^)r(7+i) 


etc. 


2r(£±7+i 


The last of these integrals has already been used in earlier 
chapters, for convenience of calculation, Avith a tempora^Ty and 
limited definition of F. 
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r 

Jo 1 + * 


dx. 


870. We hav^ also iu Art. 859, Case 2, the integral 


poo 

Jo 


■m-l 


^ ^ T{L+m) • 

Put Z+m=l. Then, since r(l)=l, we have 

f” ^m-l 

r(m)r(l-m)=J^— 

where m is a positive proper fraction. 

We have then to consider this integral next. 

^co ^ 

871. The Integral I = 1 — dx where 0 <7i < 1 . 

Jo 1+a? 

1 00 

may he separated into two parts, viz. 

0 

In the second part put x=- • 

Then 


y 

Jo"^ 


Hence 

and by division 
1 




1+x 

Hence 


= 1 - a;+ _a; 3 -}- . „ + ( _ 1 ) V- _j_ ( _ 1 


X' 


it+i 


1+x 


7 = 1 (x"“^+x“") (1 — x+x®— ... + ( — 


-}-(_])t+l| x‘ 


1 /y.n — 1_1_ T- — " 

t.jX -rx 


1+x 


dx 


\n 14 




+1 


l-\-n 24 w 34« 

1 1.1 


1—n 2—n S—n 

x"-i+x“” 

x"- ' * 

0 




/c4»i 

1 

k—n 


(-ly^ 


/c— n4 1 


rl /rn—l n 

4-(-])^+M x^-+^ dx. 

J 0 X'T’X 
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JS'o'.v cosec z= 

1 1 , 1 ,1 1 l__, . 

z z-^TT z — TT z-j-27r z — 27r z — Stt ‘ 


Hence 


(Hobson, Trigonometry, p. 335.) 


1_ 1 , 1 , 1 _J f 

n l + n^l-w*^2+n 2-n 3+n'^3-n'^‘” 


sm mr 

and since in the limit when Ic is made indefinitely large the 
last term of the series for I, viz. ( — 1)^' , — becomes zero, 

the portion of I within the brackets becomes ■ . . 

sm mr 


AT i_ 1 • • I Tl 

Also as to the remainder, viz. I a;^+^ — dx, we may 

Jo 1 “h aj 

note that as x lies between 0 and 1 and is a positive proper 
fraction, x^^^^ is diminished indefinitely by an infinite increase 
in k. If then this integration be expressed as a summation 
according to tlie definition of Art. 11, each term of the sum- 
mation is diminished without limit, and may be regarded as 
an infinitesimal of the second or higher order when k is 
sufficient!}’ increased. 

Hence ^ n. r. 


Jo 


l-f-x 


dx=Q, 


and we are left with 


1 


.smwTT 


where 0<?i<J. 


872. An Important Eesult. 

It now follows that 

r(n)r(l-n) = ^— - 

sin mr 

As a particular case put n=^. 


(0 <w<l). 




( 

r'( 2 )=v’^> as has been seen before, Art. 864. 


and 
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Again, put n=\. 


r(j)r(|)=— =7rs/2; 
\4/ \4/ . TT 

sin- 
4 


Put n—\. 


Vc 


sin- 
o 


'3 

r(r 


TT^ 




i) 


r ^ = 

vO. 


27r 

rfi 


, etc. 


Hence r(f), r(f), etc., are expressed in terms of Gamma 
■functions of numbers which are <4; whence it will appear 
that if all Gamma functions were tabulated from r(0) to r(^), 
all others could be found by this theorem, together with the 
theorem r('^i+l) = '>tr(u). 


The result F (w) F ( 1 — n) = 


TT 


, was temporarily borrowed 


sin nit ^ 

in an earlier chapter, Art. 592, in the calculation of a certain 
arc of a Lemniscate. 

Since F(l+w)='?rF('>i) and F('n)F(l — ?0 = 
this formula may be written 


sin lilt 


F(l+7i)F(l-n)=^— (0<n<l). 

' ' sin nit 


873. To show that 


F - F 

\n. 


n- 


n 


n-l 

,(27r) 2 




-)f(-)...f( 

v«/ \n/ 

We are now able to consider the continued product 

p^f(-)f(-)f(-) ... rf^), 

\n/ \n/ \n/ \ n / 

where n for the present is any positive integer. 

By writing it down again in the reverse order, multiplying 
the results, and noting that 


we have 


P2 = 


r 

sin - It 
n 

It 


. It . 27r . 3it 

sin — sm — sin — 
n V n 


It 


It 


It 


. in — IItt 

sin — 

n 
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ana since 


sin V'S 
sin 6 


rl= 2 ”- sin (0+^) sin (s+^) sin (0+^) ... sin (0+^^ 

(Hobson, Trigonometry, p. llV), 
we have in the limit when 0=0, 

- , . TT . 2ir . .Stt . {n — l)7r 

A/i • I T1 ““ 1 ^ -v^ r> * 1 ' L 


- , . TT . 2ir . .Stt . I 

w = 2"“^ sm — sm — sin — ... sin 
n n n 


Hence P-= 2"~b and P being positive, we have 

re)'-(=)r©.-.r('¥)-i^- 

874. Q-auss’ H Function. 

Taking the original Eulerian form of the Gamma function, viz. 




1 1 

and remembering that PG=» — i — Calc., Art. 21) 

J 3/ 


we may write 




l\^ n-l 


+ e, 


where e is something which vanishes in the limit when 
becomes inhnite. 

Let us take /j. as a positive integer. 

Then r(«) = | ^ 

In the first integral put x=y>^. 

Then r(w) = /;i"[ [ edx, 

Jo Jo 

and as is a positive integer, 

(^rt.858). 

Hence „ 0^-1)! , f 


r(w) = ;x" 


n(w-f-l) ... {n-\-fx 


— TT+l 
— I J Jo 
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Hence, making jj. increase without limit, the integral ulti- 
mately vanishes! and 

... (n+/x-lj’ 

or, which is the same thing, 

r(n) = > 

and writing w-f -1 for w, 

^ 12 3 

r(n-t-i)=i^M=«>/^”(,^_j_i) ... (?i+,uy 

This limit is known as Gauss’ II function, and is written 


12 3 

or, which is the same thing, 






(i+f)(i+l)...(i+ 


Here fj. is integral, and n is essentially positive hut not 
necessarily integral. 


875. The limiting form at which we have arrived at the 
end of the last article plays an extremely important part in 
the development of the general theory of Gamma functions. 
It will be very desirable for the student to pay considerable 
attention to it, and we propose therefore, in due course, to con- 
sider at some length the general behaviour of the function 


1.2.3 


/X 


u® for different values of u and 

(x-}-l)(iC-}-2)(x-(-3) ... (x-{-/x) 

for different values of x, and the only restriction we shall 
place upon it at present will be that jul is to be a positive 


integer, not necessarily large. 

Two theorems, however, are required in dealing with such 
expressions as will arise, viz. 

(1) Wallis’ Theorem, which states that when n is a very 


large positive integer, 3 5 ( 2 n— 1 ) 

finite in a ratio of equality, i.e. 

Ltn= 


2.4.6... '2n — become in- 


2.4.6... 2w 


1.3.5 ... (2n — 1) VwTT 


L=i. 
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(2) Stirling’s Theorem, which states that when is a very 
larye positive integer 

I. 2. 3.. .71 and v/27Z7r . ti" . e~" 

become infinite in a ratio of equality, that is 

j.. 7i!e” 

^b, = .^-^ = N/27r. 

The first of these appears in most treatises on Trigonometry, 
for instance, Hobson’s Trigonometry, p. 331, Ex. 1, but scarcely 
appears to receive the prominence in tlie text-books that it 
desem es. The second, Stirling’s Theorem, is less available for 
the student ; hence these theorems are reproduced here for 
present use. 

STG. Digression on Wallis’ and Stirling’s Theorems. 

Walli.s. Expressing sin 6 as (^ -^) ••• to w , 

and putting = we have 

_1.3 3_J 5.7 (2n-l)(2?t-l-l) 

2^ ■ 4’-= ■ (E (277)2 . 

l-.T-.rv ^ ... {2n-l)2 
22 , . . (2?7)2 ^ ^ (1 ~ f). 

where c becomes indefinitely small when n becomes indefinitely 
lai’tje. 

Hence, when ?; is large, we have 
2.4.0 ... 2?7 j-TT 

iTsTo ... (2?7-1) ^ V 2 ^ ^ ultimately ; 

and since ?i is very great, we have 


2.4... 277 1 

1.3 ... (277-1) ■ 7^^^’ 


2.4 ... 277 


1.3... ( 2 ? 7 — 1) replaced by Jjitt, these expressions 

being ultimately equal. This is Wallis’ Theorem. 
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877. Stirling. Stirling’s Theorem states that for very large 
values of w, 1 . 2 . 3 ... n and J’imr are ultimately equal. 
Write 0(n) for 1 . 2 . 3 ... w. 

Then ^ (2w) = 1.2.3 2n 

and 2”^(w)=2.4. 6 ... 2w. 

Hence Wallis’ Theorem, which may be written as 

22 . 42 . 02 ... ( 2%)2 


-s/mr, 


gives 

Let 


I.2.3.4... (27i-l).2w 

22n{;0(^)]2 _ 
ip{2n) ^ 

<ji{n) 


^{2n) 
be called F(n). 


n'^'j2n’iT 

Then 22”[%"Ay2w7rF(»)]2=*yw7r(2w)2"Ay4w7r F(2w), 
i,e. F(2»)=[F(n)]2. 

To solve this functional equation, write 2n for n. 

Then F(22»)=[F{2w)]2=[F(w)f. 

Similarly F(22w)=[F(ii)]2®, etc., 

and F(2^’w)=[F{n)]2”, 

•p being a positive integer. 

Now, putting 2^n=x, 

F(*)={[F( 7 .)]«f. 

Let p increase indefinitely and n decrease indefinitely in 
such waj’’ as to keep the product 2'’7i finite. Also let 

be called h. 

Then F(a;)=y!:®, which indicates the form of F to be expon- 
ential. We have to determine /c. 

Taking 1 . 2 . 3 ... w=^(w)=w”V2w7r^:", 

change w to %+l. 

1.2.3... ?i. (w-j-l)=(?i-l-l)”+^V2w-l-l7r/;«+^. 


Hence, by division, «+!= 


(w+l)"+^ Jn+l 




7 ^ 




n 
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in the limit when n is indefinitely large. Hence and 

therefore 1.2.3 ...w and J27nr become infinite with n, 
in a ratio of equality, or, what is the same thing, 




ff'nX 

n+} 


n 


■.J2 


TT. 


This is Stirling’s Theorem. The result will be considered 
further in a subsequent article (Art. 884). 

This particular form of proof was given by Dr. E. J. Routh 
in lectures at Cambridge (see also Dr. Glaisher on Stirling s 
Theorem in the Messenger of Maihemaiics). 


878. Illustrations of the Use of Stirling’s Theorem. 

Stirling’s Theorem is useful in such cases as involve factorials 

o 

of large numbers. 


1. T1ui 3 the niifldle coefficient of the expansion of (l+.r)®" where n is 

(2ii\ ^ 

a positive integer, viz. ultimately when n is very large. 


N/4»w(2-/i)"‘'e-"" _ 2-" 
27!7r7r”c”*’’ 


This is the limiting form. It is of course infinite itself, but for large 
values of ?; a close approximation will be thus obtained. Thus, for in- 
stance, even taking a case when 7i is not exceedingly large, in calculating 
40 ' 

and ■ “=^ from the logarithm tables the latter only exceeds 
t- •) \ :iO;r ^ , 

tlie former by about O'l per cent. ; and in calculating = 

QK'O ' ' 

— the latter only exceeds the former by about 0'25 per cent.; and the 
voOzr 

error is diminishing as the magnitude of the numbers dealt with increases. 

Ultimately, for exceedingly large values of n, the middle coefficients of 
the successive e.xpansions {l+xf", (1 -l-.r)""+-, etc., form what is nearly a 
G.r. with common ratio, 

Ol'i + 2 / 05» 

Lt V— / 4= , 7.C. 4 : 1, 

\i{n-i-l)7r' \/n^ 

as is also directly obvious. 

2. The 7)““ number of Bernoulli, viz. (see Dif. Calc., p. 502), being 

given by 

^2J^!/ 1 1 \ 

\ ‘ 2^” ~ 3*” -r ... 

we have, when n is large. 


„ „N/27i.27r(277)"-"e-2" 

- 4 ^27r)2a 

^4_-2n+4-2n^2r.+i^ 


r 
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Similarly if the coefficient of in the expansion of sec.r + tan x, 

it is known that 

on + 2f, ) 

which embraces the cases of Bernoullian numbers and Eulerian numbers 
together, viz. 

/fjnS the n"'' Eulerian number, 




. and we have when n is very large, 
2"+2 


2”+2 /nV 

In this expansion, viz. 

secx+tan^= 1 +-^1 n '^‘"2 ^ + 
the ratio of the (n + 1)““ term to the »"■ is 


(see Dijf. Calc., Art. 573, etc.), 
n\n+} 


I^x 

Kn-i 


and when n is large this becomes 


Lt 




2n+3^!LJ;J ^6“”+^ 


X 

n 


vi ^ 


7 -, 2 1 

= 1^1 — • •: 1)- ■ - 

7re /, 1\" ^ ' n 


HJ 


7 .. 2 1 X 2.V 

= Lt — • — = .71.- = — . 


Tre c 


n TT 


2^ 2?i • • 

It appears that, since = — , the coefficients increase with great 


n—\ 


TT 


rapidity ultimately, and the series will be divergent for values of a: <4; 
3. In the series which gives rise to the Bernoullian numbers, viz. 


the ratio of the + term to the n*** is 

B, 


X 


x^ 


x^ 


.>.2n 


^2n~i 




•®2n-3 (2^ “ ^ * 
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aid when n is large, 
= -Lt 






4^-2n+§ e-2”+^(»- 1 )2”-? (2w - 1) 2» 


.~2 p2 


' ^2 * p 2 


1 


/ 1X271-'“ V 

1-- 


V n) 


1 , 

x‘^ 

• ^2 • • 





(2?2.- l)2n 


X- 

477-' 

The series is therefore divergent for values of x^ <fc (27r)2, and as 
Lt = Lt ultimately, 

B^n-Z 477- 77^ 

the Bernoullian numbers ultimately increase with great rapidity. 

It will be noted that cotli'^ becomes infinite if x have the unreal value 

Ji 

2 i 77 . When ,r is complex it is therefore necessary to limit expansion to 
the case for which the modulus of the complex is < 277.* 

879. A method of Calculation of the Numbers of Bernoulli and the 
Numbers of Euler is explained in the Di’ffei'entKxl Calculxi'S, Art. 573. 
Both sets have been calculated for many coefficients of their respective 
series (see Proceedings of the British AssocioAion 1877), and probably far 
enough for all practical purposes for which they will ever be required. 
Several are quoted on pages 106 and 501 of the Differential Calcuhcs. A 
few extra results are put upon record here for reference, for the con- 
venience of the reader. Also, as we are about to deal.with such sums as 

L -I- i 4 - X -I- _ _ to 00 =Sp, which for even values of p are to be found from 

2(27t) ! 

■D 2 n- 1 — (277)2" *^ 2 "’ 

we tabulate a few of these results also. 

B^=l, B^ = Aq, = B’j = fQ, Bg = f(^, Bii = ^\^, -Bi3 = ^, 

B,, = 5x7 = B,, = ; 

Ej = l, 5^ = 5, E, = 61, 5g = 1385, 5x0 = 50521; 

o *• o _ ** c 

93555 


TT'* TT® TT® 

o ^ C — ^ C O' * C _ 


945’ « 9450’ 

The values of Sp up to reduced to decimals will be found tabulated 
later for purposes of evaluation of integrals to be discussed (Art. 957). 

880. For other methods of Calculation of Bernoulli’s Numbers etc., 
see Boole, Finite Differences, Chapter VI. 

881. We note that B^ >^3 >5b< B-< B^K etc., and the coeffident B^ 
is the smallest of Bernoulli’s Numbers, after which they rapidly increase. 

*See Bertrand, Calc. Diff., Art. 412. 
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882. The Value of n(i). 

Consider next the case of Gauss’ 11 function for n=\. 



1.2.3.../X 

3 5 2/x + l 

2-2”‘ 2 


M 




= Ltn = 


22 . 42 . 62 ... ( 2^)2 
''^=”1.2.3.4...(2^)(2;x + l) 




22^(m 0^ 
'^=“(2;x + l)! 




22<^2/X-7r.^2^. e-2A^ 

= + 2) TT ( 2 ^ + 1 )V+1 e-(2^+i) ^ 




whence = 

It will be remembered that for positive values of n, 

n(n) = r(% + l); 

therefore r(|)=n(i) = ^ and r(?) = |r(J); 

r(5)=V». 

which agrees with Art. 864. 


883. The Graph of y = x^e-^. 

We shall next study the nature of the family of curves 

y — x^e~^ 

for various values of n. 

The subject of integration in the Gamma Function r('U + l) 
viz. has a maximum value when 

= 0, i.e. when a: = 'U (7i>0), 

and the maximum ordinate of the curve y = x^e~^ for positive 
values of x is n‘"e-'^. 

The graphs of the members of this family for 77 = 0, 77 = 0-5 
77 = 1, 77 = 2 are shown in the accompanjdng figure for the first 
quadrant, which is all we require. 
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The case n = 0, viz. y = e"®, is a logarithmic curve, and cuts 
the v-axis at a point y=l. It has no maximum ordinate 



The case n = 0-5 has a maximum ordinate at a: = |, viz. 
and then runs to the positive end of the x-axis asymptotically. 
The case n = l has a maximum at a;=l, viz. j. 

t/ 


• ^ 

The case n==2 has a maximum at a; = 2, viz. 

All the curves have the cc-axis as an asymptote, and all go 
through the point (l. . where they cross. 


For values of n between 0 and 1, the curves touch the t/-axis 
at the origin. 

The case 11 = 1 touches the line y=x at the origin. 

The cases for ii 1 touch the x-axis at the origin. 

The several maxima, viz. diminish for various values 

of n from n = 0 to n = \, and then increase again, all the crests 
the curves lying upon y = i.e. 


the least of the maximum ordinates being at a3 = l, and 
belonging to the curve y = xe~^. 

The area bounded by any of these curves y = K"e“®, the 
s-axis and the ordinate at a:= oo , is 


and increases 


I” 


dx, i.e. F (n + 1 ), 


without limit as n increases. 


f 
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884. Extension of Stirling’s Theorem. 

We have shown (Stirling’s Theorem) that when nisa large 

'positive integer, 

1.2.3. ...'n = \/ 2mrn'^e~'^, 

the meaning of the equality sign being that these quantities 
become infinite in a ratio of equality. 

We proceed to show that even when n is not integral, but 
still positive, P ^ ,^2^ n'^e-^, 

when n is indefinitely increased. 

f oo 

x^e-^^dx. 


Let us transform this integral by putting 

t' 

x‘^e~^ = n^e~^e ^ , ( 1 ) 

which is legitimate, as n^e-" has been shown to be the 
maximum value of 

Now, as t ranges from — oo through zero to + oc , 

X ranges from 0 through n to + • 


Thus 


r(7i+i) _r 

J-' 

dx 


4t>dx 


XA'tK/ 7 , 

S*' 


and we have to find . Let x=n{l-\-T). 


Then 


[n + = n"e~”e 


.-. (1 +T)"e""’' = e and log(l+T) — t= — ...(2) 


t^ 


Clearly t vanishes with t, and as t can be expressed in 
terms of t by expanding the logarithm, we can by the 
ordinary process of reversion of series expand t in terms of t. 

t t^ t^ 

Let T -d-i 2 ! ' 


Then, differentiating equation (2), 



whence, by substituting the series for t and equating 
coefficients, we can readily obtain the values of A^, A 2 , A ^ etc. 
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V r(7i+i) r r 

iSow — ^ ! — -=\ e - -j-dt = n\ c, 2 

7 i"e-" J-ao dt J-00 dt 

and = 

by writing kI for x in tlie result of Art. 223, Ex. 4, 




= 0 , 


as is obvious, for the negative elements of the summation 
cancel out tlie positive ones. 

Hence 

1 (ly (ly (ly I 

and it remains to obtain tlie numerical values of the coefficients. 
Substituting tlie series for t in the differential equation (3), 


^ 1 j-j + - 1 2 ^ + --1 ^ 4 • j X ( ^ 2 fi + ^ 3 + 


=(■ (^1 + Aj — + ^.,^ + ^3^,+ 

whence ^Ai=l, 

■'ll ^2 1 rfLz >d _ 4 i 
1 ! 1 : 2 ! ^ 1 ! ’ 

—1 4? j_ 2 I -fl? j _ 4.2 
1 ! 2 ! 2 ! 1 ! "^ 3 ! ^ 2 ! ’ 

and generally 

4:_i '^71 1-^2 -^77-1 I -^3 -^71-2 I I 

1 ! 1 \ t “> a 1 ( n \ tt n t / . 1 1 ••• 1 




—L n I ^ n-i I 1 1 till A — n -1 

1 ! (71-1)!^2! (7r-2)!^3! (7 i-3)!^"'^7i!^i“(w-1)!’ 
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+ ...-}-A^Aj^ = nAj^_y 

i.e. (n+l)A,A„ + (^A,A^, A^^+l^l%-^'> A,A._, 


+ ... — 7l^„_l, 


the series proceeding as far as the greatest binomial coefficient 
in (1 + 2 )"+^, and the last term of the series being halved if n 
be odd. 

Thus -41=1, 

3vliAL2=2yli, 

4A^A,+3A2^=3A^, 

5^11^4+10^2^3 = 4^3. 

6^1^5+15^2^4+10^3^=5+4, 

7 + 1 + 6+21 + 2+5 + 25 + 3 + 4 = 6 + 5 , 

8+1+7+28+2+6+ 56+3+5+35+ 4^= 7+6, 


etc., 


giving + 1 = 1 , + 2 = 1 , 


j — 1 
w 


■S'. 


J = 4_ J — 1 

■^4“ TT> ■^5 — TB-. 


J — 13?_ A — li A _5_7 1 ofp 

)> l'(J'5o. -^8 8' 1 . -^9 0 4^Tr> t/bl,. 

Hence, finally, 

r(«+i)=7^»"<r.{i+i i+..;. 

When n is indefinitely large, we therefore have 
r('n.+ l)=N/2'n7r 

which removes the limitation that n should be a positive 
integer, as supposed in Art. 877. Moreover, it will be noted that 


an 


expansion of ■ 1^+1 )_ jg effected in powers of — , viz. 


r(9i+l) 1 1 1_ I4. 

\Jln-K n'^e~'"- 12 7?.'^288 5184-0 71® 2^^! n'P 

the law of formation of + 2 p+i being as above stated. 


885. Ex. ] . In calculating 10 ! in this way, 

log\/27r.l0. 10^‘’e~^'' = 6'3561451 (Chambers’ seven-figure logarithms) ; 
.’. v27r. 10. 10^‘’e“^® = 3598695 (the last figure doubtful). 

Carrying the series to four terms, viz. 

1 + T2TT + 2 88TJ0' ~ grra’^a’W?? — 1 '00836537, 
we get 10 ! = 3598695 x 1 '00836537 = 3628799' etc. 
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The true value is 3628800, so there is only an error in the last figure 
in the approximation. 

Ex. 2. Calculate 100 ! Here 

log (100 !) = log {N/2'^rToO . 100i'">e-““(l + _...)} 

= 157-9700036, 

indicating a number of 158 figures, beginning with 933262, viz. 
9-33262 X 101”. 

[The logarithms from 1 to 100 add up to 157-9700038, which is in 
agreement with this result, except for the seventh figure of logarithms.] 


886. Properties of Gauss’ 11 Function. 

We may now proceed to discuss tlie nature and properties 
of Gauss’ n function. 

Let us start again with a consideration of the expression 


n(a;, fJ-) = 


2.3 




{x-\- l)(a- + 2)(a:-f-3)...(a:4-/a) 




xvhere /x is a positive integer, not necessarily large, at present, 
and O', is a fixed number, either real or unreal, positive or 
negative, integral or fractional, but finite. Call the expression 
n(a:, fx), and abbreviate it further into 11 (a;) when in the limit 
/i is oo , so that 11 (a;) stands for n(a;, co ). 

Consider the graphs of 


^ (a:+ l)(a;+2)...(a;+/x)'“ ' 

for difierent values of fx. 

There are /x asymptotes parallel to the a/-axis. 

2/ is positive from x=co to x=~l, 
negative from x— — l to x— — % 
positive froma;= — 2 to a:=— 3 , 


and so on. 

And if /X be >1, the a:-axis is an a.symptote at its negative 
extremity only ; 

also when x = 0, y = l ] 


when a;=l, y= 






when x=2, 


^ (ja+l)(/a + 2)’ 

etc. ; 
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and these ordigates approximate to 1, 1, 2!, 3!, ... as g in- 
creases, whilst at the same time the number of asymptotes 
increases. 

The cases of g=l, 2, 3 and 4 are shown in the accompanying 
figures, which are intended to exhibit graphically the general 
characteristics of the functions, but are not drawn to scale. 

The case g = l gives a rectangular hyperbola, with 

y=0, a;= — 1 for asymptotes. 



The case „=2 gives 2-. 



Fig. 317. 
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1 2.3 

The case ,t=3 gives !/=(3;_|_i)(2;+2)(a:+3)®’’' 



The ease m = + gives y = 



Fig. 319. 
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The lengtlis of the ordinate.s for various values of o: and /t 
are shown in the table : 



a* = 5 

x = 4 

x = 3 

x = 2 

.r=l 

1 

•*'“2 

a; = 0 

,1=1 

0TG7 

0-200 

0--2.70 

0-.3.33 

0-.700 

0CG7 

1 

,1=2 

1 -524 

1-0G7 

OSOO 

0GC7 

0-GG7 

0-754 

1 

,i = :i 

4 -.niin 

2-814 

1 .3.70 

0-000 


0-702 

1 

/< = •} 

8-127 

.8-G57 

1*820 

1*007 

0*800 

0*813 

1 






1 


/Z = CO 


24 



1 

0-8S6 

1 



1 

2= - 1 

.3 

-r> 

■ 

B 



■I 

■ 

,i=\ 

2 

00 

- 2 

-1 

-0-C67 -0-.500 

-0-400 

-0-333 

,1 = 2 

1-886 

CO 

- 2-828 

00 

+ 0-471 

0-125 

0-047 

0-021 

/i = 3 

1-847 

00 

-8-079 

GO 

+ 1 -0-2G 

CO 

-0-068 

-0 012 

M = 4 

1 -829 

CO 

-3-200 

00 

+ 1 -333 , 05 











^9 

/X= CO 

1-772 

00 

- 3 -545 

00 

2-363 

CO 

-0-945 

CO 


887. General Kemarks. 

From these considerations it will appear that in these curves, 
viz. /x = 2, ^ = 3, yu = 4, etc., 

(1) At x=0 all the ordinates are =], and any two of the 
curves cross each other. 


(2) At 1, 2, 3, 4, ... the ordinates of the several curves 
form an increasing series, so that the curves as /j. increases 
are such that of any two the one with the greater fx has the 
greater ordinate. 


(3) As X increases through zero the curves arc all initially 
approaching the x-axis. The limiting case of the hyperbola 


V = 


1 

x+l 


continues to do so, the others all ultimately have 
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ordinates >■ 1 , and therefore have minimum ordinates in the 
first quadrant. Moreover it may be sliown that 

yu = 2 has a minimum ordinate between 1 and 2, 

At =3 „ „ „ 0-9 and 1, 

= „ „ 0'7 and O'S, 

etc. 

As At increases, the minimum ordinate begins to approach 
the y-axis, but does not do so without limit. For in the 
case At=oo it lies somewhere between 0 and 1. 

(4) On the negative side of the y-axis at x=~^ the succes- 
sive ordinates of the curves a^=1, Ai=2, a‘ = 3, etc., form a 
diminishing set. 

(5) /x = l has one asjnnptote parallel to the y-axis, 

At = 2 lias two asymptotes pai'allel to the y-axis. 

At = 3 lias three asymptotes parallel to the y-axis, 

etc. 

At = l is as3unptotic to the a;-axis at both ends. 

/x = 2, // = 3, At = 4, etc., are only asymptotic to the x-axis 
at its negative end, and alternately from above and 
below the x-axis. 


(6) Observe the behaviour between the several asymptotes. 

Between .x= — l and x=— 2 the several ordinates at x— — §• 
are all negative but numerically increasing, i.e. the more 
asymptotes there are the further do these branches recede from 
the x-axis. Similarl}' between the asymptotes x= —2 and 
x=— 3, or an}'’ consecutive pair. 

Note also that for each given value of ,u the branch between 
two consecutive as^unptotes has a numerically greater ordinate 
midway between those as^unptotes than is the case for a branch 
between two consecutive asymptotes more remote from the 
i/-axis. 


(7) The limiting case 
y = Lt^._ 


1.2 ...M 


’(x4-l)(x-f2) ... {x+n} 


M®, viz. 7/=II(x) 


becomes, when x is positive, the curve 7/ = r(x-f-l), as has been 
shown. 

The shape of this limiting form will be more ctirefully 
considered later in Art. 922. 
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But there is this difference between the functions 

1.2... fi 


Ltn — 




f 

J 0 


fx^ and dv, 


that though they coincide in value for all positive values of x, 
the former becomes infinite at the values x= — l, a;= — 2, 
2 ;=— 3, etc., but has finite values for other negative values of 
X, whilst the definite integral is permanently infinite for all 
negative values of a:+l. 


888. That the factor form has finite values, when ji becomes infinitely 
large, for negative values of .v between the asymptotes may be made 
clear by taking a case. Take .r= —2. 


Then LL 


1.2.3. 




■ 


2.4.6...2p. 1 

~ 1.3.5... (2/X-3) 

n 

__r, 22.42.6^..(2/x)^ (2/x-l) 

- ^'l.2.3.4...(2/x-3)(2/x-2)(2/z-l)(2/x) 

r..2. (2/x-l) 

- s/4;i;r(2,x)Ve-v 

27rix 2/x— 1 2 I- 

= -Lt — ~ ■■■ „— ■— -T v- 

2v/7r/x 1 

Similarly at .r= -- the corresponding limit is w- r, 

X L » 


at a; = -q the corresponding limit is -- — psV, 

<and so on. 

These mid-ordinates, half way between the successive asymptote.s, thus 
form a regular descending series 



22 

VTT, 


1 . 3 


2=> /- 2^ r , 


889. It is worth noticing that ll{x, /x) may be written as 

s 1.2.3.../U 

... (x+/x)^ 
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('PiT( 


(i+iy 

\ fj-j 1 

i "" 

Yf) 


'!+-) 

'v 

V/r+l 


(i+iy 

^ K r=M \ r/ 






where Findicates that the product of all such fractious as 

r = l 

follow it is to be taken from r=l to r=fx. 

And in the limit, when fx=co , 

(l+'T 

n(a-)= P 


r = l 


X 

1 + - 
r 


or what is the same thing, when x is real and positive, 


,=a.(l+j 

r(l + a;)= P 




*+1 


890, Reduction of II(a;+l)- 



n(x-f 1, m) - + 2) (a;+ 3) (a:-f4)Y7(^+Y)T®+ ^ ^ ) 

Hence ^ 

n(a:d-l, j(x) = (a^+l)n(tr, m) X 

IH 

which is the law of connexion of the successive values of 
nf®, «) for unit differences in ai. 

In the case when yw is indefinitely increased, the factor 
becomes unity, and we are left with n(a;+l)-(2;+l)n(^K) 
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.and changingjr to x—1, n(x)=a;n(cc— 1). This is true for all 
finite values of x, positive or negative. 

In the case of values of x'^0 we have n(a;) = P(a:+l), and 
therefore r(a;+ l)=a;r(a;), the formula already established for 
tlie Gamma function. 


891. The Case when a: is a Positive Integer. 

When a is a positive integer we may multiply the numerator 
and denominator of 


Il(x, //) = 


1 .2 


(a:+l)(ai+ 2 )...( 2 ;+;/) 


M 


by a;! 


obtaining in that case Jl(x, u)=, 

and then removing // ! , 

T-,. V 1.2. ..a; 

n(a:, //) = 


(/X+l)(yU + 2) ... in + X) 

1 . 2 ... a; 






1+'^ 


so that wlien /x is indefinitely increased, x remaining finite, 
n(a:) becomes x\, which is in accordance with tlie result 
r(a:4-l)=2;! of Art. 860. 


892. Comparison of the G-amma Function with Gauss’ Function. 

It will now be clear, from Art. 887, that the two functions 
n(a^) and r(a;+l) are identical for all real v.alues of x greater 
than —1 ; but tliat n(a;) is a more general function, embracing 
real or unreal values of x quite unrestricted as to sign. That 
n(ic) becomes infinite for all negative integral values of x, but 
has finite values for negative fractional values of x, whilst r(a:) 


^co 

defined as J e~'’v^'^dv is infinite for all negative values of x. 

Graphically this means that the curves y=Il(x—l) and 
y = r(x) absolutely coincide for all positive values of x, but do 
not do so for negative values of x. If we had restricted the 
definition of Gauss’ function, viz. 


LL(,Xj ju^ — 




1 ■ 2 ■ 3 

(a;d-l)(a;+2) ... (x-j-fx)^ 
to real values of x greater than —1, the identity of IL{x) with 
Euler’s Gamma function r(a;+l) would have been complete. 
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893. We have, from the definition, 

1.2.3...(/x — l)/x 


fx) — 


(l-x)(2—x)(3—x)... (fji—l-x){fx-x) 




i-i 


and n(x— l,u)= — ■■•(m — 

2 ^( 2 ;+ 1) (a; + 2) ... (a:-h,u — 1) 

Hence multiplying them together, and assuming that x is 
not an integer, 

n( — a:, /x)n(a:— 1, jj.) 

H.22.32...(;.-1)2 ^ 

a; • (1— a;^)(2^-a;’-)(3‘-=-a;‘0...{(M-l)^-a;2} 


1 






IX — X' 


and when ^x increases without limit, Lt 
and we ha\'e 


jx — X 


1, X being finite. 


n(--a;)n(a:-l)= 


TT 




00 


sin TTX 


It will be noticed that in proving this result no assumption 
has been made with regard to x except that it is not to be an 
integer, either positive or negative. For such values one or 
other of the H functions would be infinite, as also of course 

TT 

would ^ . 

sin XTT 

Taking positive values of x less than unity, and remembering 
that in that case n(a;) = r(a;4-l), we have 


r(l-a;)r(a;) 


TT 

sin x-w' 


as previously found. 

894. If we were to base the discussion of the properties of 
r(a:) on this method of procedure, we could therefore infer the 

fi 7,1-1 

value of the definite integi-al -r^dv of Art. 870 to be ~ 

Jol+'y sinajTr’ 

where 0<a;< 1, instead of investigating the integral finst and 
then deducing the result r(l— ;c)r(a:)=-;-^^^ — . 

sinxTT 
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895. An UnrQ^l Value of x. 

We note also that if x be unreal and =iy, 


'11 ( '2/)n(i2/ 1) sinliTry' 

but that r, as defined in the Eulerian manner, loses its meaning. 
See; however, Art. 900 for an extension of the definition of F. 

896. Both functions, viz. n(ai) and Tix+l), have been 
shown to satisfy the equation of differences 

Let us see from this point of view what can be ascertained 

as to the nature of the function 

It has already been stated that this equation necessitates 

one form of the result to be 

Ua=Ax{x—V){x—T)... {r+l)rur, 

where A is a constant or some arbitrary periodic function of x 
of unit periodicity, and Ur is some initial value of u* to be 
chosen at pleasure. 

Following Laplace’s mode of procedure in such cases, assume 
as a trial solution, f 

where the form of F{i) and the limits of integration are 
reserved for future choice. 

Then, since U 3 .+i=(a;+l)'i 6 a 


''XJ 


j dt-= (x+ 1 ) dt 

=^F(t){xA-l)Fdt 

the integration being by parts, and the square brackets de- 
noting as usual that the term integrated is to be taken between 
the limits ultimately chosen. 

Hence the choice must be such as to satisfy the equation 
|i='+i[F( 0 +-^'( 0 ] dt=[F{t)t=^-^^]. 

* See Boole, Finite Differences, p. 257. 
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Let us then take F{t) so that F\t)-{-F{t) = 0, and the limits 
such that = 

Our choice is now complete, and there is no further latitude. 


The first equation gives 


F\t) 

m 


1, i.e. F{t)=Ce~‘, where 0 


is an arbitrary constant as regards t. 

This determines the form of the function F in our trial 
solution. 

The limits must then be such as will satisfy the equation 


Supposing to be positive, tliis will be effected by taking 
t — O and t — cc, for in each case Lt — r- — 0. 

Hence a solution of the equation for positive values of x+l is 


u 


A 


e-H^ dt 


= Cr{x+l). 

So Wj = CT(.r+]) is a solution, provided x-\-l be positive 
where C is an}' arbitrary constant as regards f. 

To put the possible dependence upon x in evidence call 

C, v^. 

Then v ^ = v^r{x-\-'[), 


a 


x+l- 


but 


u 


x + l' 


^'V,jr(.r + 2)=t»^^j(x'+l)r(a;+l), 


whence it is clear that is either an absolute constant or 
some arbitrary periodic function of x whose periodicity is 

unity, such as cos"27ra; or n ^'^J^ere A, B, C, D are 

C + H sin?’ 27ra; ’ 

absolute constants, such functions returning to their original 
values when x is increased by unity. 

Ihus '??'a.=/(a;) r(.x+ 1) satisfies the difference equation con- 
sidered when /(a;) is such a periodic function as described. 

It appears, therefore, that the equation 
is not co-equivalent with u^=r(cc+l), i.e. Euler’s Gamma 
function, or with i.e. Gauss’ 11 function, but that 
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these are particular forms of the solution, as has been pre- 
viously pointed out. 


897. Euler’s Constant. 

The limiting value when n is made infinitely great of 

is finite, positive and less than unity. This limit plays an 
important part in our subsequent work. It is called Euler’s 
constant and denoted by y. Its value has been computed, to 
over 100 places of decimals (Proc. Royal Society, vol. xix. 
and vol. xx., p. 29). 

The first twenty'’ figures are* 

y = 0-577 215 664 901 532 860 60.... 

We shall presently show how it is to be computed. For the 
present it is sufficient to show that it is a positive proper 
fraction, and this admits of elementary proof. 

For 


,4log^-^=l-log(l + i) 

a convergent series if 

r^l, 

1 _\ 1 /1_J_\ 

r^\2 ‘6rJ r^\4 


= positive, since r ^ 1, for every bracket is positive ; 
j+) 0 g g) + (1+ log I) + . .. + (i+ log is positive ; 


• 12 3 n . . . 

■■ i+2+3+-+K+’°srr 

••• log(n-l-l) is positive ; 


and as log (w-f- 1 ) i> log n, 

+^— logw is positive. 


*See Todhunter, Integral Calcnlun, p. 256; Serret, Calc. Integral, p. 183; 
Legendre, Exercices, p. 295 ; De Morgan, D. and I. Calculus, p. 578. 
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Secondly, 

- + log^ — 
r ^ r 


i+]og(l-l) 


= — L._^_etc., a convergent series if r > 1 ; 

Or" 


2r 


3r^ 


, , (which, when ^^ = co, 

= a negative quantity. 

Therefore 

3 n ^ negative quantity. 


■■■ 9 

i.e. 2^3^4^ 


3 4.' n 
-logn is a negative quantity, 


and 


14--4--4-...4-- — loof^J- is Isss than 1, 
2 3 n 


and it has been shown to be positive. 

Hence, marking n increase indefinitel}^ y is a positive proper 

fraction. 

898. Closer Limits for y. 

Let a„ = ir“^-log(H + l), v,.= 2r-‘ - log 7i {n>\). 

I 1 

Then i;,, -■!(„ = log (^1 = positive, if Ji be finite, and ultimately vanish- 

ing when « = 00 , 


71 *“ 1 • 

nr =■ negative; 


Now !/,. = log -^ = positive; v„ - i;„_i = ^ + lo 

therefore, as a increases, u„ increases and v„ decreases towards the common 
limit y ; and a„<y<a„, whilst ?i remains finite. 

Taking Bottomley’s tables of Reciprocals and Napierian Logarithms, we 
readily find 

■ai = -3069, a2 = '4014, ...h,o = -5311, ««o='^ 532, 7(30= ’5610, etc. 

171 = 1-0000, 172 = -8069, ... i7io = -62(74, i7.,(, = -6020, 1730= ’5938, etc. 

We thus have an approaching set of inferior and superior limits for y, and 
note that it must lie between 0'56 and 0‘60. It will be seen later that 
y =0-5772. ..(Art. 917). 

899. Except for negative integral values of z, 11 (is) is Finite 
whatever z may be. Real or Complex. 

If Wp Wg, Wg, ... w„... be any series of real positive quantities, 

each of which is less than unity, the infinite products n^(l+Wr)) 
n (1 — Wr) Tii’e convergent or divergent according as the infinite 

r=l 
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series is convergent or divergent (see Smith’s Algebra, 
p. 423,* and llbbson’s Trigonometry, p. 319), and if the quantities 
Wj, u^, ... u„... be complex quantities, the modulus of each being 

r=oo 

less than unity, the product II (l+w^) converges if the series 

r=l 

2modWr converges. (See Hobson’s Trigonometry, p. 320.) 

It can be shown that though the infinite product 



i.e. (l + |)(l + |)(l + |)(l+|) 


to infinity. 


which occurs frequently in the present chapter, is obvioiisly 
divergent, yet if we multiply the several factors by 


z z z 

e b e b e b etc., respectively,! 
we arrive at a product 


which is absolutely convergent for all values of 0 positive or 
negative, real or complex. 


For 



n 2w^~3w® 


is a series absolutely convergent if mod z for some finite 
value of n ; whence 



2 * 2 * 


%.e. 


1 +- 

n 


(l+i)e-"=e 


= 1 -; 


2yj,2 

where e„ is a series absolutely convergent which for finite 
values of 0 ultimately vanishes when n is infinitely large ; 

■■■ 


* Also see Arndt, Omnert, xxi. 78. 

tWeierstrass, Ahhandluvgen Acad, of Berlin, 1876. See also Hobson, Trigo- 
nometry, p. 327. 
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.Suppose E tlic greatest of the moduli of l + e„ for all values 
of s within a range for which the greatest modulus of 

does not exceed a given finite quantity, then V mod 

IS an absolutel}^ convergent series, and therefore also 

^ 9 ~ 2 (^ + ^ 7 i) absolutel}^ convergent series, and since 

00 

-P ( 1 + u„) is absolutely convergent when 2 mod w„ is convergent. 


P(l+-)e 
1 V nJ 


is an absolutely convergent product, as is also 


1 ' nJ 


Now Gauss’ 11 function being defined as 


ll{z) = Lt^ = 


1.2.3... 




"="( 2 + 1)(2 + 2 )( 2 +. 3 )...( 2 +^)'^ 


can be widtten 






= 70 


'+!)('+l)(*+|)-(’+;) 


pfl + f^je'e 


e-y- 


L(^ = cr.P ( 1 + -} 
u/ 


e 


1 ^ H' 

where y is Euler’s constant, which shows that for all values 
of z, leal or comple.x, positive or negative, excepting negative 
integral values, 


n(z)= 

and is therefore finite. 


c-r- 


a finite function of z’ 


900. Extension of Meaning of Ffz). 

So far it has been convenient to adhere to the Legendrian 
definition of the .sjunbol r(.r), viz. 
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and to regard x in this Eulerian integral as representing a real 
variable. It lias been shown to be identical with Gauss’ 
n function, Il{x — 1), for all real positive values of x. Having 
drawn attention to the difference of behaviour of tlie function 
defined as an integral and the factor-function of Gauss for 
negative values of x, it is scarcely worth while observing the 
distinction further, and we propose to extend the use of the 
symbol V{z) to negative and unreal values of z, which means 
that, when 2 ; is negative or unreal, F is defined by 


and that when 2 ; is positive it is defined either in tliis way 

poo 

or as e~'’'tfdv, and therefore we shall in general regard H ( 2 ) 
Jo 

as identical with r( 2 ;-f-l) or zr{z) for all values of 2 :. 


901. Thus a meaning will be given to such an expression 
as r (a-fV— 1 viz. 



Q-y(a + ib) 

a finite function of (a+ft) ^99)- 


902. Ex. I. The modulus of r(^-f-ia) is N/r{^ + ta) r(| - ta) 

= ’'J{T(^ + ia)T{l-^ + ia)} = '\J ^ (Art. 895) 

’ sin(^-Fta)7r ' ' 

Ex. 2. If 1, a, a^,... a"-^ be the n"* roots of 1 {n odd), we have 
( 1 + .r) ( 1 + go:) ( H- a2.r) . . . { I + a"-i x) = 1 -f- .r”, 
and l+a + a='-h... + a”-i = 0. 

Hence n(.r) n(aa:) n(a2x) ... n(a"-i.r)=’’"p *n(a’-x), say, 
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l+p,)(l+|7l)(l+|-„) - to inf.= 


1 


n (x) n (a.r) n (a^o:) ... 11 (a"“^ x) 
1 1 1 


V{n(a’-.r)> P r(l+a’-.r) .t" P r(a’-.x-) 

til UH .r” ^ 1 4- - j 1 + _ j ^ 1+ _ j . . . = . .. r(a'-*.r)’ 

where 1, a, a“, ... are the ■nP' roots of unity. 

903. Gauss’ Theorem. 

This tlieoreni is a generalization of that of Art. 872, and 
includes it. It states that for any value of z 


71 -1 


Il{nz) 

or, what is the same thing, as will be seen, 

?i — 1 


= (27r) ^ n-K 


»-r(.-)r(z+l)r(.+2)...r( 


n 


n-l 


r(»z) 


= (27r) “ wi 


Let the left-hand member of the first equalitj^ be called 
0 (c). Then, first, ^Ye shall .show that 0 ( 2 ) is independent of z. 
My definition. 


n(2--)=if,=. 




1 .2.3... 


fJ- 






n 




■Lt., 


fi ". 1 . 2 ... 




“ {?i + ?!z — r) ( 2 ?z + ??z — r) . . . [fin -j- nz — r) ’ 


where D is the product of the factors 

n-\-7iz, 27i-\-nz, 3n+nz, /j.7i-\-nz, 

?i + ?!2 — 1, 2n-\-nz — \, ^n-^-nz — l, /x7i-f-7!2— ] , 

n-f?Z 2 — -2, 2?!. + 7!2— 2, 3?!. -b 772 — 2, /X7l-f7l2— 2, 


71 + 772— (tI—I), 277 + 7!2 — (77 — 1), 377 + 772 — (77 — 1), ... ;/77 + 772 — (77 — 1 ) 
i.e. 

[(77Z+ 1)(772+2) ... (772 + 77.)][(772 + 77 + 1) ... (772+ 277)] ...[.. .(^772 + ,u77)] 
= (772+ 1)(772+2) ...(77Z + ,u77). 
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Hence 


• s 

«-n(==)n(z-^)...n(.-^)=£(j 


n—l 

^nZvin^L ,,nz 2 


fx 


{nz+l){nz-{-2) ... {nz+jxn) 
Again, writing n/x for jx in Gauss’ expression for Jl{nz), 

(W/x)”^(WyW !) 


'n_{nz)=Lt 


(w2+1)(wz 4-2) ... (nz+w/i)‘ 


n-1 


„ , V 7- 2 (^!)n 

Hence = 


=LL 




M’ 


from which the z has disappeared. 

Hence, ^(z) is independent of z. It remains to find its 
value. To do this we may either obtain the limit of the right- 
hand side directly, or avoid this by comparison with a known 
case, for a pa.rticular value of z, which will be a legitimate 
process, inasmuch as its value, not containing z at all, is an 
absolute numerical constant containing n. 

Adopting the direct method and employing Stirling’s result, 


n—l 


, V 7- {sj2ixTrix>^e->^Y 

(b(z) = LL^„n”f^/x 2 

^ Jinixir{nixY^e-'^>^ 


^ ;nV"'^e-"^- _(27ry 
~ lx^n^{nfxY^e-^>^ 


2 


Hence, finally, 

'nwn(^-i)n(.-?)...n 


«/.(z) = 


n—l 

n 


n-l 

(27r) ^ 


n(wz) 


71 


i 


904. If we adopt the plan of comparison with a known 
case, take the case of a real value of z, viz. z—0. 

Then, remembering that n(x)=r( I , 

^W=^’(o)-r(i)r(i-i)r(i-|)...r(i-^)/r(i); 

or, reversing the order, 

^1 

A — 1\ (27r) 2 




1 


2 


3 
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Writing n(z) = r( 2 :+ 1), etc., we have 


w"^r(s+i)r z 


n—l 

n 


)r(2 


n—2 

n 






r{nz-{-l) 

i.e. reversing the order of tlie factors in the numerator, witli 
the exception of r(z + l), and writing r(z+l)=zr(z) and 
r(?!2+ 1 ) = 7}zr(nz), 


iv 


'zr(z)r('2+^')r(; 


,+?V..rp.- ”-1 


n 


\ nzi 

/ (2-7r) ^ 


i.e. 


i2zr{nz) 

«r(z)r(z+5)r(z+?)...r 


n / (Stt) 


n 


n— 1 
n 


ji-i 


nnz) 

wliicli niay be written as 
1 \ / 0 
n 


■=(27r) wi, 


r(z)r(z4-^^)r(2+^^)...r(2+’-^)=r(??2)(27r) - 


905. Cases of Gauss’ Theorem. 

Putting 2 = - we have tlie result of Art. 873, viz. 

71 ’ 



Particular ca.ses are 


i.e. 

i.c. putting 


I! =2, r(,T) r(i+|)= r(2i) . 

r(x)r(x+l)=2J*_,r(2x), 

P + 1 p 

- loi’ 


n=3 gives r(x)r(i+|)r(x+|)=J^r(3x), etc. 
906. The case n=‘2 may be deduced directly from 


r? r| 

1 sin^ d co.s® ddS = 

rp+1^ 
2 ) 

in 


J 0 

2r(to 


1 ■ 
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For putting q=p, we have 


sinP0 cosP0 d6= 




0 2 r(p+l) 

and writing 26 = <f>, 

ir IT 

rT pjT pT 

J sin^’2d d0=|-J sinP^d0=J sin^^d^ 

r (2^) r(i) 

2r(p+i) 2r(2i^) ’ 

i.e. 2»r(2|i)r(2±?)=77ir(}»+i). 

907, An interesting proof of this result is due to M, Serret, 
(Calc. Integ., p, 174), 

Since B(29, 9')= f xP~^(l—x)^~^dx we have 
Jo 

(x—x^y-'^dx=\ {\ — (\—xfY-'^dx. 

Jo Jo 

And since the integrand assumes equal values, whether 
we put x=\-\-h or ^ — h, its values are symmetric about x=4. 

Hence 

B(2>,y)=2j^[J — (J— Writing , 

r‘(y+f) 2''’->r(p)r{p+i)=7^r(2p) 
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or writing 2p = q-\-\, 

(^) r(2^)=V^r{?+i). 

( *jG 
writing — for 

r (!> r (^') - r (•5±^)=r(.)(2.)”-?'».-, 
“■ r (s) r (^) ... r (^*)=r(.)r(i +|)( 2 .)”-f-V.-, 


rx+\ 

909. To prove \ogT{x)dx=x\ogx—x-\-\\og2iT. 

J X 

Taking Gauss’ Tlieorem for a real variable x, 

r(.T)r(^+^^jr(,7;+|)...r(x+’t^)=r(.i*){2,r)"i^«!-», 

we have, upon taking logarithms, 

I ( . ) 

-logj r(r?a:)(27r) 

= ,7|logr(a:) + ]ogr(a:+;^) + ... + logr(x+'-^)| 

= 2^- logr^a:+^^, from ?’=0 to r=7i— 1, 

= logr(a; + y)(/y, when n is indefinitely increased, 

J 0 


p + 1 

=J \ogr{v)du, if V he put for x-j-y. 

Thus, hy Art. 884, 

logr(7;)rfz; = A^,=„-log (27r) - 77^-’ 

= 1 log 27r+.T logrr— a:=loga;^e-^(27r)-. 


910. This expresses the area bounded by the a:-axis, the 
curve y=logr(a:), and two ordinates at unit distance. 
Changing x to x+1, and adding to the former, 

f*+2 „ f 

log r(x)(fx=log{x®(x+l)^+ie-=^e-'"'+^>(27r)H, 

** X 
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and so on, and more generally, 

Cx+n 

log r {x) dx 

J X 

=log{x®(a;+l)“^+^(a:+ 2)®+2. . . (a;+ w— 1 
where •n is a positive integer. 


1/. 2 /9^^2 




911. Expressions for the Differential Coefficients of the Function 
\/r(,r), logr(a/’+l), and Expansion of logr(a7+l)' 

Let us write ^{x) for ^^og r(a;), i.e. . 

Then taking the logarithmic differential of Gauss’ Theorem, 

r {nx)=n^^ r (a;) r fa;+ . r fa;+ / ( 27 r) V 


r(ncc)=u"^r(a;)r(a;+^)... r(a;+^^)|(27r)”2 71 ^ 

n\lr{nx)=n log'Ji+T/r(a:)+\/y-{'a;+-')+... + \^ (x -\-''^ — , 
and differentiating again, 

n^xfr'inx) = \}^'{x) +\l^'(x +^+... + \f/(^x + ) . 

Hence 

= from r=0 to r=7t— 1, 

fi r nv=i 

i.e.Ltn=o=n\l^'{nx)^\ \l/{x^y)dy= \lr{x+y) 

Jo L -ly = 0 

= x/r (X + 1 ) - (a?) log r (x + 1 ) log r (x) 
d, r(x+i) d, 1 

i.e. Ltn^„{nx)y^' {nx) = \ ; or writing v for ?ix, \j/{v) — - in the 

limit when v is infinite, and therefore yj/{v) ultimately 
vanishes. 


d^ 

That is ^ log r(x) vanishes when x is indefinitely increased. 

NT N r(x+ 7 i+l) 

x(x+l)(x+2)...(x+'n)' 

Hence, taking the logarithmic differential, 


r(x)=; 


■v//-(x) = j-^ -T-O ... -j- 

' X X+1 X+2 X+7^ ^ 
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and differentiating again, 

^(®)=-2+(3.^1)2+(a.4.2)2+*- + (2._f_^)2 + ^'(^+^+l)» 

and it has just been proved that \p-'{x-\-n-\-l) ultimately 
vanishes when n has been indefinite!}^ increased. 

111 

The series (1 ) is obviously convergent for all values of a; > 0 
becoming infinite at .^=0. 

Integrating this equation between limits 1 and x, we have 

r 




x_ 


, + L x+ 


LT+f-— 

mJi L x-f 




+ ( r> 


1 


I 


+d 


x-\-2 
1 

3 a:+2 


+ ... 


+ 


1 x' \l a;+L 
which is a comcrgent series; for the test expression, viz. 

/A=o,9i(l - =2, 

and is greater than unity. (See Smitli’s Algebra, Art. 342.) 


.( 2 ) 


Again, we have seen that 
v\jr{7ix) = n log 71 + V' ( 2 ^) + V- (x + ^ ) + . . . + xj^ (x- 


76-1 

n 


and putting .t = ] , 

= + from 7’=() to ?’=77-]. 

Hence when n increases indefinitely, 

Af„=co[\^(7i) — log 76]= I \lr{\-\-x)dx 

Jo 

=[iogr(i+*)J=ioga^|=iogi=o. 

That IS, (3) 


vr(76) 

Putting x= -X) in equation (2), 
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■n 


i.e. by equation j3), 

— ■v^(l)=i;^„=oo(^+^+ log' 

= Euler’s Constant y, 

i-e- V'^(l)> or 

Heiice, by equation (2), 

|i°srw=W=-y+(f-i)+G~i)+- ‘o » 

, lx— 1 , lx— 1 , , 1 X— 1 

— — 7+T :rTT+ •••+::: ;rT:::^ — t +— tow, 


.(4) 


1 X ‘ 2x+l 
which may also be written as 
d 
dx 


log r (X+ 1) = Ltn= oc [log 


n- 


n x+w— 1 
1 1 


.(5) 


x-\-nj 


x-f" 1 x-|- 2 

Again, differentiating e4uation (1) w — 2 times, we have 


d" 

dx 


-„iogr(*)=(-i)“(**-i)![i- 


1 


(x+1)” (x+2)” 


... to oc 


ie. >/r("-i>(l), or |^logr(x)|^^^ = (-l)”(n-l)!/S„, 


( 6 ) 


where 


s =l+l+i+ 

jn ' 2" ‘ 3"~ ’ ’ ’ ’ 


which is convergent if w>l ; or, what is the same thing, 

{^„i<>gr(^+i)}^_„=(-i)”(’>-i)!'S» m 

Also |logr(x+l)| =logr(l) = 0; 

V j x=0 

we thus have 

{logr{x+l)}^_^=0; {;|logr(a.+ l)j^_=-y; 

and l^^i^og r(x+l)| =(—l)"(w—l)!;S„, where w is <1: 2. 

Maclaurin’s Theorem then gives 

logr(a:+l)=-ya:+S,|-«,|+S,^-...+(-l)"S„f+..., 

a result otherwise established in a subsequent article, and which 
will be thrown into a more convergent form, by the addition 
of other known series, for working purposes. This series is 
convergent if x be numerically < 1. 
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912. Collecting for convenience other useful results of the 
above article, we have 

(a) iia;=oo^logr(a;)=0 and logr(a:) = oo , and in 


' dx^ 

111 

any case ^logr(x)=-,+ ^^+^,+,.. to 
and is positive. 


00 


ih) 


r{n) 

r{n) 


dogn when ^^is infinitely large. 


W {E‘°gr(c:+l)}^_^=-y.ancl {Elogr(a:)}^_ =-y. 




1 


a;+l/ ' V2 X+2J 


+ {l 


+ . . . to 00 . 


d^ 


(e) Since ;w 2 log r(2^) is continuously positive for all positive 

(ZX ^ 

values of x, i® increasing function as x 

increases from 0 to oc , starting from the value — oo 
at x=0] or, putting this geometrically, the tangent 
to the graph of ^=logr(a:) is continuously rotating 
in a counter-clockwise direction as x passes from zero 
to infinity ; and the curve is alwaj^s convex to the 
foot of the ordinate. 

913. The student may note the following particular values 
d‘^ 

of ^logr(a:), i.e. d/'{x), viz. taking 7r^=9'8696044011, 


f'(0) 


= C0, 


V^'(-5)-^ + ^ + ^+...-4(p + p + p+-) = 4.|- = ^ = 4-9348022, 
V"'(l) = f2+^2 + jp+---=^ 


’/''(2)-22 + 32 + 42+-”=^-1 


^'(2-5) = 4(1, + ^V-)=4(?-i-2-^2)=^-4-4 

I YQ\_ 1 t 1 I 4 I 4 4 TT^ 

V"(3)-32 + 42 + 52+ g J2 


= 1-6449341, 
= -9348022, 
= -6449341, 
= -4903578, 
= -3949341, 

r 


etc. 
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which indicate ‘rhow ^^logr(a;) is decreasing as x increases 
but always remaining positive. 

914. Since log r(a:+l)= — yai+zSg +^^4^“ •• 

may write r(aJ+l)as 


we 






. X? 


== 1 - ya; + (y. 2 ^+/S 2 ) ^ , - (y^+ ^7*^2 + ^ + ' ' • ’ 

which expands r(a;+l) as far as cubes of x, and which might 
be useful for very small values of x, but the presence of 
powers of y renders calculation troublesome, and less incon- 
venient methods of calculation will be given later. 

915. It is noticeable, too, that 
log r(a:-l-l) 

= _^-r-«22--3 3 ^--4 4 

and that the several differential coefficients of tliis expression 
are therefore free from Euler’s Constant y, viz. 

(Z" logr(cc-t-l) 

dx" X 

■( ' ^n+2 (w-l-l)!„ I 'Si„^3(w+2)! 


■y+'S^a?— ^3 w + ^4 


rn! r^^T-"'+w-l-3 


vn-j-1 ' n-{-2 




And, similarly, if m be any positive integer, 




\dx/ 


A, 


r 

Sr 


= — ( m-b l )„ ya :”'+^-"+ 2 ( “ 1 )’’ V 

•# • 

where (m-j-l),. denotes (m-l-l)(wi)(m — 1) ... to r factors, if 
■w m-b 1, and is free from y if w > m-b 1 ; also that 

log r (x-b 1)]^^^= - (m-b 1) ! y. 

25348 

Entered I 


3VCL 



// 

I ' 


517.3 
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916. Expansion of log r(l-|-iZ!) deduced from the H Function. 
The series 

may be arrived at at once by taking the logarithm of the 
Gauss formula in the form 






VIZ. 


(i+f)(i+|)...(i+ 


.)• 


log r(l+a;) — xlog//— log^l + -^ — log^l+l^ — log^l + l^ — ; 

ana expanding the logarithms, supposing — 1 <a;< 1, 


where 


logr(l+x) = L( (log _*9,) + ^2 j 
f- ~b 2^ i I ■ * • > 


/y»o 


and Lt [S-^ log p) — Euler’s Constant y, and the series Sr (r > 1 ) 
are all convergent. 

Hence, 

l0gr(l+a:)=-yX + /S2|— ; 

(-l<a;<l). (1) 

Now, the even terms may be removed by the addition of 

/v» ^ 


1 1 X-rr 

i- log 

^sma:7r 


For 


sm x-jT 


Xtt 


= 1 


iy\ 2-^. 


l~y..ad inf.-, 


and taking logarithms and expanding, 

Xtt 


0 = i log • . 

sin Xtt 

Adding to equation (1), 


X 


q q X 

^29 ^4 ^ 


•( 2 ) 


logr(l+a;) = i log-. 


Xtt 


X 


.3 


-yx iSg ^ 




o 

N, g - 


....( 3 ) 


sin Xtt 

Ihe coefficients S^, S^, ... all begin with a unit. This may 
be removed and the series reduced to a much more convergent 

form by the addition of the series for tanh~^x to each side, 
viz. 


tanh-'ix=i log]-t^=x+-+-4- 


r 
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And we then obtain 

■T 

XTT 


logr(l+a:) = Jlog 


sin XTT 


tanh“^a;+(l — y)x 


/y»3 


,(4) 


The values of y, S^, S^, ... are all calculated, and the 
tabulated results are given in Art. 957. Euler calculated 
S 2 to Legendre* gave the values to to sixteen 

decimal places. The list in Art. 957 is taken from Legendre’s 
list as given by De Morgan, Diff. Calc., p. 554. The series (4) 
converges rapidly and is used for the calculation of the values 
of logr(a;). Legendre gives a table of values of Z’r(a:), i.e. 
10+logr(x), from Lr(l-OOO) to Lr(2-000) to seven decimal 
places, in his Exercices du Calcul Integral, pages 301 to 306. 
A table is also given by Bertrand, Calc. Int, p. 285. 

917 . Calculation of Euler’s Constant y. 

These series may be used for the calculation of Euler’s 
Constant y by taking a value of a;, for which r(a;) is otherwise 
known, viz. x=l, for which r(a;)=VT. 

Equation (1) gives 

y=-l log r(a;+ 1) - • • • ; 

and putting x—^, 

y = log.-+2^2*2“3'^3p+4’^4^— 

Equation (3) gives, by changing the sign of x, 


logr(l-®) = ^log 
and putting a;=^ in this, 




Sin XTT 


_i 1. 1 1« 1. 

y log 2 2^392 r^6 94 7^793 


122 5^6 24 7'-7 2H 

which is more rapidly convergent than the former. 
Formula (4) gives 

s/tt li__7r 1, , 1 — y — 1 1 ^5 — 1 1 

25' 

2e S^-1 1 S^- 


,( 6 ) 


log - 2 


I.e. 


y = loge 


3 23 5 

1 1 aS,-! 1 

26' 


3 3 22 5 2^ 7 

Train des fonctions eUiptvjues, Legendre 


...(7) 
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This is the best of the three series to employ to find y. 

And with tlie aid of tlie tables of values of Sp the calcula- 
tion to seven places, which is all that is likely to be wanted 
for ordinary purposes, may be readily performed. 

The value of y is 

y = -57721 06649-01532 8606... , 
and l-y=-42278 43350 98467 1394... . 

The value of logAO is of course required. It is 

logJ0 = 2-30258 50929 94045 68401 79914 ... , 
and the modulus logioe=‘43429 44819 .... 


918. The numerical calculation of values of logr(l+a;), and 
therefore of r(a:) itself, will now present no difficulty. With 

^ I ^ 2 

the values of , etc., inserted, the working formula 

stands* as 


log, r(l - 1 - 0 ;)=^ log, 


XTT 

sin XTT 


l^og,^+-4^227S4.Sx 

- -067352302^ 

— •0073855a;^ 
-•0011927a;7 
-•0002231a;9 

— etc., 


and is rapidly convergent for the small values of x less than 
2'® being 1024. Hence the last term •0002231x^ in 


the case becomes '0000004, whilst for x=^, which is the 
largest value of x for "Hdiich it will be necessary to use the 
series (see Art. 921), the error in omitting all the remaining 
terms of the series will not affect the seventh decimal place. 
Hence we have here all that is necessary for the construction 
of seven-figure tables for log F (x). 


919. It is worth noting that the addition of log(l-fx) 
and log(l— x) respectively to r(l-fx) and r(l— x), viz. 


x^ 




logr(l+a:) = -yx+S,i-S,|-+«,^-, 


and logr(l— x) = 


yx-f ^2 '^+'^3 ■ 


X® 


X* 


r 


Bertrand, Calc. Integral, p. 250. 
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give logr(l+®) = — log (l+a;) + (l — y)a; 

and log r(l — x)= — log (1— a;) — (1 — y)x 


+ (S,-l)C + (Sa-l)4+(*’<-l)T + -- 


whence 


i f (1 ~ tanh-ia;+ (1 - y) x- (*§3- 1 ) ^ 




But i-logr(H-x)r(l-a;)=|log^T^^, i.e. adding, 
log r (1 + re) =1 log tanh-irc+ (1 - y) re 

« ^2n+l 

the same series as before, which may be written 
logr(l+*)=ilog(^-j^p^) + (l-y).-2(S,„.-l)|;^; 

and putting re=l, since = =-, 

sin-rre ttcostt tt 

i-r=Jicg2+|;%p; 

and putting x=|, since r(-|)=|\/x, 

l-y=log)-5+|; jpp (cf. Art. 917). 

These series are given both by Serret and Bertrand for the 
calculation of r(l+rc) and y. 

The formulae 

log r(l + x)=l log ... . 

*1 TT'T* 1 1 

logr(l-.) = 2log_+y. + 3^3-3+l^^^+..., 

„ I 1 S 3 IaSb llSfy 

y logc2 3 22 5 2* 7 26 •••> 


and 
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wi.-re i^iven by Legendre {Excrciccs, p. 299). But. the addition of 
the .‘<eric.s for tanli“^ 2 ; adds to the rapidity of the convergence. 

920. Since Ff??!) Bfl — , v'e have, on putting 

' ' ' sin miT 


1 

— for ?« 




— I — = 

/ . l+a; 


. l+a; XTf" 

sm — 2 — TT cos 


But r(x)=2i-2==vA;-Ii2^ (Art. 905). 

cc 

Hence, writing ^ in place of x, 

(») 

From equations (i) and (ii), eliminating F^ ' 2 )’ l^nve 

inr 

921. By means of the four formulae 

r(a) = (i-l)r(a:-I)....(l); r(a) r{l (2) 


rW = 2WxjI^..(3); r{a)=— A. 


, (4); 


it may be shown that F(cc) can be calculated for all values of 
X when those between F(J) and F(^) have been calculated. 

(а) For l<;a:<;oo, reduce by continued application of 

formula (1) to a case 0 1. 

(б) For I <; K <C t> reduce by formula (2) to a case 0 •< t/ <C s-- 

(c) For < a; < |, reduce by formula (4) to a case i <iy <Ci- 

For.£a>g, g>g and -^<3. 

^ -P ^2 a; l 1 

and.f a < 3 , 3 <3 and ^> 3 - 
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(d) If -I- <; a: the case needs no reduction. 

(e) If 0<^a:<;-^, use formula (3). This involves r(-|+a:), 
and ^-j-x lies between ^ and f, and therefore falls under case 
(c), and an application of formula (4) reduces r(a;+-|) to cases 
in which the arguments lie as before, viz. y ■< i- 

In r(2a;), which occurs in the numerator of formula (3), if 
0 < a; < we have 0 < 2x < ^, and if 2a; > i, no further 
reduction is necessary. 

But if 0 <^x yV, we have 

0 <^2x and 0 -< 4a: •< -J. 

We then use formula (3) with 2a; written for x, 

i.e. r (2a;) =7^21-4® 

Similarly if 0 <[ a: << u.se 

r(4a;) = v/^2i-8^ 

and so on. 

Hence it follows that the use of series will be only 
necessary in the case of r(a:), where x lies from -J- to 4, and 
that when this group is calculated by the series, all others 
follow by the above rules. 


r(|-+ 2 x) 

r(8a;) 
r(|+4a:)’ 


922. Graph of y = r(a:;) = [ ch. 

Jo 


Regarded as defined by the integral, it is plain that so long 
as X is real and positive r(a;) is a positive function, and that it 
becomes infinite if a; = 0, as may also be seen from the fact 

that r(x) = -r(a;+l), and therefore r(0) = ^^^^= z: . 

We have seen that 

£iogrw=i+jy^,+^,+... , 

and therefore is infinite when x = 0, but for all values of x 
from 0 to CO it remains po.sitive and finite. Hence 




^.e. 


Hx) 


is an increasing function of x, and its value at a; = 0 is 
obviously — oo , for 

Slogr(x)=-y+(i_l) + (l-^-j)+.„ (Art. 911). 
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•Also, when a; is + co , 

<^logr(g)_ _ . QQ 

dx / X - 

Hence increases from — » tlirough zero to + oo as a 

T{x) 

increases from 0 to oo and as r(®) remains positive throughout, 
r(aj) changes from negative to positive once, and once only, 
as X increases from 0 to oo . 

Therefore r( 3 ^) has one, and only one, stationary value, and 
that is a minimum, and r(a;) decreases from oo when a; = 0 to 
r( 1 ) = 1 when a: = 1, and since r{2) = 1 and r(l) = l, the ordi- 
nates at a; = 1 and a; = 2 are equal, and the minimum lies 
somewhere between a; = l and a; = 2, and is numerically less 
tlian unit}’’. From a: = 2 to a:=oo the value of r(ir) is con- 
tinually increasing. 

The curve then 

(а) lies entirely on the upper side of the K-axis ; 

(б) it is asymptotic to the y-axis ; 

(c) it has a minimum between a; = l and a; = 2 ; 

(d) it recedes from the a:-axis from a; = 2 to a; = oo . 

The equation to find the exact position of the minimum 
ordinate is — writing a; = l-f i, F (J. 0 = 0. 

dlogr(l-b0 r(i+^) 

di = r(I+0' 

Hence jjr(l+() = r(l+o[-j^+(l-r)+(‘5!-’)* 

and t is to be found by trial from 

i =0-422784 5 

1 + t 

and substituting for and their values in decimals to a few 
places, an approximate value for t may be obtained, and by 
the usual approximation methods the result may be found as 
nearly as desired. Serret gives the result to seven place^-,- viz. 

i = 0-4616321... 
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ir. (lio abscissa tif tlic niiniimini ordinate is 
3:=l-f/ = 14G]6321... , 

and tbe value of (be corresponding ordinate is found to be 

;,/ = 0-.S85G032.../ 

In the t-ables for LV{x), i.e. lO-flogr(x), we find in tlie 
vicinity of ilie minimum 


.r 

LV(.r) 

X 

Al'to-) 

1-45 

9-9472G77 

1-463 

9-9472396 

1-4G 

9-9472397 

1-47 

9-9472539 

1-4G1 

1-4G2 

9-9472393 

9-9472392 

1-48 

9-9473079 



So wo see from tbe tables that tbe minimum ordinate is in 
the vicinity of 1‘462, and the value of the corresponding 

In'rtrnnd gives 0‘S.')5G0S‘2, page 2Sa, aiul again ])agc 284, line 3, and the 
result is given elsewhere. This is evidently an errnr. The result is given 
eorrectly in Serret, Calc. Intaj., p. ISO. 
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logarithm, 1-9472392, indicates an ordinate 0-885603 approxi- 
mately. The minimum ordinate is reached, therefore, a little 
earlier in the march of x from 1 to 2 than the half-’way 1-5, 
which might have been expected from the very rapid fall of 
value in r(a:) between r(0) = oo and r(l) = l and the much 
slower rise on passing a; = 2, r(2) = l, r(3) = 2, r(4) = 6, 
r (5) = 24, etc. 

For large values of x^ approximates to ^ — , 


and the graph of y = T{x) to the curve y = 



We have now seen to what shape the several curves in 
the graphs in Art. 886 are gradually tending, and com- 
parison should be made between the figures given there and 
the graph of the limiting form y = T{x) in Fig. 320 of this 
article. 


923. It will be noted that since r(a:) is decreasing from 
x=Q to a:=l-4016321... and increasing from 1 4616321... 
to x=co much more slowly, the differences are negative for 
the first part of the march of r(a:) and positive for the second. 
Similarly for the differences in the tables which give logr(x) 
or LV{x). The tabulation is only effected fram a:=l to x^2, 
for by virtue of the reduction formula r(a;-f 1 )=a;r(x) this 
is all that is necessary. In using the tables care should be 
observed with regard to the change of sign of the differences, 
and those who wish to make close calculations should observe 
the remarks made by Bertrand, Calc. InUg., p. 284, with 
regard to the behaviour of the differences both of the first 
and second orders. 

924, The rule of interpolation commonly used is 

. . . 

(Boole, Finite Differences, Art. 2), 

rather than the ordinary rule of proportional parts, Chich 
stops at the second term. 
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925. Expressions for 

as definite integrals. 

(I (^2 

The expressions for ^logr(rc), ^logr(a;), etc., viz. 


A. 

dx 


Tog r{x) = Lt^^^ |log»i- 


1 


a:+l a:+2 


+.., 


x-{-n-l 


1 1 1 

d?i'«rw= 


cZ" 


x^^ [x+if^ {x+ty 

1 . 1 


^iogr(x)=(-i)”r(n) 


to OD , 

1 


. 0 ) 

..( 2 ) 


JC^' 


(a;+l)”^(a;+2)'»' 


• . . . to 00 


, (3) 


can readily be converted into definite integrals by aid of the 


results 


and 


as: = log k. 

J n ^ 


.(a) 

..(&) 


(а) has been proved in Art. 864. 

(б) can be established thus : 


^00 p 

e~^'^dz— - 
Jo 


o—kz' 


k 


1 

Ic 


Integrating with regard to Ic between limits 1 and k, 


e~’‘—e 


-hz 


dz. 


To convert 


^logr(a;)=XZ„=„|log7i-~ 


1 


1 


X x-yi x-\-2 ■■■ x+u—1 

the right side may be written, by aid of (a) and (6), 

fQ—P — 6“ 


= Ltn = J\_\ 


0 '' /3 

'e-P—e-”P 


g-p.>:_g-p(a:+l)_,__g-/3(a:+n-l)^ 
l_g-n^N 


/3 


-e-P^ 




poo 

Jo 




.(A) 


for the second integral disappears when n is made infinite. 
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926. With regard to | 

desirable to make a closer investigation, for though for all 
values of ^ between e and infinity where e is a given small finite 
quantity the factor destroys the integrand when n is made 
infinite, there may be some doubt as to the behaviour of the 
expression in the immediate proximity of the lower limit. 

We note that 

1 _ I n B+ 

l-e-C 2 \ 2 

and is finite for all given positive values of x, however small 
/3 may be, tending to the finite limit x—^ when /? is inde- 
finitely diminished. 

Let if be its greatest numerical value between 

/3 = 0 and j3=e. 

Then the portion of the integral I between 0 and e does not 

pf _ J g-ne 

exceed K\ d/S, i.e. K , and therefore vanishes in 

Jo 

the limit when n is indefinitely increased. 

vanishes w^lien oi is made 
infinite, for all positive finite values of x. 

927. To convert 



dx 


-logr(a;)=(-l)"r('^i) i- 




. . ad inf. 


(x+l)" ' (x + 2)" 
the right-hand side may be written by theorem (a), 

Jo 

Jn f® Qn-lp-xP 

■■■ ...(B) 

and this includes the case 


dx^ 


logT(a:)=[ 


1-e-P 


d^. 


(C) 


928. The same method of treatment will apply in iCiany 
other cases. 
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Thus the sum 

. 1 . 


= (P>1) 


■r(?)) 


If ^P-i(e-P+e-2^+e-3/^+...)(Z/3 


‘r(y)J„‘i-e-' ^ 


1 


l3P-'^e 


r{p) 

I 

929. Again, 


! -f 2r(^)) 

e'— e 2 


sinh § 
0 2 


dl3. 


.(D) 


s^=^+^+p+i^+- (P>1) 


fSp-He-^+e-^P+e--^^+...)d(3 

1 1 f" 

T(?j)Jo 1-6-2^ ''^-2^(^>)Jo sinh 


.(E) 


Similarly 


.(F) 


IP 3p“’“5p 

1 1 r 

“r(57)Jo l+e-^p''^~2V{p)]oCosh^^^ 

And whenever such series occur the conversion to a definite 
integral form follows at once. For instance, in the expansion 
{Diff. Calc., Art. 574) 



sec 

x+tan a;=14-.4j 


W\ 

F ... , 



9”+2otI 

r / i\"+i / 

1 

\n+l 

1 

Ajj— 

TT 

n+l 


+I 5 ; +1- 

"7, 

) +... 

■}’ 


/2' 

vn+lf 

•00 

3p_|.g-5/3_pe-7/3 


...]d^, 

n odd. 

ti. 

II 

to 

(- 

Vtt/ 

) J 

/3"[e-^+e- 

0 

+ 


/2' 

vn+l( 

• 00 

3p..|_g-5p_p-7/3 


I 1 


and =2 

(- 

Vtt/ 

) J 

/3"[e-^— e- 

0 

+ 

n even ; 

A —2 

/2' 

.Mlj 

/3^e-P 

dB 



(G) 


Vtt. 

) J 

ol + (-l)"e 

- 2p 
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Thus the Bernoullian number 

D _ 2 n .4 _ 2 n f 

2"-l ~ 22" (22" — 1 ) ^2n-l — ^22^3Ty^J 

and the w*''' Evilerian number 

P - A _/2Y"+ir ^2n 

2n An [J J,COsh/3‘ 


f” /02n-l 


c-n: 


If we M’rite jB 2 n-i as 


^2"-'~^2l^'2l[l + i+^+-.-] = 2(2n)!S 

^00 

= 4?i /32"-i(e-2'/»+e-'''/’+e-C'/’+ ...) cZ/3, 

J n 


M^e have 


f” / 32 n-lg- 2 ,/J f'«/P 2 n-V-T^ 

(J) 

a result due to Plana. (Mew. de I’Acad. de Turin, 1820 . )■*• 

930 . Another Method of obtaining Expressions for log r(a;), 

(I (J^ (In 

^logr(.T). ^^log r(.X‘), ... ^^logr(.T) as Definite Integrals is 
as follows : 

r“ 

Differentiating the equation r(a;)= e-“a^-J da, we have 

J 0 

— ^ = Jo logo da ( 1 ) 

But r.-.=&=r-'^T=i, 

Jo L a Jo a 

and integrating this between limits 1 and a with regard to a, 

r g “ - p~o.z 

loga = J^ ^ ( 2 ) 

••• 

POO POO — ^ — 2 — a(l+^) 

^ dadz- 

Jo Jo Z r 


dz [ da 


* See Boole, Fin. Diff., p. 110. 
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and changing order of integration, 

f" p-a-z_p-a(i+z) f” 1 r 1 

=1. s 

. ‘^logrw , J_ ^ = f" IL-. 5_\ * ,3) 

dx r(a:) dx ( 1 + 2 )“=/ 

Integrating this with regard to x between limits a:;=land 

logrW=j"^4(x-l)e-.-<l+^^-y+^'}& (4) 

■ Putting x=2, 

o=ri(e--^iL;^n&. 

Jo 2'- log(l+z)J 

Multiply'' this by a;— 1 and subtract from equation (4) ; 
IogrW=j^ {(a:-l)(l+zr-'*+^’ }log(t+^)- 

Now put 1+2 = 6^^, 

log r(x)= j* f (8) 

Differentiating this with regard to x, 

(7) 

and a further differentiation with regard to x gives 

^,iogrw=£.fi^>/3 (8) 

Differentiating (8) n— 2 times with regard to x, we get 

^Iogr(x)=(-l)”j^^-p^rf/3 (»*2) {!)) 

Results (6), (7), (8), f9) give logr{x), and its differential 

coefficients expressed as definite integrals. 

From (9), expanding (1— we have 


^log r (a;) = (- 1)” [ /3”-i(e-^'’+ e-^^+D/’+e- (^+2)/*+ ...)d^ 

(tOD J Q 

=(-i)"r(«)[i+,-^+j^.+... to cc]. 
the formula of Art. 911 (6). 
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And so far as formulae (7), (8) and (9) are concerned, these 
definite integral forms are the same as those obtained in 
Arts. 925 to 927 from the result of Art. 911 (6). 

931. Approximate Summation. Maclaurin’s Formula. 

As we are dealing with many series of the form 

and other forms in which in some cases an exact summation 
has not been efiected, it is desirable to explain the method 
usually adopted for approximate evaluation of such summations. 

Defining the symbols E, A as in Differential Calculus, 
Art. 550, viz. such that 

Awa;— and Lu^=u,,+^—u^=Eu,i,—u^ or {E—\)u^\ 
and also remembering the symbolical form of Taylor s theorem, 

d 

where 

we have the following identity of operators : 

and it was pointed out in the Differential Calculus that these 
operative symbols obey the same elementary rules of algebra 
as quantities, viz. the three fundamental rules : 

(a) the associative law, 

{b) tlie commutative law, 

(c) the index law for positive integral exponents, 
with the exception tliat they are not commutative Avith regard 
to variables. Hence, bearing this exception in mind, there is 
an algebra of operators bearing formal analogy with the 
ordinary algebra of quantities, and such theorems as the 
binomial, multinomial or exponential expansions hold. 

Let us define another symbol, 2, to be such that 

2ztx~ 2~1~ 3~i“ ■ ■ * 
where u^ is some -fixed term of the series. 

Then 

i.e. 2 Au^=u^, ^ 

and therefore S represents the inverse of the operation A, 
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which may be Avritten as ^ or A“^; and since A{/(a;) +(7}, where 
C is a constant and f{x) is any function of x, is equal to 
\_f(x+l) + C\-U(x)+<J\=f(x+ \)-f(x). 
so that the constant disappears, so in reversing the process, if 
such- reversal be possible, we must restore the constant, so that 
we shall regard SUa, as A“^Ua;+0 where 0 is an arbitrary 
constant to be determined in each special case. 

In this respect the symbol of finite summation, or integration, 

S behaves exactly as the sign ^dx of the integral calculus. ' 
Thus 


Now it has been shown that 
t 






[Diff. Calc., Art. 148) ; 


whence dividing out by t and writing D in place of t, we have 
the following equivalence of operators, viz. 

D—^ i)H— -D® — ... 

e^-l~D 2^2! 4! ^6! ’ 

in which all the operations on the right side represent direct 

differentiations except the first, which represents an integration. 

Applying this to any function of x, viz. Wa,, 

dux 


l,Ux=G-\-^Uxdx—^Ux-]r^ 


jBg Ux 7^5 d^ Ux 
I ITT 


dx 4 ! f) ! dx^ 

For this and many other formulae derived from the same 
principles, the student may consult Boole, Finite Differences, 
p. 89, etc. 

932. Apply this theorem to the case of the series 

1+-2+-3+-+S- 


Here 

Hence 


1 

7 

X 




x—1 


• + 


1_1 f^_J^ 

X a: 2a; ‘^2! 


d_ 
dx\x. 


" 4 ! dx^ \xJ ' 


==C+log,x+^- 


2 x^ 4 fix®” 
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The constant. C must be determined in such examples, either 
by reference to some known case of the summation, or by 
absolute calculation of the result for a particular value of x, 
and when once found, the formula can be used with the deter- 
mined constant for summation for other values of x. 

In the present case, putting x=oc , 

C=Ltjc=y, (|l+ 2+2 + ---+^— loga:^ = Euler’s constant=y. 


If this be available (see Art. 897) the series can be used for 
the calculation of the harmonic series to any degree of approxi- 
mation required. If G be not available take the case a:=10, 
and insert the values of Bernoulli’s coefficients, viz. 

= ^3=3V. -^5=tV. -^ 9 =/f. etc. (see Art. 879). 

Now 

l + v+^+H-i+i + |+R7r-l-TV = 2-928 968 254... 

Also log, 10=2-302 585 09; 


2 928 968 25... -2-302 585 09... 




1 

102 


J_ J L i 

252 ■ 106"^ 240 ■ 108 ••• 


120 10^ 

-626 383 16... = (74- -049 167 496; 

•*. C'=-577 215 66... (Euler’s constant), 
which is correct to eight places of decimals. 

Hence to the same degree of approximation we may now 
pioceed to sum the series to any other number of terms by the 
result 


1 + 9 + +- = -57721566... 4-log, a; 4-f^^ — 2_4_:?3 2_ 
2 a; ' ^2x 2 x^^ 4 x* 


■etc. 


It will be noted that to obtain eight decimal places of Euler’s 
constant only three of the terms on the right-hand side affected 
the result. 


933. Take the case 

1 " 2 " 


3" 


4" 


T "k. j n~k. I Ti"k. (a>I). 




J 

,.n> 


r 


Here 
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_L Jt :?? j.:?® ^ \ 

” x” :c" J .r" 2 .r" 2 ! rf:r .r” 4 ! dx^ \x^J 6 ! d.v^ \x^ ) "' 


= ir + C- ^ 


x" 


1 1 n 1 n{n+\){n + 2) 1 

w-ia"-^ 2.r" 12a7"+i'’ 


except in the case n=l, when log.r replaces - 


720 
1 1 


72- — 1 :r”“i 


Hence 


r + K;; + :7S + ••• +;^ (^^>1) 


1” ' 2" 3” 


1 1 « 1 


= (7 i _-— + 

2.r" 12a;"+i 


n(n+l)(n + 2) 1 

720 ‘ x^+^ 


and this series can be calculated to any degree of approximation when C 
has been found. 

In the case when n is even, the exact sums for an infinite number of 
terms are known for the earlier values of n. The values for n = 2, 4, 6, 8, 10 
are given in Art. 879. 

When this is the case the exact value of C is known, e.g, if 7 i = 2, 


C = ~ (Euler), and 


6 


12-'- 22^ +2.2 (5 ar^2x^ 6.jr®^30a.'® 42 


TT* 

If 71 = 4, C'=— (Euler), and for even values of 7i higher than 10, 

/o_\ 2 n 

C can be found from ^ = 2 ( 1 ^! (See Art. 879.) 


934. For odd indices we proceed as in Art. 932, and the 
value of the constant is to he calculated, as it is not available 
otherwise. 


Thus, if 71 = 3, 

1 1 _l 4.1_r' L.J 1 

1® 2^ 3^ x^ 2x^ 2x^ 4 .'c* 12.77® 12 777®"^”’' 

Take the case 727 = 10. It will be found to give C = 1 '202056903... to 
the first nine places of decimals, and to that approximation with this 
value of C the formula can be used for finding the sum of any other 
number of terms. 

The value of C is the sum to infinity, in all these examples, viz. 

r=oo *1^ 

2 -^1 except when 7i=l, a case which has been considered. 

r=l ^ 


935. Consider finally the case 

logl +log2 + log3 + ...+log.r. 

71^= log 727 ; 


Here 
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log{.r !) = C'+loga; + J log.vcix-^log.v + ^ ^ 

1 1 , , 1 , 

= C + log ;C+.'C (log .r — 1 ) — i log .r + — — — - — — -) — ^ — 

= C — a: + .flog.'r+ilog.r + — - — — ^-| — ^ — 

° 2 ° ^12 .F 360.r3^1260.r® •" ’ 

and when .v is made very large 

log (s/2.v7r x^e-^) = C + .r log .r + ^ log .r - .v ; 

/i 

.'. C=\ogsj2TT\ 

:. log{l .2.3....r) = Jlog27r-a: + ('.r + -)loga:+— — -1+- Ll- 
' 2 ° ^2.) ^ ^12.r 360 .1-3^1 260 .r® ' 

1 ^ _i 

i.e. 1 . 2 . 3 . . . .r = -J^v xf e-^ e'^ e gi2G0j:5 

i.c. 1 . 2 . 3 . ... .r= \/2FU-.r^c-^r 1 + — + 1 

L ^12.1- 288.?;2 51840.7-3 ‘"J 

a.s a close approximation. (Cf. Arts. 877, 884.) 

936. It will be seen that the formula 


— 0-\- 


Uxdx- 


1 , Bi dUx 

' 2 “«+ 2 ! di 


-etc. 


will be of the greatest service when methods of exact summa- 
tion fail. The student should, however, test the formula for 
himself in cases with known results, such as . 


P-f2H...+a;'= 


4 


to gain familiarity with it. 

Enough has been said to show that the 
require in the present chapter, such as 


summations 


we 


can be leadily calculated, \vheu wanted, to any degree of 
approximation which maj^ be I'equired, without the labour of 
calculating out each term separatel}^ except for a few terms to 
deteimine the value of the constant. We have, foi' finding C, 
chosen 10 terms for the obvious i-e.ason that the arithmetical 
calculations of the right-hand member of the equality are 
thereby;- much simplified. f 


*See Do Morgan, Difi'trendal Calruhia, p. 312. 
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937. A Theorem due to Cauchy. 

It is a well-known theorem in trigonometry that 


1 


cot 2 ;= — V 
z .4-/ 


22 : 




r^TT 


) "f" I 


where Rm is a quantity which may be made as small as we 
please by taking m large enough (see Hobson, Trigovometry , 
Art. 293). This is so whether 2 : is real or complex. Also, 
when in is indefinitely increased tlie series is absolutely con- 
vergent for all values of 2 ;, with the exception of such as are 
expressed by 2 := ±r7r for integral values of r. 


Writing in place of z, we have 
A 


1 ,, 2 1 , 

5C0tli^=j+2 


20 




-R\, 


2 2 0 

where R'm, like Rm, can be made indefinitely small by increas- 
ing m without limit, and 

2C0th2 2 V-I/’ 


and can be written either as 


Hence 


or 


-1 ' 2 

or as 

e^-i 2’ 1-e-^ 

1 

+i_il 

^2 0 
1 1 


e^-1 

1 

— 20 p, 

V 47^ + 02 ' 

i-e- 

^ 2 0 



1 

'2' 


Now, by division, 

1 1 02 . 0 “ 


<R- 


or 


a” 


. + (- 1 )”-^' 


,.2n — 2 


a 


in 


(-1)” 


yin 


a 


in+i 


where 




- 2 I 2 ^ positive proper fraction for all real 

Ct z 

values of 0 , and the series Avould be convergent, and could be 
continued to infinity, provided 0 -<a if real, or mod. 0 -<a if 0 
be complex. 

Write in this identity a.=27r, 47r, 67r...2m7r successively, 
and indicate by suffixes 1, 2, 3, ... , the corresponding values of 
e, and let denote 

1 . 1 . 1 , ,1 


r~l" Or"!" 
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Then we arrive at m equations of the type 


1 


r2n— 2 


j.2n 


'2 (2r7r)^+"- + ( "(2r^)2„ + ( l)"(2r7r)2"+2 


(2r7r)‘' + 2^ (2r^) 

and, adding these equations together, 
1 


>■ 


si ,qm^2ji-2 I 1 ^271 

. — 2 ^4 ^ I I / lNn-l_2nf , I J 

Y^4rV2+22 {;27rf (27r)"‘^'" ’ {27rf^ (27r)2"+2 


where 


Qni 

^ ^2rt+2“ 




6r 


,.2n+2’ 


and if tj be the greatest of tlie quantities e^, ... , 


e'Sl^u+2 < »/ 2 < »?> 

1 ' 

and therefore e is also, like ej, eg. etc., a positive proper 
fraction. 

We thus have, taking to have its principal value, 


1 1\ 2S, 


e^-1 ' 2 


— i:h!2 


;0 — 


O.Cf m 9.0 m 


(27r)- (27r)'* (27ry 


z**— ... 


2S!!! 


9 ‘n”‘ V 

and if we increase m without limit, the series S^'", Sq^, 
being all convergent, 

.^^ 11 = n Sr'" = ^ =Sr, and LtR'.^ = (). 

Hence 

1 , 11 ' 


e^-l^2 


2S, 2S 
■.z 


23 


2So 5 

,z — ... 


■(2x)3 (27r)^ ■^(27r)" 

-{-(— ^2n-l \ ( 1 \n _?^?2«t2_ _2n+ IC) 

{27rf»^ {27ryn + 2^ 

where 0 is a positive proper fraction ; or, what is the same 
thing, j ^ = the same expression. 

7? 9 

And if we write for 

(27r)! (27r)3’‘’ 


1 


I o 


2\e^-l ' 2 z, 

or 

1/1 11 


I — — — — I :^ 6 ^_ I /. . -I \n-l -^ 2 n- 1 ^ 2 Ti -2 

K2! 4!^+G!^ {2n)\^ 


\l — e~^ 2 z 

where O<;0<[1 for all real values of z. 
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938. Now Cauchy has shown thab Maclaurin’s Theorem 
for the expansion of a continuous function of x, viz. F{x), for 
the case of a real variable, still holds for a complex variable 
which is such that its modulus has a value lower than that 
for which F{x) ceases to be finite or continuous (see Art. 1299). 

Ill 

The function — — — only becomes infinite for values 
e^—1 '2 z 

of 0 which are given by z=2\nr, where X is a positive or 
negative integer other than zero. This function is therefore 
capable of expansion by Maclaurin’s Tlieorem in a convergent 
series within the circle of convergence of radius 27r for any feal 
or complex value of z, whose modulus is <C27r, and the form of 
that expansion has been given in Diff. Calc., Art. 148, as 


1 

z 



1 


1 

2 


2! 4! ^6! 


...to infinity 


or 


1 


02 . 

2 ^ 2 ! 


4! 


^6! 




and the various coefficients were defined as Bernoulli’s numbers. 

This series then is convergent when 0 is a real variable 
which lies between — 27r and +27r, exclusive. It is also true 
and convergent when 0 is a complex variable and z lies within 
a circle of convergence of radius 27r. 

And when the infinite series is not convergent, i.e. when z does 
not lie between the limits specified, the series may be stopped at 


any term (— 1)"~^ error is then numerically 

less than the next term, ( — 1)” 

' ' (2?z.d-2)! 

This theorem is due to Cauchy. 


939. Lemma. As a preliminary to what follows we may 

C 0 ^ 

remark that such an integral as 1 -zdx, where 0<(61<(1, lies 

J 

1 1 

intermediate between 6^ I —dx and 9^ -^dx, where 6^ and 62 

J J 

are the greatest and least values of 0 between x=a and x=x. 


Therefore —dx=Q\ — for some value of 0 between 0^ 

J a ^ J a ^ 

and 02 , and therefore, if 0j and 02 are positive proper fractions, 
so also must 0 be a positive proper fraction. 
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940. Now we have established the equation 

(Art.930, 8); 

or, what is the same thing, 

B 

Hence, substituting for — — :r, the finite series established by 
Cauchy (Art. 937), 

(o<e<i), 

_i_i r(2) ^ir( 3 ) , ..„_, ^2n-ir(2n+i) 

X 2' 4! a:® > (2n)l x^"+^ 

I / x^n ^2n+i r'(2n4-3) Q (O<0<11 
^ (2w+2)! a:2”+3 

i.e. 

+(-i)”-*^'+(-i)’^-e, (o<e<i). 


Integrating this result. 


1 B, 


( -I W-l -^2n-l / 1 \n -^2n+l q 

^ ' 2na;2n ^ {2n+2)x^^+^ 

where 0 < Gj < 1, by the lemma of the last article, A being a 
constant to be determined. 

Let X become infinite. Then 

+LL=«. log^l+^)=0, by Art. 011 (3). 
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Hence 

( 1 \n-l -^2n-l / 1 \n 1 1 Q 

^ ’ 2na:2« ^ > (2n+2)a;2n+2 ^i> 


Again integrating, 


(0 <ei<l). 


B,l B, 1 


logr(a;+l)=A'+a;(loga:-l)+Hogx+^--^.^ + --- 

!_/ l\n L_ ft 

> (2w-l)2wa:2«-i^^ ^ (2w+l)(2n+2) 

(0 < 02 < 1), by the lemma, where A' is a constant to be 
determined. 

Let X become an infinite integer, 

A'=Ltx=cn [log r(a:4-l)— a:(loga;— 1) — I log x] 

=Lt^=^ [Iog(\/2x7rx“=e“®) — (x+^) logx+ic] 

= log J'Itt. 

Hence 

logr(x+l) = ^log27r+(x+01ogx-x+A~^i+... 

_Lf_l^n-l ]__(_/ l^n ^2n+l 3—0 

^ (2w-l)2wx2’’-i^^ > (2n+l)(2n+2)x2"+i^2. 

(()<02<1). 

This result is also due to Cauchy. 


941. The series, if carried to infinity, is known as Stirling’s 
Series. It is divergent, however great x may be. For the 
general term 

^an-i 1 _ 1 1 2(2w)!^ 

(2w-l)2w x2"-l (2n-l)27l’ ( 27 r) 2 n'^ 2 n. 

and the ratio of this term to the preceding term is 

(2n-3)(2n-2) 

( 27 rx )2 

i.e. ultimately — 2 - 2 > however great x may be, will 

ultimately be > 1 when n is large enough. The formula can, 
nevertheless, be made useful for approximative purposes for 
calculating r(xd-l). For, as in the series of Art. 938, the 
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error in stopping at tlie term involving — been shown 


X 


to be 0 


B 


2n+l 


(2n+l)(2n+2)^ (0<e<l), i.e. the error is less 
tlian the succeeding term. And as the ratio of two con- 


secutive terms, viz. 


(2n-3)(2n-2) 


{27rxY 


S 


'2n-2 


, is less than unity 


s 

until (2n — 3)(2w — 2) ~ exceeds 47r^a;^, the absolute values 

^2n-2 

of the several terms go on diminishing until this happens, and 
then increase again. Hence the closest approximation will 
be obtained by continuing the series until that term is reached 
which precedes the smallest term. 


942. We have as successive approximations 
log r(a:-t-l) > I log 27 r-|-(rc-l-^-) logo;— a;, 

logr(.x-t-l)< |log 27r-f (a;-t-l)loga;— i, 

logr(a;-f 1) > ilog27r-l-(a;-t-J)logx~a;-f ^ 
log r(a;-|-l) < i log27r-f-(a;-f 4) log®— a; 

+ A i+ A 1 etc 

^1.2® 3.4ar’1-5_,^ a,5> 

111 
And since ^3=^. ^6=42’ 

r(®-j-i|_ 

> \/27r®®®e~® 

I 

j p 

"> sl 2 'KXx^e~^ey^ etc., 

i.e. 


r{x+i) 

>ej2'KXX^e-^, 

< \/27r®®»^e-®^l4- 

'>ej2'KX ®®e~*fl 4 -T^ 
\ 12 ® 

etc. 


238®2--7’ 

1 139 

2(12®)2 30(12®)3 


571 \ 

120(12®)^"/’ 
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943. In order to facilitate calculation from the series 
log r(a;+ l)=|log 277 + \ogx—x 

4 . A.1_A1 , Ai_ 

~^ 1.2 X 3 . 4 . 6 

it is desirable to arrange so that x shall not be small. 

For this purpose Legendre puts a;=4 + a; whence 
log r(a:+ l) = log.a;+log r(a;)=log.'r 

+ log r(flE.)+log tt(rt+ l){a+2)(a+3) 

and 

logic r (a) = ^ logio 2 ^" + (^ - ^) logic ^ + A 1 _ A . 

+ •••—logic a ( 0 -+ l)(a+!^)(tt+3), 

where fx is the modulus of the logarithm tables, viz. 

// = logic e= ‘43429 448 19... • 

Thus, if logicr(l‘25) be required, x=5'25, and 

log,„r(l'25)=i|og,o2T+4.75 iog,„5'26-;c5'2.5 + i etc. 

-logio[(l-25)(2-25)(8-25)(<l-25)], 
and by this artifice it is po.ssible to avoid the calculation of 
all but the earlier terms of the series. We could make 
x=5-j-a, 6+a, ..., equally well, and the choice is in the 
hands of the calculator. 

Legendre remarks as to his calculations of the seven-figure 
tables of log r(x) with regard to the above : “ de cette maniere 
on n’a jamais eu besoin de calculer plus de deux ou trois termes 

de la sdrie ^^_etc., pour avoir logr(a) 

approche jusqu’a sept decimales, dans tout I’intervalle depuis 
a= \ jusqua a=2” {Exercices, p. 300). 

Legendre’s m, h, A', B', G' are what we have called //, x, 
respectively. 

94 L The Case when a? is a Commensurable Number. 

We have established the result 

^log r W=|' J^) d/}. (Art. 930 (7).) 
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And we have seen that Euler’s constant y is the value of 
— ^logr(cc) when x=l (Art. 911 (4).) 

(XhjC 

that is ~ 1 0 

Hence, adding 

^iogrw+y=£ 

In the case when x is a commensurable number * this 
integral can be reduced to the integration of a rational 
integral algebraic expression, and the integration effected in 
finite terms in terms of the ordinary algebraic, logarithmic 
and inverse circular functions. 


Let x =^ , where p and q are positive integers, and let 
The.1 + 

and the integrand is a rational integral algebraic function of t. 

If q = l, i.e. if x be an integer, the value of ^logr(a;) is 
given by 

s'ogrw+y=£^* 


Jo 




x—l’ 


as might be expected from Art. 911 (2). 

945. Expansion of r(a7+l) derived from the Integral Definition 
(De Morgan). 

The expansion of log r(l+ir) in powers of x may be obtained 

per 

directly from the definition of r(l+a^) as j 

' g - nv\ X 


e dv. 


For we have 


Hence r(l+K)=Af„=ol 

Jo 






a" 


dv. 


* See Serret, Calc. Integral, p. 184. 
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Let Then adv= — —, and 

■ y 

= \l-y)^dy 


= Lt ^Let ^=6, a positive integer. 


-LU 6^+1 W>±1) 


i.e. 


Lt 6®+^ = \ ■ 

Ui,=^b 


. j, {x-{-b){x-{-h—l ) ... (x+l) r(a:+l) _, 

.. J^ib=^ ... l.6“+i 

i.e. 

logr(l + a::)=X^ a:log6— log^l+|^— log^l+|^ — 
or, expanding the logarithms, assuming »<!, 
log r(l+a:) = Z'i ~(i + 2’^3'^ '''"^6”^°^ 

+ ^(f2+^+-+py-§(p+^+- + ^)®'+-]’ 


and when h is indefinitely increased 

log r(l+a;) = — ya:+^ 2 ‘^ 3'+^4^“"- 

for values of a;, 0-<a;<;i. 

This investigation is due to De Morgan.’*' 

It was felt desirable to deduce this series directly from the 
integral, rather than to base it upon results deduced from the 
property r(a;+ l)=xr(a;), i.e. the difference equation 'ii^^T^=xu^, 
inasmuch as Legendre’s tables of the values of the Gamma 
function are derived from this series and others obtained from 
it. And in default of direct derivation of the series from 
the integral itself, some doubt might be felt as to whether 
Legendre’s tabulated results were the values of the integral 
itself or the values of the integral multiplied by some periodic 
function of x whose period is unity, which, as explained in 
Art. 863, would equally be a solution of the difference equation. 


* De Morgan, Dijf. Calc . , p. 584. 
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946. From De Morgan’s investigation given above, the 
formal identification of r(a;+l) with n(a:) for all positive 
values of x, may proceed as follows : 

-log(l + ?)]. 

andifa;<l, = — . 

n( 2 ;) = r(a;+ 1) if a;-<l and positive. 

If X lies between 1 and 2, say a:=l + ^, then, since 

andr(2 + ^) = (l + ^)r(l + ^)J 

it follows that n(l+^)=r(2+^), 

'i-c. n(a:) = r(l+a;) when x lies between 1 and 2. 

Similarly if x lies between 2 and 3, etc. 

Hence, for all positive values of x, 11 (cc) and r(l+a:) are 
identical. 

947. The Integration of [ e~'”v^dv, (a not infinite, n> — 1), 

J 0 

In considering the integration of e~'’v'^dv between limits 
0 and a, where a is not infinite, we must have recourse to either 
(1) an expression in series 
or (2) a continued fraction. 

(I) ^n— \ e~'>v^dv= 6 “® — — — e-'’v''+^dv 

Jo L -a+lJo Ti+lJo 

1 

71 + 1 +^ 7 + 1 ^"+'’ 


and by the continued use of this rule, 
j _e_^+^r .a 0-2 

” ^+1 L ”^71+2”^ (n+ 2) (71+ 31 


1 + —— -I 1 ^ 

^7i+2^(n+2)(7i+3)^(7i+2)(7i+3)(7i+4) 


+ ... ad inf. , 
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a series which is always convergent for any finite value of a, 
hut only slowly so if a. be 1. A little consideration will 
show that the integral remainder is ultimatelj^ infinitely small. 
Or we may proceed thus : 


/•oo r 

Let '^”^1 —e~'’v‘^ 


whence 






77(')r— 1). — r-l- ])■ 


a ■ <r a 

If u be a positive integer, the integration can be effected in 
finite terms. But if n be negative or fractional, the series on 
the right-hand side is divergent if continued to infinity what- 
ever a may be. The terms however ultimately take alternate 
signs, and when such is the case, and when there is convergence 
for a certain number of terms, and then ultimate divergence, 
we can apply the principle adopted in Arts. 938, 941, the 
convergent part making a continual approximation to the 
arithmetical value of the function under consideration, and 
the error being less than the first term omitted.* 

If then be thus approximated to, 

7„=| — J e-'^v^dv, 

and !) — (/„. 

948. (2) De Morgan has shown how such an integral as J c~''v^dv can 
be converted into a continued fraction. 

When this is done / e~''v''dv=V{n + \) - I e~'‘v"dv, as before. 

Jo Jr 

Let / e~'’v''dv=e-''v" V, where V is some function of v. 

Jf 

Then differentiating with regard to v, 

— e~''v” = e~'’v”V'-hne~’'v’'~^ V — V ; 

.'. vV'+nV — vV= — V, 

or vV'=(v — n)V-v. 

Consider the equation 

vV' = (v-ai)V-v + b,V^ (1) 


*De Morgan, Differential Galcjilns, p. 226 and p. 690. 
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Putting F= we derive an equation 

1 + ^1^ 


where 


vV-^={v-a2)Vi-v + h^V^\ 

K-ai = ki, 62 = ^i = ^i-«i. a2=-(«i + ^)- 


•( 2 ) 


Putting Fi = ^ in equation (2), we derive an equation 

1+^2-' 

^ V 


where 
and so on. 

Tlien 


vV^={:o-a,)V^-v^h,V,\ ... 
^a~^2» ~ ~ (®2 d" ^)> 


.(3) 


F= 

1 1CiV~^ 1C2V~ 

1 k^vr^ 


1 + 1 + 1 + 

1 + etc. 

case 



ai = n. 

bi =0, 

II 

8 

1 

II 

«2= -(1+w), 

^2= 

JC.y 1. > 

a3 = n, 

^3~ L 

^ 3 = — (n — 1) = 6^ 

«4= -(^+1), 

^4= -(«-!). 

k^ = 2 = b^\ 

Uf^^n, 

^5~2, 

k^ = 2-n = \ ; 


etc. ; 


v" dv = e~'' v" 1 — ^ 

ntr-i v~^ (n- 

-])v~^ 2v~^ (n~2)v~^ 

V WV V W 1/ J 

: IT 

1+ 1- 1+ 


whence 


The expression converges rapidly for large values of v. 

The process above employed by De Morgan is similar to that employed 
by Boole, Differential Equations, p. 92, in the solution of Riccati’s equation 

J 

The equation we have just solved is a very similar equation, viz, 
dy , „ 

949. More generally, consider the differential equation 

P+9y+i?/+-sg=0, 

where P, Q, E, 3 are functions of x alone. 

Let X^=Ax% Z 2 =P.i'P, X, = Cxy, etc. 

Take ,yi, ^ 2 ) ysi successive new dependent variables, such that 


y- 


l+yi’ 


Xs 

— > V-i = T —. — I etc. 
1+^2 l+ys’ 


Then when A, B, G, ... a, (S, y, ... have been properly determined, we have 

Bx^ Cxy 


y= 


1 + 1 + 1 + ... ’ 


(■ 


viz. a solution in the form of a continued fraction. [Lacroix, t. II., p. 288.] 
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To begin witb, using accents for differentiations, 


i.e. 


^ (1 +yif 

(P +QXi + PXi2 + iSX'i) + (2P + 5Z'0.yi + - 


= 0, 


or ■ Pi+Qiyx+Piyi^^Sry\=0, 

where Pi= P + ^ 

Qie= 2 P + QAi +SX'„ I 

Pi= P, 

-'SX,. I 


At the second substitution, viz. the differential equation 

becomes 

P2 + 62^2 + P23'2* + p22/'2 = 0. 

where Pj, Q2, P2, -Sa are formed from Pi, Qi, Pi, Pi in the same way as 
the latter were formed from P, Q, P, P, and so on. 

Again assuming the expansion of ?/ in powers of .v to be of the forin 
Aa;“+Ai^+t + ... and the expansion of yi to bo Pa:P + Pi.'r3+i + ..., and 
so on we can by substitution in the several differential equations they 
satisfy obtain the values of A and a, P and /?, etc., by an examination of 
the lowest order terms occurring, and thus express y in the form of a 
continued fraction. 

950. Development of ^ ^ + a?) in a Factorial 

Series, 


Since 


At/^(a+j:)^f(a+j:+l)-^(a+a;) = ^[iogr(a + x + l)-l(>gr(a + .v)] 




we have 




1 


a + .1’ ’ 


(- 1 ) 


1 __1 ^ 

a+a- a+a+1 a + x (a+a)(a+.r+l)’ 

1 (-I)(-2) 

A-*i/'(a+a) = ■"(aq-j;) (a+.r+l)(a + .r + 2)’ 

and generally 

1 (-l)"-i(7i-l) ! 

A”<|r(a+a) = A« ... (a+x+n^lj' 


Let 


a;'!’ , aP^ a af"’ , 

T/f(a+a:) = Ao+.AiY-j + A2^+A3^ + ...+A„ ^ , 


where a:'”’ = a;(a — 1) ... (a: — n+l). 
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Then 


a^i) 3 ^ 2 ) 

A^{a + x)—Ai + AzY^+A^-^ + ... , 


a^ 2 ) 

A^i/'(a + a:)=.A2+.43Y7 + .i44^ + ... , 


etc. 

Hence 

Ao=^{a + 0), ^i=A^{«+0), ^2=A2|/'(« + 0)) ■•• etc., 

where A”i/f(a4-0) means the value of A^\jf{a + x) when x is put =0. 
EEsncG 

rf, .rn . ^ ^ 1 a:(x — 1) , 1 a:(a;-l)(a;-2) 

^Pia+x) = ^\ogT{a+x) = iria) + --~ a{aA\){a + %) 


1 a;(x-I)(a;- 2)(a;-3) 
4 a(a+l)(a4-2)(a + 3) 


a series Avhich will terminate in the case when a; is a positive integer 
and is in any case convergent for real and positive values of x and a. 

The value of V/-(a), i.e. ^loger(a), can be found for any particular 

value of a by means of the series 

|:I.,g,r(.+ .)-log,x+±-A+A_etc. 

of Art. 940. 




951. In the case when a = l, we have 
1/1 1 i/ii X 1 a;(a:-l) 1 a;(a;- l)(a; — 2) 

’/'(i+»)-V'(i)+n -2 -Vi +3 3 i — ■ 

1 x(x ~ I)( a: - 2)(a:- 3) 

~4 " 4 ! 

and “V^{t) = y (Euler’s constant). 

Since Aa;>''> = na;<''‘‘', this may be written symbolically as 

t 0 +»)--r+i(i-i+ 35 -...)^=.-r+A iog(i+ 5 )«’, 

i.e. ^logr{l + a;)=-y + Alog^^jx. 


952. Other properties of the \j/ function are : 

Since r(x+l)=xr(x), we have by logarithmic differentiation 


i/'(x+l)-i/'(x) = ^ (a) 

U/ 


' ' sinxTT 

\l/(x)~Xp(l — x)= — TTCOtXTT (5) 

Since 2^^ r(x) F {^+x) = 2N/7r r(2.x), we have similarly f 

i// (.r) + )/' (^ + x) = 2i/' {2x) - 2 log 2 (c) 
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Since 2 r{.r) ^ '^xir ^ (l)’ similarly 

cos ■ 


'I ' (•«) -I'l' (^) = # (l) + log 2 + 1 tan ^ id) 

Since r(^)r^a:pi^ r^a; + ^^ ... F ^a:+^^^-^^=?i“"^+4(27r)‘^r(jia:), 
we have similarly 

ip(.v) + ip(^x + ^ M x+|^ + ... + i/'^x+^^^^j=wi/'(na;) -nlogn. (e) 


953. The equation Aip{a + x) — 
summation of series. 

1. A sum of the form 
1 


a+x 


is of considerable service in 


+ .^^ 1 . + _ + to n terms, viz. 


a + b a + 2b a + 3b 

r=n ^ 

S= y, r can be written 

r=i a + rO 

5 +’' 




2. A sum of the form 
1 


5 = 


’ +- ' 


1 


+ ... to 2n terms 


(x-\-h ot ”h 26 ct -f* 36 cf-j- 46 

1 ” 1 1 ” 1 

E.g. (a) i + ^+i+^+--. + 2 „_] 

0 ■JT" ' 0 ^ "*0 

W \-l+l-\+adinf. 

00 I 00 I 

=12ri-r-i?f 


ri+r *r^+r 

= 12 Ai^ (-1 + r) - IZAt/' (1 + r) 
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But by (6) (^' = i), 


the series is 

4 

which is well known otherwise, being Gregory’s series for tan“^l. 


3. Sum the series 

— — J + ad inf. 


Here 


= |2A^^(J+r)-^SA^/'(l+r) 
-i[sKJ+r)I-i[,Kl+r)I 


Now by (c) (x = ^), \i'(l) + i/'(i) = 2i//(l)-2log2; 

'/'(I)- '/'(D = 2 log 2 ; 

5 = log 2, which is well known otherwise. 

Wo may note that it follows that 

i/'(i) = i//(l)-21og2= - y- 2 log 2 

= -0-5772157 -1-3862944 
= -1-9635101.... 

By (c), </'(i) + '/'(|) = 2>/'0})-21og2 = 2{t/'(l)-2log2}-2log2 
= - 2y — 6 log 2 
and '/'(i)-'/'(i) = ’r. 

Hence \^(|)= |_y_3iog2, 

'/'(i) == - 1 - y - 3 log 2 
and i/'(^)= -y-2log2. 


954. Gauss has established a remarkable result, giving for the function 
t/'(.r) the value of \J/{1 — x) +\f/{x) in a series of trigonometric terms in the 
case when x is any commensurable proper fraction. This result taken with 

i/'(l v)-\l/[x)= TT cot xir 

will enable us to calculate the value of </'(.r) in all such cases. 

The theorem is given by Bertrand in Art. 307 of his Calcul Intkgral. 
For shortness we shall denote 

log.r by lx, by cos r9 by c^, log 4 sin* y by L^. 

Then when 0 = or — or — or 

Q q q q ’ ^ 

Cg = C2g = Cjj= ... = 1 ; Cg^.j.=C2j+,.= ... =c^ ; C 1 + C 2 + ... +C2= ^C^ = 0. 
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Writing the fiyidamental Equation 

and putting x=~, where r :}» g, and both are positive integers, we have 

Taking r=l, 2, 3, ...g in this equation, multiplying by cos 6, cos 20, 
cos 30, ... cosg0 respectively, and adding, we get 

Now the coefficients of log 1, log f, log f , etc., all vanish and since c^=c,+f, 
etc., the remaining terms form a continuous series to infinity, viz. 

••• ic,^r=f A. 

viz. an equation connecting t/'j, xf/^, xj /^, ... i/'j.j, i/'j, the last of which terms 
is = </'(!) = — 7 j where y is Euler’s constant. That is 

Cl + Cz + C3 + • • • + Cj-i = I A + y • 

So far 6 has stood for any of the quantities ... or 2^-^7r. Say 


the first. Then similar results will hold for the rest, i.e. if we take 20, 
30, ...(g-l)0 in place of 0. We thus get g-1 linear equations from 

which we can find ’/'Qji 


Cii'i+ Ca'/'a+.. 

.. + 

CpXf'p+...+ 

Cy_p '/'y— P + • • ■ + 

C2_ii/'5_i=|Zi-fy, 

Ca '/'i + c^xp^ + 

..+ 

C2p’/'p+'” + 

Cjiy— p) lAy— p + • • . + 

Caw-i) ’/'y-1 ~ 1 -^2 + 7) 

Csi'i+ Cei/'a+.. 


C2p^p+ ■•■ + 

C3t7-P)’/'7-P+-” + 

C3(2_i,>/'7-i = |7;3+y, 


c«-i V'l + • • ■ + C(ir_i ip - 

and in addition we have 


.. +C(y_j)pl/'p+ ... + C(j_j((y_j,)\ty_p+ ... + C(y_2 )(5._J ) g Ag_| + y ) , 


Cg^l + C2^l/'2+ . .. + Cjp^p+ ... +Cj(j_p)l/'y_p + ... + C2(5,_2)t/j_j = ~(3~l)y~? ^Og g, 

which is merely a case of the identity (e) of Art. 952, for the coefficients 
cos g0, cos 2g0, etc., each = 1. 

To solve these equations we multiply them, and the identity, respec- 
tively by Cp, C 2 P, Csp , ... Cjp. 
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Now note that + + for any integral values 

of A, /X (the last term being unity, since q6 = a, multiple of 27 r) 

7 q 

= i 2 ^(K+^L)r + 2 S ^(X-M)r : 

and that each of these sums is zero, except in the two cases A±/x.= a 
multiple of q, and that in the cases we have to consider A and /x each range 
in value from 0 to y — 1. Hence the only cases of this kind are when A=p, 
or A = g' — p,, and both would happen if A = p = g' — p, i.e, if q be even, and 

A = .= |. 

If A=p, ; ifA = 5'-p, =|2i=|^ 

and when q is even and A = p = |, i = 

The latter case will occur when, q being even and therefore q-\ odd, 
there is a middle term in the system of unknowns, viz. ^p = 'pq-p — \p{\), 
and the case need not be distinguished from the others. Thus, after multi- 
plication by Cp, C 2 p, ... Cqp and addition, the coefficients of all the unknowns 
vanish except those of t/'p and ^^id the coefficients of these terms are 

each I ; and if g- 1 be odd and p=|, all vanish except that of which 

is the middle unknown of the series, and the coefficient of this term will 
be q. 

And on the riglit-hand side we have 

I (Cp Z^i -t- Cjp Zj -t- . . . -I- c,^_i,p Z,_, ) -H ^(Cp -t- Cjp -f . . . -I- Cjp) - qyCqp - g log g . c^p 

= I ^1 + <^ 2 p Aj -b . . . -I- C(,_j,p Zy_i ) - gy - g 1 o'g g. 

In the bracket, terms equidistant from the ends pair, but if g be even 
there will be an unpaired term left in the middle of the series. This term 

is |c()s|p01og4sin2^which reduces, since g0 = 27r, to g(-l)''log2. 

Hence the right-hand side becomes 

g(^CpZi + c^pZ 2 -b...-bC 2 -i^Z 2 -i j-gy-glogg (g odd), 

or g f CpZj-f CjpZj-b ... -bc^ j — gy — g logg-bg( — I)'’ log 2 (g even). 
We thus have 




TABLE OP RESULTS. 


139 


will enable us addition and subtraction to obtain both 

’^(f) 

for any integral values of p and q {p< q). 

It will be observed that these theorems give the tangents of the 
slopes of the curve y = logr(a-) at equal distances on opposite sides of 
the ordinate at x=0'5. 


Ex. If ^) = 1, 3 = 3, 

’/'(§) + '/' (J) = 2 [- y - log 3 + cos y log 4 sin^lj 
= 2[-y-log3-^log 3] 

= — 2y — 3 log 3 ; 

-A(|)=-y-tiog3+^, I 

^0=-r-tiog3-^-. J 


955. List of Results. 

As the results obtained in the present chapter are very 
numerous and necessarily scattered over many pages in the 
gradual development of the theory of Eulerian integrals, it 
may be convenient to the reader to have the principal facts 
arrived at collected together for ready reference. A synopsis is 
therefore added in two groups, the second group referring 
more particularly to the \fr function, which entails some 
repetition. 

Group I. 


dx. 


(Art. 857.) 


1. B{1, m)= B{m, ^)=[ 

Jo 

2. If I, m be positive integers, B{1, m) = 1) ! ^ ' 


If I only be a positive integer, 


B{1, m) -- 


... (w + i— 1) 


(Art. 858.) 


3. B{l,m)=^ 


X 


.m—l 


0 (l+a;y+^" 


dx=\" 

Jo 


X 


j-i 


(l_j_a;)J+m 


dx. (Art. 859 (2).) 


4. I {x—by~^{a—x)'^-^dx={a—by'^”^~'^B(l,m). 


(Art. 859 (4).) 
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5. sitiP 6 cos^ 6 d9= 


V 2 / \ 2 

2r(2^+i) 


(Arts. 859, 869.) 


m). (Arts. 859, 869.) 

o(acos2 6*+6sin2 0)‘+«‘ 2a™6^ \ 


7. r(K)=J (7a:, a:"“^e“**(7a:, 

»(^+?)” I 

-r-,y^ . V \ f/ XT/„\ rj 




1 /, kV (n-f-i){n-i-z)...(n-i-M) 

\ ■^W (Arts. 854, 864, 874, 889.) 

8. r(n+l)=nr(w)=n(w). 

n(n+l) = (w+l)n(w). (Arts. 860,890.) 

9. r(^)=v/^=n(-i). (Arts. 864, 882.) 

10. r(a:)r(l— a::) = 7r cosecx7r=n(—a^)n(a:—l). 

r(l+a:)r(l-rc)=X7rcosecs;7r. (Arts. 872, 893.) 

11. (0<1<1). (Art. 871.) 

Jo l+a; siniv ^ ' 

12. r(-)r(-)r(-)...r(— ' • (Art. 873.) 

\n/ \n/ \nJ \ n / ,^4 

13. w"^r(a;)r(a;+^)r(x+^)...r(»+— -) = r(wx)(27r)~w^ 

r(a:)r(x+j)=^r( 2 x), r( 2 i±J)r(&^)=|Jr(p+i). 

(Arts. 903, 905.) 


1.2.3 

14, y2n7rn"e~" 

_ r(n+l) _^^ Agp+i ^ 

\/2n7rn^e~^ 2Pp ! 


(Art. 877). 


(Art. 884.) 


). 7=0-67721566. ..-Ai„ = „(j+^+...+^-logn) . 

(Arts. 897, 917.) 


Cx+n 

17. 1 log r(x) (Za:=log 
Jx 


, (H-l)n 


(Art. 910.) 
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18. giogr(i5=i«»=.['og«-s-4^ 


5—1 

x+1 x-\-2 x-{-n IJ 

1 


20 . ii„=oo(^ 


x^ (x + 1)^ (aJ+2) 


(Art. 911 (5).) 
,+ ...ad inf. 


r(n) ^ / 

x^ 


(Art. 911 (1).) 
(Art. 911 (3).) 


X a ^ c ^ 

21 . 10 gr(l + ®)=— y3^ + 'S2'2““'^3'^ + '^4'4 

2 / 77 * 

22 . logr(l+a:)=ilog- 


’ sin XTT 
x^ 


(Arts. 911,916.) 
tanh“^ 35 + ( 1 “ y ) ® 


23. Min.ordinateof 2/=r(x)isatx=l-4016.... (Art. 922). 

24. logr( 3 :)=|^ [(x-l)g-^- ''^^~| z/]^> (Art. 930 (C).) 


25. |logr(x)=£ 

=1:^ 


also 


e-^ 

J 


(Art. 925.) 
(Art. 930 (3).) 


+ (3 

26. ^Jogr(x)=(-l)"|”^^"(i/3 (7.<2). (Art. 930 (»).) 


27 . ^p=^+^+^ + --' 


,= 1 + 1+1 + .. 

1 P^ 3 P^ 5 P 


'2r(p))o 3i„h| 


r_l_l,l_ _ , 

Sp IP 3p“f5P ••• 2 r(p)Jo cosh/3 


I f" /3P-f 
■“’ 2 r( 2 ?)Jo sinh|0 

r 


dp. 




d/3. (Arts. 928, 929.) 


■(22n_l)7r2nJo sinhjS 

^ / 2 \ 2 "+ir 


0 sinh7r/3 




/ 7/5 


dp, 

(Art. 929.) 
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OQ Vo, (7^ ^ Of t . B^d^Ux 

29. 2.Ux-0+^u.dx 

(Art. 931.) 

30. 2.1ogr(x+l)=Iogx+4-|i+g.-,.. 

(o<e<i). 

(Art. 940.) 

31. logr(x+l)=|log27r+(a;+i)loga;-a:+^^-^i+... 

+ 1 t /_ 1\n ^211+1 

' (27i-l)2ua:2«-i^'^ ^ (27r+l)(27i + 2) a:2"+i 

(0 < 0 < 1). (Art. 940.) 

r(x+l) I 1 , 1 139 571 

J'lirxafe-^ '^I2x'^ 2{12xf 30(12a;)3 120(12a;)^'^"' • 

See also No. 15. (Art. 942.) 


956. II. Guoup OF xp- Formulae. 

Since tlic \/^-function, viz. '^(x)=^\ogr(x), is a very 

interesting function, and very useful in itself, we gather 
together the principal results which refer to this function 
in particular. 

1 r'(a^) r. n 11 11 

r(a;) L ® X x+l a;+R-lJ 

(Art. 911.) 

2. Vr(0)=-x), x /.( l )=_ y , x/.(l-4616...)=0, t /.( oc )= oo . 

(Arts. 911 (3), 922, 923.) 

3 , V.(.)-^(l)=(l-l) + (>- ‘ )+(l- 1 )+..„ 




(Art. 911.) 
(Art. 911.) 




(Arts. 925, 930 (3) and (7).) 
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f” 

6. 

(Art. 930 (8).) 

7. ./,(a;+l)=Ioga:+i-i+A_.„. 

(Art. 940.) 

a.v.'(.+i)=i-i+§-f+.... 

(Art. 940.) 

9. ’/.(a;)+y=|^ l_c-s 

(Art. 944.) 

n ] —t^-i 

10. ■v^(a;)4-y=J — ^ (a: integral). 

(Art. 944.) 

11. ,/.(l4-a)-V.(l + 6)=£^-^rf^. 

(From 10.) 

12. A^(a+a:)=-U, 

(Art. 950.) 

13. V.(a:+1)-V.(rr)=l 

(Art. 952.) 

14. yp-{l~x) — \}/(x) = Tr cotxTT. 

(Art. 952.) 

15. ■yl/-(^-{-x) — \p-(^ — x)—Trtdi,nx7r. 

(From 14.) 

16. i/r(a;)+i/r(^-t-a:)=2i/r(2a;)— 2 log 2. 

(Art. 952.) 

17 . xf^ix) 2 ) = 2V^(2)+log2 + 2 tan 2 

. (Art. 952.) 

18. i^{^)+iy-(x-i-^-j-\l/-(x+^-{- ...-{-\l/-(^x-\ — 

-) 
n J 

= n\}/ (nx) — 71 log n. 

(Art. 952.) 


19. 

20 . 


// , \ //Ni® lx(a:— 1) lx(x— l)(a;— 2) , 

(Art. 950.) 




'j ~ 

= 2 \/r(l)— log g 4-^008 log 4 sin"^— (g odd) 

^ 1 ? g J (^rt. 953.) 

9-2 

= 2 ■v/r(l)— log g-f- cos — log 4 sin^ — -l-(— l)^21og2 

1 ^ ^ (g even). 
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957. Table of Values of p + ... ad inf. 

up to ^ 9 = 35 , which is the last in which the tenth decimal 
place is affected ; all remaining ones to this approximation may 
be regarded as =1. (De Morgan, D.G., p. 554.) 


P 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 


Sp to sixteen places of decimals. 


0-57721 56649 01532 9... + log c»(Eiiler’sConst. + oo) 


1-64493 40668 48226 4 
1-20205 69031 59594 3 
1-08232 32337 11138 2 
1-03692 77551 4.3370 0 
1-01734 30619 84449 1 
1-00834 92773 81922 7 
1-00407 73561 97944 3 
1-00200 83928 26082 2 
1-00099 45751 27818 0 
1-00049 41886 04119 4 
1-00024 60865 53308 0 
1-00012 27133 47578 5 
1-00006 12481 35058 7 
1-00003 05882 36307 0 
1-00001 52822 59408 6 
1-00000 76371 97637 9 
1-00000 38172 93265 0 
1-00000 19082 12716 6 
1-00000 09539 62033 9 
rOOOOO 04769 32986 8 
1-00000 02384 50502 7 
1-00000 01192 19926 0 
1-00000 00596 08189 1 
1-00000 00298 03503 5 
rOOOOO 00149 01554 8 
1-00000 00074 50711 8 
1-00000 00037 25334 0 
1-00000 00018 62659 7 
1-00000 00009 31327 4 
1-00000 00004 65662 9 
1-00000 00002 32831 2 
1-00000 00001 16415 5 
1 00000 00000 58207 7 
1-00000 00000 29103 8 


bo 4-9 

G 

•r c-* 

t. o 


G 

<D 

<V 


a 


2 ^ 

pG 

O 

W 4-9 

O 

§ ® 

.2 _o 

o d 
d 

'G ^ 


O CD 
rr O 
00 CD 
CD CO 


iO 

O 

a 

05 

o 

o 

00 

lO 

CN 

o 


CO 

iD 


^ 2 
CD CO 
CD 

-- 05 
CO 

6 6 


p— ' u ” " II 

^ 2 ; 2 ^ a- 


o 
13 -G 

4 ^ 

^ w 
C P 

P <v 
a> 

<j> i-G 


CO 


bJD • 
G; CO 
G 
O 

O 

CO 

X, 

0? 




<u 


3 


PROBLEMS. 

1 . Show that (i) r(j)r®=^; (ii) r®r(f)=Air(§), 

2. Show that 3^{r(^)}2 = 7rh^r(^). 

3. Show that r(-i)r(-2)r(-3)...r(-9)=^^. 
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4. Show that. (« + ^) = 1 . 3 . 5 . . . (271 - 1 ) s/:r, whei-e 77 is a posi- 
tive integer. ' [Oxford II. P., 1888.] 

5. Show that T (| - x) T {| -t *) = (i - «-) tt see ttx, provided 

- 1 < 2a:< 1. 

6. Show by means of the transformation o-jj = u, y = u-\-v, that 

J.)o V. 1901.1 

7. By means of the integral j 'a”-' (1 - a")”*, prove that 

(- 1 )” ■ 

(m -(- na) n ! 


1 


1 


(ni) 71 ! (ni + a)(7i — 1 ) ! 1 ! (m + 2a){n 2)! 2! 

a" 


1 


- ... + 


'm{m + a)(r)i + 2a) ... {m + na) 


Show that this integral may be expressed as 

8. Show that the product of the series 


[St. John’s, 1884.] 
m\ 
a / 




arf- + 7H-l 
\a 


and 


1 1 1-3 1 1.3.5 1 

>+2T7''0'33'’'2^'i9+ 

l + l.l + '_2.i + L 14 . ' +cte. is" 
9 ^ 2 25 ^ 2.4 41 2 . 4.6 57 16 


[Colleges a , 1883.] 

9 Prove by the substitution ^ that 
where n is a positive integer. 

[See also Art. 223 (5).] [Colleges a, 1890.] 

10. Show that if Abe any positive constant, 

and by proceeding to a limit express B{1, m) in terms of Gamma 
functions. [Oxr. II. P., 1902.] 

11. Show that the sum of the series 

1 1 _m(m + \) 1 . m{m + l)(7n -t2) 1 ^ 

+ 2l 3! 71 + 4 

is r(77+i)r(i-m)/r(77-7Ji+2), 

where ti > — 1, and ni < 1. 


[Coll, y, 1899.] 
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show that 


12 . From the value in Gamma functions of 1 sinP 6 cos^ 6 d6, 

J 0 


for all real values of y. 

13. Prove that j* = x 0‘09S1 1 nearly. [Trikity, 1896.] 


[Trinity, 1886.] 


14. Prove that 


r(70 = 


i(i+|) (1 + 5) (1 + 


i\" 

3 . 


n 


•n‘) O-’O On 


to 00 


V [Oxford II. P., 1888.] 


1\'' 


...0^0 

and r(a + 1 ) = n ^ ^ 




[Oxford II. P., 1903.] 


15. Show that, when x is positive, 


r (x) 5 , 2 n ! 


2=.-.i)(x, 2- 


r(.t + 4) „=o2'‘^''7? !7i! a: + 7i’ 

[Math. Trip., 1897.] 

16. Prove that, if x be positive, 




dr. 

[Math. Tripos, 1897 .] 

17. Show that, when x is a real positive quantity not greater 

than unity, „ i 

cr(.r)=/(,r)+ T :* 

^ ^ > „rox(x+l)(.r+2)...(.T + 7/) 

where /(a:) is a function of x not greater than unity. 

[Math. Tripos, 1897 .] 

18. If 91 lie betiveen zero and unity, prove that 


(tan .r)” dx = i . 

Jo - . 7i + l 

sin TT 


[Coll, a, 1890 .] 

19. Show that the perimeter of a loop of the curve 9'"' — a" cos 916 is 

f 

r- 
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20. Show that if a:, y be a point on the ellipse x~ja^ +y^{b-=], 
and 2r be the conjugate diameter, and the integral be taken round 
the whole perimeter, then 


{^ds-- 

K't’) 

r.i 


r(/+i) 

ab 


[Colleges, 1892.] 


21. Express in Gamma functions 



[Trinity, 1890.] 


22. Express in Gamma functions the area of the curve yc^^ax'^ 
(c > 0) for positive values of a; (0 to o) ), also the volume generated 
by its revolution round the axis of x. [St. John’s, 188.3.] 


23. If 2 sin ?i7r r(7i) ^ (?i) = (2n-)”</)(l - 7i) { ( - t)"“i + where 
i = s/ -I and is some function of n, prove that 

r(?) n-m,,) 

remains unaltered when 1 - n is written for n. [Colleges a, 1881.] 

24. Prove that 


2a Ll + 1 + 1 + 1 + 1 


4^ 

+ etc. 


1 


, where ? = 2 ^- 


25. Prove that 
J e“” log vdv = e~'’ 


log v + 


[De Morgan, Diff . Cal ., p. 591.] 

v~^ v~^ 2v~^ 2r~i Zv~'^ 3v~^ 

1 -1-1+1+ 1+ 1+ 1+ ] + etc. _ 

[De Morgan, p. 591.] 


26. Prove that 
dx 


1 n/i \ \x{x-\) 1 a;(.r - 1 )(a: - 2) 

iogr(i+*)= -r + x-j + . 

[De Morgan, p. 593.] 


27. If| (®) = ^ r" (1 + ^nd a: be a positive integer, show that 


— ^(0) + 1 + - + - + ... +-. 


Prove further that 


and has a finite value. 


ran 

^ (0) = 1 e“®log X dx, 
Jo 


[I. C. S., 1898.] 
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28. If {\ -\-xy^=l A-^x + where n is any positive 
quantit}^, prove that 


14-^.+^ 2. _2“r(» + a 


29. Prove that if 


m =f{o) + xf'{0)+-^j"(o ) + ... + 


[Math. Tbipos, 1895.] 


a:" 


r(« + i)r(r) 

Jo r{n + r) Jo a;-- 




r being any positive quantity. 

[If r > 1 both integrals generally = oo .] 

[WoLSTENHOLME, Ecluc. Times.] 

30. Prove by changing the order of integration or otherwise 
Jo N^'C-wJo s/y-t 


31. Show that 


f dx _ ?;.+ 1 {n+ l)(2w+ 1) (2?i+ l)(3n+ 1) 

j 1 + .r" “ 1 + 1 + 1 + r+ 




2-,.n 




[Math. Tripos, 1875.] 
(n + l)2p' 


(2?i)V* (271+1)^3;” 

(3n+ I)(4?t+ 1) (471+ l)(5n+ 1) 

1 + - 1 + etc. 

[Lacroix, Calc. Dlff., vol. ii., p. 292.] 
Deduce expressions for log! +x and tan”^a: as continued fractions. 


32. Prove that 

P ^ 1 + = .T“7r (•'s) P (a;w) P (xiifl), where w = e ® . 

[St. John’s, 1891.] 

33. Evaluate the modulus of r(i + v/- la). [Smith’s Prize, 1875.] 

34. Show that for very large integral values of n, r(?n-i) is 
very nearly the geometric mean between r(?i) and r(// + 1). 

[Oxford, 1892.] 

35. If h be a large whole number, show that, provided a: > - 1 , 

(a: + 1 ) (x + T) ..,{x + h) = h^ pj.^^n ) ’ i^early. ^ 

[De Morgan, Diff, Calc., p. 585.] 
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36. Writing = e®. prove by the aid of Wallis’ 

theorem that ^){2x) = [cj}(x)Y when x is large. 

Then show that for any value of x, 

(a) ' _^-i+(^+m°g(n-i) 


{b) lO; 


<b{x+l) 
(}>{x) 


1 


1 I 3 ...I («-l) 

4‘[x+ 1) 1 '2x‘^ 1 2.r® iOx* 271 (?!. + 1 ) .r" 


(c) 


(d) log^i^< 


1 


^(a:+l)''“ ■ 1) 12a;(.r+ 1)' 

(g\ ^ 4- ^1 I ^2 . , _ 

<t>{2x) x^'^(x + iy~{x + 2)^^‘"'^{-2x-\)^' 

where 6^, 9^, ... are numbers between 0 and yV. 


(/) 




= C-' (0 < 0 < yV), 


cb{2x) 

and finally deduce Stirling’s theorem, 

1.2.3 ...a: = N/^c-*x"+i(l +6^;), 

where denotes a positive quantity \vhich vanishes when x = co . 

[Serret, Calc. Integ., p. 207.] 

37. Show that, if x be a whole number, 
log r(s+ 1) = 4 log 277 - a; + (x + -|) log.x 

1 




X + 7 ?! 


- 1 

[Gudermann.] 
1 


38. Show that 

1.2.3... x2> \l2Trxx^e~^ and <i‘j2-!rxx^e 
when X is large. [Serret, Calc. Integ., p. 213.] 

39. Writing 

i/'( 7 ?m) ’ 


iyi„mn+l 




ml 


4>{x) = Lt,„^ S^'' = and u„^s/nLt 


(mn ) ! m 


prove that 


«n = V“'. « 2 ' 


4 /^( 2 ) _ 


v/2 


= \/27r, (/j(7l) = 71^ (27r) “ 


Hence deduce Gauss’ theorem, 

7i«* r (x) r . . r = (277)’’^' r (71.1-). 


[Serret, Calc. Intigral, p. 190.] 
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40. Prove that 


2 

1 


f 1 _11 

1 (-1)” 

•>1 

((a; + 7-)'‘ 7-’‘J 

1 r(a) , 

oT 


- (log dv. 

[Cf. De Morgan, Diff. C., p. 694.] 


4 1 . Prove that 

log r w - log X + U - ( I + ()-} f . 

^„dthat 

where (7 is a certain constant. [Math. Tripos, Pt. II., 1915.] 


42. If the binomial expansion for a positive index be written 


show that 

Prove also that 


11 


'Zr)B{n - r + 1, r+l) = l. 


JTT 


373 


= 1 + 


( 1!)2 ( 21 )^ ( 3!)2 ( 41)2 

3! 5! 7! 9! 


43. Show that (1000)! lies between 

4-02387 X 102507 4.0-2388 x 1025 ot, 

and is a number with 2568 figures in the ordinary system of 
numeration, its logarithm being 2567-6046442... . 

[Cournot, Thiorie des Fonclions, vol. ii., p. 472.] 

44. Show that if 

log r (.X- + 1 ) = log sZ-Jr p (.a- + 4) log .-r - .T + + . . . 




R 


then 


(2/t- 1)(-27 ().x2’'-i ' ' (271 + 2)!’ 

/i> = |”c-“^a‘’7-" + -(0a) da, 

where / (a) = d is a positive proper fraction. 

[Liouville, Journal de Ilathhnaligucs, Tom. iv., p. 317.] 

If be the maximum numerical value of /"”'^"(«) between the 
limits a = 0, a = yj , show that 


B ^2 n+2 2_ 

( 2 a + 2 ) ! ( 2 a + 1 ) (2a + 2 ) .x-2"-t-i ’ 

and examine the nature of the approximation attained by the 
omission of all the terms which contain Bernoulli’s coefficients^' 

[Liouville, J. de M. ; also Cournot, Thiorie des Fonclions, p. 474.] 
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45. Starting Avith 


= f {P + Qe-=^P)dl3, say, 

Jo 

and putting Ji for the two terms with negative indices in the 
development of Q in ascending powers of fS, namely 

i^(a:)=j' {P + Re-^^)dp and CT(a:)=[ (Q - E)e-^Pd/3. 

Jo Jo 


Then show that 


ITT 


(l)CT(i) = ilog^. (2) i'’Q) = ilog ^ 

(3) F(x) - F(^) = ^ ~x + (x - ^)\ogx. (4) r(a:) = c"^a;^~ls/27rc®W. 

(5) That Avhen x is large differs but little from unity. 

(6) logr(.'):+ l) = ilog2r + (« + i)loga:-x 

r/ 1 IV 
+ JoVl-e-^ fS 2 . 

(7) Deduce the equation, 

logr(a:+l) = ilog(2;r) + {a: + i)log.r-a: + ^-;-^^3 

4 - /■ _ 1 \n-l -^2 11-: ^ j. / _ 1 V ___:?2n+l _i_6 

' ' (271 - 1 ) 271 X-"-l ^ ' (•'>n 4 - 1 W -hi. 4 - ■>. ) rrSn + l ’ 


and 


B, \ B, \ 


“o + • • • 


o<e< 1 . 


(277+ 1) (277+ 2) X2 
[Bertranit, Calc. Integral, p. 265.] 


46. Show that 
( 1 ) 


(2) log r(x + 1 ) = £ y' (o: - } <>l^- 

[Todhunter, Int. Calc., p. 392.] 

47. If Ar be the acute angle Avhose tangent is the 77 “' power of 
the reciprocal of the of the prime numbers 2, 3, 5, ... , show that 

cos 2^j cos 2^2 cos 2.<43 cos 2A^ ... to 00 =2 ’ 

where B„ is the 77*** number of Bernoulli. [Math. Tripos, 1897.] 


48. If I 


shoAV that 


“Jov/lT^’ 

r (^) = irhh^p, T (^) = irhh^i^, 

r(f) = n-'^2^3“^r ^ r(|) = 7r^2^3~^/'l 
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49. If / = f . and /= f , show that 

Jov/r^ JoVl-*^ 

r( iV) = 7r*2'^^*5^5 r(/^) = Trh^^s-'^s-^ih^, 


1 ^ 1 


r(-,^^) = 7rT'r2-^'^5'^^i^S3-i5//V-^ r{^%) = TT-^2-^^^b^Sp'S-n-^J^, 

where S, = sin^, 6\ = siii^, 6'„ = siii^, S'. =sin^, 

^ 10 ^ 10 ^ 10 ^ 10 

and write down the values of r(Y'^), r(j"^), r(i®^j), r(T^), in 
similar form. 


50. Show that 


ITT '* 


£ *Hio«(i + ^) -»■]*= it, ■ 

[Oxford I. P., 1914.] 

51. Prove that the volume in the positive octant bounded by the 
planes x = 0, 7j = 0, z — h and the surface zjc - xv<(a^>' + is equal to 


abh 


ni 


■ I^QF 

2(?n + 2)rf-) 


dt 

52. Prove that c‘ {<f} (x)) = -^ [ 

VTT J - < 


m/ 

[Math. Trip., Part II., 1913.] 

e-y-(b{x+2ij^h)dii, 


and apply the result to prove that if 1 4- 4/(1: be positive, 


(d- 


rx*_ 

4/,i- 


(1 + 4///;)^^ 

[Math. Trip., 1870 (Wolstenholme).] 

53. When n is a positive integer, ive have evidently 

1 .2. 3 ... 2?( = 22". 1 . 2 ...H.l.f ... (n-i); 
prove that this equation, when expressed by means of the function 
r, is true for any positive value of v. [Sir G. G. Stokes, S. P., 1870.] 

54. Prove that the limiting I'alue of 

2n + 1 - 2 log 

^1.3. 5. ..(2/1-1)’ 

when n is indefinitely increased, is log 2. [R. P.] 
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LEJEUNE-DIRICHLET INTEGRALS, LIOUVILLE 
INTEGRALS. ETC. 


958. We have seen that the formula {\ and both 

leads at once, by putting y for ax, to 

Jo ^ Gi + ^2) 

Now, consider the double integral 

7 = II ajj’* “ 1 1 dxj dx2 


for all positive values of Xy and Xg, which are such that their 
sum cannot be greater than unit3^ 



Fig. 321. 


Then the limits for Xgmust be from 0 to 1— Xj.Xi remaining 
constant in the integration with regard to x^, and the limits 
for Xi will be from 0 to 1. 
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The geometrical interpretation is that we are adding up all 
such products as Sx-^^Sx^ as lie within the triangle 

formed by the axes Ox^, Oxg, and the straight line 
We use this notation rather than the ordinary x-y notation 
for Cartesians, because we propose to generalise the theorem 
for any number of variables. The limits must then be such 
as to add up all elements in a strip NQ parallel to the Xg-axis, 
i.e. X2 increases from 0 to 1 — x^, and in summing the strips, Xj 
increases from Xi =0 to Xi=l. 



_i r{H)r{i,+i) rK)r(g 
^2 r(fi+^2“t“f) r(H+^2+f) 


959. Take next the case of the triple integral 
/ = j* J J Xjh - 1 ajgh - 1 Xg'a - 1 dxi dx^dx^ 
for positive values of x^, X2, Xg, such that Xi4-X2+X3 :j> 1 . 



The geometrical interpretation is that we are to add up all 
elements such as Sx-^^Sx^Sx^ which lie within 

the tetrahedron bounded by the coordinate planes x^Ox^, x[Ox^, 
XgOxi and the plaue Xi+X2+X3=l. 
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I'hen dividing by planes parallel to the coordinate planes 
in the same way as explained in previous chapters, we have 
first to integrate with regard to Xg, keeping and Xg con- 
stant, that is, for all values of Xg which lie between Xg=0 and 
Xg = l— j!xi— Xg, which, interpreted geometrically, means the 
addition of all elements which lie in an elementary prism 
parallel to the Xg-axis and whose ends lie respectively in the 
plane of X 3=0 and the plane Xi-j-Xg+Xg^l. Then, keeping 
Xj constant, we have to integrate for all values of Xg from 
X 2 —O to the value of Xg which makes 1 — x^— Xg vanish; 
which means that we are to add up all the prisms which lie 
in a thin slice parallel to the plane of Xi = 0. Finally, we are 
to integrate from Xi = 0 to Xi=l, which means that we are 
to add up all the slices within the tetrahedron. 


Then I 


ri 

n Jo 




Xi'>“^Xg^"^Xg’3“^ dxi dxg dxg 


'0 •'0 


Xi*‘”ixgh”i dxi dxg 


=j ^ (1 — a;^)u+i3 dx^ 


[by applying the result [ x)^ ^ ig)]. 

J 0 


Hence tg+Zg-j-l) 

^3 

^(^•g)^(^g) ^(^•^)^(^g-^-^g+l) _ ^(^,)^(^g)^(^•g) 

F(i2 + ^3+l) r(fi-l-tg-}-lg-l-l) Ig + ig-l- 1) 


960. Similarly, in the case of four or more variables ; but 
geometrical interpretation fails. It is, however, clear that if 
we are to integrate 

7 = JIJJ Xi'i “ 1 Xg^-’ Xg^“ ^ X4^^~ ^ dxi dx2 dxg dx^ 
for positive values of x^, Xg, Xg, X4, which are such that 

Xi+Xz+Xa+Xi :h 1, 

(1) when Xi, Xg, Xg are kept constant, X4 will range from 
X 4=0 to such value of X 4 as will make 

1 — Xi — Xg— Xg— X4 

zero, i.e. from x^=0 to X 4 =l— x^- Xg -Xg, 
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(2) Having integrated with regard to x^, we now keep 
a;2 constant, and in integration with regard to ^3, 
a;, must vary from 0:3=0 to such value as will 
make vanish, i.e. x^ must not excee 

l—Xj^—X2, i-e- the limits are 0 and 1— a;j— 3:2- 

(8) Integration with regard to x^ and 0:3 having now been 
completed, is to be kept constant whilst integra- 
tion with regard to 0:2 is effected, and 0:2 must range 
from 0:2=0 to such a value as will not make 1 -0:1— 0:2 
negative, i.e. X2 must not exceed 1 0:1. The limits 

are therefore 0 and 1 o:^. 

(4) Finally, the limits for x^ are 0 to 1. 

Hence 


n i-xi ri-xi-^2 ri 

, 0 **0 *^0 

=rr'i‘ 

J 0 J 0 •'0 


‘ ^ dx^dx^dx^dx^ 


, .• , (1 — — *2 

1 ■ aXi ax 2 


n i-n . . -8(^3, ^4 + 1) . 7 ^ 

a:i^‘ - 1 0:2'=- H 1 - % - ^2) il ® ^ ^ 

0 


_ ^ih’ '^4d~l) f a;^ii-l^l_a;jys+’3+hj5(2’2, 23-hi4-t-l) dXi 


^i(h>_U±}lBii2, i3+h+l)Sih> ^2+^34-»4+1) 
h 

r(is)r{h) r( 2;)r(23+24+i) r(h)r(22+^3± j4±fl 
^r (23 + i4 + I)’ r(22 + H + ^4+l) r(2i+22+23 + ^4+l) 

_ r(^Mr(t2)r(t3)r(^4) 

r(2i+22+'^3+^4+l)’ 

and the rule indicated obviously holds for any number of 
integrations, viz. 


in ' ■ * 1 ’ 

for positive values of the variables such that their sum do^ not 

exceed unity where a-=H+i^+...+i... 
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961. An ^jtension. 

Similarly, if the limiting equation had been 

(instead of 1), 

the limits would have been, 

for a;„, from 0 to c— Xg— ... — a;„_i ; 
for from 0 to c— Xg— ... — x„_ 2 , 

etc. ; 

but we may deduce the result from that already obtained by 

TDUttin^ ^ /v* nm ^ pi'P 

j. o »A/ j j »*/2”~cu/2 ) d/L.»j 

so that x/+X 2 '+... > 1. 

Thus we obtain 


^(^ 2 ) ••• r'('in) 1 _1_1 I J_V 

c ’ where <t ••• “b^n’ 


.962. Dihichlet’s Theorem. 

We are now in a position to establish a remarkable theorem 
due to Gustav Peter Lejeune-Dirichlet,* who was successor to 
Gauss at Gottingen in ]855.t 

The theorem is known as Dirichlet’s Theorem, and is of 
great use in analysis. 

'1 he theorem is that when there are any number of variables 
Xi, X 2 , ... x„, and integration is conducted for all positive values 
limited by the condition 


then 


aj/ Vag/ W„/ 


:i>l, 




■ ^X 2 ^^ ^Xo'3 ^ . . . xJn - ’ clx-, dx^ dxn . . . dx„ 


ai*»a2'^... an"" 
VlV2---Vn 



the several quantities is, ••• ••• 7 h>P 2 > ••• 

being all positive, and 11 denoting the product of the factors 
indicated. 


* Liouville’s vol. iv., p. 168. 

fCajori, Hist, of Malli., p. 367 ; Kiirnmer, Oeddchnlssrede avf G. P. Lejetme- 
Pirirhlet, 
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fx fx 

The limiting equation f-i) +( — ) +‘-^l may be mad( 

( ^ \ Pi / 2/ \ 

~ ) > 

(Xj^/ \CCt^' 

which give 


^ ^^2 Pz 

i,dx, X/ i,dx, 


and 


J'=V,V2-Vn';}- 


4.^2. 4 L 


X-t Xn Xn 


di„. 


The transformed integral is then 

with the limiting equation ^1 + ^ 2 "I""'"!” 1 > 

. r(^)r(-2)...r(^) n{^'r(^)} 

• J- ^'l 'V--- ^n” ^7V . 1 ^jOr 

riP2--Vn r(li + -2 _!_...+ In _|.i) rfi+s-") 

^2\ V 2 Pn / V 1 p,/ 

as stated. 

963. As before, if our limiting condition had been 

we should have, after transformation as above, 

^l + ^2+*"+^n^C> 
and making the further transformation 

and the result would be 

. . r(^)r(^)...T(^) 

j _ ry-rtg-^... a„’" \p/ Vpg/ \pj 

Vxl\^"Vn r(cr+l) 

i, 

Vn 


where 




Pi P 2 


^.e. 


r=c<ri[{^r('^)]lr( i+S ^)- 

1 IPr \Prnl \ VPr/ 
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964. Ex. Find the centroid of <aii octant of the solid bounded by 

the volume-density at any point being given by p = iix'y”'z". 

/ f f // 


Here 


x= - 


The Numerator = 


The Denominator = 


j j jpdxdydz j j j x^y’^z” dx dy dz 

^ y V 2/r / V 21- / 

2/' . 21" . 2l‘ .p,^^-|-2 ??i-l-l ?2-(-I 

r>/^+ A 

a.'+'6’” + V’+’ 

llKWTW 

r( 


p/ 



\ -bl\ 


. 2k ) 

' H 2/- , 

/H 2k ) 


n-k\ 

, m-bl 

” + 1 .1 \ 

Pi 

1 2k 

-1- 4- 

• 2k ^ 

2/- +V 


Hence 


X = ((‘ 


W r( 


^ -t- wi -1- n + 3 
2k 


4- 1 


^ 4- 1 


■( 


l+m + n-\-A 
2k 


+ 1 


In the case of an octant of a uniform ellii)soid l = m = n = 0, /{■=1, 

1 Pfg) ^ 1 

r^) 

Similarly for y and z. 


965. A Particular Case. 

In the case when 'p^=p^= ...—p^z=\ 
and aj=a. 2 =...=a„=a, 

the theorem reduces back to 

••• ... dx„ 

=(7.'i+'2+--i-in ^'(^'^)^(^2) ... ^(^'^) 

r(t\+t2+ ...+t„+i) ’ 

and the limiting equation is 

“h ^ ®> 

viz. the fundamental case of Art. 961 assumed. 


966. Extension. 

If the lower limits had not been zero in each case, but such 
that x.^-\-x^-\-...-\-Xn is to be not le.ss than h nor greater than a, 
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-t-!2+"-+'« 5il + >2+"-+*nJ 


i.e. b <C Hxr <i a i then plainly we must subtract from the 
result obtained, the integral found by making 

~}~ X 2 . . ■ "k Xj^ ^ b, 

and the result will be 

967. If the difference between a and b be an infinitesimal 
difference Sb, then to the first order 

(jil+ ..+in + = ^»i+... + !n 

= + 4 +...+ 1„) ^ 

and the result will be 

r(»i+'i2+ 

For example, to verif}’ this in a simple case, consider the volume of a 
triangular plate bounded by the coordinate planes, and the planes 
x+y+z=b and .v+}/+z = b + 8b. 

Here = = 1, 


1 . 1.1 


b 


V=b^8b.^^-^=^b^-8b = 8[^^ ■ ~ 

i.e. the change in the volume of the tetrahedron bounded by the co- 
ordinate planes, and the plane which n)akes intercepts b on the axes, 
when b increases to b + 8b. 

968. Liouville’s Extension. 

If we require to find the value of 

dx^... dx„, 

subject to the conditions that x^, x ^, ... x„ are all positive, but 
ic^+Xg-l- ...+a:„ k a and <{:?>, 
we may then take the case when 

cCi+a;2+...+a^„ 

lies between v and v+<5v, for which 

X^ -f" 3-2 "k • • . "k 

differs from v by an infinitesimal e. 

Then for this limitation the integral takes the value 


V' 






= ph-l-i 2 +-+''i-l Svf{v) 


r ( i ,)... T { i „) 
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to the first order of infinitesimals. And therefore, for the 
whole range' of values from v=h to v—a, 

r (4i+i.,+ Jft 

969. Exactly in the same way, if we require 


I 


... + dx, ... dx„ 

for all positive values of the variables such that 

(|)”‘+(sr+-+(r:r^'‘'-‘’ ■ 

(|) +(S) +-"+(t;) 

lie between v and v-\-Sv, =«+£, say, where e is an infinitesimal. 
Then for this limitation. 


U + iw 

I 

Jv 

where 


I’ P- r 

a,'ia.,'2 ... a„"' , Vp,/ \p. 


..rp^ 

''Vn 




Pi Pi Pn 

and Svf(v-\-e) differs from f(v)Sv by a second-order infini- 
tesimal at most, supposing /(v) and/'(r) finite and continuous 
for the range. Hence in the limit, when we integrate with 
regard to v from v=h 2 to v=h^, 

Vp,/ Vy,/ r,. 

PlPi-Pn rPl_L^2, J/- 


\Pl Pi Pn 


Pi Pi Pn 


where 

This extension of Dirichlet’s theorem is due to Liouville.* 

970. An Application. 

As an example of this theorem, consider 

f f f dvj(/x2...d .v„ 

for positive values of the variables with the condition 

+ ;v,/ -f . . . -t- .r„* = va- :!f> a^. 

* Liouville’s Join-nal, vol. iv., p. 2.31. 
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Vl^P2 = — =Pn = % = 

••• J ^'~o 


Then /= 


971 



^1 



"in 

r 

hi\ 

V2; 


0 a\/ 1-2) 2" 

r 

Jo 

[v 




2 " 


vr^ 



)H) 

r 

/n+l 

V 2 

) 


" r(i±>)- 


Thus, for example, in the case 7i = 2 , 

dx^dx^ a TT^ Tra ^ 


f f dxi d. 

■I J sJa^ — x^ 


n 




Hence tlie area of the portion of a sphere x'^ Jry'^-\-z^=ia^ which lies in 
tlie first octant, and which is 


f f- dx dy, i.e. af f — — , 

J J 2 J J \/a^ —x^ — 1P 


IS = rt . 


ira 

~2' 


and the area of the surface of the whole sphere = 47ral 

Again (21 = 3 ), f [ f dx,dx,dx, ,rV 

J j j -Ja^ — x^- x^ — x^ 8 

(Gregory’s Examples, p. 474 ). 

and (21 = 4 ;, UH dx^dx^dx^dx^ d^ ir^a^ 

J J J J ^/a^-xi^-x./-x./-x^^ 16 r(f) 12’ 

etc. 

971. Boole’s Theorem. 

Consider I = \\...\F{a^x^+a.^x^+--.^a^x^)dx,dx^..^ for 

all real values of x^,x^,... x^ negative or positive, such that 

3^1^ +3;2^ 

Change the variables by the ortho- 


o 

Then f7=l and the relations of 
the transformation system are 

etc., 

2Zm = (), etc., 

and 



Wi 

Wg 

Wg 

... 


h 

h 

1 

... 

Xg 


mg 

mg 

... 

Xg 

n, 

Wg 

Wg 

... 

... 

... 

... 

... 

... 


* Gregory’s Examples, p. 474. 
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and supposq^.the transformation to have been so chosen that 

n 

a-yX ^ + ttgiCg 4- • • • + ®n^n = where Ic ^ = ^ a,?'. 

1 

Then I—^^...^F(ku^du^du^ ... du^. 

(n signs) 

■ Now for the first n—1 integrations, remains constant, and 

j'j'...j*dw2dw3 ... duJ^, 

(n - 1 signs) 

-\-U C^ — U^, 


where 


n-l 


g.-, {c^-O ^ (r^)"-^ 

2n-l ^/n+l\’ 


the first factor 2"~^ occurring because at each of the -u — 1 
integrations the result is to be doubled to take into account 
the possible negative signs of the respective variables. Hence, 
dropping the suffix, we have 


n-l 


-) 

(See “Catalan’s Theorem,” Liouville’s Journal, vol. vi., p. 81, 
and Boole’s remarks upon it, Cambridge Math. Journal, vol. iii., 

p. 211 .) 

972. Consider next the integration 

JJ J slc‘‘ — X^—X.£—...—Xn 


where 


(n signs) 




for real values of x.^, x^, ... x„. 


Changing the variables by the same orthogonal transforma- 
tion as before, 

-^du^du^...du,,. 


(n signs) 


Now for the first n—1 integrations, remains a constant, and 
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by Art. 970, the first factor 2"“^ being introduced because the 
several variables are not now restricted as to sign as was 
the case in Art. 970, so that at each of the (w— 1) integrations 
tlie result must be doubled. Also . at the final integration the 
limits must be — c to +c for the same reason. Hence, drop- 
ping the suffix, 

n 

1 = r F Iku) (c2 ^du* 


973. Further Generalisation. 

We next consider the still more general integral 

for all real values of ... a:,,, such that 

,T.» ; 

, 1'. 


dXn 


a. 


/y» 2 2 

%+...+%> 1 . 


CU 


a 


n 


First we expand F(v) in powers of 1— f, say S -- 2 ;)^ 
j^or if it be possible to expand in positive integral powers of 

1 — u, we may write 1 — then F’(u) = jF( 1— w), and by 
Maclaurin’s theorem, we may put 




F(u)=F(l)-toF'(l)-f-|jF"(l)~... + (-ir^f'»(l)-b...J 

Then we consider the integration of 
I j • • • j ( 1 - - . . . — ( A i.Ti -I- . . . + A ) rZ a; i . . . (7a;„ . 


If Ip be the result of this integration, the whole result will be 

'ZBpIp 

as the case may be . 

To obtain Ip, first put 

Then J = a^a.^ ... an and 

^^1 ^^2 • * * ^^71 %/ J J 


*Sce Todhunter, D.C., Art. 281 ; Gregory, D. and I.O., p. 474, 
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Now make a further transforma- 
tion to variables Ug, ... it,, by 
the orthogonal transformation for- 
mulae in the margin. The J acobian 
of this system is unity, and 

and further choose Uj to be 

where P = A -f- . . . -f- 



w-i 1 U.^ 

... Un 


r*0 

... 

! 1 
hi 

^2 

1 

i 

1 

7n„ 

1 

1 

... 

1 

! 




... 1 ... 

... 

... 


Then Ip=a ^ ... an^^~..^{\—u^—...—u^^Yf{ku^)du.^...dun. 

In the integration with regard to ttg, ... w,,, the remain- 
ing variable remains constant, and 

— ...— dUn, 


(n - 1 signs) 


rf-)T ^ 

_ 1 L \2/J p 
2"-i ^fn-\\ J„ 




2 ' {l — Xiy^ — zydz, 


if restricted to positive values of Ug, W 3 , etc. ; and if the several 
variables may have full scope as to sign between tlie specified 
limits, each of these 7 ?.— 1 integrations must be doubled. 

The result of the xi — 1 integrations is in that case 

r(»-) 


„/?!-{- 1 , V 


^v— +pj 

Therefore, as the limits of the final integration with regard 
to are from — 1 to -f 1, 

n - 1 

/,=aiaj,..a„2— f (I-m®) 2 *’'f{kii)du, 

r(^+p)J- 
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it being now unnecessary to retain the suffix of the u. Hence 


n -1 


I—aia2 ■■■ ^ l^Bp- 


r(p+i) 

' U -+1 




-p 


fl ^ 

J (1— u^) ^ f(lcu)du, 


where h^=Aj^aj^-\-A 2 ^CL 2 ^-\-----\-An^an^. 

This result, of course, includes former cases discussed. 


974. Extension. 

If the limits had been defined so that 

^ (instead of > 1), 

we could deduce the new result from the former by writing 
(X^a in place of a^, a^a in place of a^, and so on, 
and therefore ha in place of h ; 

and, finally, if the scope of the range of the variables is still 
further limited by 

and <i: 

we must subtract all cases for which 

and we shall have »i-i 

I/a^a^ ... a„7r 2 

= 2i),-n£±ii- r [a''f{kau)-^'>f{kfiu)]du. 


975. Deductions. 

Compare witli the foregoing results tlie series of integrals 


dx^, 

where a:i+a; 2 =l. 


where x^-\-x. 2 ^-\-^z~^> 

etc., 



where 3;i+ ... +x„_i+x,i=l. 

for positive values of the several 
Take for instance the second, 
integration 

0 

variables. 

Here a; 3 =l— Xj— Xg. and the 
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is to be conducted for all positive values of x^, x^, such that 
Then — dv 

_ r'(^i)r'(^2) r' r* ('^3) __ r ('t^) r (^2) r (^3) 

r(iid-t2) r(?'i+'i2+i3) r(ii+ '12+^3) 


976. Similarly, in the general case, 

7=jj*... j xy^-'^xy^-^ ... ocJ,":i“^rc„'"-' dx^dx^ ... dx^^_^ 

(n— 1 signs) 

for positive values of x^.x^, ...x„, such that ...+x„_;^+x„=l, 

1= jj ... j ... x'„"zr\l— dx^... dx„_i, 


(rt— 1 signs) 

where X 1 +X 2 + ...+a:„_i> 1 


_ r(ii)r('i2) ... v{in-i) r .y.-,+i5+. 

r (ti + + • • • + ’"n-i) J 0 




_ T{ii)T{h) ••• r'(bi-i) r(^i+i2+ •••+^n-i)r’('^n) 

r (-ii + ^2 + . . . + in~i) r ('ll + ig + . . . + 'i„_i d- in) 

r(^i)r(^ 2 )-r(i,.) 

r ('ll + "12 ~b • • • “b ■in) 

Thus, if .4=jj... ... dx^ ... tZx„, for > 1, 

(n signs) 

5=jj...|xi'>~^... x„*>'-icix, ... dx„_i, for ^Xr=], 

(n — 1 signs) 

u r a- • -1- 4-.- ) A - p- r(ii)r(i.,)...r(i„) 

have (^ld-^ 2 +-+^«)^ ^ 

977. In the same way, if we require the value of 
7=jj...|xi'i-ix2’=-’...x;r-r^a^n’"“'’"cia;, dxg... dx„_i. 

(n— 1 signs) 

for positive values of the variables, such tliat 


and 


we 



168 


CHAPTER XXV. 


we have a:„ = a„|l — 


and I 


(m— 1 signs) 


••• ^n-1 


where 


|i_ dx, dx.,...dx„_,, 

{ Vti/ VCn-d J 

(^) +... + (-^1) :i>l, 


2h-Vn-l 


where 




^i\ p i ) 

2h^"' iVn-l) 


Vh Vn-\ 


? -— f — v)^" dv, 

i'n-A Jo 


X = il+l2 + . 


Pi Ih 


rfii rp ) ... TR 


■ i=hi- V'P/ V7^2/ VPn/ 

2hP2-Pn pfiL+i2+ 4.iz}) 

Vl P 2 ■■■ py 

978. ]C.\. Find the value of J J d.vd^ for all points of the 

ellipsoidal surface x-ja- ■\-y-lh~ + z- fc'^' = \ which lie in the positive octant. 
Here i;i=r + l, P\—P-i — Pz~^i ci^=a, ao = h, 0^ = 0, 


J 2 a^hu-c'’ 

^^7- 2.2.' 




Y ( ~~J-- 


Thus, for instance, 


I I r (/,r dy = =2i’^a6c = 1 . i irn^c. 


979. Relation of the Integral Forms discussed. 
We note tlien that the two intej^rals 


(n signs) 

B ^^^...^xf^-^x^-^K..x‘f;i'{''^x 7 "-v»dx^dx^...dx^^_^, for S(“) 


(n - 1 signs) 
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for positive values of the variables in each case, are so related 

r r 

y '^r — a-n" W ^vJ 

VPr Vn lhV2-Vn p/ll , ^2 , , M ‘ 

ih vJ 

980. A Lemma. 

In order to abbreviate the work of tlie articles which follow, 
let us note that the Binomial expansion 

/■t \ „ T I , n{n-\-\) o , , ?z(n+l)...(w+r— 1 ) 

may be written as "V where — 

V r(«) r!’ 

and that, writing 'ii + 'io=i2> L+'^2+'*3“i3> have 

T{ (k) r'(L)r'(t‘2+r ) _ r(j2+?‘) ^(^'l)^(^’2-l-^) 

r(%+i2+?‘) r(j2+^) 

_ r'(^i)r'(t^2) _ r ( l) b jr 

rO'2) r'(i2)r! r(ii+i2) 

rr r(t\)r(t2)r(t3+y) ^ r(i3+y) _ r(ti)rfe)r(t3+r) 
r(ii+t2+y3+y) r(j3)r! r(j3+r) 

_ r (^1) r (^’2) r (y’3) r(y'3-}~y) _ ^' (^^)^(^'2)^(^'3) j. 

r'Os) 1^(13) y! rih+^'a+ys) 


T( (,.,+,.') r'(L)r'(y 2 +/ 3 )r(t 3 +y) _r(.y 3 +y+p ) _ r(ti) r(y 2 +p)r( 2 ^ 3 +y) 
r(ti+t 2+/3 + f 3 + y) ^(^ 3 +?-)/)! r(j 3 + p + y) 

_ r (^i) r (^'2) r (y'3-i~ y ) r (y2~b p ) _ r (y\) r (^2) r (^3~b y) jr (,„) 

^(^ 3 +^) r(ii+i 2 +?. 3 d-r) 


981. We propose now to consider integrals of the class 

f ff •" ^n’'~\f(^^^rXr) dx^dx^ ...dx^ 

for all positive values of the variables, such that 
<i A j^a;j^ + ^23^2“!“ ••• 

all the letters involved representing positive quantities. 
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Putting 

^2^2=^2. etc., and = e^^e-. 

r _ 1 ff + ... 

" ^>JJ "j(X + ti^i+&2^2+ ■■. + b„^+^^+--^^’'' 

Consider first the case of a double integral, 

a particular case of which is discussed by Todhunter (Int. Calc., 
p. 263 ). Of the two quantities 6^, b^, let be the one which 
is not less than the other. Then 

^+^i^i+^2f2={X + ^(^i+l2)}-(^-^2)^2> =u-v, say, 

where = 62)^2- Then as A + &i^i+Z>2^2 ^ positive quan- 

tity, we have v <^u, and 

(X -f- Z)i -f- ^2 ^ 2 )”^” (u— ^ ~ u/ 


0 

a convergent binomial expansion. Hence the integral becomes 

“ZTTI?? A%«' ^‘■’(6. - 6,r j 


and u being a function of ^id-^2> '"'® have, by Art. 968 , 

/,= _L_ y + _6 y r(^^)r(l^2 + r) r^^ 

Ai’>A 2*2 ^(^l-|-^.) JA,(x+6if)’>+’2 V (x-f-tiO’’ 

= ^ p^ i9'>+^'^-y(0 f _ {b^-b^)t 1 , 

A/Ag'^ rOi + ig) J;„(X-|-6i0’''*''n X-l-^)i^ / 

_ f r(ii)r(i2) p2 tu+h-if(^t) 

AyAg^s r('ii-f'i2) J/ii{X + ^iO'’(X + 


r (7 j r (fg) p 2 V (0 

^((1 + ^2) J Ai (^iX + ( AgX -fagO’’* 
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982 . Next take the case of the triple integral 

, 1 '' f f f + A + <l£. d(. 

Of the.se three quantities b^, b^, b^, let b^ be that which is 
not less than either of tlie other two. Then 

^ + ^l^l + ^2^2 + ^3f3={^ + ^l(^l + ^3)+^2^2} 

03)^3* =u—v, say, 

wherei;=(&i— &3)£3, and is <! w and positive. 

Then “ . 

(X + 6,f.+i2f2 + 63f3)-* = !I-i (1 - ?)■' =«-i i; (6,-63)' (f )' 

a convergent binomial expansion. 




'h - \Y f f ‘ ^ 


0 -^1 -^2 -^3 . 




where u is, however, X-f 61(^1 +^2) +^2^2- is not this time 

a function of the sum of the variable-s. Hence a further trans- 
formation is necessary. 

We may write 

W=X-l-6^(^j-f ^2) + ^2^2 = [^ + ^i(^1 + ^2 + ^ 3 )]~(^ 1 ~^ 2)£2 

= U—V, say, 

where F=(6i — 62)^2 ^ Z 7 is a function of 

^l + ^ 2 +^ 3 - 

Also, writing ii + u + 'is + J'—j-/ where necessary to shorten 

-h' r,-Kf, F\“*' (A)., , .p/AA" 




a convergent binomial expansion. 
Hence 


fii^ 

-m 


1 g 2 g 3 




V i i ^ - b,f{^^Jd^, d$,d^, 

/•/■/•p = co ^ t, -1 a tj + p-l. 13 + 1—1 

'111 L - *=>' jjhJ - /(20 . <lh 


= ["'£ k,^a r(.,)r(i;+p)r(i,+r) ^ 

J^\ p = 0 r 4- ^2 ^3 0 


/ \ 1 A.’a' + P 


(X + 6p/ 
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_ /^ r(ii)r(ro)r(?3+r) p;^” ^ .p 

i ro\+z,-i^r,+r) ^ ‘ '\x+b,ty 

.mmmp r--' -M-^^F^‘r'm‘1' 

r(ii + i2+?3+J’) (A + ijiV^ 1 A + i,i J 

r(A)ro2)rfe+?o t^^~'^f{t)dt . 

r(h + to + ?3 + r) i, ^A + ’ 

f—^v (^ 1 — 63 )'' o'h) r(?i) rpa'^^) f^'‘ 

’•=0 ’’ r(i\ + t2 + i3 + r) Ja, 








■ . 1 . r(,-)r(i2)rfe) ^^~7(0 ’-y- ^ 

rCh + i's+'s) A, (A + 6 iO'‘^'“(>^ + M)'7=o ’’ (A + 6i7 

1 r(A)r(i2)ro3) (^-^ 3 )^ )"'°^, 




_ i'(n) L~fa)i (>3) r 

»3 r(2i+?2+ig) .Ja, 




.) r- 

A;>^2‘‘‘^3’^ r(A + t3 + /3 ) Ja. + 


1 r(t\)rfe)r(/3) 




_ r(i,)r(^-2)r(/3) t^^~\f{t)dt 

r(ii+j2+j3) .'a, n(.^,A+asO'‘ 

1 

983. Exactly the same process will hold for a multiple 
integral of higher order, so that in general we have 

r(t,)r(4) ... r{i„) 
r(»\+i,+,..+i.)J^^^ n(.4.x+<.,()" 

984. Extension. 

The result may obviously be extended to the integral 


ll "! 


~ ^^ 2 '^ ^ ••• ^n’'~V ( 2 ^7-^r''’'') dx^ dx^ . . . da;„ 
^ 1 

(X + «! + ( 62 ^ 2 “'+ • • • + . 


where 


a, Qo a„ 


all the letters involved being positive quantities and the 
conditions of the limits being 

/ij < A + A +...+ A yc^' <iK. 
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For putting etc., ^=h^, 

. -0.0 
we have 

" n l''JJ J (A + 6 i^l+...+ 6 „^„)^' ^ 1^2 •••^n 


Xlar-^ 


... rf —) 

\aj \aj ’" \a„/ 




0-^02 •••On p/^1 I ^2 I _1_ TT / \ I 

^\a+7 + - + aJ A n{AX + a.i)- 

Thus in all such cases the multiple integral is reduced to a 
single integration. 

985. Differentiation witli regard to a parameter contained in 
the integrand. 

In a multiple integral 

('<’1 r^n 

U=\ ...1 X. 2 , .-.Xn, c) dx^dx2-.- dx„, 

J fll J flj J fln 

which contains a constant c, differentiation with regard to c 
may be effected by the same rule as for a single integral, 
provided that the limits of the several integrals are all inde- 
pendent of c. That is 


'du 

dc 


^_rr r^dxdx dx 

—— I I • • • I _ vvu/j w *4/2 • • » » 

' Jo:Jo2 J«H 

The proof of this is the same as in the case of a single 
integral. 

986. Liouville’s Integral. 

Consider the case 


where i = a;j-t-a;2+-" + ^n-i”b 


fJfT' ^ 


a" 

X'lX^ ••• ^n— 1 


an integral discussed by Liouville. 
Differentiating with respect to a, 

dl 
da 


... r 

' Jo J 0 


. i-1 ?-l 

—l„n „ n 


e x. 


Xo 


... X. 


fZxj ... dx„-i 


n-l XjX 2 . 


, X 


n-l 


* Bertrand, Calc. InUyral, p. 476. 
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Now introduce another variable a;„ defined by 

XjJCg . . . Xn-iXn = «•", 

i.e. change to a system 

a," 


X, 


^2^3 * * * 


Or* ■ ■ O* O'* ■ O^ O'* ■ O'* 

•^2 ••• 1 ‘^n— !• 


Then 


J ^(^11 ^2> ••• l) / l)n— 1 

3(a;2, X 3 , ... a;„) ' x^x^...Xn^’ 

a" 


Then i = a;j+a: 2 +--*+a;„_i+ 


^ 1^2 * • • ^n-i 


is replaced by 


a" 




^2 “t“ ^3 “1“ • • • "1“ ”f“ 

i_l ?_i J J J 

and V aJo” ... a;. " - <^^2 — »^«-i ,, 


, =i' say, 


„_i — = is replaced by 

x,x„... X 'Ti 




r a" " --1 --1 — ' 

r\ ~ n ^ n ~ n 

^ -r -r -r ^^2 *^3 **• ‘^n-l 

L*^2*^3 ••• *^71 J 


— 1 d x^ dx^ . . . cZa;„ 


a"/»n 


12 3 

--1 --1 2-1 


n-1 


i.e. (— l)""W~"a; 2 ” rcg" ...a;„” dx^dx^... dxn, 

and in the transformation of the multiple integral the sign 
is adjusted by a proper assignment of the limits. 

Hence, as x„ is oo when x^ is zero and vice versa, we have 
^jT r® ^—1 ^—1 

^=— ...J a^g" ...x„ ” dx^dxg.-.dxn 

= —nI (for if a is increased I is decreased). 
dl 

Hence -j- = —71 da, log Z= —'na+ const., Z = G^e“"“. 

To find C, take the case a=0. 

Then Z becomes 

poo porj poo 1 J 2 71 — 1 J 

1 1 ...1 e-(*i+^ 2 +— +®n-j)aj *» a; " ...a; ”, dx^dx^ ... dXji_i, 

Jo Jo Jo 

and as the variables are independent and the limits constants, 
this may be written 

Q dajJ X ^da:2j...xQ ^da;„_J, 
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that is r(-)r(-)r(-) 

\xi/ \n/ \n/ \ n / 


n-l 1 


or (27r) ^ 71 


Hence (7=(27r) ^ n 

Hence the value of tlie integral is 

n-l _1 

7=(2,r) n 

987. Liouville’s Method of proving Gauss’ Theorem. 
Consider the product 

r(.)r(.+i)r(x+?)..,r(x+^^" 

This may be written 

f” f” x+l-l f” :c+— -1 

J ” dx^... y^^e~^’'x^ " dx^ 

n oo ^co 

••• e-' 

0 J 0 


x + ^-l x + — -1 

(.Xi+x-i+...+r„)^x-l^^^ n ” dx^dx^.-.dx^. 


Now change the variables according to the scheme 
2 " 

/y« /)• /y* /y* - rj* rf' — /Y* 

U/1 t •V2 ““ *^0 » *^3 »^3 • • ♦ *^7l * 


x^x ^ ... ain 


Then J=- 


■nz 


n— 1 




, and the integral may be written 


n oo ^co / 

... e'V 

0 0 


- +2^n + 


Z»» 


X3a:3...a^»j 


) nz" 


-1 


XgSig . . . ai„ 


X 


‘^2‘^3 ••• 


( 2" X + 1-1 X + --1 j;+!LJ_1 7 j 7 

;rj ” aig ” ...x„ " dzdx^dx^...dx^, 

• • • 


that is 

■*00 /*V3 /•CO 


0 ” f” i-1 --1 — -1 

... e"‘'2"^“^a:2” ^ 3 " •••a^n ” dzdx^dx^...dxn 

0 •'0 

f” ”-i 

=n\ (27r) 2 by the preceding article, 

^ 0 

n-l r" n -l 

= n^{ 27 r) 2 cZz=w^“’”'(27r) 2 r(wai), 

J n 


VIZ. 


which is Gauss’ result. 


an-^^')=ni(27r) 2 r(wa:), 
n J 
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PROBLEMS. 

1. Find the mass of the triangular lamina bounded by the axes of 
coordinates and the line x-\-y — a for a law of surface density jj-xPiji. 

2. Find the mass of the tetrahedron bounded by the coordinate 
planes and the plane a~'^x + h~^y + c~''^z—l, the volume density being 
P = lixyz. 

3. Find the centroid of the area in the first quadrant bounded by 
the lines x + y — h^, x-\-y = h^, for a law of surface density (r — iixPyi. 

4. Find the centroid of the volume in the first octant bounded by 
the coordinate planes and the two planes 

a~^x + b~hj + c~'^z = Sj, + c~'^z = 8^, 

for the following laws of volume-density : 

(i) p = fi{a~^x + b~hj + c~'^z), (ii) p = pdd^y'Jz^, (iii) p = p.[x‘^ + y- + z‘^). 

5. Apply Dirichlet’s theorem to find the mass of an octant of an 
ellipsoid in which the density at any point varies as the square of 
the product of the distances of the point from the principal sections 
of the ellipsoid. 

6. Find the moment of inertia about the a:-axis of the portion of 

the sphere x^ + + z‘^ =■- a~, which lies in the positive octant, supposing 

the law of volume density to be p = p.xyz. Obtain the corresponding 
result for an octant of the ellipsoid x'^ja'^ + i//b'^ + z-jc'^ = 1. 

7. Find the mass of the positive octant of a sphere of radius B, 
whose centre is the origin, for a law of volume density 

P^p{a, b, c,f, g, h){x, y, zf-. 

8. Find the mass, centroid and moments of inertia about the axes, 

of the positive octant of the ellipsoid x'^ja^ + y'^lb^ -f 1, for a law 

of volume density p = p{x“ +y- + z"^). 

9. Show that the volume of the solid, the equation of whose 

surface is -f = 1, is {r(b)}^ 

1277 ^ ' 

10. A homogeneous solid is bounded by the surface 

(x/ay {y/by + (z/cy = 1 . 

Show that the centroid of the portion of it in the positive octant 
is the point / 21a 21b 21c\ 


[OxF. II, Pup., 1901.] 
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11. Find t]je position of the centroid of the portion of the solid 

bounded by (x/af^ + {y/hf^ + = 1 , 

which lies in the positive octant, the volume density being fJxrPyiz'^. 

12. Show that for positive values of x and y, 

such that > C“, is 

r(/)r(.o 

^ r(/+J/t+l) [I. C. S., 1893.] 

13. Obtain an expression for the value of 
[xr^~^y-'''~'^f{ax- 4- hy-) dx dy 


II’ 


for all positive values of x and y, such that ax- + hi/ > c^. 

[I. C. S., 1893.] 

14. Prove that the value of the volume integral 


* c c 
]]( 


I ( \x + /-ty + vz/'^ dx dy dz, 

u J 

taken through the volume of the ellipsoid x-ja^ + i/lh'^ + z^lc^^l, 
A, y, V being constants and n a positive integer, is 

47ra6c(AV + + iV-Y/in + 1 ) {'2n + 3). 

[I. C. S., 1912.] 

15. Find the value for positive values of x, y, z of 


a 


[I. C. S., 1899.] 


I xyz sin {x f y + z) dx dy dz 
with condition x + y -\rz ^ lir. 

pco rco 

16. Prove that <l,{x + y)x'^yPdxdy 

and extend the theorem to any number of variables. [Coll, y, 1887.] 

17. Prove that the area of the curve 

{ax + byf’' + {hx-ay/’^ = l is yn(«2 + i2)rQ. 

[Coll, y, 1891.] 

18. Find the volume enclosed by the surface 

{xla/’^ + {y/b/’^ + {zjc/^ = l, 

where n is an integer. [Math. Trip., Part II., 1919. 

Show that the distance of the centroid of the portion for which x 
is positive from the plane a; = 0 is 


1 
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19. Prove that /(aa + /5//) rfa 

-7«.s - ty-if{U)dt, 

where k = (a^a^ + the double integral being taken for all 

values of x and y, sueh that 

xya^ + if-jb^- <1. [7,1899.] 

20. Show that, X7jzu being equal to «■*, 


^cc ^vo ^co 

Jo Jo Jo 


e“(®‘+.''‘+=‘+“‘)y32 Jy. fly fl^ , 


32v/2e^“* 

[St. John’s, 1882.] 


21. Show that 

dx dy dz 


JJJ ( 


ahc 


(p + ax- + /ly2 + y .2)1 G pJ{p-\- a-a) (p + Idjd) {p + c-y) 
where x, y, z have all positive values such that 

x-jd- + y-/b- + z-/c- < 1. [Colleges 7, 1891.] 

22 . Prove that 

n (l -X - 7/)^-br'''-i//”-i , _ . 

(p + a ./; +"'+"+ 1 

_ r {k) r{m)T{v ) (k _vi_ 1 

r(/t’ + »( +21 + i ) ip '*'p + a p + /i| p^{p + a)'" {p + 

the integral e.xtending to all positive values of x and y such that 

.»; + ?/< 1. [Colleges 7, 1891.] 

23. Show that 


ni 


(A + «j.rpi + <c.r.,'2 + . . . + OiiX,,'")'^ ' 


(-IV'-i 1 


L f' J(>1 dt 

' ■ ■ (^b ) . 0 "1* ^b^ 


^ib • • - 1 (2^) (d’j 

the summation referring to a cyclical change of letters from «, to a„, 
and the integration being effected for all positive values of the 
variables for which 3;^!; 1 . 

24. Prove that, ?/, r being positive whole numbers, 

7r“ (21 + 2’- 1)! (22')! 


noo p 30 

0 Jo 


(/.T, dx^ . . . rf.C2„ 


2n X 2a2'-+i (2a + 27' - 1 ) ! r! ' 


[Math. Trip., 1870, Wolstenholme.] 
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25. Prove that 

(V 

*1 dx^ ' dxa ^ 


^3 p 


( x ^- x ^) ” -^0 ( a : 2 -® 3 ) 


(See Ex. 30, Ch. XXIV.) 
26. Prove that 

Jo Jo 


n-1 

(Xg — X4) ” 


n — 1 

» iXn-$) « 


[Math. Thipos, 1875.] 


^ ^ Xi x.^ 

-I “ n 


" [Liouville.] 

27. If n be a positive integer, show that for an integration 
conducted over a triangle of area A in the x-y plane 

dx dy = m 

where Hn is the arithmetic mean of the homogeneous products of 
the ordinates of the corners, and find the corresponding result for 
any plane polygon. [Rodth, Rigid Dyn., p. 425.] 

28. Show that if the integration be conducted for all positive 

values of x^, x^, Xg, x^ such that Xj + x., :]> 1 and .Xg + .X 4 1 , then 

[ f f [xih-lZ2^-lXg<3-lX4b-lc?Xi(fX2^fXgCfX4 

= r(fi)r(gr(gr(f4)/r(fi + io + i)r(f3 + 1)> 


29 . 

If 

t = Xj” + Xg” + . . • 

+ X,i" 

and .Xj.! 

'2 '' ' 

Xn = a<\ 

evaluate the integral 







1 

8 0 

8 0 

8 0 

X^X.^ . 

n-\d^ 
■ ■ 1 3;^ 

dx^ 

■h 

rfx„_i 

Xn— 1 

30 . 

If t 

n n n 

= Xj’^ +X2" +Xg^ + 

n 

7 1 i 

and Xj^x.g- 

L 1 

- X 0 

■^3 

1 

. . . x,i” = a, show that 






n-1 


n” f” . , , 7 

... 1 e~^dx^dx2 • • • gjitt 

0 Jo 
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DEFINITE INTEGRALS (I.). 

988. It has been stated that when (a;) dx can be integrated, 

and the result of the indefinite integration is ■v//-(a:), then the 

quantity ■v//"(&) — is denoted by f (p{x)dx', and it has been 

J a 

shown that \ly{b) — is the result of obtaining the limit 

when Jl is indefinite!}^ small of 

where b=^a-\-nh-, and the process of obtaining the value of 
f (f){x)dx has been termed a Definite Integration. 

J rt 

We have performed this definite integration in many cases, 
first of all obtaining the indefinite integral by the rules of 
the early chapters and .so finding and then inserting the 

values of the limits to obtain the expression and 

in doing this our chief attention has been centred upon the 
discovery of the function yp-{x), whose diflerential coefficient 
is (p(x ) ; i.e. upon the reversal of the general problem of 
dift'erentiation. 

It will have been gathered from the last two chapters that 
the value of the definite integral between certain specific limits 
can be obtained in many instances by some artifice, even in 
cases where it is not possible to perform the indefinite integra- 
tion ; i.e. that it is possible sometimes to arrive at the value of 
\j^{b)—yp-{a) without finding the form of ^lr{x) at all. Such a 

roo 

case was that of 1 dx discussed in Art. 864, where the 
•Iq 
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indefinite integration of e“^* could not be e^xpressed in finite 
terms, but for which the definite integral from 0 to oo was 

discovered to be It is to this class of definite integral in 


particular that we now turn our attention, and it is to this 
class — viz. where the integrand does not admit of indefinite 
integration in finite terms — that the term Definite Integral is 
by convention mainly confined. 

A very large number of such results liave been found. A 
collection of such definite integrals was made by Bierens de 
Haan, and published under the title Tables d'InUgrales 
Dejinies (Amsterdam). 


989. The artifices employed are numerous and of great 
variety and ingenuity. It is irnpo.ssible to give an exhaustive 
list, but some of the more common devices are as follow ; 

(a) The use of a reduction formula connecting the integral 
sought with one or more other integrals already 
found, or more capable of investigation, or with some 
multiple of itself. 

(h) The integral J ^(x)dic may be regarded as 

in which the notation will explain itself. That is, 
the summation from a to d may be broken up into 
sections, {a to h), (b to c), etc., and each part may be 
considered separately. 

(c) The expansion of the function to be integrated, or of 

some factor of it in a convergent series, or in partial 
fractions, with the integration of the several terms 
and a final summation of the results. 

(d) Change of the variable with the corresponding change 

in the limits. 

(e) Differentiation or integration of a known integral with 

regard to some constant which it may contain. 

(/) A factor of the function to be integrated may itself be 
the result of a known integration between certain 
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constant limits. Upon substituting this integral for 
the factor a double integral may be formed, and a 
change in tlie order of integration or a transformation 
to a system of new variables may succeed in obtaining 
the value of the integral under consideration. 

(g) Investigation of the integral from the original summa- 
tion definition of an integral. 

(/i) The application of some general theorem such as those 
already considered in the Eulerian integrals or 
Dirichlet’s integrals, or the theorems of Frullani, 
Cauchy, Kummer, Poisson or Abel, which will be 
severally discussed in their proper places. 

(i) Several of these methods may be combined. 

(j) The application of Cauchy’s theorem in integrating round 

some closed contour. Contour integration will be 
reserved for a special chapter. 

(k) The substitution of a complex quantity for a constant 

involved in a known integral, and in its re.sult, fol- 
lowed by cejuating real and unreal parts, frequently 
suggests new integrals; but the method requires 
great caution if it is to be regarded as rigidly estab- 
lishing the values of the resulting definite integrals 
without further investigation. But it freciuently 
happens that such suggested results can be established 
by other mean.s. 

These are the principal devices used. There are many others 
applicable to particular forms. A general statement such as 
the above is nece.ssarily vague on account of its generality. 
The student should examine the mode of procedure in the 
numerous cases which wo shall have to discu.ss, and note for 
himself the method adopted. 

990. Illustrations of Definite Integrals deduced by Change of 
the Variable. 

IT 

1. 7= logsinddd [Euler, Acta Petrop., vol. i., p. 2]. 

Jq 

. . TT P 

Writing Q=- — cf), /=— J logcos0d0 = J logcosdrfd. 
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Adding, we have 

T » 

27 = [ (log sin 0+log cos 0) 1 (log sin 26 — log 2) d6 

Jo Jo 

= 1 log sin 20 — log 2, and writing for 20, 

f logsin20d0 = H logsinxc/x=[ Iogsin0d0=7; 
27=7-|^log2, giving 7=1 log I . 

*■ r 

TT 1 

Hence 1 log sin 0(70=1 logcos 0d0=- log ^ (1^ 

Jo Jo - z 

It also follows that 

T 5 

f (logsin0 — log cos 0) <70=0, i.c. | logtan 0d0=O, ...(2) 

Jo Jo 

T r 

and j* log sec 0 (:Z0= j logcosec 0cZ0=|- log2 (3) 

If we write sin &=.v we have another form of the sajne integral, viz. 



or again, putting 

_X 

f rfy=^log2 or f - dx = -j^log2 ; (5) 

Jo 2 Jo ^/slnl).^ v2 

or again, integrating (1) by parts, 

1^0 log sin Scot 6d9 = ^\ug-\ 

X 

6cot0d6=^]og2 ; (6) 

or integrating again, 

[ I' cot ej + 1" f cosec’^ 9d0 = ^log2; 

••• *■’ 

or, which is the same thing, putting cot 0=x, 

f (cot~^x)^dx=ir]og2 (8) 

Jo 
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r 0 sin ^ „ aiifi ly -both positive (Poisson, Journal de VEcoU 

Jo a + bcos^0’ 


PolylecJinique, xvii., p. 624, case Avhere a—h 1). 
Writing tt — </> for 6, 


7 = _ r r ; 

.L a + bcoa^<f> Jo a + h cos-(p 

. 21 ^ f’' V-COS (/jI 

Jo ■^ + cos-<^ 

= ^2tan-W-; -•- ^ = TW 

JflT, ><0 


The 


case a = 6 = l gives 3^p^rf0=7rtan 1- 


!!_ 

4 


991. In illustration of tlie method of expansion we may, for the 
same e.xample in the case a>h, expand +^cos- 6^ ■ Then 

7 = -/ r^sin^ — - 0 sin 6 cos’ ^ + 0 sin 6 cos^ 0 — ...H 

ajo La a- -j 

a convergent expansion if h <a. 

But 

cos- ,t “ 2?^ + ® ■ 

. 7_"ri_l?:+i 1 

•■ aLl 3o 5 a- J 

= -it-tan~‘ a/“ by Gregory’s Series. 

If, liowever, a <h the expansion used would be divergent, and the 
method would fail. 

092. Illustrations of a Combination of Methods. 

Let / = ( xsin'^xdx. Write x = ~ — y. 

Jo 

z=[ (■ 7 r-y)sm''ydij='ir\ siiL' y dy - 1 

Jo ^ Jo 

•. 7 = f sin" a’ dx=~\ sin" a dx, 

2 J 0 Jo 

and the result can be Avritten dotvn. 

This integral is useful, in cases where F{x) is capable of 

expansion in poAvers of sin a, for finding | a F{x) dx. 
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Ex. 1. I=[ -^log(l+nswx)dv (n<l) 

Jtir sill A' 

r”^ r . 71^ . 9 1 , 

= J ^ sin.7; + -^sin'^a7-...Jaa; 

tiTT^ 'n? 1 TT 71“^ 2 71® 3 1 TT 71® 4 2 

^ — 2 ^ ^ 2 ^22 4^3*^5^422 6^53 

rV 1 71® 1 . 3 71® , N FTI® 2 71^ 2 . 4 71® "I 

""¥(”■*■•2 ¥'^2.4 5 4'''3.5 ¥"‘J 

= !L' sill-' 71 - TT (See Diff. Calc., p. 90, Ex. 3, Part 3. ) 


Ex. 2. 7 = 


C .r d.v 
'o 1+ cos a sin .7? 


= f .v(l -cosasin.r + cos^ashi^.v- ...)dx 

Jo 

(“TT oItt j 3 l 7 r 542 n 

= 77 |-cos a + cos^ttg + “4 2 2“^*^® “5 3'^'"J 

r 2 2.4 “1 

= -77 cos a + gCOS®a + g-^cos®a+ ...J 

= ^ sin-' cos (gee Diff. Calc., Ex. 3, p. 85.) 

Vl-cos^g 2 


— — IX 2 

= _7r£ I =Tr-^ (WOLSTENHOLME.) 

sill g 2 sin g sin g 
This integral might be treated thus : 

Write 77 — .r for x. 


r (:r-.v)dr_^^r 

Jo 1+cosgsina: Jo I 


• 7=- r - 

• 2jo 1 


dx _7r 

+ cos g sin x 2 


+ COS g sin x 


sec® ^ d.v 

1 + 2 cos g tan + tan® 


= V— Itan-® 
sin a I 


tan p + cos g 


77 r77 

sin g L2 


tan“'cot I 


= —ff— tan-* ( tan g) = tt — . 
sin g ' ' sin g 
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EXAMPLES. 


1. Prove that 


ri 




1 1 

2. Prove that J sec®6*£?^ = ^+ -log (,/2 + 1). 


[St. John’s, 1884.] 


[Math. Tripos, 1889.] 


3. Prove that 




[St. John’s, 1882 and 1887.] 


4. Show that, n being a positive integer, 


, , . f log X , 1 

(n- 1) ,, = i — 

^ ^J(l+a:)" 1 + 


1 1 


+ x 2(l+a:)2 3(l+a:)8^”‘ 

1 1 _ , X log a: 

■^77^2(1 +a:)”-2‘'' °^r+7“(i+a;)f)-i’ 


and that 


/ X r log® j 1/111 1 ■ 

^Mo(l+a:)^ 2 [S^j, 


1/111 1 \ 
~i(T'^2 + 3 + -+7rr2)- 


[St. John’s, 1882.] 


[St. John’s, 1882.] 


5. Prove that 


r 

[ (sin 0 - cos 0) log (sin 0 + cos 0) d0 = 0 
Jo rs 


[St. John’s, 1884.] 


6. Prove that 


I log sin 0 log (\/ 2 sin 0) d0. 


[St. John’s, 1884.] 


7. Prove that 


.. p cfe 2^ a + Z> 

J_co (a:2 + aa: + a2)(a;2 + Jx +Z»2) ah{a^ + ah + h-)' 

.. r ^ 2^ 1 

J_oo (x2±ax + a2)(x2q;6x + 52^ ab{a + by 

[Colleges 7, 1891.] 
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8. Show thfrt 

9. Show that 


tail 2 [Oxford II. P., 1888.] 


Jo \ ® / rM, 


[Math. Tripos, 1887.] 


10. Show that 


fa . , . , /.;«~sinh( 2 ;a)( - 1)^ 

I smhpusm— <iit= fV+kV ’ 


[Clare, Caius and King’s, 1885.] 


1 1 . Prove that 


r't sin^a:i^.'C 1 1 + ' 

Jo o^'“(cos X - in sin x )'^ 2r/t(l +m‘^) Ll - ' 


. 


(2)|; 


* cos^.t: dx 

0 e2/»a:(sina: + w cosa;)^ 2m (1 


1 ri 
.+m2) Ll 


e ^ + 1 . 

+ m 

[St. John’s, 188 G.] 


_ a; 1 

12. Prove that 1 +sin2^ ^^" 2^1 ' [O^f. II. P., 1885.] 


13. Show that 


14. Show that 

15. Prove that 


TT 

I ^ log (sin x + cosx)dx= log 2. ^^olleges, 1886.] 

f“ dx _ TV 

Jo e''\/sinh2a: 2v/2 ’ [St. John’s, 1890.] 

that 

[ xf{x{\-x))dx=l[ f[x{\-x)]dx. 

Ji-6 Ji-^ 


[St. John’s, 1890.] 


[Colleges, 1882.] 

TT 

16. Prove that f sin"201ogtan 6d0 — 0, where n is any positive 

integer ° [Colleges, 1882.] 

17. Prove that 

fa x”-'^{{n - 2)x- + (n-l){a + b)x + nab } ^ a"-i - 

Jb (a: + a)2(a: + 6)2 " 2(a + 6) 

[St. John’s, 1890.] 


{x + a)2(a: + 6)2 


18. Establish the result 


X - sin 2a: sin 


in cos 


dx = -. 

TT 


[Math. TripoSj 1882 ] 
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19. Prove that 

3 12 . TT 24 

sin » — cos a; )■ dz = -r — j . 

X ) 4 77 ^ 

[Colleges / 3, 1890.] 



TT 

J -r Tj- log 2 

^ log (1 + tan <9) dO = — g— • [Trinity, 1885.] 

21. If a be any angle between ^ and - ^ , show that 

^ log ^1 "t tan O- tan a.) dx — o. log sec o. 1884 ] 

22. Prove that, in general, 


where 
and F is any function. 

23. Prove that 


“ = Ve-l’ ^ 1-v/c’ 


[e, 1881.] 


f log (sin20 + i'2cos2d) = 77 log — (k^O). 

[OxF. I. P., 1918.] 

24. Prove that 


r siii^ 1*00 

993. Integrals of form 1 — dx, etc. 

Jo d) 

Consider the integral 1= 1 dx, r being a real constant. 

Jo ® 

If we write rx=y, /=f -- — -dy~{ ' dx, which is 

Jo y Jo ® 

independent of r. But it is obvious upon changing the sign 
of V in the original integral that the sign of the result must be 

changed, for all elements of the integrand change sign. 

Further, when r=0 the value of / is zero. Here then is a 
curious discontinuity which must be examined. 

The integral is of groat importance in the theory of definite 
integrals, and we propose to illustrate by means of it several 
methods of procedure as mentioned above. 
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994. Method I. By breaking up the Integration into Sections, 


We have J = j, )+(j, 

//'( 2 n— I))!- p 2 nir 

+ ( + 

''J( 2 n- 2 )n- J( 2 n- 


Mtt 


+ +••• 


J Sn-'' 

+ ... 


sin a; 


X 


dx, 


a notation which will need no explanation. 

In these pairs of successive integrals put x='n- — y, ir + y, 
STT-y, Stt + i/; ... (2ii— l)7r— 1/, (2n— l)7r + i/ ; etc. 

Then 

p(2ti — sm 


J(2„-l). X J,(2M-l)-7r-y J„ 


sin y 

(2'n— l)7r — 2/ 


dy, 


and 


sina: , (*"■ si 

J(2n-l).^~ Jo(^ 


sin y 


l)7r + 2/ 


dy. 


Thus, putting 21=1, 2, 3 ... successively, the integral becomes 

1 1.1 1 , 


Ltt — 2 / 7r + 2/ Stt — 2 / 37r + 2/ 


dy 


=1 sin 2 /^ tan 1^2/ (Hobson, Trigonometry , 'g. 335.) 


TT 

2‘ 


=1 sin2|c?2/=^|^(l— cos2/)c^2/= 

995. If we put x=—y it is clear that 


sin X 
. X 


cZx. 


Hence 

sin X 


sinx , „ TT 

dx=Z • 7r=7r. 

X 2 


996. If r be positive we have, by putting rx=y, 


If r be negative we have, by putting rx^y, 
sin rx 




sin y 


dy 


=-I 


_ j*'^ sm y 


TT 


dy=-T, 
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If r be zero the integrand is zero, and 

sinra; 


I ” 


X 


dx—O. 


997. If the integrand be regarded as a function of r the 
discontinuity may be exhibited geometrically by tracing the 


graph of y= 


=1 


sin x9 

~e~ 


do, which will consist of 


TT 


the straight line y=—^, from x= — oo to a:— 0 ; 
the point x=0, y = 0, when tc=0; 


the straight line 2/~^> from a;=0 to x=oo; 
and is shown in Fig. 323. 


O 

TT 


X 


Fig. 323. 


si n 

998. The graph of the integrand, viz. , is shown in Fig. 324. 

i-oo • 

/ SID X 

The integral I — —dx is the difference of the areas between the 
Jo ^ 

p-axis and the successive portions of the curve which lie above the a'-axis 



in the first quadrant and below it in the fourth quadrant. The successive 
maxima rapidly diminish. The positions of these maxima are given by 
the equation tan.'P=a, and can be determined graphically as the inter- 
sections of the graphs of y = tan .randy = a. They occur in each case a little 
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Sin >lV 

earlier tlian midway between two successive cuts of the curve y = ^ 

* X 

by the a’-axis, but rapidly approximate to the midway as x increases. 


999. Method II. A Further Illustration of breaking up the 
Integration into Sections. 

Since the 2 /-axis is an axis of symmetry for the graph of 

sin X . 1 

we may take 



In the integrals in the first row put 

X=y, TT + y, ^TT+y, Stt+i/, etc., 
and in the second row 


Tlien 


27=1 sin y 


a:= — TT-t-y, — 2x + y, — 37r + y, etc. 

11,1 1 


+ ... 

.y '^ + y ' ’^TT+y Stt+i/ 
1.1 1 


=joSin?/ 


1 


-TT + y^— 27r + y 
1 1.1 


•37r + y 
1 


+ 


j? 


y 2/ + '^ Z/ + 27r y — 27r 

Sin 2 / . cosec y cZy= I \dy- 

J 0 


dy 

dy 


r = 7r 


T If (Hobson, Trigonometry, Art. 295) 

giving as beiore. 

This proof is similar to that of Method I., but makes use of 
the expression for cosec y in partial fractions instead of that 

for tan^. 


1000, Method III. Illustrating Differentiation under an Integra- 
tion Sign. 

(1) Con.sider the integral ^ — where r is positive and 

I- any finite positive quantity, which we shall ultimately diminish without 
limit. 
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Then so long as k lies between 0 and + co , 

r^_^ sin(r + 8r)^-si i^ ^os(r+ 0 Sr):v da:, (O<0<1), 

8r Jo or X Jo 

^F + (r + 08r)2’ (^rt. 96), 

and proceeding to the limit when Sr is indefinitely small, 


" * , whence 1= T 

dr k^ + r^' J’> x k 


no constant being needed since each side vanishes with r. 

If in this result we diminish k indefinitely towards zero, the integral 


tends to the limit J — — — dx, and tan ' ^ tends to the limit 2 ~ 2 

according as r is positive or negative. But if r=0 the integral is 
obviously zero. 

Hence f dx = ^, 0 or according as r>, = or <0. 

Jo x 2 ’ 2 

(2) As a further illustration of this method, let 

r^r dd 

" Jo (acos^^+jSsin®^)’’’ 

a and /3 being of the same sign, so that the subject of integration has no 
infinity between the limits. 

3 0 

LetAs^ + ^. Then A/„= -• 


Hence 








^ + tan’0 


Hence 


r / .x’T A _L ’T JL/1 , 

2 “^ ^2 \lafi 4 sjafiya fs) 


Similarly 


, TT 1 /3 2 3\ , 

“ 16 a)3 )3 V ’ 


And since 




-io-i 


(1.3...2p-])(1.3...29-l)^^, 


(-!)''+« ( 2 p) 1 ( 29 )! I 1 

221p+») (p!)(9!) 
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the general result is 

.VTT (-!)’■/ 3 , 9V_L 


(nl): (2y»^)!(2y)! J_ 
2 k! 0 ^ 2^’* «!(7! JaB 


iB 

j TT 1 4h(2p)!('2<7)! 1 , 

Also, since 

3/„ p cos^^c.0 9/n_ i'”‘ sin®0£/0 

^~~Vo (iT^s^&TB^m^W^' ’ W ~~ ''-'o ^ 

all integrals of the forms 


(acos^0 + ^sin‘‘*0) 


2 Zlxn + l’ 


r 1 

cos-(Jd6 

1"^ s\o'^6d6 

Jo (acos^0 + Bsin^(J)“ J 

0 (acos^t^ + jSsin^t^)"’ J 

0 (acos-0+/Jsiu“0)" 


can be computed, ?i being a positive integer and a, /3 of the same sign. 
1001. Since 


and 


/ 

/ 


e~''''co3 hx c?.r = e““' 


h sin hx — a cos h.r 
o-+6^ 


+ const. 


, , _„,6cos 6.r+rtsin 

c““"'sin hxdx= -e~"^ — n; h const., 

a- + b- 


we h a ve / e~"* cos 6.r dx - ( 1 )> 

Jq o. 4 - 0 “ 

•( 2 ), 1 


Jo 


a being supposed positive. 


e~"''sin bxdx= 


d^ + h- 

Integrating the first of these equcations with regard to b from 0 to b, 

„,sinZ».t’ , , ,b 

I (/jr = tan“^ ■ , 

Jo X a 

and integrating the second from c to b (both positive) and 

r „,cos6.r — cosc.r , 1, rt"+c- 

e-'*-' dx = - log-^-:-?., 

When a diminishes indefinitely" the limiting form of (3) is 


n sin bx 

Jo X ' 2 


or 


according as b is positive or negative. 

If in equation (4) we make a diminish indefinitely, 


r 

Jo 


cosb.v-cosav , , c 


.(3) 

.(4) 

.(5) 

.(G) 


If we differentiate (1) and (2) n - 1 times with regard to a, 

£ cos bx dx=(- !)"-> cos n0 sin" 

■where tan 0 = ~, 
a 


and 


Jo 

E.I.C. II. 
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Here ii is a positive integer and a is positive. 

The case when n is not a positive integer is considered later. 

1002. Method IV. Deduction of a Definite Integral from the 
Summation Definition. 

We may employ either of the well-known trigonometrical series 
!r_| = sin 0-pisin20-+-^sin30-l-... ad inf. (■n->0> -w), 

2 2 2 o 

- = sin (9-1-18111 3(9-hlsin 5(9-1-... ad inf (Tr>d> -n), 

4 3 o 


to obtain the value of 
0 ) 


sin .V 


d.v. 


Tsin.r , r. ,/sin;t , sin 2A , sin 3/i ^ 

Jo — 

^ /sin A sin 2/i , sin 3A , N 

=/A=o(— +— +-ir-+-J 


= Lth^ 


TT • 


-h IT 


2 2 

Tsiti.r , „,/'sinA , sinSA , sin5/i. , ^ 

Jo — J 

, ^/sin A , sin 3A , sin 5A \ 

„ TT TT 

= 2x--2. 

rFor the fir.st series see Diff. Calc., p. 108, Ex. 21 (2). 

For the second add to the first - =sin 0 — ^sin 20-1-gSin 30 — ... 

or otherwise. (Hobson, Trigonoinctrif, p. 288.) 

See Bertrand, Calcid. Diff. et hit., vol. i., pages 304, 383.] 

1003. Method V. Again illustrating Derivation from the Defini 
tion of an Integral as a Summation. 

Consider the series 

^ ^ c-'^^sin0 c--'>^in20 ^ 


Let 


1 

„ a-'^'’co3 0 e-”’® cos 20 . c-'*®® cos 30 , 

( 7 = ; + — + ^- 1 -.... 


1 ‘ 2 ‘ 3 

Tliese series are convergent so long as q is positive 

C+i5=2: ^=-log(l-e «®e‘-®) 

1 n 


= -logs/l-2e“«®cos0-l-c -'^®-Pttan-^ ^ 

^ 1 - e ^ cos 0 


5'=tan"^ 


sin 0 
- cos 0 
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In the limit when 9 is made indefinitely small, 

, , cos 6 . , 1 TT , , 

5i=tan-iZig^o— = tan i- = --tan-ig'. 
qe^ + sin 9 H ^ 

Now 

re~^^sinxj j. , re“®^'sin /i e~^^^‘sin 2/1 e"'®'‘'*sin 3A "1 

■]• 


=z< 


li=0 


e ^*sin A e “^^‘sin2/i e ®^^‘sin3/i 




- + 


+ 


+ 


e ^ smx, ^ i. -1 
a.r = - - tan ^g. 

X 2 


Now let q diminish indefinitely to zero, the limit towards which the 
result tends without limit is 

Jo X 2 

^rf.r=tan-^- may be established 

x q 

for the case q>r thus ; expanding sin nr, we have 

But ^.r"e-^*d.r=^i ; 

y r 1 ?•’ , 1 r 

This series, however, is divergent if y < r. See Art. 1000 (1). 

1005. Method VI. Illustration of Use of Change of Order of 
Integration. 

Consider the double integral 

/= I / e“''^'sin j'.r cfrcfy. 

Jo Jo 

Integrating first with respect to y, 

7 = r r _ e-i' (/.y = dx. 

Jo L X Jy =0 Jo X 

Changing the order of integration, integrate first with regard to x, 

r r _ .y sin rx± r^^xj-, 

Jo L 7--+y'^ -1^=0 

= f -~1 = H 01’ “ K ) 

Jo r^ + i/ L rJo 2 2 

according as r is positive or negative ; 

r sillJ’a; , TT TT 

dx=^ or -q, 

X 2 2 

according as r is positive or negative. 
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1006. Method VII. The integral may also be established by the 
method of contour integration. (See Art. 1302.) 

1007. The expression for cotz in partial fractions (Hobson, 
Trigonometry, p. 334) is 


cot 0 = - ' ^ 


' + ‘ 


z 04 - 7 r z — TT 2 + 27 r 0 — 27r 0 -|- 37 r 0 — 37 r 


I W 

=-+202 


1 


0 ■ " ’ 


If (p ( 0 ) be any periodic function of 0 with periodicity tt, i.e. 
such that 0 ( 0 ) = 0 ( 0 +r 7 r) for all positive or negative integral 
values of r, we have 

/•«r 


i: 


^dzJ 


r fn' ran- r.Sir 

I + + + 

I JO JTT J 2 n 

L. + I-jAL; 


+ ... 


0 ( 0 ) 


dz. 


In these integrals, put 

z—y, ’T+y, 2'7r+y ... in the first row, 

and ~’r+y, — 27r+y ... in the second row. 

^ f' <p(rw+y) f 

Jr. « “ Jo rTT+y Jo riT+y^^’ 


J-rn 0 Jo y—rir ^ Joy-^rTT ^ 


Hence 


J-” ^ Jo Ly y+^ y- 


TT y+ 27 r y — 27r 

= 1 cot ycZy, 

Jo 

<p{x) dx _ r 0 where 0(a;)=0(x+r7r) 
Jo 


.] dy 


=0 X 


i.e. J_ 

Thus, if 0 (a;)=tan x, f - dx= f tan x cot x dx=iT. 

J-co X Jo 

t&ill 2/ 

Also is not affected by a change of sign of x, and its 

graph is symmetrical about the y-axis. 


Hence 


tana: , tt 

dx= ^ , 

CO a: 2 
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and writing rx for x, 

f"tan Va; , tt w „ • , ve ve 

1 rfa:=K. — w or 0 as r is or zero. 

Jo a; 2 2 

1008. We now proceed to consider some consequences of the 
result j* ^ sin ra:^ tt 

Jo a; 2 ■ 

By the ordinary method of summation, we have 
pCq sin 2px+PG^ sin(2j9 — 2)a;+ ... sin 2a;=2^^ cos^a; sin^a; ; 

. |- 1^ ^ |pc„+^c.+ ... J=|(i -1). 


1009. In the same way 

p^osin 2px-^Ci sin(2;?-2)a;+ ... + ( - sin 2x 

= (- l)^ 2 Psin*'. 2 ?sinpar, (/> even) 


Hence 


K” 1 

or = ( ~ 1)“ 2^ sin^’a; cos^a;, (p odd). 

"sin^''xsin2n^dx (-1)" tt 

2*'*” ' 2 ~ V 2“"+^’ 




1010. Again, 


r[sin (2a+ 1)^-- 0, sin (2 ji - 1 ).r + . . . 

Jo X 2^" Jo 

+ (-])" *"+^ C„ sin x] — 

X 

= I [1 - ^2 -... + (- 1 )" ^’‘ +> G„] 

7rl.3.5...(2ji-l) 

“2 2.4.6... 271 ■ 

1011. Let a and h be any two positive quantities (a > h). 


Then 


and 

X 2 


’sin (a—h)x 

X 2 ‘ 


Hence, adding and subtracting, 

f”sin ax cos 6a: , w , 

I dx=— and 

Jo a: 2 


’cos ax sin bx 


dx=0. 
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We may then state that 

(’“sinmcosg'o; , . 

— — ax= g or 0, according as p >• g or C^q 

JO ^ 


both being considered positive. 
If p=q. 


sin px cos 


gXj _1 psin2^a:j 


IT 

4 ‘ 


1012. Q-raphical Illustrations. 

Consider the graph of sin xdcoB 9 

We may write this as 3 / = ^ f” si n (.r + 1 ) + sin (a; — 
‘ ^ 2./0 6 


If .v> 1, 

y=|l 

5+1) 

TT 

“2‘ 

If .r = l, 

?/-l\ 

:i+«) 

TT 

“4' 

If ;r < 1 and > - 1, 


^TT Tr\ 

^ 2 " 2/ 

=0. 

1 

II 

l-H 

?/=l{ 

5-1) 

TT 

“ “4’ 

If .r < - 1, 


t:|C« 

1 

bici 

1 

/ 2 


Hence the graph is discontinuous and as shoM’n in Fig. 325, 



r 

7T 

4 

• 

TT 

4 


.r ' 

TT —1 
*■ ^ 

• 

^■?r 

*" 4 

y 

0 ^ 

X 


Fig. 325. 

/~c 1 c r sin 6 c03x 9 jn 

1013. Graph of y= j — dd 

1 sin(l +.r) 0 + sin(l -.r) 0 

= do d 



DEFINITE INTEGRALS. 


199 


Here, 

if ^>1, 

y=\^ 

''tt 7r\ 

= 0 


.■r=l, 

2'=i( 

:i-») 

TT 

“4 


- 1 <.r < 1, 


^TT TtX 

TT 

“2 


x= - 1, 

y=§( 


TT 

“4 


.r < — 1, 

y=\{ 

'' TT Tt' 
2'^2, 

) = 0 


and the graph ia as sliown in Fig. 326. 




y 



• 

• 


4 :' 


0 

X 



1 '' 



Fig. 326. 
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and this must lie in numerical magnitude intermediate between 
the results obtained by replacing smhx by —1 and by +1 


respectively, i.e. between 


It 

1 r 11^ 0. ~ ^ • , o 

■y or ^.e. ±0. 

h L xjh oil 


lb 

Therefore the second integral, for the infinite interval between 


- and r vanishes, and we have 
a b 


cosax— coshx j , b 
aa:=log-. 

Jo 


This is a special case of a theorem due to Frullani to be 
proved later (Art. 1183). 


1015. It follows that 


. b-a . b+a 
sin X sin — ^ .V 




i e [ (fa; = 1 > 3 both positive). 

Jo X ^ P~<1 

We have now considered 

r sinya;sing.-i; ^ 1 

Jo .V 2 °p-q' 

and r?iilP^lTM5(fa:=“ orO, asjp> or <q (Art. 1011). 

Jo •!' ^ 

^Iso / dx is infinite (Art. 348). 

Jo *1' 

1010. Taking 2/=|^ — or 

as r is positive or negative, or 0 if r=0, integrate with regard 
to r from r=0 to r=r, 

f”l — cosrd,^ -Trr vrr 

2/=J„— 

as r is positive or negative, or 0 if r=0 ; i.e. putting 2r for r, 

f” sin-r0 irr _ irr 


'17 -/TV /I V 

(^0= - or 


as r is positive or negative, or 0 if r be zero. 
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1017. To illustrate this geometrically, consider the graph of 



Fig. 327. 


which consists of the parts of the lines y= ±x which lie in the first and 
second quadrants. 

1018. Integrate equation (1) with respect to r between limits 0 and r. 
Then j — — — d6 = ^r^ or -^r-, as r is positive or negative. 

Thus the graph of y = dO consists of the parts of the 

two parabolas y=^x^ and y— —x% as x is positive or negative, which lie 
in the first and third quadrants. 



Fig. 328. 

Similarly we might proceed to further integrations. 

r°° sin^ sin 

1019. Graph of y — ~j p — —dO. 

Since a change of sign of x evidently does not affect the value of the 
integral, the y-axis is an axis of symmetr}'. 
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Also 

OC X XX* 

y=asin- if sin- be positive and y = — asin- if sin - be negative. 

(X/ CL CL CL 

Hence the graph is that shown in Fig. 329. 



y 



x' 


0 

X 


Fig. 329. 


/•QO 

1020. If we integrate j +- with regard to r between limits 

q and p (both positive and p>q), we obtain 

r cos qd- cos, pO ’T, , 

I — -S). 

i.e. I — 


or putting p + g' = 2a, p-q = 2b, 

r sin a^sin hO m tTt 
W 

where h is the smaller of the two quantities a and b. 


rp u 1C psin^^cos.r^ 

1021. Trace the graph of ^ d0. 

In the first place a change of sign of .v does not affect y. Hence the 
y-axis is an axis of s^’inmetry. 

Also we have 

y=\ [ ^^{sin{.f+l)6'-sin(.r-])0}d0 

1 /■” sin 0.sin(.r+ 1) 0 1 f” sin 0sin(.r- 1) 0 „ 

“iio w~ 


If .r>2, 

1 

= r 

TT 

2' 

'-1 


= 0. 

If .r = 2, 

1 

^ = 2- 

TT 

2’ 


TT 

2 

= 0. 

If 2 > .r > 1, 

1 

TT 

, 1 

TT , 



2' 

1-2- 

2(" 


If .r=l, 

1 

y=r 

TT 

2’ 

1 -0 


TT 

^4* 

If 1 > a; > 0, 

1 

y^r 

TT 

2' 




If .r = 0, 

1 

TT 

1 

TT 

TT 

y=i- 

2 

■*■2 ■ 

2 

""2* 
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The graph therefore consists of : 

(а) th^^portion of the a:-axis from .r=2 to a’=oo , 

(б) the portion of the line 2 /=^ — ^ from x — 0 to x = 2, 


(c) the portion of 2 ^ = -+— from x= -2 to .^ = 0, 

{d) the portion of the ji-axis from x= — 00 to .r = -2. 



And the discontinuous nature is shown in the illustration (Fig. 330). 

1022. Trace the graph of i/=J^ (Math. Tripos, 1895.) 

We note in the first place that a change of sign of x gives a change of 
sign of 2 /. That is, the origin is a centre of symmetry. 

H 



du f” sin^6^cosa'^_,„ r7r(2 — .r)/4 from .^• = 0 to x = 2, 

35“]. ff‘ = from *=2 to »-oo ; 

_fA+7r(4x-x^)/8 from .^; = 0 to x=2, * 

^~\b from .r = 2 to ^= 00 , 

where A and B are constants. 

Moreover, the difference of adjacent ordinates at ^ — e, x+t, being to 

r sin^ 0 cos 'V0 

^ — dd, ultimately vanishes with e, and there- 
fore there is no abrupt change of ordinate at any point on the graph. 
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Again, y=0 if ^=0 ; A = 0; 

andata: = 2, A +7r(4. 2 — 22)/8 = ^ ; ■® = 2' 

Therefore the graph in the first quadrant consists of a portion of the 
parabola y = 7r (4^ -.r^)/8 from ar=0 to :r=2, the vertex being at (2, 7r/2), 
and a line, 2y = 7 r, parallel to the a;-axis from x=2 to x= co . 

And remembering that there is symmetry with regard to the origin, 
the graph is as shown in Fig. 331. 

It appears that the points P, P', where two of the discontinuities occur, 
are the vertices of the two parabolic arcs, and that at the third discon- 
tinuity which occurs at the origin the parabolas have the same tangent. 

The discontinuities occur in the second differential coefficient. 


1023. Cases of 


I 


sin”* a? 


0 

"*rc 


dx. 


Let =\ dx, where m is not less than n, and m, n 

m.n 

are either both odd or both even positive integers >2. We 
have proved in Art. 265 a reduction formula connecting 

^m,n) '^fn,n-2 '*^7n-2, n-2> viz. 

(n - 1 ) (n ~ 2) „_2 - m (m - 1 ) w„._ 2 , „_ 2 == 0. 

Now we have = (Art. 1016), 

, rsin^a-, 1 r°3sin.r-sin3.r , 1 r„ ,-,7r tt 


and from the reduction formula, 

I 2. 1m3.3+9wj,,-3.2w,,, = 0 ; 


m = < 
n- 


TT 37r 


2 «. 3,3 = 6 .^- 9 .t = 


Sir 


, , r sin^ar , 1 r sin 5.v - 5 si 


4 4 ’ 

— 5 sin 3.r -f 10 sin x 


dx 


= |.(l-5 + 10)| = g. 


Then the reduction formula. 



m = 5 
n = 3 

j- gives 2 . l« 5 , 3 -f 25 w5,i — 5 . 

and 

m = 5 

71 = 5 

j- givms 4. 3«5,5-f 25‘U5,3-5 . ' 



fiTT 115 

whence 


etc. 
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1024. lu order to generalise these results it will be plain 
that it is necessary to express sin^’‘+'a: in the form 
.4sina;+5sin3cc+C^si];i 5x+... , 
and then we shall have 


(see Art. 1010). 

And similarly if we can obtain 

sin^''“*a: cos x in the form sin 2a: +5^ sin 4x+(7i sin 6a: + ... , 

we shall have 


f” sin^'^a: , f sin^''a:l“ , _ f“ sin cos x , - 

Uiri=\ — ^dx— +2r dx 

Jo Lx Jo Jo X 


Jo X 


xcosx 


dx 


= 2r{A-^^+B^+C^+ ...) 2- 


and the sums A + B+C+... , and ... are easy to 

find. (Art. 1026.) 


1025. It has been shown in Art. 1010 that 

TT 1.3.5... (2r-l) 
'2 




2 2.4.6...2r 

and this with the reduction formula will enable us to obtain 
the values of all integrals of form W 2 n+], 2 ;)+i p)- 

1.3.5 TT ^ 

26 > 


Thus, if r = 3, 
and 




2.4.6 2 

2 . Itij, 3 + 49147, , - 42%, , = 0, 
4 . 3%, 6 "h 49%, 3 — 42%, 3 = 0, 
6 . 5%, 7 -f" 49%, 5 — 42%, 5 = 0, 


Ttt 


TTtt 


^■’“64’ 


giving 

Collecting the results, we have 

TT 


« 7.7 = 


58877r 

23040’ 


and so on. 


TT 

«3,1 = 4, 

II 

<»l“ 



Stt 

«.i = T6, 

dir 

«5.3-32> 

%, 5 — 

11577 
384 ’ 

bir 

Vtt 

^■*“64’ 

“7,6 = 

etc. 

7777 

1.3.5... 

(2r— 1) 77 

. the 

same 


588777 


2.4.6...2r 


/'si 


sin^^edO. 
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1026. Again by differentiating the formula 
22'-(-l)’-sin''-a;=2*2\-l)‘’ (2r-2s)a:+(-l)’'2'-C„ 


S=0 


we obtain 

2r sin^''-^a: cos x= ^ ~}1^ 2 (— l)'(2r— 2s)^'‘(7gsin (2r— 2s)a;, 


22r 


fi =0 


and the sum of the coefficients required (Art. 1024) is 
^^^{2r2'-Oo-(2r-2)^'-Oi+(2r-4)=^'-C2-... + (-l)’-'22’-a_,} 


22 : 


1 


-2 


' 22 r-i y Xcoef. of in (l+z)^'' X (1+z) 

1 1 (2r— 2)! 

=22731^ X coef. of z*-* in 


. r 

Hence Uo, 


/•'X) • 

= f !i 

2r,2 — 

Jo 


Sin ^''x 


x‘- 


and if r=l, and =T”if ?’=2. 
2 4 


, _ 1 .3. 5 ... (2r— 3) TT ^ ^ q 

^X> c\ A /-. m n\ o ^ ^ 2> 


'2.4.6 ... (2r-2) 2 


1027. Thus 

TT IT ^ 

= «4,2=4; “«.5-274 ‘ 2“l6 ’ 


1.3.5 7r_5T_ 
'“*' = “2.4.6 ■ 2 “32 ’ 


etc., 


the first of these having been found before. 

And now the reduction formula can be used, 

(n- l)(7i- 2)M,„,„+7n.2«m,n-2-«i(w- l)'Mm- 2 ,>j- 2=0 (m<i:n), 

I 3.2m^< + 16m4 2-4.3m2,. = 0; 

I 3.2«e4 + 36M6 2--6.5tt,,j = 0; 

71 = 4 J 

\ 5.4«e.e+36tto,i-6.5«4,.=0; 

7i = b ) 

etc., 

TT TT IItt 

giving '“^•■*'^ 3 ’ “*■'^”40'’ 


and collecting the results, 

TT 

2 — 2 > 


TT 



TT 
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_37r _7r _]] — 

bTT 

2 — 02 ’ ’ 


and generally, 

1.3.5...(2r-3) 
“^’■'^“2.4.6... {2r-2) 


- (r<j:2), and therefore 

Jt 


= f sin^’-' 

Jo 


Ode. 


1028. A result due to Wolstenholme follows at once, viz. 

I j* F{sm^x)dx, 

provided F{z) be any function of z which can be expanded in 
• a convergent series of positive integral powers of z. For let 
F{z) = A.q-\-A.jZ-\-A2^^~\~‘“ • 

Then 

sm'^ . o . , 2r?ll^(^^+^^sin2a:+^2sin^x+...)dx 

Jo ® 


i: 


x^ 


■ F(sin^x)dx=2 


— 2(AoM2.2 + '^i'“4,2 + ^2'^6,2+ ■••) 

= 2 (.^ 0 +^, sin2a:+.4, sin^a:+...) dx 

Jo 

TT 

=2[ F(sin%)dx=f F(sin^x) dx. 

Jo Jo 


1029. It is also plain that if F(sin 9, cos 0) can be expressed 
in the form A sin^0+5 sin g0+Osin r0+ ... , 
where p, q,r ... are all positive; then 


i 


0 t/ A 


or if F(sin 6, cos 9) can be expressed as 

A cos p9 A- B cos q9+C cosr0+ ... , 
where p, q, r are all positive, and if.4+5+C+...=0, then 


f 


F(sin 9, cos 9) [” A cosy0+5cos q9A- ••• 


02 




02 


d0 


_ f” A (cos ^0—1) + jB ( cos ^0— 1)4- ••• 

“Jo 9^ 


d0 


= -\{Ap+Bq+CrA-..-), 

and evidently other propositions of similar kind may be 
enunciated. 
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^ o- 1.3.5...(2r-l) 7r , 

1030. Ex. 1. Since M2r+i.i= 2 4 0 2r ' 2’ 


los 


1 +M.sin ax dx 


1 — » sin ax x 

i 3 /«6 


(7i<l, a>Q) 
dx 


= 2 I ( T sin ax + -— sin^a.r 4--^ sin®aa;+ ... ) — 

Jo \1 3 5 J X 

I+f r ht ■ H - 


and if ?i=^, 
Ex. 2. Since 


’ . t , . .dx IT . 1 

tanh“i(Msm ax) — = ^ sin“'n 

CC 2i 

, dx 'TT^ 


. .dx 'TT^ 

I tann-'(isin ax) — =75- 
Jq " X iA 

1.3.5...(2r-3) ^ . . 

^'■•^“2.4.6... (2r- 2) ’2 ^ ^ 

, l+nsin^axdx . ^ 

logT-^ —i 2 «>0) 

“1-nsin^axx^ 


f 

= 2 j ^Ysin 2 «iB+^sin®ax+y sin'®ax + ...^^ 

= 2a|( 


, , •aM.3 , 71' 1.3.5.7 , 

— X — 1+ — ;; — : — X— x + ... 


3 2.4^ 5 2. 4. 6. 8 


.’. r tanh~^(nsin^ax)^=^{\/l+n-Jl-n}- 

Jo <,V Ji 

Ex. 3. 1 = tanh-’ ^cos | sin^x^dx. 

By Wolstenholme’s principle given above, this integral 

ir 

= 2 ^ tanh-'^cos ^sin^x^dx 

7 "1 

= 2 f rcos^sin^x+5cos^^sin'x + pcos'^sin'®x+ ... \dx 

Jo L. z o Z 0 Z -J 

„7rr al 1 ,a531 ,1 .a 9 7 5 3 1 "I 

= 2 2 L"^"2 2 + 3"”" 2 6 4 2+5 2 10 8 6 4 2 + -i 


Now 


(1 - z)-i - (1 +z)-i_l , 1 . 3 .5 


2z 


2 + 2 . 4 . 6 


2.4.6.8.10 


2 ^ + . 


I f‘f 1 1 -^dz 1 , 1.3.5 23 _ 1 . 3 ..^ 

•• 2jo ^ 2^ + 2.4.6 3'^2.4.6. 


1.3.5 23 . 1.3.5.^^^ . 

8.10 ’ 


and writing 2=003 29, this integral 


2\/2 •'f Vsin 9 

= ^/2^ 

•'e 


1 \ 4 sin 9 cos 9 


9) 


cos 0 + sin 0 
Hence putting 40 = a, /=7rlogcot^^^^^. 


cos 29 
jj^=logcot(| + |). 


d9 
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1031. If q be positive integers and 'p^q, the integral 


•=r 

Jo 


sink’s; 

a;2 


dx may be investigated by a method which does 


not entail the successive calculation of previous results of the 
same form leading up to this integral, as was done in 
Art. 1023. 

f 

Jo 


Since 


xi 


we have 


i: 


sinPa: 
0 ^ 




2 ?-ie-a:zsin^a; dz dx. 


0 *’0 


Now, p being taken greater than unity, and a positive 
Jo p^-ta^ Jo 


e~'^^svoP~^x dx (Art. 104) 

p\ 


or 


Hence 

sin^a; 


Jo a:3 (g-l)!j, 


( 0 , 2 +^^) — 2)2}.,.(a^+2^) a 

^ P} 

{a^+p^){a?‘-\-{p—2Y] ... ( 0 . 2 + 12 ) 

z^~^ dz 


- if p be even 


and 


(? 


P'- f 


(g-l)!Jo 2(22+22 )(s 2+42) ... (22+p2) 

zi-^dz 


if p be odd. 

if p be even 
if p be odd. 


,0 ( 22 + 12 )( z 2 + 32 )( 22 + 52 ) ... (^2 + ^, 2 ) 

The integrand can then be put into partial fractions of the 
form . ^ 


2 


p even, ^ 


^z 2 +( 2 /c )2 
{q even) 


or 


2 

s 




^ 2 ; 2 +( 2 /c )2 
(g odd) ; 


«±i 

2 


P odd, 2 ; 




r+\ 

2 






4Jz2+(2/c-1)2 ^z2+(2/o-1)2 

(g-odd) (geven); 

and their coefficients have been found in Arts. 162 to 165. 

In the two cases p even,-) p odd,-> the integrals are of the 
g even,/ g odd,/ 
inverse tangent species, viz. 


r dz _ri 

Jo z^-\-n^ Ln 


tan-i- I ^ ; 


-^Jo 


n 2 


but in the remaining cases the integrals are logarithmic. 
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1032. Particular cases are simple. 

_ r sin^r , _3! r f 

Jo 1^‘^^~2]Jo (3=‘ + P)(2‘‘* + 32) 


1 1 +9 

9 I I 


+ 3=‘J 


8 22+P"^R 22+3=“ 

3r9 2 _1 T 3 f9 

= 8 ['3 ^^" 3-*^'^’^ U =r (3-V2-T’ 


dz 


r” sin^.r , Sir 

0 -^-''-'-ui. 


zdz 


{22+12)(22 + 32) 


-ra 


8 2^ + 12 822 + 32 


dz 


1033. The general result is not difficult to obtain ; the integrations 
have already been performed in Arts. 162, etc. 

rsin^:r p! f ( P andp<i:q) ^ 

Jo .V^ - 1)1 Jo (22 + 22)(22 + 42)...(22+p2) [gevenj ^ J 

and by writing y - 2 for 2 (?\ ^rt. 162, 

and p for 2 jii 


V+l 


- 2)'"’ + •■■ + (- 1)5 ■■ 'C,_, 2'-]. ... (A) 

r sin'’.r , P'- r . 

Jo (22 + 12) (.2 + 32)... (22 +p2)’ 

and writing ? - 1 for 2 gl jg 4 ^ integral 

and p for 2 ?i - 1 J 


= - ^^i(p - 2r' - 4)’-' -... + (- lf2 ’ »'C'rol»-i]. (B) 

If p be even) , . 

a„d,beocld)“"'“P*5’ 

r sin’-.r , p '• r z'‘-^zdz . 

Jo .V'' ^'^'~(q-l)lJo (22 1-22)(22 + 42)...(22+^2)> 

and writing 7 - 3 for 2 ^ j m) of Art. 163, the indefinite integral i 

and p for 2nJ 

1 (- 1)^1 


IS 


(q-l)l 


2 *^ 


'’CoP’-' log (22 +p2) _ f'Cjip - 2)2-* log {22 + (p - 2)2} + . . . 

+ (_l)^"'j'C'^_^22-*log(22 + 22) 

Now in the expansion of (e^-c-*)" = (2a-+...)*'=2V+ ... there are no 
terms of lower degree th.an .v’’. Hence, if 5 be Ij’p, the coefficient of 
.r’-* is zero ; ie. the coefficient of x*"* in 

’’-1 4 

■5"^ ' 2 . 

+ (_l)f+’;'C'^ e-'2-+...+pCpe-P* 

TT +1 
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is zero ; and p being even and q odd, 

- 2)’-^ + ^C^ip - 4)''-! 1)^"‘ 2^-^ 

vanishes identically. Hence, multiplying this expression by log 2 ^, and 
subtracting it from the portion of the indefinite integral in square 
brackets, we have 

. ^Goj3»-^log(l +^ypc,(.p-2y-^ log + ... 

+ (_l)f-%Gp_^2»-Mog(l+J), 

which vanishes when 2 is infinitely large. 

Hence 

p+1+1 

Jo ^ P - ^<^i(P - 2)’'“’ log (p - 2) 

+PO,(p - 4y-Uog (p-4)-...+(-lf~'^C, ^ 2»-> log 2 I (C) 

Finally, if p be Oddi 
and q be even J 

/■“ sin^fT j p\ n z^-^z dz 

Jo (q-l)lJo .( 2 ^+ 1 ‘‘)(^H 32)(22 + 52 )...( 22 + 5 ? 2 )’ 

and writing 2 1 for jjj result (D) of Art. 165, the indefinite 

and p for 271 - 1 J ' ' ’ 


integral is 

7 - P-l 

1 (- 1 ) ^ 
(^-1)! 2P 


pOq p^-^ log ( 2 ^ +p2) - P(7i(p - 2)’-^ log { 2 ^ +(p- 2)2} + . . . 


+ ( - l)’’^ Wp,^l7-ll0g (22 + H)] ; 
2 


and in this case (p odd, q even) we have, in the same way as before, 

p(7oP»-^ -■PC'i(p- 2 )’-i+'’(72(p- 4)’-‘ -...+(- l)^»'(7p_ip-i = 0, 

2 

an identity. Multiplying by log 22 and subtracting from the portion of 
the indefinite integral in square brackets, we get 

PCop^-‘ log (1 +^') -^C^ip - 2y-Uog { 1 +. .. 

+ (-l)^W,_^iH-'log(l+p), 

which vanishes when 2 is infinitely large. 

Hence we get 

7 - P+l 

I logp - PC^ip - 2)»-' log (p - 2) + . . . 


the last term vanishing. 


+(_!)% PC'^D-ilogl], 

O — 
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Hence, summing up, the four results may be written as 


to ^ or terms, if p - g be even, or as 
A A 

p-i-i 


= ^ iyi ^osp-p(p- 2)""^ log (p - 2) 


- ^ (p- 4)'^~^log (p-4)- ..._ 


to ^ or terms, if jo - 5' be odd ; p being <t q. 
A A 


I 


This generalisation is due to the late Prof. Wolstenholme. 

It will be noticed that more is effected by the treatment of 

dx in this article than in Art. 1023, as the limitation p, q, both 


0 x’’ 

even or both odd, is now avoided. 


1034. Thus, for instance. 


EXAMPLES. 


1. Show that 




[Math. Tripos, 1884.] 


2. Prove that 


(2) f” 

Jo 


sin^"'*'*a;^ 1.3... (27!.- 1) tt 

X ^ 2. 4. ..27! • 2 ' 

sin^’‘'''*x^^ _ 1 . 3 ... (27! - 3)(2n + 1) tt 


3. Prove that [ ^ c?x = [ - 

Jo ® Jo 

i:(^ 


2 . 4 ... 271 ■ 4 ■ 

[Trinity, 1889.] 

tanx , TT 
— _ 

X 2 ' [Math. Tripos, 1887.] 


4. Find the value of 1 f sin x + sin . 

X/ X 


[Colleges |9, 1888.] 


5. Trace the locus J d9. 
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6. Describe the discontinuous surface ^ = J x9 cos yO 


7. Show that 


[Trinity, 1888.] 


J {^0 - x^cfil +a:^^2 - etc.} dx — ^ir<f)( - 1), 
and apply this theorem to find j* dx. 


sin ax 


[Glaisher.] 


8. Discuss the locus 


y= sin 
Jo 


(2a: -71 + 1)0 . n9 6 dd 
2 


where ti is a positive integer. 

9. If 0 < a < TT, prove that 

f” , 1 + sin a sin x dx 

(i) 1 log^i ^ : = TTa .: 

' J 0 1 - sin a sin a; a; 

.... f”, 1 +sin2asin2a: (fz , — r-^ 

i *“* l-sin».sin»x F = ")• 

10. Prove that f" rfx - v (72 - 1 ). 

J -00 a; 2 (l + Silica:) ' 

1035, Let I^=^e-°'^Q,oshxdx, Z 2 =Je““*sin (a +^®). 

Then 6a:+6sin6x FjT, 


dx = TT { sj2 - 1), 


-1-'^ ^2+62 > — LiJo“aH6‘^’ 

T — asinftx— 6cos6a: j PtI” ^ 

h=e-‘^ Sqrp . and =-^. 


Integrating each with regard to a, from to a— q, 

f”e-9®— e-p® j , 1, 

cos bxdx=^ log 

Jo a: 2 ^ 




sin bx da:=tan“^ ?— tan“^ 7 . 

b b 


The case 7? =00 ,1 . . 

q =0 

f ” sin hx , TT 

dx =±-^ 

Jo X 2 


sin hx j TT 7 • , 

dx=±n as 0 is +^® or — ''®. 

0 a: 2 
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1036. Again starting with the same integrals, integrate 
with regard to h ; then 

r smpa;-am qx | (3) 

Jo ® a a 

£ logg±| W 


Then 


r f (l+|) ■ 

Jo X ajo ® ^ 

^co 

1037. Consider the Integral cozaxdx. 

(Laplace, Memoires de Vlnsiitut, 1809, p. 367.) 
Differentiating with regal'd to a, 

^ — f e-^^x sin ax dx= f ^ sin ax] — ^ [ e-®’ cos ax dx 

da Jo L 2 Jo 2 Jo 


_ r 
”“2 ’ 


. 

I—Ae"^ where A is independent of a. Putting a—0, 

^ = Hence ;=Ac*, 

The proof is that of Legendre {Exercices, p. 362). 

1038. Laplace established the result by aid of the integral 
r ^ ,, 1^/271+ IN 

. , f" .. A aV N , 


n/tt / , 1 , a^ 1 . 3 

2“*“4'!'2.2' 


^ ^4- ^ = — « ■* . 

T’^1.242 i.2.343^’'7 2 

1039. Differentiating I n times with respect to a (JD.G., 
Art. 106), 

e-Nr" cos {a.v dx = '^ J^.(c '■ ) 

-‘'j({ 2 aY n(n-l'\( 2 aY-^ n(n-l)iii- 2 )(n- 3 ) ( 2 a)’-*_ \ 

= (-ir-^e Y] 2! 4”-“ •••/ 
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1040. Integrating 1 with regard to a, from 0 to a, 


X 


J^{ 


a? . 1 tt’ 1 o’ 




4.3 ' 2! 42.5 3! 4=^.7 


a rapidly converging series for small values of a, but not 
capable of summation by means of the known algebraic or 
trigonometric functions. 

e~‘‘'^'cos2ixdx — —e follows imniedi- 
2b 

ately from the form of Art, 1037 by writing therein — for a and x = ay. 

It should be noted that the /irocess of differentiation in Art. 1037 is legiti- 
mate though the upper limit is infinite. (See remarks in Art. 356.) 

For, taking the present form, the integrand e~‘''^* cos 2bx remains finite 
for all values of a:. Change 6 to 6 + 86. Then 


Hence 


1+81= f e~‘’'^'cos2(b + 8b)xd.v. 
Jo 


r,-.... + - cos Sl,j: + ,ldr, 

Sb Jo 00 Jo 

where e is a finite quantity which vanishes in the limit when 86 is made 
infinitesimally small, 


t.e. 


= — 2 f” xe~'‘'^' sin 2bx dx+ [ e . cf.r. 
bb Jo Jo 


If Cj be the greatest numerical value of e in the range of values ofjr 

/•□o x/tT* 

from 0 to CO, the second term is numerically <£, e~‘‘'^'dx, i.e. <6j — , 

and therefore vanishes in the limit when t is infinitesimally small. 

The process of diflferentiation is therefore justifiable. 


Proceeding as before. 


db a‘‘ 


and putting 6=0, ® 


and 


/— 6 * 
/=-5— e 

2a 


* Mimoires de I’Inatilut, 1810, p. 290. 
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EXAMPLES. 


1. Show that 


\fir 

sin ax dx — e ^ a, 

r 

V’T ^ 4 ; 


i: 

I cos ax dx = ^ e 1 “ > 


/- a' 

vTT -7 
/> * 


x^e-^' sin axdx = -^ e 

0 




r 

Jo 

J sin ax dx = e ^ 5a - ^ j ^ 


/- _n’ 

cos ax dx = - 7 ^ e ■* ( 3 - Sa^ + 


and show that we can calculate 


I [(/) (x^) cos ax + rf{x-)x sin ao.'Jc"*' dx 
Jo 

when (fi(x-) and are rational integral functions of x^. 

[Legendre, Exercices, p. 363. 


2 . Show that if I 


= c“*’ si 

Jo 


sin axdx, then 


3. If I 


T 1 -TrvT,7„ 1 
^ 2^ Jo^ 2(“ 2. 3 ■'■ 3 . 4. 

e ^ da, prove that 


+ ... 


5 4. 5. 6 . 7 

[Legendre, ibid.'] 


i-^'x cos ax dx = ^ - T; 


1 -tT 

= 2 “ 1 
[ 

Jo 

I e-^'x- sin a.rd.t; = ^ a + 7 / , 

Jo 

r 


cos ax dx = - 


1 a2 1 


--IlSa- — 


« 4 

a3 1 


O’ 


c“**.T-' sin a.c (fa; = o a - — + - / ( 3 - 3a3 + 

,0 8 16 4 V 

etc. [Legendre, ibid.] 

4. Show that 

(i) I nsinrt.i: + .'ccosa.^)(f.r= 3 ; 

Jo 

(ii) [ - la"^ - 2.r-) sin ax dx = - \a. 

° [Legendre, ibid.'\ 
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1042. The .^Integral I 


=r 

Jo 


dx 


TT 


{a^+x^){h^+x-) 2 ah{a-\-h) 

useful in a certain class of Definite Integrals, {a and h both +''') 

(a2+a:2) {b^+x^) (^^^2-521^2). we have 
7-_ ^ -1® 1+ 1 I 

--jtan ^ 


ah (a+6)' 


Thus, if 


M = 


tan“ 


if: 

a 


(a,6both+”), 

da Jo (a- + x-)(b‘^ 2 ab(a + b) 2b^\a + b a)' 

IT , a + b , 

where A is independent of a. But when a= co , « = 0 ; .•. A =0 ; 

r / h\ 

••• Jo 


Putting ^=6 tan 0, we liave 


' tan-i(- tan . 


tan d 


or wri 


bn TT 

itingcfor-, / cot (9tan7Kctan log(l +c) (2) 

d Jo 2 

w 

J fir _ 

6 cot 6 dd = - log 2 (3) 

0 Zi 

w 

X 

Integrating by parts, [6/logsin df- / logsin ddd=Jrlog2, 

0 Jo 2 

I logsin 61 (70 = I log J, (4) 


or 

as in Art. 9*90. 


1043. The Integral /= 


tan“^ - 
a 


xdh--x^ 

but best evaluated by expansion. Put ar=6siu d. 


dx, {h 4” a), is of similar form. 


/= 


: tim'Qsine) , p', 


_7r /6 1 1 63 1.3 1 55 \ X . , _,/6\ 

- • - ^0 + 2.4 ■ 5 a6 ••7~26®"’ ' (a/’ 


■26Va 2 3 


IX, 


rY 

cosec 0tan“i(csin sinh“^c=^log(c + ^yl Pc'O, 
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or, for the case c=l, 


1044.Let/ = f??5(l^Ax.. 

“ripf fa"i 


' a'"* (a, b each being taken +”). 

Hence 7 = |^log(H-a6) + A, where A is independent of a. Also 1=0 
if a=0 ; .•. A =0 ; 

It follows that [ 'SS^^d.r-[ 

=!2|£:.|+r,og(i+^)=!,og(o+h). 


And writing x = Z> tan 0 , 


(b, c each +"). 


log (c'^ + b'^ ta.n'^ 6 ) dd = 7 r log (b+c); and adding^ ]ogcos20cf0=7r)og 
log(bHva'^e + cHos^e)de = 7 rlog^^, (b, c +”). 

^G/Xl 2/ 

1045. Again, taking the expression for in partial 

cc 

fractions (logarithmic differential of cos a: expressed in factors), 

tanx ^ 2.2"“ 

a; -.^(2r-J)27r‘'=-22x2’ 

put x='7rkzi ; then 

TT tanh 7rkz _ 2 . 2^ 

^ (2r- 1)2+ 22 ^: 222 ’ 


TT p tanh irkz 




iT-l( , 2r-lV 

p tanh 7rA:z (Z2;_4ii: 1 

lo (a 2 + 22 ) 7““^ ^(27— l)(2fei+2r-l)‘ 
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Thus, in the case a = k=\, 

rt^nh TTzdz fill j • j-l 

Jo (1+z^) 2 Li.3 3.5 5.7 J 

or taking a=l and k any positive integer, 


■r 


tanh kirz dz 


— Al. \ 1 


(2/t+l)'^3(2/?r + 3)’^5(2>t + 5)'^”‘_ 


(l+ 2 'O Z 

^ ^ [(l “ 2l+i )'*’ (3 “ iFTs) ■*■••• ( 2 I+I “ il+l )■**•■ ■] 

and if a, k be any two positive integers, the series will terminate ai 
the last case. 

r tanh IcTTZ dz Ak 1 „ / I 1 \ 

Jo ‘(a^+z^) z a 2ka \ 2 ?--l 2 i«+ 2 r-l/ 

a'"* til 2^a+l}'^(3 2 /‘a + 3)'^‘"'^(2/;a + l 4y('a + l)'^ 

2 ri , 1 1 , 11 

It k=-\ and a an even number, the series will also terminate. 


Thus 


> . -.irz 
tanh-x- , 

2 dz 


Jo (a^ + z^) z 
If a, = 2n, this becomes 




\ 2 ?--l a + 2 r-l/ 


4. 1. 

tanh.-^ 


0 {( 2 n)^+z 


L_Vfi L_\, 1 

1 2 47t^LVl 277+1/ V3 27i+3/^"'J 




'11 1 
■27i2Vi'^3'*''”'^ 277-1 


But if a be odd, = 27? + 1 , the series does not terminate. 

aG ” 2 ?r+ 2) (3 “ SnTi) } 


‘-’“f * 3 


0 {(2?i + ip + z'1 z (277 + 1)' 

2 


-(277 + 1)2 + + 

= ('2;rTi7 ^ K i § + • • • 3 ■ 


2)0 + 1 


Similarly if 2k be an 3 -^ odd number = 2 jo + l, i.e. ^ = “2 


J 


'tanh?2±i 


2 ’’^dz 


(a 2 +z 2 ) 


— v/ 1 _ 

z a 2 ^\ 2 r-l 


( 2 )o + l)a + 2 r- 1 
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and this will terminate, or will not terminate, according as a is even 
or odd. 

If a be even, =2n, the result is 


J_ 



1 

2?i(2p + l) + l 



1 

27i(2p + l) + 3 



J_ 

2 ?i‘‘‘ 


IT+5+”’ 


2n(2p+l) 


zt}- 


If a be odd, =2?!+ 1, the result is 


r. 


1 . 1.1 


■( 271 + 1 )' 


Llog2 + ^+^ + |+... + (2,^^l)(2jo + l) 




1046. Let Z^f e dx. (a+^‘=). 

Jo 

[Laplace, Mem. de I’lnst, 1820, for the case c=l.] 
The integrand is finite for the whole range of integratipn. 
Change a to a+<5a. 

-.|.•+^f 


Then 


I +81 


^00 

Jo 


dx. 


s“lo '■ 


where e becomes infinitesimally small and ultimately vanishes 
when 8a is indefinitely diminished. 

/. dx+ [ e dx. 

8a Jo X- Jo 

Let Cl be the greatest numerical value of e in the range of x. 

f* \/x 

Then the second term is *<61 1 e~'^'^'dx\ i.e. 

ultimately vanishes with 8a. ° 

Hence the process of differentiation with regard to a under 

the integration sign with an infinite limit is justifiable. 

In the first put x=aly. 

Then 

^= 20^1 e dy= — 2c^I \ Z=.4e“2®*“, 

where A is independent of a. 

But when a=0, 

Z„=o= /. c being supposed 
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Hence 


if c be 

Laplace’s form, viz. the case c=l, gives 

h 

If we replace by and by we have the form 

p _kK+^,), v/x a -24 nN 

e dx=-^ - r~e (1) 

Jo ^ vA 

where a, h, h are positive. 

This result may be written 

<•> 

1047. Cor. 1. If ^=1 and a=h, we have 

/i= r (3) 

JO 22 


Cor. 2. If we differentiate /i with respect to a, we have 

r <■ 

Differentiating (1) with regard to k, and then putting k= \ and a = 6, 




(4) and (5) give 


Vae“^,... (7) 


Cor. 3. We also have 


r_,?.v_,.v Vuaf-24* -244 

jo e “ \c ® — e * ) dx = — “-e “ 

2 

and making a indefinitely large, 

I dx=^.2k(b.,-bi) = ^'^(b2-h) ( 8 ) 
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1048. Let V ^ (a positive). 

Jo ' 1 ~ 0 S 


We have 
Then 
I 


f 


2ze-(“’+"^’>^’i2:= 


ar+x^ 


cos rx dx dz 


n a 

0 

= J 22 e~ cos rx d^ dz 

=N/7r.^e“"’‘ or \/7r^^e+“’‘, as r is positive or negative. 

/. 7= ^^^/^„ dx=~ e~^'' or as r is positive or negative. 

Jo a^+aP' 2a 2a ^ 

This integral is more commonly written as 

/•OO 

i cos ')*CG TT TT • • • 

zr-~^dx=^e~^ or ^ e^, as r is positive or negative. 

Jq l-rX‘^ 2 2 

This result is due to Laplace {Bulletin de la Soc. Phil. 1811). 


1049. Both results may be expressed in one as 

r cos rx -n- f C e-^ ^ 

Jo l+x‘‘ 2 tl+U-^^1+0"/’ 

for O’" is zero or infinite according as r is positive or negative. 

This form was given in Crelle’s Journal, vol. x., and is due to Libri. 
(See Gregory’s Examples, p. 486.) 

1050. Differentiating with regard to r, we obtain the integral 

(«+”) 

roo • 

I QC SlU TT TT ... • 

I g - dx=-^e~°-'' or — „ e"*’’, as r is positive or negative. 

Jq Ob ~j~X 2 2 

This integral vanishes if r=0. 

The differentiation under the integral sign may be shown 
to be justifiable, although the upper limit is infinite, in the 
same manner as in previous cases. 


1051, If we integrate with respect to r between limits 
and (both positive), 


P sinrga;— sinrja; 

Jo x(a^-i-x^) 
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If ri=0, we have 


sin rx 


Jo x(a^-{-x^) ’ 

a result given by Laplace (Memoires de V Academic, 1782). 


If we write x = t&n 6 in the integral 


/ cosr.r , TT , TT , 

I "''a'’’ 


TT 

we have / cos (r ta.n 6) d6 = 

Jo 

according as r is positive or negative. 


“TT TT 

^e-or-e’- 


1052. Graphical Illustrations. 

^ , » 2f”cosa;0 


Graph of 


2f” 

' Jo 


1 + 02 


We have y=e~^ or y—e^, according as x is positive or 
negative, the y-axis being an axis of .symmetry. 

The logarithmic curve is traced in Biff. Calc., Art. 442. 

The graph now required consists of the two portions of the 
above curves which run asymptotically to tlie x-axis from their 
point of intersection upon the y-axis (Fig. 332). 



Fig. 332. 

1053, Graph of y = ? f rfft 

^ '' TT Jo 1 + 6^ 

The y-axis is again an axis of symmetry, 

__ 1 f” cos(.r+a)0 , 1 r cos{x-a)9 

•^-+1 —+9^ ■ l + 6>2 

If a he regarded as a positive constant and x> a, we hav'e 

6"*''+?)+^ c~<^“‘')J = cosh a . e~^. 

If a> X > 0, we have 

y=-W + ? e**~"*l = cosh x. e~". 

Tr\_2 2 J 

Thegra2)h therefore consists of a portion of a catenary from .r=0 too; = a 
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and a portion of tlie logarithmic curve from x=a to x=co , with the image 
with regard to the y-axis of these portions ( Fig. 333). 



Here, if x < a, 


, a* , X* 

7r;/_7r ^’>s^_‘irx^ 

2a~2^ “ 2 ® “ 2 ^’ 


i.e. 


if x> a, 


x^ — aij, a parabola ; 

, fl* 

2a“2^ ~2x'^' 

xh/ = d^y 


and the y-axis is obviously an axis of symmetry (Fig, 334). 



1055. Graph of 



cos 


^01og sin^^j 


1 + 6'^ 


dd. 


* cc 

log sin* - is negative. Hence 

X 

Try IT ir . ^x , -2^ fir- ook\ 

~^=-e y=asin*-(Fig,335). 
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1056. Another mode of discussing the integrals of Arts. 1048 
to 1051 is as^follows : 


dx, {a positive). 


Then 


, du, f” cos rx j f“ x sin rx , 

. (x + -\^^dx--r ^^dx 


X sin rx 
0 a^+x^ * 


= — 7r/2, 0 or +7r/2, as r is zero or — 
u=Trl2ct?‘-\-Ae~"-^'-\-B^'^ for any po.sitive value of r ' 

(I.C.for Beginners, p. 250), 
where A and B are constants as regards r. 

But u is finite when r is infinite; 5=0. Also there is 

• • « • d'Xi/ 

obviously no discontinuity in the value of which is also 

finite for all values of r, as r diminishes through the value 

zero and becomes negative; for a small negative value of r 

• cos ^cc 

gives the same value to ^ ^ dx as an equal small positive 


-^dx as an equal small positive 


. dx TT 

value, and when r is zero the value is i.e. ^r-* 

Jo a^+x- 2a 

Therefore — ^a=7r/2a and A = — 7r/2a2 ; • 


••• 


smrai , „ x 

0 x(a^+x^) ^ ^ ^ 


cos 7’X 
a^+x"^ 


dx=z 


xsmrx y TT 

— — r »»= 0^““’ 
a^+x^ 2 


The collected results are for the various signs of a and r : 




’’’ /I ^ It Ji''\ 




2L 

2a 


TT — ar 
2^ 


TT ar 

2a 


-- e®’’ 
2** 


TT ar 
~¥a^ 



- — e“'”‘ 
2a 


ir — ar 
"2® 
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1057. A Reduction Formula. 
Let I 


'•■=1 


7r 


COS rx 7 m, T '■ 1 

Then 


and 


0 (0,2 4-03-)^ 


Therefore the successive integrals for the cases n=2, n—3, 
etc., may be calculated by the rule 

In each case ^ e“''“ will appear as a factor. Let 

Hence the form of may be calculated by successive 
applications of the formula 

_ 1 r 1 dA^ 

^ 2/1 [_^ a a da J’ 


A 




, where A-y=a~^. 


Thus 


^■2 = \y\ 

^ 3 = ^ ^ + 3ra-^ + Sa-^], 

■^i — ^3 ^ + 1 5m“6 -f- iSa-i'], and so on 

So that if 

.1.= ■ ' 


C4_ ' l) ^a“’*+A2r’*-2a-(”+i)+A37'"-%-(’‘+*) + ... to 7i terms], 

11| 

2" 71 ! ' 


An+i = ^ ~ [.K:i7-"a-("+i) + A27-”-ia-("+3)+£;^^n-*„-(,.+3)_,..__ 


+ 7iAi7-"“^a~<"+’> + (ti + 1) A2r"~’a~<"+®* +...], 
and the coefficients in A„+i are 

-^i( = l)) A2 + 71A1, A3+(71+1)A2, + (71 + 2)^3, etc. ..,, (2/1 -!)£■„ 

and the law of formation of the successive sets of coefficients is easy. 

It may be shown by induction that the general formula is 

" 2”-i(71-1)!L ® + 2 ’ “ 

( 71 + 1 ) 71 ( 71 - 1 )( 71 - 2 ) + , 

^ 2.4 r a > 

(71 + 2)(ii+1)7i(71-1)(71-2)(71-3) „ -| 

+ 2.4.6 ^ “ ■^-J- 
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io(a^ + ^-T a" («-!)! L ^ 2 ' ' 

^ (-H-l)»(»-l)(n-2) ,.._,^_,„ ^ 

2.4 J 


In the same way 


/■” .rsinr.t; , tt e~’'“ . 

Jo (a^+.V“)" ■^' 4 (;i-l)^ 


or we may deduce the result from the former by differentiation with regard 
to r, ' 


1058. Consider the Integral 1= f ; 

«/0 

We have 


sin rx dx 


x(x* + 2a-‘x^cos 2a + a‘')' 


il- 

cos rxdx 

di^I 

P — .rsinra:(7x 

dr J 

'0 X* + 2a‘‘^.r'‘‘cos 2a + ’ 

dr‘^~. 

Jo X* + 2a'^x‘^cos2a + a* 

dU 

/■” —x"^ cos rxdx 

d*I_ 

.r® si n rx dx 

dj^~j 

'0 X* + 2d^x‘^ cos 2a + a'* ’ 

dr* . 

Jo X* + 2a^.r'‘*cos 2a + a* 


Hence, when the first of these integrals has been found, the other four 
of this particular class follow by differentiation. Adding the fifth to 
(-2a2cos2a) times the third and times the first, we have 


dr* 


-2a2cos 2a 




sin rx , TT - 
dx=-. 0 or 

X 2 


IT 

’ 2 ’ 


according as r is positive, zero or negative. We shall assume r positive, 
for the case r negative will be at once deducible from our result by 
changing the sign of r. We also take a positive and a an acute angle. 

The differential equation is of the ordinary class with linear coefficients 
(7.(7. /or Beginners, pages 244 to 263). It may be written 


[ { 7)^ — cos 2a}^ + a'' sin" 2a] 7 = ^ , 

/i 

and the general solution is 

7 = + e~“’ “{il j cos(or sin a) + .i42sin {ar sin a)} 

+ e'"'co‘’“{.43cos(or.sin a) + .A 4 sin(arsin a)}. 


Since an infinite value of r does not make 7 infinite, the last two terms 
must vanish, i.e. A3=A^=0. And when r is diminished indefinitely to 

TT 

zero, 7 should vanish. Therefore we have Ai = 

To determine the remaining constant A 2 , we may differentiate with 
regard to r ; we obtain 

-acosae~“’'®“®“'{.4iCos(arsina)+.i42sin(arsin a)} 

-a sin ae~“’'®°®“{j4isin(ar sin a) — .A 2 Cos(cr sin a)}. 


and when r is diminished indefinitely to zero this becomes in the limit 


dr 


— acosa.jdi + asin a. A.^ 
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But when r is diminished indefinitely to zero, we ultimately have 

r , „ , 2 =:r^ (see p. 159, Vol. I.) ; 

dr Jo x^ + 2a?x^cc>5 2a + a* 4a® cos a ' ^ 


a sin a. .Aj — acos a. .Aj: 


TT 


4a® cos a’ 


t.e. 


and 

Hence 


. Vi VI TT cos 2a 

asm a.A,= — cos a+ ^ = — -j— , , 

^ 2a® 4a® cos a 4a® cos a 

TT 


— T7-TCot2a. 


2 a^ 


—ar COS a 


TT f, _„rcosaSin(arsin a + 2a)\ 

— /-» .1 I ^ ^ ( 

8in 2a 


■ 2 a^ I 

i.e. we have for values of r>0 
sin rx dx 


{cos(ar 8ina) + cot2a sin (ar sin a)}] 

}. 


'o x(x^ + 2a Vcos 2a + a 


— = — |l - 

'•) 2 an 


^-ar co 3 a sin (gr sin a + 2a) l 
sin 2a J ’ 


I 

[p 

L 
I 


cos rx dx 


'o -r"' + 2aV cos 2a + a'* 

xsin rxdx 
4-2a-.r-’cos 2a + a'‘ 

j;*cos rxdx 
^0 x^ + 2a®.r® cos 2a + a'* 

.r®sin rxdx 
^0 X* + 2a®.r® cos 2a + a* 


rr — fl,* cos a sin (a “1“ flr sin a) 

2a® ^ sin 2a ’ 

rr — cos a sin (ar sin a) 

2a® ^ sin 2a ’ 

_ ^-ar cos a sin(a-ar sin a) 
2a sin 2a ’ 

rr -arcos a sin (2a -ar sin a) 
__c 


TT /“* 

1059. Taking for instance the case when a=^, a = cv2, so that 
a sin a = c, 


sin 2a 

TT 

’’I' 


r ^xnrxdx tt f, ~rc ■ f •, -re \ 

f = ^^c~’''sin{'rc+^') =^e”’''{sinfC+cosrc), 

Jo x* + 4c* 4c®n/ 2 V 4 y 8 c® ' 

f^x sin rxdx - _,c • f . SrrN tt 

. 1 -?T 4 ?-= + - 4 ?'= 


’ a:®cosra;(ix 
x^ + 4 c^ 

’ af’sin ra;da; 


.V* + 4c'‘ 2 ® 


sm rc. 

T^e sm|rc + — T-l (cos rc - sin rc), 

2cn/2 V 4 / 4c ' 

TT _rc • ( - , 

- -,n|^rc + — j 


TT — rc 

= -^ e COS rc. 
A 


1060 . consider ^ P:;::™; } 

, dl pcosr.r , d®/ f” .rsinr.r. 

We have j-= / -s- — r.d^ i — ‘Tn"; — od,x; 

dr Jo .r“ + a® ar® Jo x^ + d^ 

d^I x^cosrx j d^I p.r^sinr.r, 

d^~~Jo .rc+a» ’ io a;8+a6 ’ 
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dr^ 



px^sin r.r 

dr^ 

Jo a^+a*' * 

d.V=-J 

r"““& 

0 .r 


d^I X* cos rx j 

d?~T: Jo x'^ + a^ ’ 

r / - a®\ sir 

Solving this equation, 

,^ + 5,e"’‘+R2e^ cos^^^^ + Ra)- 


^ = + “"+^26 2cos(?^+^ 


ar 
" ^ 


Now, since the integral obviously remains finite when r becomes infinite, 
the terms with positive indices in their exponential factors must disappear. 
Hence Hi = 0 and £ 2 = 0 , and the form of the integral reduces to 




£^2J d*/ 

Now I, ultimately vanish with r. 

These considerations will determine Ai, A 2 , A 3 . 

Now ~=Ai{-a)\~‘^'' + Aoa”e 2 cos^^~+^s + 

we therefore have 


27r\ 

”- 3 ] = 


0 = ^ + 24i +^2C0S^8, 

0= +Aia2+.42a2cos^id8 + ^^, 

0= +.4ia‘* + 242a^cos^.i43 + ^^, 

Hence, for values of r>0. 


whence .A. = 0, 

.^2 = 2i4i = — 


3a“' 


ar 

L 


rV3 '] 


:r(a;® + a®)' 
dx 


cosrx , TV r 


a;® +a® 


■6a®L 


■-2e 2 


e “’’+2e 2 cos 


far-jz , 27r'\“] 

3 /J’ 

ar \/3 47r\n 


ar 

-i>[ 


/ ar\ 

(' 


3;j’ 


r x sin rx ^ T 

x“ + a® 

P x^cosn 

Jo .T® + «® 

p x®sin ra 

Jo x® + a® 

/■” x*cos rx , TT r 

Jo ^ 

/"” /c^siiira; , irT —a. . n — 9 (ar.1^ 127r'\~| 

J. = eL ' + 2 ' +^ji 


* =&[. 


— 2e 2 cos 


far^Js , 
V 2 
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some of wliich admit of a little simplification, but are left in their present 
form as exhibiting the general law followed by the several members of 
the group. 


1061. The same process may evidently be extended to any integral 
of the class ^ 

Jo ; 


suirxdx 


x{x*" + 2a-"£c'^"cos na + a*") ’ 


and its family of 2n other integrals may be obtained by differentiating 
2n times with regard to r. But we exhibit another method of procedure 
in Art. 1067, which avoids the labour of determination of the various 
constants. 


1062. We have seen tliat 




cos rx dx 7r 


x'^-\-a?‘ 


'2a 


or 


TT 


according as r is positive or negative, a being supposed positive. 
If a be negative, since the integrand is unaltered, the result 


TT TT • • • 

will be or — according as r is positive or nega- 

tive (see Art. 1056). The result must be positive in either case, 
and the index of the exponential must be negative, for the 
integral does not become infinite when r becomes infinite. 

The four results are therefore 



Taking the case a and r both positive, it is clear that the 
integrand is not affected by a change of sign of x. 

Hence 



cos rx 



cosra 


dx, 


and 



cos rx 


dx=—e~°-'\ 

a 


...( 1 ) 


with the modifications above specified, if a or r or both of them 
be negative. 

Again, 

for elements of the summation represented by the integral, for 
which the values of x are equal but of opposite sign, cancel 
each other. 
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1063. These facts enable us to calculate 


■Hr «^oo 

T- r cos rx j 

„ ... , , T f” COS rb cos 7’0 — sin rb sin rz 

For, putting x=b-\-z, ' 




= cos rb 


f" COS7’X T tt 7 /7’>U\ 

“• U>0) 

It will be observed that this is independent of the sign of b, 
but subject to the same modifications as before with regard to 
the signs of a and r. 

Differentiating (3) with regard to r, 


cos rz 
z^-{-a^ 


dz — sin rb 


rco • _ 

sm rz , 


+a^ 

/ 7’>0 


f" xs 

J — OO (x 


9 dx=— g~°’' (a cos br-\-b sin br ) ; (4) 

-or+a^ a 


and integrating (3) with regard to r from r=0 to r=r, 

11 <=o« i-’-'- ;-’•)>■ -(5) 

where each formula is subject to the same modifications as 

before Avith regard to the signs of a and r if they be not 

both +''®. 

Putting 6 = 2 JCOsa, a=^sina, a<Tr, p positive, we liave the integrals 

P sinra:(fo v , tt — Kreino • / \ 

1 -t-t; + e sin(®rcosa-a), 

J-o^ x{x^-2pxco3a-\-p-) p^ a 

/ cos I'X dx TT •~‘OT sin CL / \ 

— 5 = — ; — e ^ co.s(prcosa), 

— 2pxco3(x-\-p- jjsina 


‘sin(25r cos a — a), 


— £ — e ^®'"“co.s(j)rcosa), 
jjsina 


/■” X sin rx dx 
J-mx'^- 2p.rcosa + 


e sin(^ircosa + a), 

sin a 


I f. . I 

J-m x^- 2pxcosa-hp sin a 

which again can be readily modified as before for the cases in which 
any of the constants involved have negative values. 

sill TX 

„ dx^O with regard to r, we have 


/ " X cos rx , _ 

and from this we may obtain the value of the integral 


r xcosrx 

^^-J-^(x-bY + a^ 
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Putting x=^b+z, /,= f 

J-® z^ + a^ 

_ r” 6 cosfcr cosr3+2cos6r cosr 2 — 6 sin 6r sin r 2 — 2 sin 6r sin « 
J-<o z‘‘‘+a^ 

, cos r 2 , . , r z sin rz , 

= 0 cos or/ — =dz- am or :raz, 

since the other two integrals vanish, 

= b cos hr - 6““'" - sin 6r 7re““’’ ; 
a 

. r° .rcosrxda: tt _„r/, , • i, > 

.. / 7 TT^-; — r,= -e (o cos or- a sin or,), 

(.r-0)^4-a“ a ' 


dz 


and 




{x — b)'^ + i 
X cos rx dx 


■e “ C03(^ cos a + a), 


■^pxcoaa+p^ sin a 
where i=^cosa, a=j)sina, and it is understood that a is positive, 
p positive, sin a positive; and the formula can be readily modified as 
before to meet other cases, and other integrals may be deduced by in- 
tegration with regard to r. 


1065. The integral /=J 


ra? 

{x—hY-\-a^ 
tained in tlie same way. Put x—h-\-z. 

sin hr cos r^-f-cos hr sin rz 


=L;- 


z^-{-a- 

. , cosr’: , , , f" sin r2; , , 

=sinor — ottz+cosorl -5-- — idz— — e~^' sm hr, 


dz 


for the second integral vanishes. 


Since 


to 

r cosrx , TT _ar , 

/ j \7r - — ax = - e cos or ; 

U^(x-bV4-a“ n ’ 

/: 


(x 

1 

iT 


sin rx 

(.r 

-by+cd 


r cos rx 

(.1- 

-by+cd 


t’sin rx 


I t — -e (a cos br + b sin hr), 

J-«> {x — b)- a- a ' 

it follows that by differentiating n-1 times with respect to a\ we can 
obtain the following integrals : 




Sin rx 


{{x-by+d^} 

/ m 

V COS TV 

.r si line , ^ , 

{{^y-+aY cos 6r +P6 sin br, 


„ dx = P sin br ; 
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where 

(-l)”-v >/ d y-ye-^’-X d 

(n-l)! \^ada) \ a (n-1)! \^ada] ^ ’’ 

1066. It follows that if /(re) and 0 (re) be rational integral 
algebraic functions of re, of which the degree of /(re) in re is 
lower than that of ^(rc), and if the roots of (p{x)=0 be all 

unreal, then since may be expressed as the sum of a set of 

partial fractions of the types 

Ax-\-B A'x-\-B' 

(re— {(re— 6')^+a'^}"’ 

the latter only occurring in the case of 0(re) having repeated 
imaginary roots, we can obtain the value of any definite 
integral of either of the forms 


i: 


f(^) • j 

sin rre are or 

<p{x) 


E 


fM 

0(re) 


cos rx dx. 


Ex 
Ex. 2, 


1 f £22. 


cos rz dx 


(.v^ + a%v^ + ¥)iz^ + c2) ^ (a2 - b'^){ 
sin rxdx 


r !i 


)(x^ + b^)(x'‘+c‘‘) 


= 0 . 


1 P cosrx j , 

c^)J-^ .v- + a'^ ^ ^ 


1067. Integrals of the class 


J a 


COS rx j 11 . 

— 5 — — ^ dx may also be 

3,271 _(_(j 2 n J 

conveniently treated as follows, without the formation of 
a differential equation as used in Art. 1060. 

Putting into partial fractions, we have 

1 1 a— re cos ax 

x2"+a^" (re— a cos ax)^+a^sin^ax’ 

2X+1 


where a\- 


1n 


-IT, and ax is less than tt for the whole range 


of values of X from 0 to n—\, and sin ax is therefore positive. 
J” cos rx 


re2"+ 

71—1 


rx j 1 f ” (a— re cos ax) cos rre dre 

a^" * ~ ^ J _ „ (re — a cos Ox )^ + sin^ ax 


2 e-“’'®'“‘‘\{cos[arcosax)-cosaxCOs(arcosax+ax)} 


_ n—1 

TT 


na 


_ ^ g-ar sin ^Qg qx+Ox) j 
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COS 7*2/ 

and since the integrand ^ 2 ni ^ 2 » affected by a change 

of sign of X, we have 


Therefore 7= 


cos rx j 

a;2n_j_^2n“^ 

f” cos rx 

)o 


^=ir 
' 2j_„ 


cosra: 

a;2n_|_Q2n' 


_ W . ( 2X + 1 ,2X+1 


The other members of the family of integrals obtainable from this are 

*x 

I sill T>V 

'0 + integration with regard to r, from r = 0 to r = r, and 



f” .7-'Cosr.r 

f"” .f’sin r.r 

/“ 


Jo ;i-" + a 2 n^-^» 

Jo .r 2 ” + a 2 n'^-^> •• 

Jo 


the latter system by differentiation with regard to r. 
Since 


^ _ — ftl'S 


'“sin (ar cos a + a) = ae ®”' “ sin ^ar cos a + 2a + ^ 


we have 


(“+!-) , /7 

Jo .r"-" + a=" dr^ 

= 2na=^^‘ P s,„[_arcos-^7r + (^- + 

where k:!f>2n~ 1, which gives all the integrals from 

r .rsinr.r , ^ r.i ‘"-isin r.r , 

.'o + J .r'" + cr” 

/'« 

I SI II 7* r* 

The integral / — ^ ~ „„. d.c is of the form 


,/7.,tn,2A+1 .kTr~] 


"‘+SSa='<""‘ ? " 


n-1 • 2X + 1 

" * — arsin — — 


■” "^sin^i 


2A + 1 7r> 

ar cos —3 — TT - o 
271 2> 


where A is a quantity, independent of r, to be found. 
And since the integral vanishes witli r, 


r_^in^^ ^ y 

Jo .r(.r’” + a2") 20^” 27ta5‘’» f 


COS ar cos • 


2A + 1 
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1068. Thos^^ interested in the history of the subject 
refer to an article by Poisson in the Jour, de l’£cole Polyt., 


xvi. p. 225, where the integral of 


f 


cos rx 


dx is discussed, 


lo 

and to articles by Catalan in tlie Journal de Mathematiques, 

cos rx dx 


vol. V. p. 110,* for integrals of form I 

Jo 


1069. In the same way we may evaluate the integral 

r cos rx dx 

Jo x*^ — i 


■ 2a^”a;^"cos 2na + 


/«> 0\ 
\a <ir) 


with its attendant family of integrals derivable by differentiation and 
integration with regard to r. 

For 

1 1 ^ y, g sin 2ny^-x sin(2?t-l)x 

a'‘"-2a*”g?*"cos27?a+g‘" 27isin 2nag*”“^ (a’-acos )()“ + a*siii*)( ’ 

A-TT 

where x = 1 the summation being for 2« consecutive integral values 

of A. 

And it is to be noted that x is greater than 0 and less than tt (and 

therefore sin x positive) for values of A such that A-> - a and <Tr-a 
respectively, 


i.e. 


. na , . na 

A> and A<n , 

TT TT 


i.e. for A=-I', —k+\, ... n-k-\, where k is the greatest integer 

*71 Ct 

in — ; and that sin x is negative for values of A from X = n-k up to 

TT 

k = 2n — k-\. 

Now 

P COSTX dx TT — ar sin Y / \ * 1 i ve 

I 7 r:; ^ COS (a?' COS v) if Sill V be +” 

j_oo (a- a COS x) sin^X «sinx 


and 

and 


'X «sinx 

= ? — e"’ ®*"^cos(g?’cos x) if sin x be 

a sin X ' A/ A I 


r — 


X cos rx dx 




(a-gcos x)^ + «^sin"x sin x 


cos (gr cos x + x) i^ ®i^ X "i" ' 


and 


sin 


X 


e“’^®*“^cos(gr cos x~ x) '1 ®i*^ X he — 


* Gregory, Examples, p. 486. 
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Hence 2n sin 2na / —7 ^ — 

TT J-aX*" — 


cos r.v d.x 


2a*”.r*”cos 27 ia + a*” 


g-arsinx 


= 2 


-k sm X 


[sin 271 X x) ■■ ~ 1)X cos (ar cos x+ X)] 


Cn-i-l „ai-sinx, . x / M 

— 2 —7- [sin 291 X cos {ar cos x) - sin (2n - 1 ) x cos {ar cos X “ X/J 


n-k Sin X 

n — 1 
2 


= " i ' cos (ar cos x - (271 - 1) x) “ 2 ' ^ cos { ar cos x + (2n - 1) x } 


where k is the greatest integer in ^ and x = “ + ~‘ 


Also, since the integrand is not affected by a change in the sign of x, 


f — 

Jo 0,’^" — 


cos 7 '.r dx 


.=lf 


cos rx dx 


2a='‘x=“"cos2Ma + a‘” 2j_oo .r*"- 2 a=‘".r“"co 3 2 ? 7 a + a*” 


The attendant family of integrals formed by differentiating 47i 1 times 

with regard to r can now be written down, and are of type 


^in- 7 >—i •*' cos[ r. 

in sin 2?ia / 

TT Jo 


■(^rx + p'^dx 


n-k—\ 

= 2 e““"® 

-k 


_ 2 a^"a;*”cos 272a + a‘" 

'"^cos -|^arcosx-(2K-l)x+P^^+ x)| 


2n-A;-l 

_ 2 e‘'^"'"^cos 

n— A 


jar cosx + (271-1)x + p(|~ x)}> 


and the integration with regard to r from 0 to r furnishes the remaining 
member of the family, viz. 

472 sin 272 a • f jrr - 272 sin 272 a 

472 Sin /Tia ^ (^n _ 2a»".i->'" cos 272a + a*") 

os|arcosx-( 27 i-I)x~(|+ x)| 

- 2 e“’'®'"^cos|arcosx+(2?J-l)X“(^“ x)| 


n— A— 1 . , 

= 2 e-“’'®‘"^cos^ 

-A 


= 2 e““’'®'"^sin(arcosx-272a)- 2 e“’' sin (ar cos x + 272a), 

-k 

k and x being as defined before. 


1070 . It will be noted further that the integral 

/■'” cos rx dx 

Jo X*" + 2a*".r2” cos 272^ + a‘" 

and its accompanying family of integrals can be deduced from the above 

TT 

family by waiting 
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PROBLEMS. 


1. ProA’^e that 


r j e““®cos hx doi\ + f j e'^^sin hx + b"^}. 

Uco J LJco J [7,1893.] 

r“ 71-1 

2. If ttn = I show that «„ = — Wf,- 2 . 

Hence calculate Avhere n is any positive integer. [Teinity, 1881.] 


3. Show that 


f” e-^sin^a: , 1 , 625 


4. Evaluate 1 


[/3, 1891.] 


[Colleges, 1879.] 


/•OO 

I cos T3j 

5. Deduce from the integral | ^ -^dx the result 

Jo ^ 

f" sinra: , tt /7i4-'’'’\ 

6. Find the value of f ^ \ dx, where ti is a positive 

integer. '*'* ' [Math. Teip., Pr. I.. 1S90.J 

7. Shorv thnt f” = 

Jo (coshgx + cos^xf 2q [/5, 1891.] 

8. Show that ? 

J 0 (cosh^x + cos qxy + q^ 


[/5, 1891.] 


p'^ + q^' 


9. Show that, if ^ be a positive quantity, 

psinhyx/ 1 1 ^cfx — ^lo 

Jo a; \cosh^x + cos ax cosh^x + cos 6x/ 2 °p'^ + h'^' 


[Math. Teipos, 1890.] 


10. Prove that 


(a) r ^ log 3 ; {h) = TT tauh-i (tan a). 

Jrrsmxcosx 4 ° ' Jx_^sinxcosx 


1 

11. Prove that f (cos”0 + sin”0)“^”<f0 = — 7 

Jo' ' 71(71+ l)(7l+ 2)., 


where ti is a positive integer. 


7l(7l.+ l)(7l+ 2) ... (27^-l)’ 
[Math. Teipos, 1889.] 


12. Prove that 


13. Prove that 


6“*’ cos 27ix <^x = t/tt e”**’. 


[e, 1883.] 


*” sin rx cosh xd 
' ■ ( 

0 ^ T, ^ 

^ cosh X ;r 


dx = cot~^ 


/cos Q \ 
\sinh r) 


[a, 1885.] 
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14. Prove that f ^^^-^tanh^^^x = logf'coth5Y 

Jo a: 2 2/ [Colleges, 1879.] 

15. Prove that f “ ^ 

if (e cos &+l)(e cosh m - 1 ) = — 1 . [Math. Teipos, 1885.] 


[Math. Teipos, 1885.] 


16. Prove that 


cos tanh x 


£^a: = log^coth^7r. 


[Math. Teipos, 1889.] 

17. Prove that, if a lies between -irji and 7r/4, 

do TT cos a 

0 1 - 2 sin 2a cos 6 + cos^ 9 ~ J2 cos®2a’ 

[Math. Teipos, 1885.] 

TO ji i dx TT 


18. Prove that 


( 1 - x^^Y 2n sin ^ 
2 n 


[/3, 1888.] 


1 9. Prove that 4 f* = 2 [ ' = {IM!. 

Joa--t=)* (2v)4 


20. Evaluate 


[Teinity, 1889.] 


(rt) e-^'\ xh^dx] {h) e-^' \ xh<^dx‘, 
Jo Jo ‘ 

(c) c-** x'^c^dx; (d) e^'dx, 

Jo Jo 

where in each case x becomes infinite. 

21. Prove that = Jcoth ^ J - Y ‘ 

Jo snih.r 2 2 t 

22. Show that f” r r^,dx4 f' 

Jol+.t- hC+xY 7jo(l 




23. Evaluate f" dx . 

J _ 00 1 + .x + 

24. Prove that, if m be positive, 


0 (1+a:')' ■■ 

[Math. Teipos, 1876.] 


[Math. Teipos, 1892.] 


f” COSmX j TT 

1 \ 5 idx = -pt ^ 1 7_\ 

Jol+x2 + .a;^ V3 


[Math. Teipos, 1892.] 


Show that (i) r^^^dxx^^e ^ + sin4|. 

''Jol+a:' 272 1 72 72 / 


[Laplace, Mim. de VlnsL, 1810.] 


,... cosxdx 7re~®, 


[Math. Teipos, Pt. L, 1914.] 
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26. Show tha'tf 


* i 


0 2:'^+ 1 2 [St. John s, 1883.] 


27. Show that 


f" aisinte 

Jo (TT^ 


IT e~^ — 


/^T — 

‘■^ + xY 2 ft2_i ’ V6+V 


d + 


28. Prove that 

x^~^dx 


i 


0 (1 +2a:cos a + x2)'™(l +a:‘ 




x"^-'^dx 


(1 + 2a: cos a + x^y 

1 


2mgijj2)« 

1 


1 (cos a: - cos a 

■^«Jo 


y^-'^dx 


29. Prove that 

30. Prove that 


I 


r^_ (^^>'-1/ g Y 

2”'(?tt - 1)! Isin a c?a/ ^in a/ 

[WoLSTENHOLME, Educ. Ttm&s.] 

sin irx j 

0 a:(l - xr )^^~^' [Math. Trep., Pt. II., 1919.] 


e-”®-®Va: = 


o—na—a* 




2 12 

i ' 


2a 4- ^ I (2a + ?i)^ (2a + ny 

Vtt . 6 


}■ approximately. 

^ r. *1 Di 


[> 1891.] 


^00 

p» /_ 0 

31. Prove that (x^sin 0)(fa; = -o- sin^. 

Jq ii 2t ^C'OLL»j loU^>J 

integral 

Jo 

Jo Jo 


32. From the ir 


— III 1 

e = 2 show that 

a’ cosec’ 2 


^ dr dd = Tve~'^^. 


[Trinity, 1886.] 

33. Express the sum of the series 1 ... oo? inf. 

by means of a definite integral, x being a real quantity less than 
unity. [Trinity, 1895.] 

34. Prove the formula 

f" = ^[l + 22 

j - CO sin «x a [_ 


35. Prove that 




dxdy 


xy{x + y) 


-log 


[St. John’s, 1881.] 


[Trinity, 1886.] 


36. Show that f tan“i - tan-^ T ^ = h log — 

Jo a b x^ 2 ^ 


1 1 
cfh'^ 

[Bertkand, Calc. Ini ., p. 200.] 
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37. Show that J = (a + 

, , . re-^^du 


where 


[Math. Trip., 1882.] 


pso 

38. Prove that I e“i“’+“®'^^^f?7t = \/27re^®*, 

/_ nn , 

and deduce — — ^-=- 1 — — — djt. 

s/S(2X)fJ- * 

39. Having given that 


[St. John’s, 1882.] 


Jo 


prove that 


.-2a 


n . Sv/tt 




[Colleges, 1882.] 


[Colleges, 1879.] 


40. Having given that J deduce the value of 

1 6-“^' cos hxdx. 

Jo 

41. Prove that I e~*’cosa.'c{(a2_6).r-4x®} tfa:=l. 

J 0 

42. Find the value of 1 e-i^'cosxdx, 

Jo 

f” ' 1 

and prove that 1 e“i*’sinx(fa; = -y=l e^v*dy. 

Jo V ej 0 

, „ „ , , f* sin 27 !x dx tt sinh n \ . ... 

43. Prove that „ be.ng a positive 


[St. John’s, 1886.] 


integer. 


fl j f 1 .xP — x® p + 1 

44. Starting with I xPdx = deduce 1 ‘-j dx = \og — — y* 

® Jo P+i Jo log-'c + l 

Putting p = asl -\ and q — b\J - 1, deduce the values of the integrals 
, cos bt - cos at 


r 


- dt and 


i; 


sin bt - sin at ,, 
e~i dt, 

t 


and verify your results by a rigorous independent method. 


Show that 
45. Prove that 


r 

Jo 


lsin (p _tosjO^^_t„n-V. 


logx 


£logcos07l -a:‘'=)cfx = log^-2{l - I |i + g |i- 


where 


-Ilw)}” 


[St, John’s, 1885 ] 
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f” / _p’ _i’N _ 

46. Prove that \e dx^Jirio -v). 

'Jo ^ J - > [Math. Teipos.] 

47. Prove that 

f ^ ■? 

1 <^(sin lx) cos xdx— 1 <j) (cos^x) cos x dx. 

Jo jo 

[Besoe, Liouville ' s Journal, xviii.] 

48. Deduce from Laplace’s Integral 


the results * 


j: 


cos ('!» + ?!) = cos (? + 2 a), 


dxe 




^ />— 2o 

“9 ’ 


L +^)sin e]dx.'^ 

f 


g-2a cos e pQg sin ^ ^ 


e ^ sinj^x^ + ^^sin (9|(fa: = ^c-2ncosesin|^2asin 0 + 0. 


[Cauchy, A/m. des Sav . Et .] 


49. From Laplace’s Integral 




deduce * 


g-a*a»cos 2rx dx = -^e 
2a 


f 

f” 2 2 o ^ fir r‘^\ 

cos a-^x^ cos 2rx ox = -?r- cos t — -o L 
Jo 2a \4 av 

f sin a^x^cos 27-x dx = ^ sin . 

Jo 2a V 4 av 

[Foueiee, T. de la Ckal.] 

50. Prove that if f{z), and all the differential 

coefficients up to the (r-l)‘^ inclusive remain continuous from 
z= - 1 to 2 = 1, then will 

I /W(cosx)sin^’'x<fx=l . 3.5 ... (2?'-l)J /(cosx) cos?-x(fx. 

[Jacobi, Crelle'sJ., xv. ; Geeooey, Examples, p. 501.] 


♦ See remarks on the use of imaginaries (Arts. 1189 to 1201), 
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51. Prove that 

r—a /-j ^ \m+l 

cij COS tzdt = 2'^ ml cosax, 

m being a positive integer. 

52. Prove that 


[Cullen, Educ. Times, 14808.] 


»«) . h'TT 

sin 




dx = 


{n - l)(7i -2) ... (n- r) 7ra” ^ 


r(ii) 


- . TITT 

2sin-^ 


r being an integer and 1 > «-> 0. [U. C. Ghosh, Educ. Times, 14954.] 

53. Show that if 

^=1 6-“^' cos hx'^dx, -® = | sin bx'^dx (a>0), 

then A^ + B^ and 2AB can be expressed in terms of elementary 
functions. [Math. Teipos, Pt. II., 1914.] 

54. Show that | — 2 “ • 

[Math. Tklpos, Pt. I., 1887.] 


55. If 
and 

prove that 


sina: = a:--^ + ^, -... + (- 1)” 


X 




3! 5! 


Z 


(271)! 

jp2n— 1 


cos®-l 2! ‘‘'41 ^^"(271-1)1 


1^', 


r ^ dx = i ^[^ dx . 

X 2 Jo a: 


[Math. Tripos, 1876.] 


56. If a and y be positive, prove that the value of 

p sin {yx) cos {ax) 

Jo a: 

is or 0 according as y is greater or less than a. 

By multiplying by e-^’J'cos cy and integrating with respect to y 
from a to 00 , or otherwise, prove that 

f ” (x2 + _ ci) cos ax ^ 1 h cos ac-c sin ac 

Jo (a:2 + 62-c2)2 + 4iV 2^"® h’^ + c’^ 

a, b, c being positive constants. [Math. Teipos, Pt. II., 1920.] 

67. Sho;vthat 

[Trin. Hall and Magd. Coll., 1881.] 
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58. Show that if a is positive and less than tt, 

J„ ( 1 - sill a sin a)H-l« ..in . -g = ^ ° l°g 2 


59. Prove that 


[Math. Trip., Pt. II., 1884.] 


rt log sing 

Jo Vsin^^ Jo\/l+sin2d 


(ri)2f2 1 2.6 1 2.6.10 1 

4V2;l3 + 2-3.7'^3-3.7.1l'^-7- 
(For other similar results, see G. H. Hardy, Educ. T., 14055.) 


60. Show that 

Jo Jo I 1/'^ + 'O Jo 

[Math. Trip., Pt. I., 1894.] 

61. If 

'^n(*) = 2«r(«+l)l^ ■2(2« + 2)"*’2.4(2?i+2)(2n + 4)"‘"J’ 
viz. Bessel’s function, show that 

(i) Jn(x) = —-j==— cos(a:cos(/>)sm2«(/)d(^, if7i>-4, 

2V7rr(7i + 4)Jo 

.. 1 f'" 

and (ii) Jn{^) = -\ cos (?!</) -x sin </>)d^>, where is a positive integer. 
Jo 
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DEFINITE INTEGRALS (II.). 

LOGARITHMIC AND EXPONENTIAL FUNCTIONS 

INVOLVED. 


1071. In the class of definite integrals we are about to 
discuss, it will be convenient to remember the result 

"1 . 'r).\ 

xP (log xYdx={— 1)"- 


r 


(p+l)"+l 

This is the result of integration by parts, 

n 


j ^ xiP (log xY dx= (log a;)" 


P+ 


-jj* xP([ogxY~^dx 
= ( “ 1 (log ®)""^ dx=Qic. 


(2j+l)"+i 

Or we might obtain the same result by the transformation x=e~‘^, viz. 
j .r'’(log .r)” d.v = j — 1 )”y”( — e~^) dy = { — 1 yJ^ y” e-(p+i)y (fy 


= (-l)n PQ + D =/_-|\n. 

' ' fr>4-un+i t / 


n ! 


(p + l)n+i V ■/ (^ + i)n + i> 

including the case^ (logx)" dx=( - l)”r(7z + !) = (- l)”?i !. 

1072. Again, let F{x)=Aq-\-A-^x-\-A2X^-\-A^7?-\-... be sup- 
posed a convergent series for all values of x between x=0 and 
x=l, and such that 

Lt^^iF{x)(\og^'^ is zero or finite when x=l, 
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SO that even when the series for F{x) ceases to be convergent 
when x= 1, the final element of the summation indicated by 

the integration j" i^(a:)^logi^ dx will have no effect. Then 

we shall have, by putting x=e~y, 

7=j* ^log^^ 7’(a;) e~yF{e-y)dy 


=r(p+i)(il?i+24rt+3fe+-) 

and therefore 1 can be expressed in finite terms whenever 7’(x) 
is such that this series is capable of summation. 

An extensive class of definite integrals arises from this fact. 


1073. It will be well to recount several previous results 
obtained. We have now used the symbol Bp to denote the 
complete series 


and the numerical values of Bp up to B^^ are tabulated in 
Art. 957. 

Also, if sec x+tana:=l-|-7rj ^1+772^1+ -^^3^1+ > then 

• 2n+2.^j = 1 + ( - • • • CttZ iw/., 


and rules were given (Fiff. Calc., Art. 573) for the calculation 
of 77„, the results being 

K^=l, 772=1, 7^3=2, 77, =5, 775=10, 

i7g=61, K^=272, 778=1385, 77o=7936, etc., 

772„ being the “Eulerian” number^Aan; whilst K 2 n-i is 

22”(2^" 1) 

the “Prepared Bernoullian” number = — 

B^n-i being the Bernoullian number itself. 

Also we have seen that 


TT 


2n 


'^2"“2(2w-1)!(22"-T) 


K =J_+-L+J-+J_+ 

■‘^271-1 -^271 ' 2^" ' 3^" ' 42n^‘' 


2(2w)! 


7r2«+l rr _ 1 1 I 1 L- 

22n+2(2^) |-^2n— i2„+l 3271+1' 52n+i 7271+I + • ' • ~ 22 "+ 2 ( 2^1 
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and we have the particular results 

11.1 IT , V 

I -3 + 5 -" 




p-^+^-- = ^*{Tchebechef) l^+i^ + l + ...=^ (Euler) 

i-^ + ^- - = S ) P + ^^ + ^^ + • ■ • = S 


^ + ^,+^+...-y (Euler) 


i — - + - — - +...= log 2 
1 2^3 4^ ^ 


«P=p + |^ + p + i^+ 

= I_l^i_l4- =^^-l'\^ 

O'?— p 2^''^3^ 4p'^‘" 2"/ 


(p>l). 


1074. One class of series of this nature will not be obtainable 
from the tabulated results of Art. 957, viz. 


j. i . A .t . -1. f ^ 

J2n 3^ ' 52rt ' 9^ •••=®2rt> say, 

and so far as the author is aware the values of this series for 
various values of n have not been tabulated, and it would 
appear that there is no method of obtaining the values except 
from the series itself or from some transformation of it to 
render it more rapidly convergent. The most troublesome 
case for direct calculation is the case when n—1, on account 
of the slow rate of convergence. But in this isolated case, viz. 

32”'” 52 'J2~r 92 > 

the value has been shown by Mr. J, W. L, Glaisher to be 
0-91596 55941 77219 01505 ... . 


{Proceedings of the London Math. Soc., 1876-7.) 

Mr. Glaisher arrived at this result by means of the identity 

— = sec* ; - i tan*< sec * t + ^ tan * t sec * t — , 

sm t cos t 


a form of Gregory’s series, which upon integration yields 

1 1 7* 2< 1 T 

tana--,tan*a,’+-,tan»a;-...=j^ ^dT 


1 2r* 27"* 

2 Jo L^“7’*-7r*‘^T*-2*7r» 
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and expanding ,^he fractions in powers of T and integrating, 


where <^ 2 n— j^ 2 n 2 ®" ^ 3 ^" 4 an‘^ 

whence, putting — for x, Mr. Glaisher obtained the remarkable series 
A 

tan ^ tan^ ^ + A tan® ^ “ • • • = | 1 0 - 4 .^® + . . . J, 


3 » 


5 * 


1 , , . , , 1 1 1 1 TT ri ,1 O-J ,1 0-4 , ”1 ' 

and putting .r = |, Sa = p- gj + gj- ^ 2 + — = 2 


whence the value above given may be derived. The details of the 
calculation are given in Mr. Glaisher’s paper {loc. cit.). 

1075. It is to be remarked that in approximating to a case of the 

general series + + , if we retain any specified number of 

i <5 0 / 

terms, the error in rejecting the remainder of the series is less than the 
first of the rejected terms. E.g. if 


' 1 1,1 1 , 

^2 ~^2 32‘i'52 ij-2'i'^) 


then 


and since 




and the error in taking 4 terms lies between 0 and Similarly, and 
more generally, if we retain r terms the error is less than the (?• + 1 )‘® term. 

The series for s^', Sq, etc., are much more rapidly convergent than that 
for S 2 , and therefore the calculations direct from the series are much less 
laborious. 


For immediate convenience we may note that to six figures 
^ 2 '= -915,966, s;= -988,944, 

Sg'= -998,685, Sa'= -999,850. 


1076. The integrals which follow are arranged in groups according to 
their forms. Where it is thought necessary the working is fully given. 
In some cases two or three of the steps are given, and in other cases 
merely the result is stated. It is intended that these should be worked 
BY THE STUDENT FOR HIS OWN PRACTICE. In some cases it will be seen 
that by treatment of the same integral by different methods various 
identities may be established. 
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1077. Group A. Examples of Integrals of form 


f' x" 

Jo l±x 

r 

1. 7=J^ ^ we have 

3/(e“'' + e""‘' + e-3i'+...)% = p + ^ + ^+-"=^- 


fi, 1 

2 \ TT^ TT^ 

2. Show that J, _ d.r=(^l--j- = _. 


3. Show that 


PM 

•^0 l-.r 


4. Show that 


d.r = 2!(l+l + l + ...)=253 = 2-40411.... 


5. Show that 


J. "ITT" ‘'■'"is’ 


6. Show that 




O 2n-l _ -I 


7. Show that 


fW 

•'O \-x 


’ Jo i+.r 


dx = (27i)!-S2„+i 




It is to be noted that integrals with integrands of the same character 
as the above multiplied by rational integral algebraic polynomials 
present no difficulty, thus ; 

l«g- r 11=1 

®- Jo ^y=^+p+...=^- p. 

fl ^^^x -TT^ 1 1 

9. Show that d.r = -g ~ p~^' 

10. Show that 

/*! X 1 \ TT^ (X 4" 6 Ot 

j (ax'^ + bx + c) ^ _^ dx={a + b + c) p 
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1078. In some of the simpler cases, viz. wlien tlie power of 
ilie logarithl'nic factor is tlie first, wo way write 1 — y for a-, 
and expand the logarithm. 

Thus 

f ' te = f" '°go-y) ( - 1 ) = f ' dy 

iol-x Ji y ^ ^ ^ Jo y ^ 

Examples. 

1. Prove that f ta.nh~Kr— =~ = f tanli“*-^ . 

Jo X 8 Jo ax 

2. Deduce from (2), Art. 1077, by putting a; = tan^ 6, 

tr 

n 7r2 

tan ^ logcot = — . 

3. Deduce from (6), Art, 1077, by putting .r=sin20, 

TT 

TT-" 

tan ^ (log cosec 0)"’’“* dd = — . 

4. Prove that 

TT 

f tan 6 (log cot dO = 

Jo 


- 1 ff-’" ^ 

2="+i n 


1079. Group B. Examples of Integrals of form 


' flog - 

\ X 


Prove that 


n 1 
log 


X'> 

0 l±.x~ 


'*1 , 1 
log- 


X/ 


dx. 


^—f.dx=%r, ■ I ^d.r=.‘?,' = '915966... approximately. 


0 1 -.rr 


= 2(l-g5)5, = 2'103599.... 


.3 

16 


rfiogiv . 

3 -iLdv^- £i_d.r = G.V = h-933G.... 

Jo i_.r2 16’ Jo \+x^ ^ 


4. 


'’K-y / n r ('”''’)■ 


g1 
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and in the same way as 8, 9, 10 of Group A, prove that 


8 . 

9. 

10. 


los ~ 


fl j. ^2 

Jo [Eoler, Nov. Com. Pet., vol. xix.] 

r , 


Jo ^ ~ 24 " 4 ’ similar 


cases. 


n. Putting .r=sin d in No. 7 (1st part) and .■r=tan(9 in No. 7 (2nd 
part), show that, if n be a positive integer, 

tr IT 

(i) seed (log cosec ^)-"-id0 = jf cosec 0 (log sec 


02«i _ 1 

. _2n I n 

* ^ , *^2 
4n ^ 


IT 

(ii) _( (Iogcot 0 ) 2 ''d 6 /=J;^,A' 2 ,.. 


1080 . Group C. Examples of Integrals of type 



p and q being positive integers (p<i:q). 


1. Putting x = e~^, ive have 
(l-.r)'^ 


I /' 1 . 2 3 \ 
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Prove that 
2 , 


■ rO"®!)" / 2\ 

J.TTW -IH 


4. 


(l+a;)' 

l^ 
x) 




{P>1)- 3. j„ 

0-(xr7f ^^=|t('^^-i+'5p)- 

f 

/ f 

('S)^2 + 3/S'p_i + SiSp). 


■ logl 

° X 

(] +.ry 


7^ ix = loge2. 


TYiog-T 

Jo (l-xY^ 3! 


(1-a:) 


7 T>r» 77 Ct 

Jo ^2^ — a;)V^ ! (’^P-9+2 + -^1*^?— ?+3 + •■• + ■^9-2’^p)) 

■where is the sum of the products r at a time of 1,2, 3, ... (? - 2). 

rViogiT , 

■Jo (l+:r)« ~ (^-1)1 Ao';x_ 9+3 + . . . + Pj-zCTp), 

wh6r6 <Tr ^ ••• ’ 

(loglj , (.ogi)* , 

ir 

9. f ■ . . ^ dff — log 2. (Put ;r=taii 0 in 3.) 

Jo (sm 0 + cos ® 

TT 

10. sin 26*logcot0(i0 = Jlog2. (Put ar = tan2 0 in 3.) 

1081. Group D. Various Forms containing Radicals. 


1. 7= 


1 1 1 
log 


« ^/I 


=/^=l ■^’'+-.)c^y 

11 1 , 1.3 1 1 . 3.5 1 

— T 9 * O c%0 'T"c» >4r»9”rr» A a9.**"’ 


12^2 2^ 2.432 2.4.6 42 
Again putting a;=sin 2 0, 

IT T 

/= -J^ logsin 20 . 2 sin ddd= 01 ogsin 

n 9 *1^ 

= - 4 1 - cos ^ log sin 0+log tan - + cos 

_ Q Q Q 0“\ 

= - 4 1 cos 0(1 - log 2) + 2 sin2 1 log sin ^ - 2 cos^ - log cos - J 

= -4[log2-l] = 4log|. 
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Thus we liave the result 

e 1,1 1,1.3 1 , 1.3.5 1 , - . , 

^ 22 "^2. 4’ 32'^2.4.6’ 4:^^“’ 

r it/^ loff X 

'— r ^ dx. [Euler, A^ov. Com. Petropol., xix., p. 30.1 

Vl 

Puta7=sin0, ■^=J^ sin^d\og8\n6d6 = ^ — ^^-^log sin 

= I ^ log sin ddO-l [5^ log sin + IJ^ cos^ 9 dd 
ir , 1 . TT ir , e 

- 410 ^ 2 '^ 8 “ 8 4' 

3. Find the values of 

/= / cos2>i01ogsin and /'= / sin2"01ogsin 

Jq Jo 


Since 


I— (< 

V 


sin ■[ 0 + ain 20 + ^sin40+isin66^ + ... 

Ji O 


4 — ^ sin (2?i - 2) ^ ^ sin 2n0| =sin 2n9cos 9, 

7 t 1 4 ti 7 V J 


we have 




• r. i. jn /I . • sin 40 sin(2?i-2)fl sin 2710 

sin 2nd cotQ dd = 9 + sin 20 + — — + . . . + ; — — H ?; — 

2 71-1 271 


also J sin 27i0 cot 0 00 = sin 2710 log sin 0 — 2n j cos 2n6 log sin 0 00. 

P TT 

/ = COS 2710 log sin 000= (7i>0). 


Hence 

Again 


8in*"0 = ^ {’"C'fj-S cos 20+2 2”Cjj_2cos 40 - ...+(- 1)"2 cos 2710}. 

T 

^' — j sin2"0 log sill 000 

f^aJlog^-2-Cr„_,(-?) + 2-(^„_,(-|)-...+(-l)n2(-^^^^ 
On log I + ‘"(^u-1 - 1 + 1 2nC'„_3 - . . . + ( - 1)"-^ ,7 “"C'o}- 


22" \ 

=— (’ 
2Sn+l [ 


lo£f V 

Putting sin 0=:i', we have the value of / ■ , d.v- 

Jo v/l-.r2 


_i + l.I+Ll3.I + „ 

12^2 32 ^ 2.4 52 ^ 
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Again putting ^ = sin 

n log - 

——^dx=-l logsin 0rf0=|^log 2 ; 

Jo _^2 JO ^ 

whence it appears that 

2 ^°S^-Yi + 2 ■ S'* "^2. 4* 52"'‘2.4.6 

1082. Group E. Oases in which the Algebraic Factor is the 
Generating Function of a Recurring Series whose Coefficients are 
Powers of the Natural Numbers. 


^£ 3/®(e-*'+22e-=y+32e-'’*' + ...)rfy 
= 3 !(p+| 4+|4 + -) = ®- 1 =’"'- 


Prove that 


i 

^•r 


* 1 + 6 x^ 4 - 
(l-^ 2)3 

( 1 +J 7)(1 + 10 j;+ 

(1 - J 7)5 


lyn+i 2 ?i + l 


(log^j^ ■ ( 2 >” - 1 ) 7 r*" 52 „_i. 


(loglj * 


j yn+s 

= (2w + 3)(2T2- + 2)(2n. + l) . 


r(TT52(i»g*)’''*-T- 
6 . / 


(1 

' ’ +“*+6to*+26*=+*'(l„giy d:, = 2.. 7.;r*. 


(1 - j;)® 

r(Tr$(''-S5)‘*=¥(">+^*'‘>- 
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10. If Gq, Gi, Oj, ... (?„_j be defined by the equation 

a,-i = s" - "+it7i(s - 1)" + ^+W^{s - 2)” -...+( - ly-i «+i(7,_i . 1” 
for all values of s from s = l to s=n, then 

(l-^)"+i V^^x) 


Jo 


dx 


1 (7i + 2m-l)! , 

'2 (2wj)! 


It will be recognised that the several equations defining the letters 
Oq^ cfj, {^ 2 ^ ••• viz. 

no = l", «, = 2"-(ji+l)l", a2 = 3 ”-( 7 i + l)2" + ^^^i^'l” 

etc., 

«„_1 = + 1 )(n - 1 )" + (,i _ 2)n 1 )n-l 1«, 

are the results of equating coefficients in 

Gq + a^x + + • • • + a„_iX^~^ = ( 1” + 2".r + li^x^ + . . . Gd. inf . ) ( 1 - .r)”+^ 

up to the coefficient of .r"”b And it is known that 

( n + rT - "+‘ Cl (n + r - 1 )" + . . . + ( - ] )"+i "+'C„+i (r - 1 )” 
vanishes for all values of r from 1 to oo , being the coefficient of .r" in 
c(r-i)x(c*_l)n+i^ i.e. in [1 +(r- l),r+ ...](,r"+i - ...), 
in which the term of lowest degree is 

Hence ^ is the generating function of the 

recurring series l”4-2".r + 3”.r- + ... . 

Therefore P + + Pa„,.xn-i (, 1 

Jo (l-.r)”+i V °xJ 

= ^ 7/"+^”»-i[l”e-»' + 2"e-2i' + 3”e-=i'+...]cfy 

t in 2” 3” n 

^n+zih ;jn+2m d" •• • J 

= (71 + 2m-l)!^piS + -j-+^ + ...J 




2(2??i)! 


T -^277!-! • 


1083. Group F. Gaps in the Development of the Algebraic 
Factor. 

Let a and (S be any two prime numbers. 

In the series formed by the development of 

CC i.r^ .77^ 

l"” — ^ ascending powers of x (a7<l), 



DEFINITE INTEGRALS (II.). 


255 


X 


i.e. + , from f.e. the coni- 




l-A-’ 


the subtraction of 
plete series 

removes all terms whose indices are multiples of a. 

x^ 

The subsequent subtraction of ^ removes all those terms which 

1 . cc 

remain, and have indices multiples of jS, restoring with the opposite sign 
such terms as have indices multiples of a/5. 

If we now add ^ ^ we are left with the complete series with all 

terms whose indices contain either a or /5 as a factor removed. 

Exactly analogous to this is the effect of multiplying the series 

'S’=^ + ^4-p + ^+^+... , (i5>l), 

(1) w ''y 

For iS - — - the complete series S from which terras in which the 

ftP fjp 

denominators are multiples of a and /5 have been removed, but those 
whose denominators contain both a and /5 are restored with the opposite 

sign, whilst in the case terms occur whose denomi- 

nators contain either a or )3 as a factor. 

Thus 07 

= (2?i - 1 ) ! [| -h -b ^ + . . . ||1> 

by putting x=e~^ as usual, where the double bracket indicates that from 
the sei'ies included all terms have been removed which contain a and not 
j8, or (3 and not a, as a factor, whilst terms with both a and ^ as a factor 
occur with the negative sign 

- (2« - 1) I (i - a.-. 


And 
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It may be noted that 

/•’ /, Id y f, 

Jo .v~a^"Jo y 

\ d X f, 

“‘“"io 1 -^V x' 


and therefore 


/•'/ .r Px"^ Qx^ , Kx’^^y, 

i (rri;-iz^-n:j5+TZ^j(">s,i) * 


f P Q 11 \(27r)» 

V a*” 4^^ " 2-1 > 


\2n 


■whatever numerical values may be assigned to P, Q, R. 

And more generally, if a, /3, y , ... be any prime numbers, and if F{x) be 
the function of x which would be formed by first developing 

(1-/I)(1-A)(1-C)(1 -/))... as l-(J+A + ...) + (d.B + ...)-etc., 
and then replacing 

1 by -r-^, A by — — B by etc., 

l-.r’ \-x^ 


ABhy 




1 -x'^^ 


, ABChy 


1 - 


, and so on. 


then F{x) consists of such terms of the series .r+.r- + .r-'’ + .r^ + ... as 
are left when all those are removed which have a, /?, y or any combina- 
tion of them as a factor of their indices ; and then 

^ n^0(log_J) I 2 /»n-l(,-r + ,,-«V + ...)rfy, 

where the terms in the bracket are such that those whose indices are 
inultiplcs of any of the primes a, /?, y, ... are missing, 

i: . 

/V 

If wo pre.ss the theorem further, and remove nil the terms fi’om y- — ; 
except the first, then if a, /3, y, ... be all the prime numbers, 

T - _ s + 2 _£i- _ 2 ^ ^ _ . .. w. »/.] ( log i Y”- i' 

= (271-1)!^! -^^^1 

— (2n- 1)! (by Raabe’s Theorem, Diff. Calc., p. 109, Ex. 29). 

And this result is a priori obvious, for the integral is merely 

I C = r(27i). 
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Examples. 


1. Thus we have 


/■' r X x"^ .1^ x^ .r* .f'® a;®® “ 1 . \ dx 

Jo Ll— 1—x^ 1— .r® 1— .^'® 1— 1— j;*® 1— :c*“' 1 — .r®®J x 

=^1 _lVi _i-Vi =? . 8 . 

V 2y\ 3®A 5V 4 1 4 9 25 6 75’ 


2. Prove that 


... /■* l+.v , 1 , 47r® .... /■' l-.r , ] , 27r“ 

<® i r^'°ei*’-l7’ ®® i TTp‘“ej‘'“’-27’ 

I T+^4^^°x) 2^3^^^ 

r it (' - 

3. Prove that 

4. Show that ^ log ly V.r = 1 (l - (27r)»" ^ 2 „_, 

5. Show that 

where p is any prime number. 


6. Show that 


r^l+x^+x^+x^f, IV"-", 1/, 1 ,1 „ 

I — — (‘"Sij 

1084. Limits 0 to oo . 

So far in this chapter the limits have been from 0 to 1. In 
some of the cases considered the integrations might have 
been taken from 0 to oo ; e.g. in the examples of Group B, 




logl 


^"{ 4 - /n r\ ^x 1 

I -dx=l 4-/ l^j In the second integral put ^=- 

\Jo ji / 1 ^ y 

I 

... J 'p-,d=,~2j 


1 1 
log- 

-^dx; 
I -x^ 
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2. 




1 +x'^ 


%dx 


-a: 41 


logj. 

1 second integral is 

"‘logl 

idr; 

l+.r'i 



3, 





1 - .r^ 


dx- 


l\ 2 n-l 





4. 


1 + X' 


_ 7r"-"(2^»-l) 

2n 

•^zn 

*=(1' *11 


'.' 4 T , rp , r^('‘’"l 


■J 


l+.r'^ 


dx = 2 



IV" 

X 


1 +a:''* 


dx 


/■n-yn+i 

— ( 2 ) ^ 2 n) so on for other cases. 


1085. Group G. 
Integrals of tlie class 


r— r /lo.2: 


/>=0 

log- 

^ X. 


forin a group of some interest. (Cf. Group C, Art. 1080.) 

We liave ^ = f[ +[ putting a;=- in the second 

of these, • • / / j/ 

dx = r ( z}s3jix( _ i 


1 \x-\J 


\// 


p l+a;"-= 

■ (^^jyn ('og.r)"dx ; and putting a: = e--, 

tlie expansion being convergent as e~' is < 1 for all values of z between 
0 and 00 ; 

+ -i + 1 w(n+l)(n+2) ] 

•'[_]n + l j 2"^* 1.2 3” + i'^ 1.2.3 4n + l'^"’ 

7l(w+ l)(7t + 2) 1 


dx 


J ) _J_ t ^(”+1) 1 

(n- 1)" + !'^ 1 7l" + l 1.2 (»+l)" + l'^’ 

frw 1 r(w+i) 1 r(7t+2) i 

L 1 1" 1.2 2""^ 1.2.3 


1.2.3 


{n + 2) 


in + 1 


+ 


, r(n-l) ^ r(rt) 1 , r(n + l) 1 , r(7i + 2) 1 , -| 

(n-l)" 1 1.2 (« + !)" "^ 1.2.3 (w + 2)"'^’"J' 
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And if n be integral, 
Z=n[ 


2.3 1) 3 . 4 ...» 4. 5 ... (»+l) 

in ^ 2“ 3" 


+ 


1.2...(»-2) 2. 3. ..(»-!) , 3.4 




- + 


nr 


+ 


(»+])' 


— + 1 

])n 


r=eo/ 


^° (r+l)(r + 2)...(r + »-2) ^^ 

,~1 r" r=n-l 


(r-l)(r-2)...{r-(»-2)} 


= n 


%"(r+l)(f + 2)...(r+»-2) + (r-l)(r-2) (r-n-2) 


r=l 


(A) 


The case of this when n is even is given by Wolstenholme, [Prob. 1919]. 

If Np=ri + ^+^ + ... and Pp stand for the sum of the products p at 

a time of the first n-2 natural numbers, this result may obviously 
be written 

/ = 2» (/S2 + P2‘^4 + + • • • )> 

i.e. =2»(|’ + ^=g-t-A9X5 + ^«9550 + ^*sS5 + -) 879.) 

In the case when »=1, 

_ n n log^ 

-Jo Wo six-ir"" 

of which the second portion is infinite. 

. TT^ TT^ 

The first part is finite, viz. 2 . 


Examples. 


1 . 


(^^Jd.v=J” 22 ( 2 ) {e-' + 2e-2^ + 3e-3^ + ...}dz 

/ 1 2 3 \ 27r2 

= 4^Yg + ^ + ^+...j- 3 • 


2. Prove 


r (Sf 

r 


5r2 IItt^ 




and so on. (Cf. Examples 1, 7, 9, Group E, Art. 1082.) 
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1086. A General Principle. 

More generally, it is an obvious principle that if F{x) be 
any function of x which remains unaltered upon changing 

X into its reciprocal i.e. if F{x) be a symmetric function 
1 ^ Fix) 

of X and then, provided remains finite from a; = 0 

to x=oo inclusive, 


For 

and changing rc to - in the second integral. 

Hence = 

Similarly if f(-'\=-F(x), rF(a;)— = 0. 

\xj Jq X 

1087. Again, if the value of any definite integral of the 
f” dx 

above form, viz. Z= F{x)—, has been found, F{x) being 

Jo Xf 

a symmetric function of x and -, the value of F=\ \ ~ 

(C J 0 j- I ^ ® 

can be at once obtained, where n may have any value. For 
in this integral put - for x. 

y 


Then /' = 


/ 1 \ 

^ '^Vy/ r dxj r x^Fix) dx_ 

l + w" ^ y Jo 1+2J" X ’ 

00 

oj/ . _r r x'^F{x) dx 

= f” F(x) -=r F{x) - = /. 
Jo 1+x" ^ ' X Jo ^ X 

r=u. 


Hence 
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1088. Similarly, if F{x) be a symmetric function of - and 
— , so that 

o)i 

then putting x = — , 

y /^2. 


r_P ■^(®) dx_ 
"""Jo a" + a;" x 


(j2n ^ y 


_ 1 F{y) dy _ 1 C’^ x'^ F {x) dx _ 
a"Jo a"+^" y a”Jo a" + a:" x ’ 


i+? 


2/=l = 

a” + ar” ^ ' x a" Jo ^ x 

r F{x) dx 1 r Jx 
Jo a"+a:" jk 2a"jo ^ a; ’ 

1089. Again, if F(x) be symmetric in and so that F(3:) = F(^y 


For writing x^=z, we have 


r v=ip(^) 7=Kr +r)^(^)T- 


Putting z=- 7 - in the second, 
r 


^(T)<-')7=r ^w?=r^w7- 
••• r-^<*’>7=r^(*)7=.f-^w7- 

We note also that it is therefore proved that 

r’ cfo; a- 

Again, taking / F(.r) — , if we put x——, we have 

,/a2 *37 V 

1 F(.r) — = / F(^) — , with other similar results. 

»/n* •27 30 
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1090. Since f ^ — = f 7-^-7,=?, it follows that 

,1 X Jo !+;»■* 2’ 


Jo ^ 

dx ^ r 1 dx 1 r ] ^^TT 

(1 +a;^)(l +.*■") Jo (^+.r~^)(l +.r”) a: 2 Jo x+x~^ x 4' 
Similar!)', since 

r 1 dx 


f 


:v- X 

x'^ ^ 


_ a^x dx 1 r tt 

~Jo 'JJ+^*~ 2 L ado “4’ 


,vehave f L_ J_ E 

Jo a^+x'^ a?- . X- X 2a" 4’ 




n xdx _7r 1 

Jo («■* 4-.r‘’)(a" +.r") 8 a" + ^‘ 


1061. It follows from Art. 1087, that since the expression 

22/ X 

. 2 is unaltered by writing - for x, writing a; = tan^, 

JL 1“ CC CC 2i 


r 


1 = 


F 


2x 

1 + x^J dx 1 


Jo 


- v( ^ ^ 

1+a:" X 2 Jo \l + a;V x 

P „ / 2x \dx f- _ . » do 


sin O' 

a transformation given by Wolstenholme [Educ. Times, 9931). 

We may also see the truth of this result by dilferentiation with regard 
to n, which gives 


dn 


F 


Jo 


\l+a-v dx , 1 , 

( T +.""y writing - for .r, 


F 


(l+^^) ,„l .fe il 

(x» + lf ' ^ X dn 


dl 


■ ■ dn^^' ^ therefore independent of n, and therefore the same as 

if n = 0, i.e. 


r + (f.r_l r pf 2x \ d.i 

l+.r" .r 2 Jo Vl+.W .r 


= etc. 


X 


Putting - for x, it follows that 


^ W+xy dx 1 

a"+.r" A- a"./o 


dO 

sin 6' 
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1092. Thus, if F(z)=z, we have 

dx 


Jo 


1 77 


77 


(a2+^)(a«+x”) 2a”+^ 2 ’ 

or if F(z)==z^j p being a positive integer. 


r 

Jo 


x‘ 


•P-1 


: dx = -. 


sinP“^ Odd 


(a2+^y(a"+^”) 2»’aP+”;o 

1 1 « — 2® — 4 2/ 1 ttN . jj 

=5 5S5 fiT ^ - si" - 2 2> ““ S’ “ 


X 

1093. Consider next the value of i„=j* (log tan where 

u is any positive integer. Puttan0 = cc. 


Then 


In the second integral put x=-y 


r ( \ogxr (-iog.vP” z' _ dx • 

Ji Ji T , 1 V VV Jo H-or^ ’ 


1 + 




y 

(log xf'^'' 


dx ; 


( - 

- g-al ( ~ where x = e“‘ 


= 2^^ z®"(e“^ — — e~''+...)rfz (0<^<oo) 

= 21 (2n+ ~ gzn+i "i* 52 n+i ~ ■■' J 

^»(ir 


=2r(2w+i). 


, where E^n is the vi*’’ Eulerian number ; 
2 n+i 


2(2n)! 

:. {\ogt9,ndf'^dd={^ £' 2 „; 

and the values of E 2 n being successively 

£ 2 = 1 , Ei = b, .E'c=61, .£'8=1385, etc. (see Art. 1073), 

we have 

^ (log tan (log tan 0)'‘o?^=^ ; 

J^(logta.ndYd0=^^; ^ (logtan = etc. 


r d^” sec 2 

) 


1094. Since of in the expansion of sec^, le. 

ri r ”1 

3havej^ (logtan0)'"c?6Z=^2j -o 
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1095. The integral (logtan vanishes. 

For putting 0 = /=-/; 1=0. 

Hence (log tan 0)f‘d6=^^^ Ep or 0, according as p is even or odd. 
Also log cot 6 — - log tan 6 ; 

(log cot 0ydd=l-j Ep or 0, according as p is even or odd. 

Hence ^ (log tan 0)^0?^ and j (log cot have been computed for 

all positive integral values of p. 

ir ir 

1096. Let -^1=1 (logsin0)-t^= f {log cos 6)^ dd , 

Jo Jo 

ir 

/ 2 =[ (log sin 0) (log cos 0) 6^(9. 

Jo 

2li + 2 l 2 = (log sin 0 + log cos OydO—^ (log sin 20 -log 2Ydd 

= [ (logsin 20)2rf0-2 log2 /" logsin 20cf0 + (log2)2 P 1 cf0. 
Jo Jo Jo 

Writing 20 = <^, 

^ (logsin 20)V0 = i ^ (log sin <|))*o?<^ = ^ (log sin 0)2rf0= Ji, 
and ^ logsin20ci?0 logsiii^c?^ =j^logsin^rf^ =|^log^; 


and 

Then 


i.e. 


27i + 27, = /, - 2 log 2 • I log ^ + (log 2)^ | , 
7, + 27, = y (log 2)2 


.(A) 


Asain 


27,-272= f (log sin 0- log cos 0)2(70 = /^ (log tan 0)2(70 = ^ ; ....(B) 
.'0 Jo o 


••• -f.+2/2 = |^(log2)2,' 

7 -7 — — • 

■'2-16’ 


rr Tt 

solving, 7,= f (log sin 0)2(70 = | (log cos 0)2(70 = ^(log 2)2 + ^, 

*'0 Jo ^ ^4 

TT 

^2 = Jg log sin 0.log cos 0(70 =^(log2)2-|^. 

These results are due to the late Professor Wolstenholme. 
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Obviously it follows that 

log sin 0 . log cos logsin 01ogcos^cf^=^(log2)2-^• 

lO97. We may write the expression for cosec ^ in partial fi’actions 
(Hobson, Trigonometry, p. 335) as 

. 1 1 . * 1 , 1 /AX 

„„,ec*=,..+^-— + (A) 

it being understood that this doubly infinite series extends equal distances 
to infinity on either side of the central term i marked with an asterisk. 

A similar expression for cosee^z is 

cosec'^=-”+(2_2^)2+(;zi;:)2+j2+p:p;;^/+(2+27r/ + ---> 

with the same understanding as before. [614, Wolstenholrae’s Problems.'] 
The latter is obtainable from a consideration of the factorisation of 


cosh cos 6 
2 cos^f 


)•=» r ,.2 x 

Az. n Ji+ ^ — -I 

••=-co\ (2r + 1 TT + 0)'^/ 


[viz. equating coefficients of x^ in the expansion and writing 7r~2z for B]. 
Differentiating these expressions respectively 2?’ + l times and 2r times, 

TT 

and then putting 2 =- in each, we have 


1 /7rY''+* ~ d^^ /cosz\“j 

(2r+l)!v/3/ Lc(2*’'\sin2z/Jz=’ 


* 

- + 1 \ + \ 

(21-1 )*'•+» ^l*r+2 (m + l)2r+s^(2^+l)2r+2 


(A') 


(2r + l)!\ 2 i/ Lrf 2 *'‘\siii'‘*z/J 2 =T 


1 111 1 
(221 - 1 )»»'+2 (n -!)*'■+* ■*■ iW* (n + 1 ( 22 i + !)»’■+* ' 


Now consider the integral 


rf, lV'-+i /, 1^+^ 

'-f 


In the second integral write 
Then 


’/ ix^r+i ^0 r'i / 1\*’‘+^ 

(jog^ (log.y)T4-. / IN illiiL,.-. 

l+^n 1+22-” 'v W ^ Jo 1+^" 
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=)= 

,..r . I 1 ^ 1 \ 

=(2r+l)!|...+^2^^_j^2r+2 (,i_ l)*r+2+i2r+B (7i + l)*'’+»'^(27i + l)*’'+“ ■"7 


^ ( 

jp\ ar +2 p ^ 2 r / Qog ^ NT / 


(2r + l)!V 

51 / LoJz®'" \3in‘‘*2/ Jj_T 1 

}) 

^n) Lc^2-^ Vsin-^^/ 

ri 


1098. Again, if 


/'“ (■ n^r+i ^ -o 1V’‘+^ 

Jo 


pubting . 7 .’=i in the second integral, 

r^. iv- p 

dv+ ' ■ - 


/'= 


.7 0 


l-.r" 


l\2r+i 


Jo 


1 -A-« 


, (/.V 


= r 'Vl.ere .T-.-, 

= J 2/^''+' {c“^ + e~'’‘ {1 + c-"*'+ +...}% 

_ /"”y2r+i p _ . ^ g-2>w y + c-n^i y 4- e-r -I- e"^ *' + e-^"+‘ H jdy 

Jo 

= (2r+l)!|.. 




* 

1 1.1,1. l_ __ 

• ■’■(2a - i)^ *’■ (jr-lr+2 + j2r+2 + l)7r+2 (2„ + 1 )2r+2 

1 /ttV+T^’V 1 


+ 


...} 


(2r+l) 


/a-v+2rrf2>-/ 1 Ni 1 xn 

’iVaj Lrf 2 -n 3 in-z/J,=r 77 Ldz"’‘Vsin‘‘i2/ 


Tims 


l\2r+l 


lyir+i 



' 


'C0S2\-1 ^ 

Ldz'U 

,sin“2/J,„i 


" 


'-^W - 

Lc/s’-^n 

,sin'2/Jj_*: 

" 7 


provided ?! > 1. 


These results are due to Wolstenliolme.* 

1099. Group H. Legendre’s Eule. 

Integrating the result [ .r'"d.v= — 7. with regard to n between limits 
_ c,. . )„ 7i + l 


o c* t. 

0 and n, we obtain 

=''>g<'+"> 

* Problems, 1919, 41 and 42. 


.( 1 ) 
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Hence 


i -j. 




dx=\og — 




n x^-i 
Jo lofrx 


dx=log^l+~'j. ...(3) 


If A’(.r) be any polynomial in which the sura of the coefficients is zero, 

= A oX^+ A + A + + „-i^+ A 2 ^1 r = 0) 

0 

= A„(x» - 1) + ^ - 1)... + ^ „_a(.r - 1). 

Then 

Jo ^^^^^■^o^og(n + l) + Ailog7i + A 2 'iog(n-'l)+ ... + A„^ilog2' 

= log (w + 1 n"^'(n - 1 )-^ 2 . . .2"^'* - > (4 

Let A be an operative symbol defined by 

Then equation (3) may be written 

/i=A log 71 (5 


Taking 

jr ri rT" — ! 

dm~^ J ■j^^^^”’'*‘””^‘^-'*^=2[log(2?)i + 77)-log(7n + 72)]. 

Integrating with regard to m from 0 to 7?i, 

^2 = 2 log (2771 + ?i) - J - 2 1^(777 + 77) log (771 + 71) - (?77 + 77) 

= (2777 + 77 ) log (2777 + 77 ) - 2 (777 + 77 ) log (777 + 77) + 77 log 77 = A^?7 log 77. ... (6) 
Similarly /a = A®a* log n, /4 = ;^A^77''log77, etc (7) 

A 1 */ • 

Some of these integrals were established by Euler {Calc. Int., iv., p. 271). 
The general rule was given by Legendre {Exercises^ p. 372). 

1100. Kummer’s Integrals. (Crelle, T. xvii., p. 224.) 

From equation (2) of the last article, 

' '' 1+a;' \os.x a’ 7® ' ^ '^log.r 


, a , a + c , , (7 + 2c , /a 

= logT-log i blOgl — ...=log( 7 

°b+c °6 + 2c °\b 

/••\ T> f^x<‘-x’’ 1 dx . fa a + c a 

^ =Jo ^ = • 6 T~c • F 

in the same way. 


a 6+c 77 + 2c 6+ 3c 
1) a + c b+2c a + 3c' 


+ 2c « + 3c 
+ 2c b + 3c 
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Putting c = l and a + 6 = l in (i), 

1 dx 
l+o; ’ log a? X 

f^x^^ — x~‘‘' dx _i /' a 2 — a 2+a 

""io l+o; ■ l + «‘ 3-« 


A-a \ 

3 + a‘‘‘J 


' d^ 

^“42 1 22. 42. ..(271)2 

“ 7 ^' g ^12. 32... ( 271 -1)2 

. ^ 12 ^ 32 (271-1)2 271 + 1 



= log (-_ tan ^ X 1 ) = log tan 


Tra 

Y‘ 


Examples. 

IT 

rTT ^ 2 

1. Deduce the integral j^'log sin 0 tZd = - log ^ from the theorem 

^^=(.r2 - 2^ cos J+ i)(. 7:2 _ go; cos ^ + 1) ... {a;2 - 2^ cos ^^^ 7 ^+ 1} • 

[Leslie Ellis, C'ain. Math. Jour.., vol. vii., p. 282.] 

2. Show that j^sin d log sin dc;0=log,0y 

3. Show tliat ^sin20 logsin 0rf0=^loge^0 

[Euler, iVor. Com. Petrop,, vol. xix., p. 30.] 

4. Prove that ( M^c?.7;=^log,2. [Colleges /3, 1890.] 

IT 

5. Prove that log (1 + tan d)(i0= g logj2. [Trinity, 1885.] 

[Trinity, 1884.] 


[Trinity, 1885.] 
=7r sin“^a. 


6. Prove that tan 0 log cosec 




7 . Prove that / sin 20 log (1 +cos 
Jo 


8. Prove that if a be <1 




ax d.v 


ax .Wl-a;2 


[Oxford, II. P., 1888.] 


9. Prove that [ (^) d.v=2j^ (^) 3 ’ [St. John’s, 1881.] 


10. Prove that 

ir 
r7 


f^sin x\oB.( ^ — Va7= f sina:tan-i{tanasin^)cfj;=7rtan|. 

Jo ° \1 - sin a sin xj Jo ^ 

[St. John’s, 1881.] 
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11. Showthat,j^ TT^^"^=] 6 - 

12. Prove that - log (1 - a;)cf:r =-g . [Oxford, I. P., 1889.] 


13. Prove that 




1 4. Prove that 


2- 

/•“ , 1 

>”gj j 1 


[Colleges 8, 1883.] 


[Colleges y, 1882.] 
[St. John’s, 1885.] 

[Colleges 8, 1881.] 
[Colleges e, 1881.] 
[R.P.] 

[St. John’s, 1882.] 


[Colleges y, 1882.] 

, P, H-2j;co3a+.r^ c/or /tt \ , ^ 

15. Prove that ‘°g 1 -2a-.os. + xi ^-<2 ~ 

/*! TI"^ 

16. Prove tliat log.r log(l -.r)f/.r=2- • 

17. Show that ^ + log.r^'=0. 

, , p log sec .r , TT- 

18. Show that I — c?.f=-^. 

Jo sin .r tt 

19. Show that f ]og-Tii|2L^(/0= j logt2. 

Jo °n/1 + Jcos'‘6' 

TT^ 

20. Show that tan 0 sec 20 log cot 0(f0 = ^- 
1101. Group I. Derivations from 

r ^^(lx= - dx = TT cosec aw, (l>a>0). Art. 871 — (1) 

Jo l+m Jo 1+01 

Put x='u'', a=-. Then 

r dy— r yl. — ^y. — =- cosec {n>p>0). ...(2) 

Jo 1+r^ Jo l+i/" ” n' ^ ^ 

The case n = 2 gives 

=lcosecf, (2>^>0). ...(3) 

Jo 1+^^ Jo \+x‘' 2 2 

Putting^=7)i + 1, we have 

r 

i T+?*"j. 

Pat^ = l in (2), 

r_^ =ri±^dx 

Jo l+x" Jo 1+^” 


=|sec^, (l>m>-l)....(4) 


= - cosec-, (7i>l). 
n n 


.( 5 ) 
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Pnfc y=- 


Jo 


yi-a;" 
1 ap-^ 


in (2), 
■dx 


Jo (1-^")" 
Put p = l in (6), 


ir PTT 

=— cosec — , 
71 71 


(7i>p>0). ...(B) 


P dx 

Jo 


= -cosec-, (w>l) (7) 


r* x^-\-ar^ ^ 

Ju x+x~\ X 


71 


71 


TT miT 
= 2sec^, 


From (4), 

This may be written as 

P cosh (■ 

Jo cosh (log x) X 2 2 ’ 

Put x=e-^‘, q positive ; xiq=p, and replace z by x, 

r£22te<i* 

Jo cosh qx 

r^^fp^dx 

Jo coshTra; 


771 log x) dx TT mv 
e — J- — = - sec 


TT VTT 


Put q=7T^ 

Put ^='1 in (1), 

C^ya-l 


1 p 


(1>OT> - 1). 

(I>m>-1). (8) 

{q>p>-q)- (9) 

[7V>P> -tt). (10) 


=7rZ)'*“^ cosec air, (l>a>0). (11) 


i Sj''-'-' 

Diff. r - 1 times with respect to h, 

f ir^"--- cosec air, (l>a>0). (12) 

Integrate (11) with regard to h from to 

log^^-(7w = ir^2- — ^cosecair, “•(l>a>0). ...(13) 

Jo ^ « 

Write x=bp in (1), 




= ir6~“ cosec air. 


(l>a>0). ...(14) 


I 


Diff. r — 1 times with re.spect to 6, 




-r^y 


^^a(a + l)...(a+r 2) posec air,(l >a> 0). (15) 

1.2... (r- 1) 


(1 + by) 

Diff. (10) with regard to p, 

(° sinh px j 1 P . V 

I X — x^dx =-sec^tan%, 

Jo cosh TTX 4 2 2 

Integrate (10) with regard to p between 0 andy>, 

rsi^^ =logtan^, 

Jo coshir.r x ° 4 

Diff. (1) with regard to a, 


1^ of log X dx 

Jo 1+a; 


X 


= — ir^ cosec air cot air, 


(ir>jO> -ir). (16) 


(ir>y>>-ir). (17) 


(l>a>0), ...(18) 


etc. Thus obviously a large number of such results may be derived. 
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1102. Group J. 

Next consider the similar integral 1 z dx (l>-a>-0). 

, J 0 -i- ^ 

Here the integrand ^ has infinities at x—0 and at x=l. 

i — 2/ - 

rCl 

At x=0, since a is positive and <;i, the limit of 1 z dx, 

Jo I —a; 

when is indefinitely diminished, is zero (Art. 348). We 
have to examine the behaviour of the integral in the neigh- 
bourhood of x=\. Consider the integral 

(r+L)S‘^ 

where e and are small positive and arbitrary quantities. 

In the second integral put a;=-. 

Then 




dx 


X 


i+i 




And in the second of the.se let a:=l 

J,_. l-a: J, f 


. e 




1.2 




a convergent series, since ^-<1, 




and if r] and e are made ultimately zero in a ratio of equality, 
the limit of this portion is zero, otherwise it is of arbitrary 
value. 

Hence we shall take »j=e, and then 
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is in the limit the same as 

p-' a:“-i , p-' , 

1 dx—\ ax, 

Jo 1— OJ Jo l—x 

i.e. the Principal Value of 

f“ , . j. , 

I , dx IS Lt,,^o\ — ; dx, 

Jo 1-a: Jo 1-a; 

the General Value being an arbitrary quantity depending 

upon the relative mode of approach of e and rj to their limits. 

ri /Wl— 1 /p—a 

Now in I — z dx, the limit of — , when x is 

Jo 1—33 l—x 

unity, is — (2a— 1), and is therefore finite, so that the last 

element of the integral when expressed as a summation from 

x=0 to x=l, contributes nothing. 

Therefore LU=A — ^ dx= — - — 

Jo 1—23 Jo 1-: 


dx 




0 

2;"+’^ \ 


■X 


dx 


1 1— a 2— a 3— a 

a 1 1 1 

j — I — \ — 1— J — t — 
l-|-a 2-f-a 3“(-a 


n—a 

1 

n+a 


n- 


— +r 

■a+l^Jo 


a;"+l 


af- 


■x~ 


■X 


-dx. 


Now in the limit when n is infinite, the portion in the 
brackets is ultimately equal to TrcotaTr. 

The limit of the term ^ , is zero ; and in the integral 

w— a+1 ^ 

the subject of integration is ultimately zero for all values 

of 2 /<^l, i.G, fl—* 7.^—1 3—0 

= „ x-+^—. — —dx=0. 

Jo I — X 

And for the remaining part of the integral 


r 

Jo 


— = dx, viz 

1 — X 


. I cc"“^ — ; dx, 

Ji_, 1-23 


we may remark that, the integrand being finite, if we take 
P and Q as its greatest and least values in the region between 
1 — 6 and 1, this integral lies between 


P [ 1 . da; and Q f 1 . da:, 

Jl-t Jl-C 


i.e. between Pe and Qe, and therefore vanishes in the limit. 
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Hence, summing up, the Principal Value of the integral 


and is equal to 


T” p x~°' , 

dx IS — z dx, 

Jol-a; Jo 1-a; 

7r cot air (l^a|>0) 


.( 1 ) 


110.3. In the derived results which follow we .shall regard all the 
integrals which occur as Princip.al Values. 

Starting with Prin. Val. of 


/*“ 1 f\ ^*<1 — 1 

I d.v= - — ; ^ — rf.r=Tr cotaTT, (l>a>0), 

Jo 1 — .r Jo 1 — .V 

we proceed as in Art. 1101. 

Put .r=y‘, a = — . Then 

.'o l-y" Jo 1-y 


-y 

The case 7i = 2 gives 


IT . pir 

= - cot — , 
n 11 


[n>p>0). 


•( 1 ) 


•( 2 ) 



r ^ ’’ cix- 

--cot^— , 

(2>;7>0). 


...(3) 

0 

1 - 

0 1 - X- 

2 2 ’ 



Putting p = 

7U + 1, we have 






n.v--.v--dv 

TT iinr 

(l>»i> - 

1). ... 

...(4) 


lo 1-x- 

2“" 2 ’ 



Put p=:l in 

(2), 





“ dx 


■u .TT 

= - cot - , 

(«>1), .. 


...(5) 

l-.r" 

Jo 1 - x" 

n n 




P .7.'”' — x~’" dx 

TT , 77177 

(l>m> - 

1) .. 

.. (6) 

x roni \4j, 

Jo X - X~^ X 

2 2 ’ 



This may be written as 






P sinh (m log x) dx 

TT ^ 77177 

= - tan — ir > 

(l>»i> - 

1)..., 

,...(7) 


Jo sinh (log jr) X 

2 2 


Put x = e-^‘, 

1 q positive ; inq=p, and replace z by .: 





I" sinh px , 

1 sinhjx*'-' 

TT , »7r 

= — tan^, 

2q 2q 

{q>p> - 

q). .. 

....(8) 

Put q = ir, 

/•■sinhpx^^ 

Jo yinh TTX 

1 f P 
= 2 tan 2- 

{■n->p> - 

tt). 

...(9) 

Differentiate with regard to p, 






Jo sinliTT.r 

1 ^P 

= 4""^ 2’ 

{7T>J)>- 

•tt). , 

,..(10) 

Integrate (9) with regard to p fr 

oin 0 to 1, 





f dx 

1 sinliTT^r X 

c/Q 

1 , p 

= - log seel, 

(ir>p> - 

■tt), 

...(11) 
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or between b and a, 


cosh a-x — cosh bx dx 

sinhTT.r x ° 


/ 

cos 2 




, { 7 r>a>Z)> - tt), (12) 


and it is as before obvious that many further deductions may be made. 

1104 . Lemma. We shall require the factorisation of 

cos W7r+ cosh VTT. 

. U+lV u—iv 

cos MTT + cosh VTT = cos UTT + cos iVTT — 2 cos — s — TT cos — TT 


2 


' (2r+l)2A (2r+l)2/ 


0 \ 


( 1 ) 


( 2 ) 


= 2II[(2r+l + M)2+v2][(2r+l-M)2+v"]/(2r+l)^. 
0 

Logarithmic differentiation with regard to u and v gives 
— TT sin MTT 2r-l~ld~ '^ 2r+l — u 


cos mtt + cosh ■UTT '^2r+ld-w 2r+l — 


TT sinh VTT 




■ 1 


cos WTr + cosh VTT ^ '^2r-l-l+w|”+'V^ 2r+l — 

110 . 5 . Group K. 

Type 7=1 sinh ^qr Positive, :}> q^). 

Here 1 = j (c^’^ ...) sinmxdx, the integrand 
being finite for all positive values of x and tlie series convergent ; 

••• /= r 2 + sin mxdx 

JO n 


Jo 0 

»r_ 


=s 


^ L {(2r + 1 ) 7 + ;)}- + 7«- {{2;- + 1 ) 7 - p}2 + 


7)1 




. , 7))1V 

sinli — 

JL 


by the Lemma, (A) 


27 WTT . , 7 »ir 

■' cos - — h cosh — 

<Z ? 

7 being positive and p intermediate between 7 and -7, inclusive. 
Similarly 

px ^ _ f ,, N(jOS9??.r(Z,{; 

./u sinhq.r Jo ^ ' 


= [ f [e-{(2r+l)?-;.}x _ g-{(2r+l)2+,,}xj 

=2r — ^ 

0 L{(2r 


(27-+1)7- p _ (2r+l)7 + p 

{(27- +1)7-;?}“ + {(2r +1)7 +75} 2 + 




sin 


prr 


27 pjT , mir 
^ cos - — I- cosh — 
9 9 


•(B) 
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Writing 2c for x in (A) and P + %i P — % in succession for p, and 


subtracting, 

r 


2 sinh y.ccosn qx 


. , mv 
Sinn — 


sinli 


_L 


n sinh 2px . „ , 

■ I , ' -sin2ffl.ra.r = 

■ ■ Jo cosJi qx 


—sin — + cosh ^ sin— + cosh — 
' q 2 q q 

. pTT . , mv 
sin' — sinh — 

TT q q 


2q , ..WITT . ,W7r 

' cosh-' siii'^^ — 

? 9 

. pv . , mv 
sin ' — sinli — 

V q q 

q 2pv , 2w)7r 

' cos — h cosh 

q q 


{f- 


> 


q-\. 


and replacing 2p and 27a by p and 7a, 

. pv . , mv 

. , sin ^ sinh 

f sin77i.vdx = - ^ (gr positive, ...(C) 

J. cosh 5 . 1 ; 2.„,7!5+cosh”;2 

1 1 

Treating (B) in the same way, 

r sinb(2p+g).r-sinh(_2^)£^^^ 

Jo 2 sinh qx cosli qx 


cos 


pv 


- cos 


pv 


4o\ . w , mv . pv , mv 

\ — sm* hcosh — sin — t-cosh — i 

q q q q 


pv , VIV 

„ , ^ cos cosh — 

{ cosli 2px r, , q q 

1 cos27aa;a.c = ;; ^ 

Jo cosh qx 2q 


q . „viv . „pv 
coslr sin*” — 


TT 


pv , VIV 

cos — cosli 

q 


q 2pv . 2mv 
^ cos — — h cosh 




and replacing 2p and 27a by p and m, 


I 


cosh p.Tl 
Jo cosh qx 


cos mxdx= 


cos ^ cosh „ 
V 2q 2^ 


mv 


q OTT , , mv 

cos*- — hcosh — 

q q 


(g positive, jt 7 “:J>g“). ...(D) 
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. , WITT 

sinh 


We thus have 

r cosh px . j IT q ( 

- ■ — Sin mx dx=^ > \^) 

Jo sinhff.r 2q pir , , mir 

^ cos' hcosh — 

g 3 

. pir 

„ . , sin — 

[ sin 11 px I TT q /-ux 

I ■ — cos mx ax = > V-d; 

Jo sinh qx 2q pir , .mir 

^ ^ cos ' 1- cosh — 

3 3 

. pir . , mir 
■ , Sin ^ Sinh — 

f sinh px . T TT 2q 2q /p\ 

/ — sin m.r cto,’ = - — > 

Jo cosh qx q pir , mir 

cos - — h cosh — 

3 3 

pir , mir 

„ , cos ^ cosh — 

f (D) 

Jo cosh qx 


q pir , mir 

^ cos h cosh — 

3 3 


I 


1106. Special Cases. 

(i) Put (7=7r, then 
° cosh px . , j . _1 sinhni 

sinli irx ^ 2 cos p + cosh in’ 


I 


sinbpf. , =■" 2 "“'' 2 

— J— ^ — sin mxdx = ■ '■ . — > 

cosh irx cos p + cosh in 


siiili px , 1 

— T — — cos mx ax = 
sinli ;r.i' 


sill p 


2 cos p -i- cosh in 
(ii) Put 5=^, then (4p-:f>7r2) 

sinh 2m 


P cosh px 
Jo cosh irx 


cos mxdx — 


cos ^ cosh ^ 
cos ^ + cosh in 


” cosh px . 


. , irx 
0 sinhy 

r" sinh px 


sill mxdx = 


Jo 


sinh 


irx 


cos mxdx = 


cos 2j3 + cosh 2m’ 
sin 2p 

cos2/i + co.sh 2m’ 


^ sinh 




, irx 
cosh 

' cosli px 

, irx 
cosli — 
A 


sin m 


vdv — 2 

cos 2p + cosh 2m’ 


cos mxdx =2 


cos p cosh in 
cos 2p + cosh 2m' 


(iii) Put p = 0 in (A) and (D), 

sin m.r , " , , mir 

-X— j dx = - tanli — , 

sinhi^.r 2 q 2 q 


j: 

(iv) Putting q = ir in these results, 

7’° sin mx , 1 , , 

/ d.r=^tanh-, 

Jo sinh irx 2 2 


r° cos mx J ir , mir 
I dx = — sech . 


Jo cosh qx ' 2q ' 


2 q 


f 


cos mx , 1 , m 

— — dx = - sech - . 
cosh irx 2 2 


(v) Putting m = 0 in (B) and (D) {p'^J^q"), 


f”coshpx, _ir pir 
Jo cosh qx 2q 2q ’ 


r sinl^- Pjr 

Jo sinh qx 2q ^ 2q ’ 

(vi) Putting q=ir in the.se results (jo^:}>7r-), 

n sinh px ^ \ p n cosh px , 1 p 

1 d.r = s tan ^ , 1 — =-sec^ 

Jo sinliTT.r 2 2 Jo cosIitt.v 2 2 
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(vii) Putting in (v) 

'= sinh px , , 

‘—d.v=tcinp, 


. , TTX 

Sinn — 


I 


’ cosh _ 


cosh 


TTX 


seep. 


(viii) Putting in (A) and (C), 

I coth Qx sin mx dx = ^ coth ^ , / tanh qx sin ?n.r d.v = ^ cosech ^ . 

Jo ^ 2q 2q Jo 2q 2q 

(ix) Putting q = ir in the latter, 

f coth TTX sin mx dx = ^ coth , / tanli 7r.r sin mx dx = ^ cosecli ^ • 

Jo 2 Ji Jo A J, 


1107. Other Modes of Derivation. 

Besides such integrals as tliose indicated, ^Yllich are merely 
particular cases of one or other of the four formulae A, B, C, D, 
many definite integrals may be obtained by differentiation 
or integration, between specified limits, with regard to one or 
other of the constants p, q or m. 


ExIiVIIPLES. 


1. Taking [ <7.r = | tanh ^ , write 2m for m and integrate with 

® Jo sinh TT.r 2 2 


regard to m from 0 to m. Then 


that is 

2. Deduce from 


/■” , r cos 2m.tn"* , 1 , , 

I cosech TTX ^ ^^7— J ax = - log cosh m, 

I cosech TT.r sin-7nar — = ^ log cosh 711 . 

Jo X 2 

r 

Jo 


cosm.v , 1 . m 

— ^ = 5 sech - , 
cosh TT.r 2 2 


, , P.rsinm.r , , 711 / s\nmx dx ,• 1, m'l 

(a) I — i d.i; = - tanh — sech - , (o) / — — =tan ^ sinh — . 

'' ' Jo cosliTT-r 4 2 2 ' Jo cosh 7r.r .r V 

„ _ , .. rcosh??.?; . , 1 sinhm 

3. Deduce from I . . sin ?H.rCT.r=;:: ; T^i 

Jo sinh7r.r 2cosp + coshm’ 

, , r . , • ,mxdx 1, /cos p + cosh 7/i> 

(rt) I cosech TT.r cosh px sin — ^ ~ 4 

(b) 

JO 

, . cosh p.v 

(c) X — -- ' 

' ' In SlI 


f” Sinh p.v . j 

' .V . ■ — sin m.v d.v 
0 sinh TT.v 


sinh TT.r 


cos VI.V d.v 


. + cos p 

1 sinh 7?i sin J? 

2 (cos ^7 + cosh 77l)-” 

1 1 + cos cosh 771 

2 (cos p + cosh m)- ' 
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4. Deduce from 


“ sinh px ,1 

, co3mxdx=-;^ 
Sinn TTx 


SI 

Jo si 


sin^ 


2 cos^+coshm’ 

f® sinli px . dx ^ 1 f ^ , V\ 

I ■■ ■ - , ■■ sin mx — = tan“^ tann — tan ~ . 
k sinliTTo; X \ 2 2/ 


Jo sink Tvx 

And it will be obvious that a large number of such results may be 
obtained. The results of putting m=0 will in many cases lead to 
integrals obtained in a different manner earlier. 

1108. Group L. Poisson’s Formulae. 

Let f{x) be a function of x such that Taylor’s Theorem 
gives convergent expansions for f{a-{-u) and f{a-\-u-^), where 
w=e‘®. Tlien expanding 
/(a+w)+/(a+w-i) 

= ^ /(a)+/'(a)cos0+^,/"(a)cos20+|-j/"(a)cos30+ ...J. 

Multiplying by 

l-c2 


1 — 2c cos d+c^ 
or by 


:l + 2ccos dd-2c^cos 20+ ... , if < 1, 


:l + 2c“^cos0+2c~2cos20+... , if c2>l, 


1 — 2c cosd+c^ 
and integrating between 0 and tt, we have 


" /(a +M)+/(a+^-^) 
2c cos 0+c^ 


Jo 1 


dQ-- 


9 


Z'JT 


or 


l-c^ 

27r 

'1-C2 

27r 


{/(») + c/'(a)+^/"(a) + ...| 

/(a+c), if c2<l, 


^ {/(a) + c- V' (a) + (a) + ... I 


27r 


c2-l 


/(a+c-1), if c2>l. 


Examples. 

1. Show that, u standing for e‘®, 

ITT 


(/(«+=)-/(«» (it =><1) 


or =^{/(a+c-i)-/(a)} (ifc2>l). 


2. Show that 
1 — c cos 6 


lo r-j/dsi+c^ ^^=^{/(«)+/(«+o)} (c'^< 1) 

or =7r{/(a)-/(a+c~^)} (c2>l). 
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3. Show that 
sill 6\ 


4. Taking J{x) = x^, show that 

(l + 2acosg + ay / (c^<l). 

l-2ccos6' + c'^ V a + cos^y 1-c^^ 


5. Show that 
sin 6 


f” n 2(l + 2acos0+a2)^sin Tntan ^ — - 

Jo l-2ccoso + c‘* \ 


a + cos 9 


dd 


= g{(a + c)"-a"} (c2<l). ' 


6. Show that 

sin 6 


sin 9 


d9 


7. Deduce known results from 4, 5, 6 by putting n — \. 
r' 6*-'®°®* cos (A: sin a;) , ir .j-c 

1 i-2oooL+o» 


1109. Group M. Abel’s Formula. (See Bertrand, Calc. Int., 
p. 171.) 

Supposing J?’(c+a) capable of expansion in a series of powers 
of e~°- in the form . 4 o+. 4 ie““+ 2 l 26 ~^®+ > whether a be real 
or imaginary, then putting i^t for a, we have 

.^o+AliCos ^t+A^cos = 

follows that 

r F{c+c/3t)-^F{c-i/3t) ^^ 

Jo b^+t^ 



=^{^+^e-'’^+^2e-2*'P+...} 


='^F{c+b^). 

In Abel’s Formula b is taken as unity. 
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Examples. 

1. Taking F{z)=z~‘", 


■■■ 

Jo (o'-+/J*<’)' " 

2. Deduce the formulae 

/ \ r dt 1 

Jo + + 2bcc + ab’ 


3. Sliow that 


/ \ r dt 1 

Jo (c-‘ + a^t^)(b^ + f‘^ 2bcc + ab’ 

cos cos” c”~^ 

' ' Jo a'^cos^(j)+c-sm^(j> 2a (c+a)" 

=0 g'?C03(a()(.(j3^Cgijj TT re-^“ 


[Bertrand.] 


1110. Group N. A Set mainly due to Cauchy. 

. , n f dx , ^ ^ ‘.. n .- i . 




The integrand of ., - - - s (a>0) has infinities at a and 

at —a. The latter lies outside the range of integration. 

Now 

f”- da: ,r dx _ 1 ri.n.^T"'-4-irino-^T 

Jo a^-a2+ja+,a'^-a‘' 2aL “a-»Jo '^SaL *=a:-ai+, 

1 , 2a— € 1 1 2a-\-}] 1 i '/ 2a— e 

=ra'°s-r-ra’°s-r “ra ’°s; ■ 

If }], e be made to vanish in a ratio of equality, this 

f” dx 

vanishes; the Principal Value of J ^ ^ 2 _r^ 2 . 


1111. Consider next the Principal Values of 

T r dx j r ^^dx 

(a--a:‘2)(a:-’+p-)’ ^“Jo (a--a;^) (x^+p-)’ 

, 1 r dx , 1 r -n I ^ 

2p 2pa‘^+p^^ 

, a2 r dx p dx ^ p^ 1_ P 

a~+f}o^^+P^ aH/'2p 2 aHp^’ 

If then (p{x) be such a function as can be expressed in 

partial fractions of the form 0(x) = S^ 23 ^’ 

Principal Values, 
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where F{x)=x‘^(f){x), provided Ltx=^ finite. 


2p' 

x^ <p {x) 

' p^-\-x^ 


[The results obtained in the following articles to 1118 are all Principal 
Values of the several integrals discussed.] 


1112. TlmSjior instance, since we have 


tan ax 


X 


:8a 2 


1 


i^(2r-l)27r2-4a2a;2 


, secax=4' y) - 


(-l)’--i(2r-l)7r 


r' (2r— l)‘‘^7r‘^ — 4a‘'^a:‘^ ’ 




1 , ^ (-l)’-2aa;2 
X cosec a.x= - + >, „ / „ „ , 
a "V a^x-—r^iT^ 


it follows that, considering Principal Values, 

... r” tan ax dx 

w I 

(“> i 


secoa; 


(iii) I ^ 

M I 


X p'^ + x^ 

d.v 

p'^+x"^ 
dx 


_ 77 tan lap _ tt 

2^) ip 


= ^tanhaiJ, 


= ^sectoi) =^secha2J, 


=^‘Pcotiaj7 ^gcothcp, 


dx TT TT , 

a; cosec ax -v: — 5 = 5 - 13 ? cosec iap = - cosech ap. 


' p- + x^ 2p 


.(A) 


1113. Again, it is clear from the expressions for sin 61 and 
cos 9 in factors, that the fractions (a •< b) 

sin ax cos ax sin ax x sin ax x cos ax 


sin 6x’ cosbx’ xCosbx’ cosbx ’ sin6x ’ 

are expressible as the sums of an infinite number of partial 
fractions with pure quadratic denominators {e.g. see Ex. 52, 
p. 169), and therefore, when a -<6, we have immediately 


(i) 

(iii) 


sin a.r dx tt sinh ap 


■ <“) r 


cos ax dx _ TT cosh ap 
cos bx p^+a^ 2p cosh bp' 


0 sin bx p^+x"^ 2p sinh bp 

sin ax dx _ tt sihh ap ... r° sin ax xdx _ tt sinh ap 
2p‘- cosh bp' ' Jo cos bx + 2 cosh bp' 


0 cos 6.r ^(p‘‘=+;r'‘*) cosh 

P cosa.r xdx _7rcoshajD 
'0 sin bx p^+x'‘‘ 2 sinh bp' 


bp' 

(B) 
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1114. In the limit when a=0, we have cases (i), (iii), (iv) giving a zero 
result, but from (ii) and (v), 


Also in the case when a = 6, we have, 

, .... , r dx TT 

(i) and (ii) become ^^2=^’ 

(iii) ' tanhS^ 

Jo x(p^+x-) 2p^ 


'(p‘‘+x-) 2p^ 

* / _ 1 „i_ 1 r\r\ 


( v) r cofch bp (from A (iii) ). 

Jo p- + a'" 2, 


(see Art. 1007), 


(D) 


1115. The cases in which a>b can readily be obtained by means of 
the following identities. Let a=2r6 + c, where r is an integer and c is 
positive or negative, but numerically less than b. 

_sin ax sin cx 
“"sin 6.r sin 6a;’ 


(1) 2{cos(a-6).r+cos((z-36)a;+...+co3(a-2r-l b)x) 

/ ■> cosax f .-cosca; 

(2) 2 (cos (a - b)x - cos (a - 36)a;+ ... +( - 1 )*-' cos (a - 2r - 1 6)a;} =7rr7:- " ( “ 


cos 6a;’ 

• / 7 \ sin «;?-■ , 1 \r sin ca; 

(3) 2{sin(a-6).r-sin(a-36)a;+...+(-l)’‘"^sm(a-2r- 1 6).r} — ) (>og5^> 

cos cx cos ax 


cos bx 
sin ax 


(4) 2{sin(a-6)a; + sin(rt-36).a;+...+sin(a-2r-l 6)a’} 


sin bx sin bx 


■VT r” cosr.r , TT ,. r/v=—e~^ 

f rf.^.=^,(l _e-^) (r >0, 21 >0). 

Jx(p^ + x-) 2p-^ 


Therefore 


r r 

2cos(a-2r-l6)a;^^ 


= ^ + ... to r terms) 

2p 

_ jir e-^P-c-"P 
^ Ap sinh 62? ’ 


r ’’ r7\ c °^-( - l)’'e~ 

jj, 2(-l)’^~’'C0s((X — 2r — 1 6)a'^2^,^2 cosh 6p 

2(-l)’' ^’)‘'*^a,’(p'‘+.r‘') 223“ ll-(-l) 2cosh 623 J’ 

.Tda; 7r e-°^-(-l)’'e-^^ 


2(-l)’-"sin (a-2?— I6)a;;;^ 
'o 1 


p^+x^ 


f i:sin(a-27--l6)a;;^ 

Jo 1 i' 


xdx 


+x^ 


' 4 cosh 

^ e-cj>_e-°r 

' 4 sinh 623 
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Hence, if a=»-2r6+c, c^< b'^, we have 

r sin ax dx „ Z"” , t. r , \ dx , f° sin cx dx 

-^—7 = 2 I 2Jco3(a-2r-l f))x „ ., + ^—r 5-—, 

sinoxp^+x^ Jo 1 p^+x- Jo sinoxp- + x- 

_ TT — e~"P TT /sinh cp \ 

223 sinh bp 2p \sinh bp ’ / 


according as 0>c‘‘^>6^, or c = 0 or c = b. 
1116. Thus we have the several cases : 


\) 

Jo SI 


sin ax dx 


sin bxp'^+x'^ 


TT sinh ap 
2p sinh bp^ 


a<b, 


= 2 .;^ 


TT 6““’^ — e~“’‘ . TT sinh cp_'!r cosh cp — e““3> 


2^3 2 sinh 6^3 ^2^3 sinh Z)p 2^3 sinh 623 ’ ^ 2r6+c, 

TT 1 - e~“^’ 

a = 2rb, c = 0, 


'‘>r 


cosa.r dx 
cos bxp'^+x^ 


_2 iL +0 

■ 223 2 sinh 623 

— 2 ^ ^ 

■ 223 2 sinh 62* ^23 

_ TT cosh a2> 

223 cosh bp^ 


2p sinh bp ’ 

TT cosh Z)23 - e““^ ,0 , ,v, 

.inbtp ’ 

a<b, 


= 2 3r -l)’'e~’’^ ^ tt cosh C23 

~ ■ 223 2 cosh ^23 ' ' 223 cosh 

_ TT ( — 1)*" sinh cp + c~®P 
223 cosh bp ’ 

^ TT e-°P-(-l)*‘e- 




= 2 

522 

TT e-<^P 


2p cosh 623’ 

^ TT e-°3>-(-l)re-^ ^ 

' 223 2 cosh 625 ^ 2p 

_ TT ( -l)’'sinh 62>+g~°^ 

223 cosh 62^ ’ 


C) 


r sina.r dx _ tt sinha23 
cos 6a:a;{23^ + .r^) 223^ cosli ^23 ’ 

-l)r e-»P_(_i)re 
2 cosh bp 

*■ cosh <23 — ( 
cosh bp 

2 cosh bp 

_l)r_e-ap-| 


= 2 — 1 

1 

»— • 

1 

1 

■ 223'“' 1 

L 2 

=— r 1 

223^1 

-(- 17 +^- 

-2 — 1 

1 

1 

1 

• 223^ 1 

2 


1 

1 

1— > 

223^1^ 

-2 — 

ri-(-ir 

2232 

L 2 


1 

a 

_J 

2232 L 

cosh bpJ 


-J’ 


a =2?'6+c, 

a = 2rb, c = 0, 

a=(2r + l)6, c = 6. 

a< b, 

TT sinh C23 
' 223^ cosh 623 

a = 2rb + c, 


r] 


cosh 623 J’ 
e-«-p_(-l)re 
2 cosh 6/3 


+ 0 

a=2rb, c=0, 
-] + (-l)'‘^^tanh 6 p 

a = (2r+l)6, c = 6. 
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(D) 

Jo cos 6:: 


a.v xdx 


bx p^-\-x'^ 


or 


or 


or 


_ IT sinh ap 
2 cosh bp’ 

— 2 ^ - ( ~ 1 ^ .y TT sinh cp 

' 2 2 cosh bp ' ' 2 cosh bp 

_ IT e““^ — ( — I)*" cosh cp 
2 cosh bp ’ 


a< b, 


a = 2rb + c, 


+°°2 COSI.V ■ “ = 


c = 0. 


= 2 . 




2 2 cosh bp 

TT e-“P 


+ (-l)’'(|-|tanh,6jj) 


(E) 


cosa.r xdx 


sin bx p'^ + x'^ 


or 


2 cosh bp’ 
_7r cosli ap 
2 sinh 

= -2 


TT e“‘'^’-e“"'’_^7r coshc^) 
2 2 sinh 6^ ”^2 sinh 

TT sinh cp-\-e~°^ 

2 


a = (2r+])6, 
c=b. 

a< b, 


a =2rb + c, 


or 


or 


sinh bp 

■!L CIZ^+I cosech bp -.Vr - “ =2r6, 
2 2sinh6p 2 ^ 2 smh bp ^_q 


__2 


p-ap 


.-2. 1'"' 


2 2sinti^+l“‘''''^ 

sinh bp+e~°^ 

2 sinh bp ’ 

1117. Adding the results of (D) to p^ times those of (C), 


a = (2r+ 1)6, 
c = b. 


j: 


sin ax dx 
cos bx X 


- 0 , 


TT 


2 {l-(-l)a |{l-(-l)’7or I 


a<b, a = 2rb-\-c, a = 2rb 


according as 
or a = (2?’ + l)6. 


If a = b we have 


r 


tan ax 


dx=— as establislied in Art. 1007, and used 

X 2 

above. The majority of these results are due to Cauchy [Mem, des 
Savans Et., T. I.].* 

1118. Some of the general results above (a<6 or n = 26 + c) may be 
derived from others by differentiation with regard to a ; bearing in 
mind that if b be kept constant da=dc. 

Differentiation with regard to b, p or p"^, or integration between 
specified limits, will furnish other I’esults. For example, taking a < b 

and starting with f sinh ap integrating with regard 

® Jo sin bxp^+x^ 2/)sinh6jo a o a 

to b between bi and ig > ""C have 


i: 


tan 


6,.r 


sin ax log 


dx 


TT 


tan 


51 = ^2 sinh ap log 


tanh 

A 


tanh 


hP 


'See also Legendre, Exercices, vol. ii., p. 174 ; Gregory, Ex., pp. 491-499. 
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or, differentiating*jwith regard to p. 


(’“’ sin ax dx _ d ( sinh ap \ 
Jo sin bx iv^+x-Y 4 » dv \» sinh bv> ' 


sin bx [p'^+aP'Y Ap dp \p sinh bp- 

/•X 

/ CC COS6C CC TT 

Again, since (from Art. 1114 ), we have 

f c<,.eo.[ta„-.f]2*=| [l»g ‘^T, 


z.e. 


or 


r('tan->B-tan-'&')AL_fl„g 

jo \ .X X j sin 2 ° 

n tan-i - - tan-i log 

Jo \ Pi p2/sinx 2 


tanh-^ 

tanh^ 


coth 


Pi 


coth ^ 


and so on for other cases. 

22^ 22^ 

1119 . Since 2Cosech 2=1 - -5-^ — , + - 


222 


!+ •• , 


zHz _7r , (-!)'• 

( 22 + r27r2) (22 + 62) - 26 + t (6 + rTr)’ 


Z^ + TT^ 22 + 227r2 22 + 327r “ 

and when 6 is an integral multiple of tt, =mr say, we have 

/■“2cosech2, 1 . f, „ 1 1 1 , ,.,.l'l 

J, {'''«®-I+ 2 - 3 +-+(-') j}- 

1120. Some Special Forms given by Legendre {Exercices, p. 243) and 
Landen {Math. Mem.., p. 112 , etc.). 

write 1 —x=y in the second integral. Then (.r < 1) 

Ja X Jo l—X 

= - [log (1 - .^•) log +f^ }og(^-. 7 .) 

= -loga]og{l-a) + Jg dx. 


Hence 


(Mr 


J logO log „ log (1 _ a) _ ^ ; 


and if 4’{a) = j — — dx, we have 


^(a) + <^)(l-a)=logalog (1-a)-^, 


•(i) 


and 


m)Mi^ogW-'^, («=i) (ii) 


12 
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log - 


1 


Also <j}'{x) = {log{l —x)}lx, and 

d , / —X \_,,f —1 ^ 1 ^ I 

dx^\l—x) ^ vl —a;/ (1 —.■?;)* —x (1— .r(l — 1 — a- ’ 

1 —X 

het x=^/{l+^), then 

^ ( - S') + <^ (r+^) "" 

i-e. ^ (-•»-’) + '^(l^)=Klog (1 +.r)}* (iii) 

Again 4>{x)^l dx=-[j,+j,+-,+ ...)-, 

:. <^(.r) + </>(-.r)=-2g+j!+^+...) = i<^M; (iv) 

.-. -c^W + |<^(.r2) + </.(j^) = KlogO+^)}‘'. (v) 

(Legendre.) 

In the case i.e. .r(.v+l)=l or x — -- = °) say , 

^2</i(a2)-<^(a) = Klog(l+a))', 
le. § (1 - a) - <^ (a) = log ^ (log a)®- 

TT^ " ir^ 

But ^(1 -a) + ^(a) = logalog(l - a) - — =log a log a‘^ - -^ 

= 2(loga)2-^ ■ 

Hence solving 

(/i(l - a) = (log a)^ - ^ ^ («•) == (log 
where a = ^ = 2 sin ^ , (1 — a) = \/a^=^2sinY^^ . 


Thus 


TT 

To 


l2£^d»=(l„g2aini)’-g, I 


.r’ r* foiogJk:£)*;^ 




.log(2ai„0 


These curious results are due to Landen. They are quoted by Bertrand, 
Calc. Int., pp. 216-217. 

The series ^ + 22 +p+^+’| 2 +-" 1® therefore sumniable in the 
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PROBLEMS. 
Provo tho followitiii results 


* r 

9 

5. j (cos* sin- cos'- 1) + sin* tt log cosec = 

-• ---’i 

(n) J t.Tti flsec-t^ sec "it? logeottf (/t^ '-Lp _ . 

Jgl-.; “j: 3G 

1 0. f ‘ 4 - \ 

Jo 1-J: '’x 

— - '* I •* I '* 

•* V'' * V' * V”' 

11 . f' ,k -, if ' - - 'ir? _ iLr,:‘ _ ... L_ 

Ju(l -x)- ^x 0 I* 2* :p (»-I)- 

r* l -(n-r l)x''4-;ix''4* ^ I Ii(7i+l)r- (;i-l)(;t + 2) 

"Jo 12 2.1- 





«»"U 


2'. 3* 


2 

1(11-1)2 

(I) 

log (see 

^0 

' sin 0 

'8’ 

(2) 

(>08' 

0 

sec oy 

ilO 
sin 0 

-4 

‘"Tg’ 

(9)J 

9 

• r 

(log sec 

0 

•sin 0 

-O 

(J) 

V 

[* (loy 

'U 

see Oy 

dO 
sin U 

ITrra 
82 ■ 

[*.=. 

■ , Jx 

-■ 1 

1 

1 


I 



Jo 

1 - z- 

""8 1-' 

[p ■ 

5- 

"(inr 

- ir-’ 
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^ 1 + a;® 1 1 , 97 r 2 - 8 

.TZT>S7j^=^n- 


-iK f ^ a + + c-a?* , 1 , , , , , ,, Tr2 a-\-h c 

Jo l -®2 log^c?a:-(a + & + c) g 32 - 

= 2 (- l)"j^^- 53+33 “^+ ••• + (- ')“j 2 „ _ |j 3 _ 

o, r 1 +-'^® A 1 ?; 

^ ■]oO+^')'V 16 27 • 

22. f (1 +tan“0 + tan'*£?)(logtaii 0)-(/^? = ^j-g^-5^. 

Jo 

23. (1) f‘(logcot«)!rffl.i, (2) £(logcote)<rf9.^’. 

Gin-’ 

(3) (log cot Of (10=-^. 


3-3 106 

16 “ 27 ■ 


T 

I ^ log cot 0 
Jg (sin" + cos" 


24. Prove that sin"-i 20r/e = ^ log 2. 

Jg (sin" + cos" y)- n- 

25. Establish the following results : 

... r- r logtan (? I’ 4-2 


0 r'(^'T)/ 


I \H^-i 


0 r(^"9i 




cos 6(19 = 2~-\]2, 


■‘ .njn 167r2 3277'* 

cos- 6 (iU = 


3 45 ’ 


cos® 6 d 9 


/ 20 t 7 - 4477^^ TJ 
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2G. Show that 

f- 1 +4siri-0 + .‘;in^0 


—(T^ ■ tan <>(logco.sec (?)="+=(/(? 


( n + l)(2»+ l) _„„„ 
8 " 




where ILn-i tlic a**' Bcnioiillian miniber. 

27. Evaluate (I) (2) ["^-2';! 

^ Jo logco^ccw (Ic 


0 0 do 


(logcosoc 0)- 


- cns’fl.siii"”^ OdO 


28. Shov 


!• that j" 


x" lojia" (/.r 


0 viog cosec «)•' 


r- 1 r 


— --Coscc-(Jr (0 < (I < 1 ). 




r) 


i!r— - 


12 ’ 




30. Establish the results 

f‘ dx r , ur , ^ 

(") J _ :Fc 7 ^ 21 } 27 >V> -'!)■, 

31. Establish the re.=ult [ — j — — dr—’-mi'^ (2>n>0). 

32. Prove that f — ill / — _ log tan {->])>--), 

JjCoshs-ir •! ' •' 

33. Shosv that (- > n > - 


of: 


cosh ax . , 1 

Ein rxdz^- 


1 sinh r 


.sinh -J 


2 ro.sh r + cos a ’ 

1 sin (1 

2 cosh r + cos a ’ 

sinh fix , 1 . a 


(O) r!jilJl2£e„B,x</x^ 

' ' Jd sinh ~x 

,,,. f” .siiDx , 1 , , r r.sinhfix , 1. 0 

Jd .shiir^? '^•‘^= 2 2 ’ Jo .^hnn7 ‘^"=2 2 

■ d, f'xcosix , 1 ,,r 


[Gukoouy, 7S.V., p. -lO.'i.] 
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34. ShoAV that 

cosh ax 


cosh ttx 


cos rx dx = 


cosh- cos 

Ji 

cosh r + cos a 


{Tr>a> - tt), 


-dx 


= ^sechL 


^co 

J 0 

r cosra 
J„ coshTT 

° [Gregory, Ex., p. 496.] 

35. Show that 

f = \ rt + ilog2 + c(log2)2 + -Y2j- (• 1891.] 

C= l/lll 4^ 

3G. Show thalj^ (TT^''”’-,TrT[T + 2 + 3+-''+>~2;’ 

n being a positive integer >2. 

f” HT dx . 1 TT sinh a 

37. Show that the integral 2 SI 


if rt bo <b, but has the value § ^^^shihr ~ and-2r& + c, 

where r is an integer and c<h. [R. P-] 

38. Provo that the cooflicient of x^ in the expansion of sec a; in 
ascending powers of x is equal to 

L f (log tan xY dx. 

Jo 


n ! \rr) 


[Math. Trip., Part!., 1888.] 


39. Show that £ 


40. I f X (3') = + • • • ’ 


/ 1 — iN T>~ , , 1 1 + ® 

(ii) x(^-) + x(]^) = -8 _a;> 


(Hi) 

and that the value of tlie series x(®). is known in the four cases 


a: = l, x = 2sin^, .t = \/5-2, a: = tang. 


[Legendre, Ex., p. 247.] 
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a:^ X* 


41. If A(a:)^a: + ^ + 23 + j 3 + ... , show that, <fi(x) being as defined 
in Art. 1120, 

(i) aw+a(i-*) + a(-j^) 

= A(l) - log®. ^(®) -log(l -x) <f>{l -x) 

- log •</.(- + log ® . log2 (1 - j) - log3 (1 - ®), 

(ii) iA(l) = A(i) + ^log2-^(log2)3, 

(iii) A (1 ) = I A (4 sin2 log (2 sin ^ log^ I^)’ 

(iv) l + l + l4.1 + ...=^ + |^ + ^! + ^3 + ...,where0 = 2sin7r/lO. 

v'^/ 4^ 13^2^ 3^ 4^ 

[Landen, Math . Mem .] 

42. Prove that 


r '^log f - ^ log (V 2 - 1 ) log ( 2 (72 - 1 ) ) - i (log 2)» - ^ . 

Jo 1 ® ® 

9 [Mobley, E. T. , 9224. ] 


o-n— 1 


43. If + + + and?- 

be a positive proper fraction, shoAv that 

dx = dx. 


f 


[M. Tbip., 1883.] 


T{n + r) Jo z’- 

^00 

44. Prove that sin ®"(f® = &r(l + 1/n), (n>l), where b is the 

Jo 1 

real coefficient of the imaginary part of ( - 1)"’’, and hence find the 

value of the integral to four places of decimals when n is 2 or 3. 

[SanjXna, E.7’., 13,609.] 

45. Prove that 


fftan- 
Jo Jo 


dm = "^-2 log 2, (0<m<l). 

1 - 4 


[SanjAna, E.T., 13,636.] 


TT TT 

cos^(0 + sec^fb dd d(b = 

” [W. J. C. Milleb, E.T., 13,784.] 

47. Prove that the value of 

the integral being taken so as to give the variables all positive values 
consistent with the condition ® + y ^ c; (0<ik<C.l). [Ox. II. P., 1885.] 
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48. Show that 



where x^, x^, ... x,i are the roots and A the discriminant of the 
equation a;” +p^x’^-'^ + . . . + Pn-i» +Pn = 0, 

the integral being taken over all values of the variables such that 
the sum of the r‘'‘ powers of the coefBcients in this equation, which 

arc all positive, docs not exceed a given quantity a. 

[Math. Trip,, 1884.] 


49. If /,„=[ (cos a: - cos a)»‘ J.'C and prove 

Jo 

(i) ml^ + (2??! - 1) cos o-Im-x - ~ 1) sin 2 a /„,_2 = 0, 



.oO. If /(-) be an even function of 2 , and 


■ ^ , . . cos 7 /)^ . C • a 

Use the expansion of — in powers of sin y. 


^ (7i + l)«r . (« +2)(71 + 1 )?!(ji- 1) r , , r 

show that l 2 n = Jo + j — 7r~ '^ 2 '^ 1 2 3 ~4 1/4 + ... + Jzn • 

] [Cauchy.] 

51. If f{z) be an odd function of 2 , and 

hn-i = j ar'-V •^2n-i = 

1 Mir' ■" r' , (« + !)«(«- 1) T' 

show that i 2 n-i = y'^i -t 2 ~ 9~3 '^2 

(71 + 2)(n + 1)71(71 -1)(7!- 2) ^ 

+ 1 . 2 . 3.475 *^6 + ... + 

[Glaisher.*] 

52. If f{z) be an even function of 2 , sliow that 


show also- that | f(x-^dx is independent of a. 


[Glaisher.] 


* Camb. Phil. Soc., 1876. 
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1121. The Three Integrals, 


TT 

/i=J cospQ(iosq6d6=Q { 2 y=h(l)'^ or ^ (^^=5'), 

rn- TP 

/ 2 =J ^inpQsinqQ dQ=() {p=l=q)\ or ^ (;>= 9 '). 

/ 3 =[ sinjt)0cosg06?0=O (j^+g' even) ; or ^ + g odd), 

Jo P ^ 

where ^ and q are integers, are of ver}^ special importance in 

the Theory of Definite Integrals. 


(i) /i = jj cospd cos qddd=^J^ [coB(p + q)d + co3(p-q)0]<Jd 

_1 r 3in()o+g)^ sin [p-^d ~Y 
“2L p+g p-q Jo 

= 0, if p and q be unequal. 


Butifgj=g, =r<9l =’^: 

L P~“H Jo L Jo 


/i = 0 if pi^q and 


TT 


= 2 P=^- 


In the latter case, viz. p=q, we may obtain the result directly without 
taking a limit ; for 

T (’ 9 fljn + 1 , sin 2^01 ’" tt 

1,-1 coi‘pede-1 — 2 ‘'«=2r+^J.--2- 

(ii) In the same way 

f’ TT 

Ii= 1 sinp0sin g0d0=O if jo=/=g or =— if p=q. 

Jo ^ 
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(iii) Finally 

■^ 3 =j^ sin p6 cos qO do = ^ [sin ( 2 J+ 5)0 + sin (p-g)0] 

Ir C03(p+g)^ co3(p-g)^ '1^ 

~^L P+^ P~i Jo 

= 1 r i-(-I)^+< ^ l-(-l)p-g ) 

2 \ p+q p-q i 

= ^ - j . - j)!!! /-!_+ J— \, for (- 1 )J^= (-!)’’+«, 
2 li>+g p-q) 


according as ;5 + g' ia even or odd, andyj, q unequal. 

And if p = g, 

= = being an integer. 

1122. Important Applications. 

If tlien F{6) be a function of 6 capable of convergent 
expansion in a series of sines or cosines of integral multiples 
of 6, say, 

jP(0)=,4o+,^i cos 0+-42Cos20+...+,4nOOsw6 + ..., 
we have I F{9)cob7i 0 d6 — A„- ^ ^ocl j" F{6)d9=AQ7r. 

For upon multiplying by cos7i0 and integrating between 
limits 0 and tt all tlie terms vanish except C03^n9d9, 

'JT 

which becomes A„. 

When therefore such an expansion for F{9) is possible, this 
result gives a means of obtaining the several coefficients, viz. 

Ao=^-{'' F{9)d9, A„=-\ F{9)co3n9d9. 

Similarly, if F{9) be expressible in the form 

F{9) = BiSm 9 +B 2 sin20+... + 5„sin w0+... 

we have B„ = -[ F {9) sin n9d9. 

■^Jo 
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00 

In the same way, if F[0) = A o + 2 A ^ cos rd, 
then J i^(0) cos cos n(9c?6/= I F{d){cos{m + n)6 + c.os[m — n)B]dO 

= |- |(^m+n + ^n.-n), ^ + 

and ' F{ff)cos^mddd = ^^{2Ao + Aijn). 

Again £ F{6) sin 2m0 dd = 4 ^p. ^ i + ^ 3 + + - 

and so on for other similar applications of the rules. 

1123. There are then two cases for wliich the rules are 
particularly useful. 

1. When F{6) is a known expansion of one of the form.s 


CO CO 

cos r6, ^Brsinr0, 

1 1 

i.e. such that the coefficients Aq, Aj, A^, ... or are 

known, the method may be used to obtain definite integrals of 
the forms 




2. Conversely, if F[d) has not been already expanded in such 
form, i.e. in a convergent series of sines or cosines of integral 
multiples of 6, and if such expansion be possible, and if it 

be possible to obtain the value of 1 F{9) cosvO dd, or of 

ATT J 0 

i''(0) sin n0 the values of the several coefficients may 
•'o 

then be deduced as Ag=- 1 F{9)d9, 

’’■Jo 

A„=-rF{9)cosn9d9, B„=-\ F{9) sin n9d9, (w>0), 

’tJo ■^Jo 

and the expansion thus obtained holds for all values of 9 
between 9=0 and 0=7r. 


1124. Again, if there be two convergent expansions of the same 
kind, viz. 

F(B) = Ao + Aj cos 0+ A 2 cos 20 + A 3 cos 30 + ... , 

/(0 ) =€"0 + (7j cos 0 + (72 cos 20 + C 3 cos 30 + . . . , 
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then plainly, upon multiplication and integration between limits 0 and w, 
JoOo + A,C, + A^G^+J 3 C 3 +...^^fJf{e)F{d)d 9 -AoGo, 
and as a case, if f{d) and F{ 6 ) be the same series, 

^1 oH Ai2+ AgH A 32 + ... =11^’' [i?’(0)]2 d9- A 0 ^. 


1125 . Further, if 

<^(.-r)= Ao+Aj.r+A2-'r^+A3^+... , 

^^(a.■) = ^ 7 o + C'l.^■+C' 2 .^• 2 +^? 3^•3 + ... ; 

then writing u—xe^^, v = xe-^^, 

(?j) + <^ (v) = 2 (yl 0 + Aj-t' cos 0 + ^2^-2 cos 20 + A 3.^^ cos 30 + . . .), 
i/'(«) + )^(i)) = 2(C'o + C'j.rcos0 + G^v‘^cos26+ G^cos39 + ••■) ; 
AoGo. ^r + A,(7,.^•2|+A2C'2.^•^|+A3C3a,■«|+... 

/■' + \p{ti) + \p(v) 

~Jo 2 ■ 2 


?‘.c. A^Gg^ A iGiX~ + A 2^-2 + A3C'3.'r® + . . . 

= s- [ [(l>{u) + (k{v)][ 4 '{ii) + y/'(v)]d 6 --AoGo; 
iTT ./O 

and as a particular case, if <j) and t/* be identical, 

A 0= + A i=.r 2 + A .p.v* + A 32.rO + • • • = ^ ^ [<#> (w) + <^ 0 - A o^ 

i.c. when the several tortus of a series can be summed, we can express the 
sum of the squares of these terms in the form of a deSnite integral, and 
the sum of the squares of the coeflicients will be expressible by means of 
the same integral, putting .t'=l, provided the series is convergent for 
that value of .r, ?'.e. 

A 0- -h A ,2 + A ,2 + A 32 + . . . = ^^ f ' [(^ (e‘ 0 ) + c/> («- ‘e)] 2 c /0 - A ^ 

Jq 


112G. Ex. Thus for the series (1 +.7')’', n being a positive integer, 
A 0 = + A ,2 + A ..2 + . .. = ^ I " [(I + e‘e)" + (1 + e-‘0)’‘]2 00 - 1 


JO 

= (e 2 +c“ 2 j (c2 q-c _ 1 ^COS y cos" ^ j 00 - 1- 


Similarly for the series e^=l d'jj'+j^+-” i have 


/ 1 X'.! / 1 \2 / 1 \2 1 r" 

'’+(ii) +([i) -^y 


(cC‘Ve“"‘®)V/0-l 


= - r e2““® cos2(sin 0)00 — 1. 
ttJo 
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1127. Again we may express as a definite integral the sum of the first 
r terms of any series, 

(f){x) = Ao + AiX+A^‘^+A 2 X^ + .,. ad inf. 

For writing as before, v—xe^^, v=xe-^^, 

= + COS^F J2''^2cog20 + Jja;3(;os30 + ... 

A 

to an infinite number of terms. 

. rO 

lr-l)e 

Also „ cos ^ — ^p^=l +COS 6 + cos 20+ ... + cos (r- 1)0. 

. C7 Jt 


sin- 


Multiply and integrate from 0 to ir ; 
.". A(j-h A^x A^'^ -i" A^x^ -i~ ••• A" 


-3riM±m".!l±,os^izMd9-A 

~7rjo 2 . 0 


sin 


1128. If we take as our auxiliary series, 

. r0 

2 2y{; + i' — 1 

——COS jr 0 = cos^0 + cos(^+l)0 + cos (^+2)0 + ... to r terms, 

. C7 Z 

sm- 


we have 


J *07* + Ai+i.T*+‘ + . . . + .(4*+r_i07*+’-‘ 


2 p <f){u) + 4>{'v) 

TT Jo 2 


sin 


rd 

2 2l' + r-l . 

cos 0 du, 


i.e. the sura of r terms of <p{x) starting from any particular term, /;>0. 

Obviously other modifications may be made. And provided <f)(x) 
remains a convergent series when 07=1, we may put 1 for x before the 
integration is performed if it be required to sura the several coefficients in 
any of the above cases. 


1129. Examples of Integrals derived from the Foregoing Principles. 

p=n— 1 

Since 2“"cos*”o; = 2 2 cos (27i — 2jD).r + “"(?„, 

j >=0 

22n+i cos2"+*x=2 2 ®"+*t7pCOs(27i + l -2p).r, 

27=0 

( - 1)«2=‘" sin 2”;r=2^'’2 1)*’ ‘"C'^.cos (2n-2p)x+{-l)^*”C„, 

27 = 0 


and ( - 1)”2“”+* sin *"+*x = 2 2 (— l)^*”+*C'psin (2?i + l -2p)a7, 
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we have, by aid of the previous article, 

TT /"*' TT 

j cofi’^”xcos27ixdx = ^^, j coa^”x'cos(27i-2p)xdx = ^"Cp^i^, 

f cos^" .r cos rx dx = 0, (r =f 0), 

Jo 

where r is odd, or even and not lying within the range from 2?i to — 27i 

inclusive. (A) 

r TT 

J cos^"+^xco3 (2}i + ])xdx=^^^^, 

j cos“”+^.rcos(2ji + l —2p)xdx = ^^+^Cp • 

f cos®”+^.r cos j-.r(/.r = 0, (r^O), 

Jo 

where r is even, or odd and not lying within the range from 2« + l to 

- (2« + 1) inclusive. (B) 

f* f, TT 

/ sin-".r cos 2«.r (f.r= ( - 1)" 

Jo 

I sin^'‘.c cos(2?i - 2p)xdx= ( - 1 )"+^ ""Cp 

[ siir”xcos7-.rdx = 0, (r=jfcO), 

Jo 

where r is odd, or even and not lying within tlie range from 2?! to —2n 
inclusive. (C) 

j sin*”+hrsin (2 h + l).r (f.r= ( - 1)" ^ 5 ^, 

j sin^"+*.r sin(2« + 1 - 2p)x dx — {- ] )”+^ 

I siir^+hr sin ra'</.r = 0, 

Jo 

where ?• is even, or odd and not lying within the range from 2?i+l to 

- (2« + 1 ) inclusive. (D) 

All si.x statements in (A) and (B) may he summed up in the result 

I cos^.r cos jjLV dx=^C\-p ^ , (/x 0), 

where is the number of combinations of A things ^ ^ at a time 

^ A- ^ 

and is unity when /x = A, or zero if — — ^ be not a positive integer. 

The three statements in (C) may be similarly summed up as 

TT 

I sin^.r cos /x,?'d.r= ^C'a-/!^ ( - 1) 2 (A even, /xt*=0), 

Jo 

and the three statements in (D) may be summed up as 

/ sin^.r sin /x.r f/.r= ^(7 a-m sV ( - 1) " (A odd). 
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1130. Similarly, (1) 2“"/ cos®”x sin 2sa; rfo; 

‘V Jo 

flTf’ P — Tl — 1 —I 

= 12 2 cos 2 (»— jD)^sin 2 s.r+ 2 "G_ sin 2 sx c?.r 

Jo L p=o —I 

= 0 , by Art. 1121 (iii). 

( 2 ) cos^”.r sin ( 2 s + 1 )a 7 

2 ( 2 s + l) 


P = 

p=n-l 

.a y zn^ 

pto (2s + l)‘^-(27i-2py'^ ^"'2s+l' 




( 3 ) 2 “"+^ I cos^"+^.r sin 2 sj?(i.r 
Jo 

rnrP=.». 


= f fs S ^”+*CpCos(2w + l — 2j>);rsin 2s.r”]c?a’ 
Jo L j)=o J 

— 2^yP^n+i Q ^ 

p=o ^{2s)‘^-{2n + l-2py^' 


( 4 ) 2 ®"+^J cos*"+^.rsin( 2 s + l)a;c(x 
rrr 

12 
y = 0 


= /" fs 2 *”+^C'i)Cos(2?i+l — 2^))a:sin(2s+l)x'lc/j7 
Jo L j?=o -J 

= 0 . 

(5) ( — 1)”2*”J' sin®"^sin 2sxo?.r 

/•Trr J’=n— 1 -1 

~ i 2 (-l)^'"GjyCos(27j-2^).rsin2s.r+( - 1)" 2"G„sin2ss7j c^jr 


= 0 . 


(6) ( - 1)” 2^^” f • sin^".2;sin(25+l)a’o?x 

.'0 

fn r p=n—l 

~Jo ^ (-l)^’'”CJpCOs( 2 n— 2 /?)a:sin (25 + l)a; + (-l)"*" 6 '’„sin( 2 s + 


p=o 

:p?o ^^^^'’^^(2s + lf-(27i-2p)^ 


2(2s+l) 




2s + 1 


(7) ( - 1)" 2^"+^ f sin*"+^.r cos 2s:r dx 
Jo 

= f fs 2 (-l)^^”+^Cpsin(2w + l -2^3). r cos 25^7)”] rfo; 
Jo I— '«=0 -J 


2 (2?t + 1 — 2j3) 


(8) (-l)«2^"+^f sin®"+^.r cos(2s+l)a;ofo 
Jo 

= f Fs 2 ( sin (2n + 1 — 2®). 77 003(25 + 1)^1(^.7; 
Jo L 0=0 -I 


= 0. 
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Thus we have considered in Arts. 1129 and 1130 all cases of 
cos^ X cos iix dx, JJ cos^ x sin iix dx, 

J"' sin^x cos fix dx, sin^ x sin fix dx, 

for which A and fi are integers, k being positive. 


1131. The eight expressions 

cos^'^o; cos 2sa;, cos*”+^.'r co3(2s + l).r, cos^”:r sin(2s + 1)^;, cos*"+^^sin 2s.r, 

sin®’*.^ cos 2sa;, sin^"+*^a’COs2s.r, sin*”.rsin(2s + l):r, sin^”+‘a?sin(2s + l):r, 

have the same values when we put rr-.r in place of x. 

But the eight expressions 

cos=".rcos(2s + l).r, cos^"+bf cos 2s.r, cos^”.r sin 2s.r, cos2"+^.r sin(2s + l).r 

8in2".r cos(2s+l).r, sin=="+br cos(2s + l).r, sin^^^A-sin 2sx, sin^"+i.r sin 2sa;, 
cliangc sign if we put v — xm place of .r. 

From these considerations the integrals from 0 to - of the eight in the 
first group are each half the result from 0 to it. 

And the integrals of the eight in the second group from 0 to ir all 
vanish. This is in conformity with the results found. 

The integrals from 0 to ^ of the eight in the second group must theie- 

fore be found by another method, viz. the reduction formulae of 
Arts. 249-2rj7. 


1132. We have also, by putting for sin^^a; its equivalent in a series of 

n 

cosines of even multiples of .r, say Aq+S 

I .r si n"” .1 d.v = f .t'( /I n + d j cos 2.v + d 4 cos 4.r‘ + . . . + d 2 „ cos 2«.t’) d.v ; 

Jo Jo 

and therefore integrating by parts. 


Tn , r r , . sin 2.r- , sin 4.r , , . sin 29 

I .rsiir''.rc?.r = ^.r |do.r+d2 — ^ — + -^^4 "“4 H.-. + dj^ 

r , .V- , cos2.r 

- , f " 

2 / 2 2 2=" ” 2’‘"+^(7i 


sin 2?!.r 1 


with other similar results. 

This may be obtained otherwise, thus : 


j'J X siii‘”,r d.v = - (^ - .r)sin^”.r = (tt - .r)siii“”.r dx 

.'. f .r sin^s.r (/.r = ^ f sin’‘”.i'd.r 
Jo ^ Jo 


2n - 1 271 — 3 1 TT o (27i) ! 

2^r^"'2’ 2“■^'2="+l(?^!)■■' 



DEFINITE INTEGRALS (III.). 


301 


1133. The former process may be extended to find j x^sin-^xdx, 
where p and n are positive integers. ° 

Thus 

r x^sm^’*xdx= [ a;2’(Ao + 2 A 2 ,cos 2 rA-)cf.r=^o^^^+ x^'Z A cos 9.rxdx 
Jo Jo 1 P+1 Jo 1 

= ^ ^ ^ 1 ( - 1 ) 

+p(p- l)xP-^ ^ - 2 ^3 sin 2nr^ (p - l ) (^ _ 2) 2 cos 2rx + . . . 

+ ( - l)"iP ! I (^1 cos (2rx-jnlJ\^ 

and jo being integral and positive the aeries will terminate. 

Also 

= ^4 = ^^"^^n-2, etc., A2r = |^'^"C'n-r- 

Hence 

rn in TrP+^ ” ( - I'l’’ 

-p(p-l)(p-2)w^3|^%ne„_^^....|. 

We may obtain similar results for 


x^ co3^"+^xdx, 


f x^sin^’^+^xdx, f x^cos^”xdx, f x'^ co3^"+^ x dx, 

Jo Jo Jo 

J rrr 

x^F{x)dx, where F(x) can be ex- 

. 0 . 

pressed as a series of sines or cosines of integral multiples of x. For 


instance, 


x^ cos nx dx= ,r^(l + cos2a;+cos Ar+... + cos2w5;)d.r 

Jo sin X Jo 


I ^,^ (-l)co32rx . n (-l)3in2r ^ 

”p + l + r f 2r f (2rr f (2r)^ 


t (^rr 


^ co3(2rx-p + l^) 


•n-P+^ TtP-I n 1 ^ TT^® ” 1 


1134. Eesults derivable from Well-known Series. 

Many well-known series are established in books on Trigo- 
nometry whose terms involve sines or cosines of integral 
multiples of 0. And such series furnish many definite 
integrals by the application of the rules of Art. 1121. 
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For convenience we quote a number of the more important ; 

*j _ ^2 

*• ^ 1./-V 


1 - 2a cos 6 + 0 ^ 


1 —2a cos 6 + a? 


1 - a cos 0 
1 — 2a cos 6 + a? 


1 — 2a cos d + aP' 


= 1 + 2acos 0 + 2a2cos 20 + 2a3cos Zd+ , 

2 2 2 

= - 1 cos 6 5 cos 29 — ; cos 39 — ... , 

a a'^ 

= sin 0 + asiii 20 + a^sin 39 + ... , 

= sin 0 + ^ sin 20 + -^ sin 30+ , 

— 1 + acos 0 + a^cos 20 + a^cos 30+ ... , 

= — -'cos 0 - cos 20 — A, cos 30 - ... , 

1 I 2 

— „ + - — ^ (cos 0 + acos 20 + a2cos 30+ ...), 
1 - a^ 1 - a-^ ^ 


or =j^^j+l^(cose + lcoB2e+ico33e + ...), 

5. log(l — 2a cos 0 + a2)= — 2(aco3 0 + ^a^cos 20 + Ja^cos 30+ ...), 

or =log a^-2 ^icos 0 + ^cos 20 + ^ 3 cos 30 + ...^, 

6. tan~^ <x sin 0 =asin 0+ia2sin 20 + ia^sin 30+... , 

1 - a cos 0 ^ ’ 

or =;r- 0 -(Isin 0 +^ 3 sin 20 + ^sm30+...), 

and in each of these cases a may be changed to - a. 

We also have 

7. log ^2 cos = cos 0-icos20+icos 30- ... , (-7r<0<7r). 

8. log^2sin|j= -cos 0-icos20-|cos30-..., (O<0<27r). 

9. Iog(2sin0) = -cos 20-|co3 40- Jcos 60- ... , (O<0<Tr). 

/9 11 

10. 2 = sin 0 - -sin 20 + - sin 30— ... , (-7r<0<7r). 

n. = sin 0+isin20+isin30+... , (O<0<7r). 




= sin 0+isin30 + isin 50 + ... , (O<0<7r). 

O D 

It will be noted that if tc< 1, 

log (1-7? cos 0) is a case of log cos 0^, 

the value of a being given by l+a^= — , 

71/ 


or putting a=tan 

Ji 


71 = sin a. 
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1135. Derivation of Other Series. 

-lif' 

Other series may be obtained by differentiation with regard 


to B. 

Let « = 1 - 2a cos 6/ + a\ 

Taking the series 
- 2 

^ — =l+2acos 0+2a'*cos20 + 2a''’cos30+ (1), a^<l, 

u 

^.5Hl-^=asin 0+a^sin 20+a^sin 30 + ... (2), a^<l. 

Differentiate (1) with regard to 9, 

2a(l -g^) sin 0+4a2sin 20+6a^sin 3(^ + ... , a^<l, 


i.e. (l-aO-^^=sm0 + 2asm20+3a2sin30 + ...+na"-*sin7i0 + ... (3), a2<l, 
and differentiating (2) with regard to 9, 

(1 +a^) cos ^ ~ _ (.Qg g ^ 2a cos 2g + Saccos 3^ -f ... + cos wg + . . . (4), a‘^<l. 

u'^ 

Equation (1) may be written, 

( l-a“)(l-2acosg + a^) ^ j ^ 2a cos ^+2a2cos 20+ ... + 2a" cos 7i0 + (5), a- < 1. 

Multiply (4) and (5) by 2a(l -a^ and l + a' respectively, and add, then 


1 + ^ 24 . 40 cos 0 + 2a2(3-aO cos20+2a3(4-2a2)cos30+... 

+ 2a" {u(l - a2)+(l + oO) cos »0+ (6), «“*<], 

and so on with further differentiations. 

And similarly when a^ is > 1, we have 

- — =1 +-COS 0+-^cos20+^cos30+... , (n 

u a g® 

sin 0+ism 20+^sin 30 + (2') 

u a or a 

Differentiate (1') with regard to 0, 

2a(a^ — l)sin0 2 . 0,4 . ^ ® “ja j. 

- _i =- sin 0+— ,sin 204 — 5 sin 30+ ... , 

i„ e + ^,sm2e++in30 + ... (S') 

aP' a* a 


and differentiating (2') with regard to 0, 

(l + .=)co»9-to_l 

or 
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Multiply (40 and (.50 by and aHl respectively, and add, then 

H. 4» cos cos 294- ... o.sna+ 

etc. 




(P 


1136. Successive Derivation of Further Series. 
Again we have 
1 d m5sind 


m.B cos 0 (A + ^cosd) + wi(m+l) 5^(1 — cos 
^^ ( A + i? cos ^ ( A + j 8 cos "" (A+i?cos 0 r +2 

A+/i(A+i?cos^)+v(A + 5cos0)2 

{A+Bcosdr+^- ’ 

where A 4 -/iA + i'A^ = ?n(m + l)5’,I giving A= -7?i(jJi + l)(A2 — ^0>] 


IJLB+2vAB=mAB, 

vB^= -vi^JP, 


[i — m (27)1+1) A, 


v= -m®, 


J 


m(ffl + l)(A^-.S^) m(2ffl + l)A _^| 1 ,vhere«=A + .Bcos0. 

,4^+2 „ni+l dd' u'^' 


Hence when series for — and 


71" 


71 


71" 

1 

tn+l 


in terms of cosines of integral 

multiples of 6 have been found, a series of the same kind can be deduced 
1 


for 


„m+2- 


i.e. 


Thus, putting A = 1 +a^ and B= - 2a, we have 

in (»i + 1) (1 - rtO- _ m (27)1 + 1 ) (1 + i_ 

ji«+2 ,4m dy^ 

Putting 7n = l and taking the c<ase a- < 1, 

1.2(l-.y ^ l,3 (; +g ;)_l_g fexpansio,, of 1 ) 

71^ 71^ u do- V 

= [(1 + «-) + 1 2n"{(n + 1) - (71 - 1 ) aO cos nd~^ 

- fl + E 2c" cos 710~| 

+ „ fs 2w“a" cos 7i0 I 

1 - c-^ L 1 -1 

= ^ + !:2c" [3(1^){(,4+ 1)_(,i - l)a2j+’^] cos 710, 

(1 + 4a2 + cO + E A „ cos 77 0, 


•( 1 ) 


where A„ = c" [(1 — c-)bi^+ 3(1 — c*)7i+ 2 (1 + 4a' + c*)]- 

And further applications of the formula (1), viz. putting 777 =-2, 3, etc.j 

will furnish successively the series for ^<) etc.; and similarly in the 
case when c^ > 1. 

1137. Moreover the differentiation of any one of these series furnishes 
another, e.q. furnishes the series for — ” ^ in terms of series of 

sines of integral multiples of 0, as was seen in equation (3) of Art. 1135. 
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Thus, sincfc 

= 1 +a2 4-2 2a"[?i(l -a2) + (l +a-)] cos nB, a? < 1, 

V/ 1 

or = + ^ l)+(«^+l)] oos?!(9, or > \, 

we have, by differentiating, 

? 2lSp 


or =2 -i;:i[rt(«^-l) + («^+l)]siii5i0, a= > 1, 

and so on. 

Again a series for may be found in terms of the series for ^ and 
1 ^ “ 


For 


cos 9 _ \ 1+a- — ?t_l+a“ J 1 1 

a™ ~ 2ct ?t”* 2« ’ It”* 2a tt”*"^ ‘ 


11.38. Other powers of sin 0 or cos 9 in the numerator may be readily 
arranged for. 

Thus, since = s S«a"“‘ sin«5, (a^<l), we have 

X ■“ CE“ 1 

Slll^ Q 1 «— 1 ^ * /I * Z) 

— ^ = ^ ^2sin dsmnd 

w- 2(1 -a-) 1 

= ■■ ^ ■ - — 2 7trt"“Hcos (« - 1)0 - cos {n + 1)0} 

2(1 — a-) 1 

= i j— ^ [l+2acos0 + (3a2-l) cos 20 + (4a^- 2a) cos 30 
+ (5a'' — 3a^) cos 40 +...], a?<\. 

And if a* > 1, a similar result may be obtained. These results are 
mainly interesting from the definite integrals which may be obtained 
from them by the aid of the results of Art. 1121 ; and to this matter we 
now turn. 


1139. Definite Integrals immediately derivable. 

By the application of the rules of Art. 1121 to the series of 
Art. 1134, we have at once the following definite integrals. 
Put 1— 2a cos 0+0,2 = u, and consider in each case n to be a 
positive integer. 


(1) 

rd9_ TT 

io w 1 - 

(2) 

/■"■cos 710 „ 

.— —d9 = 

Jo u 

(10 

[”d9_ TT 

Jo XI d~ — 1 

(20 

Jo XC 




a2< 1 


a2> 1 






j 


from Series 1. 
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(4) )“ 

Jo n 2 J 

' from 

1 , 

v «^ > I 

sin 0 sin nO tt I 

'■* ' J. » 2 o«+'J j 

r i-aco s j )^^^^ 1 

Jo n , 

(6) (,. > o)J 

/■'i4:41£5i«rfo=o 

Jo 

' Jo u Z a" . 

,7, I 

' .'0 « 1 - rt- 

r c«£2ii£e rfo - ? lis; (« > 0) 
,-., r£2i»,w.,.i_ ! 1 

.'0 o- - 1 O 

/ 0/4 f" COS & cosnd TTO' + l 1 , ^ I 

<« ) L — ;; — <"'=2 (» > «)J 


a2 < 1 


, /'"siii"6J TT 

’ ' jo ?6 2a^ 

, /""■ sin 0 sin ?i6^ tt I 

^ jo “2 


d0 = Tr 


«2> 1 


(L- acos 6i) cos?i0 ^ a\ 

O0= jr«” (?l > 0) 

u 2 . 


from Series 2. 


a2< 1 


from Series 3. 


a2 > 1 


.'o « 


2 o2 - 1 «"+l 


a2 < 1 


a2< 1 


from Series 4, 


= 7r logo^* 


7r If 


a2 < 1 


a2> 1 


(9) ^ log u <W = 0* 

[a2< 

(10) / cos ?)(y log o (f6^ — 

Jo 71 J 

(9') I \o"7id6 =7r]oga2*'j 

r TT It 

(10') COS7^6'log7(rfd) =--_ j 

(11) j logudO =0*, whena = l, 

( 12 ) [ sin nd tiin~^ < 1 

'Jo 1 - a cos y 2?i ’ 

■ r, . sin 0 TT 1 „ , 

(13) / sin7!0tan~i - dd =s > 1 

Jo a- cos (J 271 «" 


from Series 5. 


= 0*, when w = l, from Series 9. 


from Series 6. 


* Poisson, Journal de V EcoU Polytechniquc, xvii. 
■f Legendre, Exercices, vol. ii., p. 123. 
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(14) cosn0i'dg^2cos^'jdd = (-l)”-^^y from Series 7. 

(15) JJcos 710 log (^2 sin from Series 8. 


Illustrative Examples. 


1 140. Denoting 1 - 2a cos 0 + by u : 

1. Deduce from JJlogud0=O or irloga^ as is < or > 1, by 
integration by parts, 

or _ilog(l + lJ 

2. Deduce from Series 3 and 3', Art. 1135, 

3. Show by direct integration that 

L- i j {(„_ (o + 

(»=<» 


4. Prove that 


/■' sin 0 sin 7i0 wir o" ^ ^ i ^ 


2 a ^- 1 


(a 2 > 1 ). 


. _ . f’^dd l+4a^+a'^ , ^ 

5. Prove that I 5^ («““<!) 

Jo 7p (l-a-'p 


6. Prove that 


_^:^^|(l_^2)2„2 + 3(i_c^4)% + 2(]+4a2 + a4)} (a2< 1). 


7. From the formulae of Art. 1137, deduce 

f'sin ^0 TT 1 7 2 ^ T\ 

Jo m 3 ^^“2 (l-a'O^ 


Jo m 3 2 (1 — a'3)3 

TT 1 

“2 (a=‘-l)3 

sin 0 sin m0 tt na^~^ r „ 

L — ;;3— ^^=7rrT::^C”(i- 


(a^ > 1 ). 




4 (a2-l)3 


[ 7 i(a 2 -]) + (a 2 + l)] (a 2 >]). 



308 


CHAPTER XXVIII. 


1141. Series for Evaluation when the Integral is not expressible 
in Finite Terms. 

Again we may obtain the values of many definite integrals 
of this class in the form of series which, though tliey may not 
be capable of summation, will nevertheless serve for their 
numerical calculation. 


For instance, \ sin 20 log (I —2a cos 0 + a^) < ]) 

Jo 

= -2 I sin 20^acos 0 +^ 0^008 20 + ^a^cos 30+ ...^o?0 

- r I ^ 4a3 1 4a^ -| 

LS'-r-* 3 22 - 32^5 2-’-52^‘‘'J 

^ r a a* a® , a’ , a“ , “I 

~°L(-1)1 •a'*'! .3.5'^3.5. T'^S. 7 .9'''7.9. 11 ‘‘‘■■■J 

1142. Again, since sin (27+1)0— sin (^ — l)0=2sin0cos^d 
we have 


1 ' 

Jo 


sin + f"sin (20 — 1)0 


1 0 sin 0 
when 2? is integral. 


_r sm(y-l)0 ^0^2rcos2o0d0=^O, 

Jo sm0 Jo ^ 


That is, putting Up={ (?0, we have 

^b+i~ 


, f'" sin 0 , f" sin 20 , . „ ajnr. 

Jo sin 0 Jo sin 0 Jq ’ 


/, U2„ = 0, 'lt2„^.i = 7r. 

Again, 2'> and q being integral, 




_1 r sin (27 + g')0+sin(7O — gr)0 


d0 


sin 0 

= 0 if 2-1 + 5' be even, or if j)-\-q be odd and 20 < q, 

= 7r if 20 + 5 be odd and 2? > O'. 

Hence if F{d) bo a function capable of convergent expansion as a 
series of cosines of multiples of 0, say 

A(0) = o + yl, cos 6+ Ao cos 20 + ... + A,. cos ?-0 + ... , 


and 
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Illustrative Examples. 

1143. 1. Thus, since 

cos^’'d= j^i 2 n ^ 2 n cos 2 0 cos40+...4-^"G2„cos2n0j, 

we have, ii p>n, 

sm^+1^ ^ ^ [1 

’Go+ + ... = ^„ (1 + 1)^" = TT, 


2^” _ 


whilst, if ^ < n, 


r—ii~p 


2. Apply Art. 1142 to show that, if ?i = 1 — 2a cos 6 + a-, 


i 


"sin2w0cos0 ,,, 1+a* 1— 

a(i = Tr: 


sin 6 
3. Prove that 


u 


l-a^ \-a^ 


{a^<\). 


/■"sin 271^, fa a® ,o^,x 

I ltar‘0S'“*^ = -^’'il+3+5 + -+S:ri| (»•<')• 


1144. A Reduction Formula. 
Let w = 1 — 2a. cos 0 + a.-. 

We have seen that 


^JgU 1 — ' a^— 1 ^ ' 

p being a positive integer. 


Let 


f'cos v 6 1 — a' 


^d6 = 7l^—^I 


--I ■ 

71+1 Q ’ 


T 1 /t , ft dln\ • T 1 , T X 

an equation by means of Avhich the successive values of 
Iz, I 3 , 1 i, etc., may be deduced. 

1145. We have 

j _ 1 d . j TT d af 

^ 1 — a^ cfa * ' 1 — a^ da 1 — 


7ra^ 


•(i-«2y 


j K 2 , where iTg = (j? + 1) - (p - l)a‘ , 
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^ {a%), which after a little reduction takes the form 

1 — cc cL(l 


1 ira^ 
^{l-a 2)6 


Zg, where A: 3 =(p + l)(j) + 2)-2(p + 2)(p-2)a2+(i3-2)(2)-l)aS 


*1 j ^ TTtt^ 

Ii = YZr^ ^(a^/ 3 ), which after reduction becomes ^ > 

where E^=={p + l){p + ^){p + S) — Z{p+2)(p + 3){p — 2)a‘^ 

+ 3 (j) + 3) (jJ - 3) (j) - 2) - (?) - 3) (p - 2) (i? - 1) ao, 

and so on, the law of formation of the successive values of being 
obvious, and it may be verified inductively by substitution in Equation (1) 
that the general form of the result is 


^ {7i-l-p){n-2-p) {n - 3 -p) , 


"^3 (1+^))(2+3))(3+j>) -J 

a form due to Legendre [Exercices, p. 374). 

If we replace ”+^^(7;; by its equivalent — — ( 2 ~3 {n - 1 ) 

same formula, with the sign changed and —p written for p, will suffice 
for the calculation of the corresponding integrals in the case when a^> 1 . 

1146. As particular cases we have, if a3< 1 , 

= ^ (i?^y5[(P + 1) (P + 2) - 2 (p + 2) (p - 2) a3 + (p - 2) (p - l)a^], 
etc. ; 

and if > 1 , 

cosp0 „_ _7ra^r/i a-.nU 2 i 


I’ co^ [(1 - y) (2 - J.) + 2 (2 - 3 )) (2 + J.) 0 = + (2 + J>) (1 +3>) <»<] , 


1147. Some Special Cases. 

The special cases when p = 0 andp=»-l are interesting. 


If p = 0. 




the several coefficients being the squares of those of the binomial 
expansion of (1 
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Thus 


Jo 


r^ = _!L_(l+fl2) 

Jo V? (1 - a^Y ' 

r f =(t:^-('+"+»’‘‘'+“‘>- 

/' 


dQ 




-g (1 + 42c2 + 62a4 + 4W + 


etc. 


Ifp=?i — 1, we liave 

f’’ cos(w-l)6 >,^ Tra"-^ 

Jo w" 

Cases where a^>l. Take for instance lo— f 

Jo 'it' 

Here ^3 = 0 and ^ 2 = ~ 0 +“') = (^^ZT)5 

Again, I,=l g=^-^^(l + 2%2 + a^), etc.; 

and it will appear generally that in the case of p = 0, the only change 
necessary in the previous results will be to replace 1 -o^ by a^- 1. 

1148. Extension of the Reduction Formula. 

It may be remarked that any integral of the form 

r FiO) 


r 

■” Jo w" 


cie 


is subject to the same reduction formula as that used in the 
last article, viz. 

7 =— —laH ) 




F{e)l-a^-u 


u 


n+l 


a 


d9 


l — a- 


n 


_ 7 '*'7 

a 

1 d 

giving, as before, Z„+i = y— ^ ^ (a"Z„). 

Hence in all such cases, if Z^ can be obtained in finite terms, 
so also can all the rest of the group Zg, Z3, Z4, etc. 
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1149. We shall show for instance that this is the case with 
the class of integrals 

Z„ = J p being a positive integer. 

To do this it is only necessary to show that is expressible 
in finite terms, and we shall find that 
l-a^ sin pQ , . - a-(P-i) 

T-Jo r— + 3 + 5 +••• 

to ^ or terms — (a*’ — a“^) tanli~^a (1), (a^<l). ...{1). 

Jt Jj 

Take the case p ocld=2A. + l, say, 

1^2 jf" S 2n( 2 ^ +l) _ g (2 A + 1) 0 [i + a cos 0 + a2 cos 20 + . . . ] 

[(2 A + 1 )2 - 2'-^ (2 A + 1 )--i - 42 (2 A + 1)2 - (2 A-lO 

p ^2\+2 ^2\+4 _ 

- 2 (2A + 1) ^ 2)2 _ (2 A + 1)2 (2A + 4)2 - (2 A + 1)2'^ ’ ’ ‘ 

(■^"4A+l)] 

^2X (j2\-2 ^2 1 gi 

"" X “3“ 2A^ 2A+T 2A+3 4A+T 

r 2X+1,. 1-1 1 1-1 

-[a + tank ia-^(^tauh 
. l-a2 rsin(2A + l)0 a^^-oT^ o2^-2_a-(2^-2) 

_ ^„2X+1 _„-(2X4 1)J t3.n\r^a. 

And in exactly the same xvay, if p be even =2A, 

\ — a? /■"•sin2A0 a"^“® - a-a~^ 

— X 1 + 3 +-+2x:n 

— tanh ”^ a {a^ < 1), 

which establishes the result stated. 

If we write a=e~^ we may exhibit the result as 

r _ g sink py tanh-^tt 2 P sink ( j? - 1) 7 sink (jJ - 3) y 

Jo u sinh y a a ' L 1 3 

to^ or terms J, 

according as p is even or odd. 
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1150. Particular Cases. 

The particular cases -when ^J = l, 2, 3, etc., are 


r^-^dd 

.'l u 

sin 2d 
0 u - 

r sin 30 


= - V— — r, To - tanh“^ a=~ tanh“* a, 
l-a^\ aj a ’ 


u 


dd 


= r f - f - i.) tanh-1 a1 = 2 - --- 3 - - - " tanh-^a - 2 

l-a^L\ aV \ a'j J a‘‘ ’ 


etc. 


1151. General Conclusion derived. 

[" sinp0 


It appears then that j dd is in all cases, when ^ is a positive 

integer and a? < 1, of the form 

P + Q tanli“^a, 

where P and Q are known algebraical functions of a. 

And in any such case the reduction formula 

■^n+i 5^ (®"-^n) 

may be used to determine /j, /s, 1^, etc. 

It w’ill be observed that the first case of this result follows at once 

from the series for^^^ (No. 2 of Art. 1134). 

For f — --cf0= f (sin 0 + asin 20+a2sin 30 + ...)ff0 (a2<l) 

Jo u Jo 

= 2('l + ^ + ^ + ...') = - tanh~^a. 

\ 3 5 J a 

If be > 1, 

f f gin 0 + i sin 20+— . sin 30+ ...')cf0 

Jo u Jo \a^ a a'* / 

= - tanh“*-=- coth“^a. 
a a a 

The general case when > 1 for J may be investigated as 

in the case a^< 1, using the series ° 

= — 2 =1 + -co 3 0+^ cos 20+..., 

1 - 2a cos 0 + a a- 

and it will be clear that all that will be necessary to modify equation (1) 
of Art. 1149 will be to replace 1 — by a^ — 1 on the left-hand side and 


a by a~i on the right, which leaves the formula for 
unchanged, except that tanh“^a will be replaced by coth~*a. 


I 


sinp0 


71 


dd 
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Thus, in all cases whether a* > or < 1, and p a positive integer, we have 

l-a^ sin ve aP-i - . 0 ^'^ - «-(*> -3) . 

— ^ — / av = = i 5 = — r... 

2 Jo u 1 3 

to 5 or terms - (a^ - a~^} X, 

Jt 2i 

where A'’=tanh~^a or coth~^a, according as ci^ < or > 1. 


1152. General Formulae. 

Let the expressions J" " respectively 

called C{p, 11 ) and S(p, 11 ). 

Then 


c osj)_ g _co.sg^^^_l r^cos(jP + g)g + cos(p-^^^ cip + q,n) + C{p-q, n)l 

sinygsing6/^^^l p -cos(p+g)^ + cos(j>-g)g^^^l n) + C(p-q, «)], 

cj)s^gsin_gg 1 psin(j> + g)g-sin(^^^g ,s(p+j, ,,)_,S(i)-g, n)], 

w” 2 ju w” S'- 

sjnygcos^ ^^1 f- sin (p+q)& +sm(p-q) 9 ^Ir + „) + ,5(g)-g, ?i)]. 

u” 2 Jo «” 2 

Hence all such integrals can be computed, p, q and n being positive 
integers. 

1153. Integrals of the Class 1 cos p6d6 (Legendre, Exer- 

cices, p. 375), n a positive integer. 

We have 


•^t" = (l-2acosd + a2)"=(l-oe‘«)"(l-oe-‘®)" - 

= {E,+K,e‘'>+K,e^'+...nEo+lC^e->+li:,c-‘-’+...), 


where iir,=(-l)-a. " and /f„=l. 

i • " • • • 2 ^ 

The coefficients of c?’'® and e-J"® in tlie product are each 


KpK^ + Kp^iK 1 Kp+2E^z~^ ^^p+3^^3 "!■•••> 

giving rise to the term 

{KpKo+Kp+iKi+Kp+.K2+-‘)^cospe, 

and in the integration this is the only term we shall require, 
for all the others vanish by virtue of the theorem of Art. 1121. 

Hence 7 = f u" coap6d6='jr{KpKo+Kp+J{i+Kp+2l^2+ 
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Mow a , etc., 

id %^-'^a, etc. ; 


and ^ 2 = ' - ^ - 2 -^. 

7 ^ ( _ y •:• - ■ ^+ fl +^i . 

^ ' \ .2 ...p L l7)+l 


, n{n-1) ( n-p){n-p-\) 
'*'1.2 ■ (p + l)(p + 2) “ ■*■' 


1154 . The Particular Case p =0 gives 

/ = TT ( + A7 + A7 + A V + . . . ), 


r d(j = Tr (I + + " Gia^^ + " + ...). 

Jo 


We have seen (Art. 1147) that 

r.^= ![ (1 

whence it follows that 


{ 1 + "Gi2a2+ " + ^CM + ...) 


u^dd =(1 - a2)2”+i J ~ (see Art. 1155); (1) 


and more generally, since 


f^cospddd vdP {j)->rl){p + 2 ) ...{p + n) 

Jo ii"+‘ ~(l-a2)2"+i 1.2.3...rj 


(l_a 2 ) 2 n+i 1.2.3...rj 

iz£rj2A.vSJlGLJl (’^-y)(» -y-1) 

V '^'I'p + l '*' 1.2 ■ {p + l){p + 2) 


«■’ + .. -j. 


p + r 1.2 (;, + 1)(7, + 2) ' -7’ 

by writing 7i + l for n in the formula of Art. 1145, we have, by comparison 

with the result proved above for f u” cos pffdff, 

Jo 

I'wooBpsdg, 

Jo M"+* (1 — a2)2"+l — 1) ... (7J -^7+ 1) Jo 

or 

r iG cos p9 dd = (- 1)2’(1 - a2)2»+i ~f ■- \ --x r^T^O. (2) 

Jo \ \ / (7i+l)(7i +2)... (n +7?) jo ?«"+* 

In the value of j cospd dd established in Art. 1153, it is to be 

noted that p has been assumed not greater than n. 

If 77 be > n no term containing cos pQ would occur in the expansion 

of m" ; .•. ^ u’^cospddd = 0 {p>n). 

If 77 = 77 , we have f u^cosn0d&=( — l)”-}ra^. 

. * ° 

The results of this article are due to Euler (vol. iv., Calc. InUg., 
p. 194, etc.). The method of proof is that of Legendre {Exercices^ p. 576). 
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rrr prr 

1155. The Equation w"(^0=(l — ^ may be estab- 

J 0 J 0 

lished directly by the transformation 

(1— 2a cos 0+a^)(l — 2a^cos Q'-\-a^) = (l—a?‘Y, 
which has an interesting geometrical interpretation due to the 
late Dr. N. M. Ferrers.* 

Moreover, so far it has been assumed that -n is a positive 
integer. It will be seen from what follows that this limita- 
tion is no longer necessary. 

Take a circle of radius a and centre 0 and a point B within 
the circle at a distance h from the centre. 



Fig. 33G. 


Let PBP' be any cliord through B, and let the portions 
PB, BP’ subtend angles 0, 0' at the centre ; then 

PB~=d?-\-h’^—'2.ah cos 0, 

BP'^=a^-\-}p—2ab cos 0', 

and 


{a"-\-}p — 2ab cos 0) (a^ -f- 6^ — 2a6 cos 0') = PB'^ . BP''^= (a^ — 6^)^. 
Also, if QBQ' be a contiguous position of the chord, the 
elementary triangles BPQ, BQ'P' are similar; hence 


do _r.PQ_r.BP 

-dd'~ P'Q'~ BQ 


{a^-\-b'^—2ab cos 0)" dd= 


' _ BP _ fa- +b^-2ab cos 0 y 
BP'~W+b‘^-2ab cos O') 

(a 2 - 62 ) 2 " 


a2-62 


a^-f 6^— 2a6 cos 0' 
(a 2 - 62 ) 


(a^-1-6^— 2a6 cos 0')” a^-1-6^— 2a6 cos 0 


>d0' 


(a^— 6“)^"+^ 


dO’. 


{a^+b^—2ab cos 0')"+^ 

* See Sohitions of Senate House Problems and Riders, 1878. 
Mr. J. W. L. Glaisher. 


Edited by 
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If the chord be allowed to rotate so that 0 increases 
from 0=0 to 0 = 7r, then 0' decreases from 0'=7r to 0'=O. 
Hence, integrating and replacing 0' by 0, 

-Of 

£ (<.^-2«6cos 0+6=)" £ („2_2„6c‘l!e+6=)"=-- 

Taking the radius a to be unity and replacing b by a, we 
have the equation established otherwise by Euler and Legendre 
above. 

Writing c cos c sin ^ for a and b respectively, the equation 
may be thrown into the compact form 

prr ptr 

I ( I - sin a cos 0)” d0 = (cos 0)^"+^ r:. ^ • 

Jq ' / \ I Jo (1 — sm a cos 0)"+^ 

1156. Another Interpretation of the Integral. 

The integral may also be interpreted in connection with the 
angles known in elliptic motion as the True and Eccentric 
Anomalies. 

Let S and C he the focus and centre of an ellipse. A' the end 
of the major axis most remote from S, and A the nearer 



end, P a point on the curve, NP its ordinate, and Q the cor- 
responding point on the auxiliary circle. Then A'SP is the 
supplement of the “ true anomaly,” and SOQ is the “ eccentric 
anomaly.” Let these angles be 0' and 0 respectively. 
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Then, from the polar equation of the ellipse, 
CA(1 -e^) 


SP 


= 1— ecos 9', 


and also SP=GA—e.CN=GA{l — ecos9). 

Hence (1 — ecos d)(l— ecos 0') = 1— ; 

and if we write sin a for e, i.e. 


e=, 


2 tan ~ 


2ab 


l+tan2- 


f where tan-^=-V 
\ 2 a/ 


we have 

(a^+6^ — 2a6 cos — 2a6cos 6') = {a^ — 6^)^ as before 

The case when n — l, viz. 

do 


I \/a“— 2a6 cos d + 6^(20 = (a^— 62)2 f 

Jo J 0 fa^ — 

may be written 


od 


'(a+6)2— 4a6 cos- ^ dd = {a^—b'^) 


{a^—2ab cos 0+6^) 
dO 


-^dO, 


or putting and T^ffs=k'^=\-h'\ 


{(a+hf- 


4a6 cos^ 


oy- 


that is. 


(a+6) 


{1-Fsin2 <pf 


and is therefore Legendre’s Elliptic Integral formula of trans- 
formation, Ex. 1, p. 399, with the superior limit 

A 

1157. A Group of Integrals of Different Form. 

Generally, if we liave a known series of one of the forms 
/(a:) = g4(,+^iCosca;+g42Cos 2cxyA^Q.OH^cx+... , 

F(x)= B sin cx+B^ sin 2ca;+jB3sin 3ex+... , 
we have, by the integrals of Arts. 1048... 1051, viz. 
r sin ex , TT cos ex, tt 


r 

•I n 


X Sin ex , TT 
-Y- — ^dx=-^e-^, 
l + x‘‘ 2 
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wliere c i.s positive, 

Jo 1 + ^ ^ 

r .^(T+ij ^-^=1 +•••]> 

r^^dv =|(Z?ie-'+ Z?, 6-==' +^3 6-=^- +...). 

./Q i T“ ^ 

Accordingly, taken in conjunction with the particular class 
of -series given in Art. 1134, we obtain another numerous 
group of definite integrals. 


1158. 1. Since 


Illustrative Examples, (c positive tliroughout.) 
sin cx 


= sin c.r + a sin 2cx + fd sin 3cjr+ ... (a^<l), where 


It = 1 - 2a cos c.r + a^, we have 

f r’ 1 f o (sin cx'+a sin 2cx + a^ sin 3c.f+ ...) cZ.r 

Jo l+.r^ It Jo l+.v^ 


= 2 (e“' + ac“*' + a^ + . . . ) 


TT e 


TT 1 


2. Show that 


2 1 - ae-* 2 e' - a 

[Legendre, Exercices^ vol. ii , p. 123.] 
dx TT 1 1 + ae~^ 


0 (1 + 0 ,'^) tt 2 1 - 1 - ae~ 


(a^ < 1) 


or 


TT 1 a + e-' , 2..^ TV 


3. Show that 


i: 


a; sin c.r , tt 1 
; ax — -^: 


(a^<l). 


(l+.T^lit^' 21-a^(l-ae-9“ 

4. Show that 

dv _7r 1 1 +a^ + (2a-3a’‘) e~° -3a°e~°'^ + 8a^e~^° 

•c\! 

; 


(1 — aa 


(«=<1). 


tan~^ rfa- = log(l - - e“‘=) {a^>l). 

a — cos ex 2 “ a 


.C (l+x^)u^ 2(l-a2) 

5. Show that / , ^ „ tan~^ ^ dv ~ ^ log (1 - ae~9 (a° < 1), 

A l+.r^ 1— acosc.r 2 ° 

f — 

Jo 1+0^ 

6. Show that J log^2 cos^^d.r=^ log (1 +e“'). 

7. Show that J log^2sin = ^ log (1 — e“'). 

8. Sliow that |^^2(^5; = 7rlog(l — ae“'') (a^<l) 

r =7rlog(a- e“^) (a^>l). 
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9. From the last example deduce 

CX dx TT 


f 

Jo 


log tan 


9 log 


1-e-' 


2 l+.r" 2 ^^1 + e-^ 

[Georges Biuone, 3Iem. de Turin, vol. xx.] 


Examples. 


1. Show that 


f'’ dx 

Jo ^ = " 


l+a^ 


where m = 1 - 2a cos a; + a^ and •< 1. 


2. Show that J — = (a^<l)- 

3. Show that 


r 


sin X sin nx , tt nd" ^ , i\2i /2^i\ 

dx=- ^,{(/i + l)-(n-l)a2} (a2<l). 


’4(1-02)3' 


1 — 2a cosh b + a'^ 


, f^cosnxdx TT 1 (1 -a2)e-’'*'-2a’'+^ sinh 6 

4. Show that 1^ (^2 + ^, = 26 

r° log tan a- , tt, , , 

5. Show that aa;=^log tanh e. 


6. Show that 


r 


COST! 6 


r.de 


-w- 


25 — 24 cos 0 

7. Show that f Iog(25-24cos0)cf0 = 47rlog2. 

Jo 

8. Show that (a) 25 - 24'c'^y^^ = T2 ' i 

,,, sin0 ju 1 1 /'l 1 

jo (25 -24 cos 24 ■ n- IV 4y"-V 


9. Show that 

10. Show that 

11. Show that 

12. Show that 


- 24 cos 

" Osin 0 rr> u- , 3 

0 5-4 cos 0 2^2 

I {O-4COS0)- 9’ 


I 


I 

[ 


4 cos 0)- 
sin 0 sin u0 _ jr 


(5 -4 cos y)3" 

sin^g ja_Tr 

(5 - 3 cos y)3 2^ 


2’>+3 27 


13. Show that f sinp0 log?<c?6 

JO 


Jo 

1 « ri y 1 \4i i_«T 


or 


1 71 ^ ii 


(a^>l), 


where the term for which 7 i=p is omitted in the summation, p bein 
a positive integer. 
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14. Show that 

(a2 < 1), 

the term where*n=j5 being omitted in the summation (Art. 1136). 

1159. On the Transition from a Real Value of h to a Complex 

f" 

Value of 1c in the Formula for 1 dx. M. Serret’s 

Investigation. 

In establishing the result 

(n>0), (Art. 864), 

it was assumed throughout the proof that h was real. 'We 
cannot therefore assume the theorem as still true for complex 
values of h without further investigation. We consider the 

integral where ,=7—1. 

Jo 

Then I will be finite if a be positive. 

Since e-(“"‘^l*=e-“®(cos6a;+, sin 6a:) the integral consists of 
two separate integrals, viz. 

I e-“® cos hx x^-'^dx-\-i |e-““ sin hx dx. 

Let R, $ be respectively the modulus and argument of 1. 
Thus f” 

J 0 

Let 6=atan 0, 0 lying between — ^ and +^> so that 

TOO 

g-aigtaitan dx. 

Jo 

Then differentiating with regard to 0, 

i2gci.r^M^+t?tl = ,a,sec20 f 

L 30 30 J Jo 

Integrating by parts, 

[” ax = r!::!r_^”r [” czo:. 

Jo L-(a-t6)Jo a-j6Jo 

and the portion between square brackets vanishes at both 
limits, a being positive. 
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oi4’ 


and : 

dq> 


Hence + = — ^^tasec^^iSe^' 

\ 0 (j> o<p/ a— lb 

=w(i— tan 0 ) 22 e‘® ; 

'd loff jR . ^ 

— -2 — =— %tan0 

0(p 

log R=n log cos (p+log A and ^=n(p+B, 

where A and B are independent of 0 . 

i.e. R=Acos‘^(p, #='?^0+j5. 

But when 0 vanishes 6=0, and the integral is 

f” rfw) 

1 dx = — and $ vanishes. 

Jo 

Hence B=0 and A = ^^^ - ; hence i2=^-^ cos” 0 , $=w 0 . 

a" a" 

Hence 

r(w)cos” 0 , , , . ,, r(?i) r(%) 

1= - 'g (c°3 >»0+, s,n 


So the theorem 


f 

J 0 




( 1 - 
Tin) 
7c” 


s7i7i 7ioZc7s when k is complex, provided the real part a of the 
complex is loositivc.^ 

If 71 be a fractional quantity, {a—tb)^ will be susceptible 

of q values and no more, if its argument be unrestricted in 
value. We must then obtain the argument of (a— 16 )” by 
multiplying by n the argument of a—ih taken between the 

limits and T. 

2 2 

1160. We then have the two integrals 

f” r(n) r(w) . 

J cos hxx‘^~^ dx=— ^ cos" ({) cos sin "0 cos w 0 , 

g-offl gin hx x"~^ ^ sin" 0 sin ?i 0 , 

[ cos hx dx= — „ cos (n tan“^ 

Jo (a^+h^^ ^ 


I 


...(A) 


0 

i.e 


/*co 

I e-“®.7)"-isi 

Jo 


sin bx dx- 


(a^+ 6 ^)- 
r(77) 


(a 2 + 62 )Tf 
*See Serret, Calcul Integral, p. 193 


sin ( n tan~^ - 


a 
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These results (A) are then so far established on the under- 
standing that a is a positive quantity. 

1161. Wlien a vanishes the integral 1 may still 

Jo 

be finite if •n be a positive proper fraction. 

Consider either integral, say 1 e~'^^s\nbxx^-'^ dx {h, 

Jo 


This is equal to 


2n Sn 


[£+t’’+l2.+- 


(i-+l)ir 

r-r- 




sin hx dx. 


( 

(-!)'«.=! 


(f+l)>r 
' b 


g-o®gin hx dx, and write for x, 


/ i\r r • / I \ fz+r7rY~'^ dz 

(-l)"w,= |^e * sin(0-}-r7r)- (^— y-j -j, 

^co 

and the whole integral e-“*sin is made up of such 

Jo 00 

terms as this with alternate signs, viz. ^ ( — l)’'^^, i.e. 

0 

=U(,— tt-i+Ug— tig-b ••• , 

which is convergent if a>0, for tlie terms diminish as r 
increases and are of alternate sign. But in the case when 

1 f"^ 

a=0, Ur becomes w/=^j sin z(z-|- rTr)""^ cZz, and when r 

becomes indefinitely large this does not ultimately vanish 
unless n<C. 1. When this is so, the series 

Uj— Ul'+U^— Ug' + . . . 

is convergent, and its sum will be the same as the sum 

Wg — Wj-j-Wg — Wg-|- ... 

for the value a,=0, n<il. 

For if S =Uq —u^ -1-% — Wg ad inf., 

S =Wg W] ^3 "J” > 
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and S,„, S'^ be the sums of the first m terms and E,„, R'^ the 
remainders respectively, 


S=S,,-i-R„„ S'=S:,+R'„„ 

But Sm—S„—0 when a=0, and R,n, R'^ separately diminish 
indefinitely as m increases indefinitely. Hence S—8'=0 when 
a=0 and 0-<w<;i. 


Hence formulae (A) become, when a=0, and therefore 0= 


TT 

2 ’ 


I x^-'^ cos hxdx =^^C03^, 

f sin bx dx=-j-^ sin — , 
Jo 6” 2 J 


(B), where w is a posi- 
tive proper fraction 
(h positive). 


1162. Putting x=z^ and n\—p, we have 


r ^(a 

I ^ cos hz^ dz= 

Jo 2 

Xb^ 


cos 


pir 







zP ^ sin bz^ dz= 



J 


(B'), where p <X and 
both are positive 
{h positive). 


1163. 

written 


Since r(7i)r(l— w)-^ the integrals (B) may be 


poo 

x"- 

Jo 


[ a;"-! si 
Jo 


Sin UTT 

cos bxdx=- ^ ^ 


sin 


nir 26’»r(l— w)’ 


sin bxdx=’ 


TT 


COS 


mr 26"r(l — n)' 


(C) 


n64. M. Serret points out that the latter integral remains 
finite when n is indefinitely diminished to zero, and that the 
formula then reduces to 


f ” sin bx J TT 

J. ~ ^^=2 


(b positive). 
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1165. If we write 1 — m being a positive proper 
fraction, the formulae (C) take the form 


f 

Jo 

f 

Jo 


cos hx j TT 
dx= 


a;" 


cos 


mTT 2r(m)’ 


sin 6 rc 

a;”* 


dx- 


TT 


bm-1 

. mTT 2r(m)’ 

sin 


0 <; m <; 1 
(b positive). (D) 


1166. The case m=| gives 


1 “ 

Jo 

f 


cos bx' 
Jx 


dx- 


TT 


k-h 


J 


TT 


■,03^ 2r® M' 

4 


sin bx ^ TT 
— -j=-dx= 

-Jx 




J' 


TT 


. ^2r(D jw 


sin 


(b positive). ...'(E) 


Putting x=z^ in these integrals, 

I coBbz^dz=-^ sinbz^dz=^^J^ (5 positive); 


and if we put 6 = 2 , we have 

f 7 rz 2 r . TTzS 1 
J cos^az=J sin-^r(z=2 (b) 

These two integrals are known as Fresnel’s Integrals, and 
will be considered more fully in Art. 1169. 

The groups of integrals of these articles are due to Euler 
{Calc. Integral, vol. iv., p. 337, etc.). They are also discussed by 
Laplace, vol. viii., Journal de VEcole Poly tech nigue, p. 244, etc., by 
Legendre, Exercices, p. 367, etc., by Serret, Calc. Integ., p. 193, etc. 

1167. Further Results. 

Returning to formulae (A), viz. 

T{n) 


Jo 


COS b.v dx = cos”^ cos 


[ sin b.v d.v = — cos"^ sin I 

Jo a J 

and putting ?i=l, we have the well-known results 

r a 

I e~‘‘^ cosbx d.v= 

Jo 

/ e““* sin b.v dx — — 

Jo a‘ 


where b = a tan (f), 
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Again, remembering that 6=<ztan<^, we have 6”*— a”* tan"* and 
keeping a constant, 

jm-i (Hj—qJ" tan”*"^ <f)sec^(f> dcji. 

Hence multiplying the integrals by the sides of this identity, and 
integrating with regard to b from 6=0 to 6=co, and therefore with 

regard to ^ from ^ = 0 to ^^nd taking l>m>0, 

r( 7 t.) sin”*—' <f> cos"~”*~^ cos n<f> d<f> ~ Jg 6"* ^ cos bx dx db, 

and 

r(«.)a"'-"j"^^sin"‘“^^cos"-”‘“*^sin«<^c?^= e~‘‘^x”-^b”’-^ sin bxdxdb. 

The right-hand aides of these integrals are respectively (taking 

r r^=^x"-^^^cos^dx and T sin ^ rfa; 

Jo x”' 2 Jo X 

by formulae (B), 

r(n-m) 1-,/ ^ Tti-x j r(M— m).p^ . OTTT . 

^•e. l(m)co3-^ and — rC'w) sm — , 


whence we obtain 


I 




^ . , . , . . Ti r ( m ) r ( 7 i - m ) 'nvx 

sin^^'^cos" "* COB n(j>d(f} = F(7i) 

s\n^~^<fiC03"~”'~^(f>amn<f>d<fi= r(TO) sm-^j 

and taking 7i=m + l, 

n . n , , 7 ; 1 . mr 

J sin"“'<jf) cos n<p d(p= ^ji_^ sin 


n>m, 

V l>m>0. 


m 


/■? 1 ?i7r 

sin""*<^sin -^^^yj-cos-^, 


(2>h.>1) (H) 


Eeplacing </. by ^ - ^ in formulae (H), we derive 
A 

r 

/ cos'‘“" (f) cos n<f> d(f} = 0, 

.'0 

T 

r* 1 

J co 3 "~"<f) sin n<}> dcfi — ^ ^ 

that is the formulae (G) still hold good in the limiting case m= 1. 

1168. Since r(m) r(l-m) = ^-^^^ — formulae (G) may be written 
' ' ' sin viTT 

IT 

/*7 r( 7 l TT 

I sin-- ^ cos«— i> cos n<p d<f>= y- 

' ' ' 2 sin -jr- 


(I) 


sin— «6 cos ^ sin n<|) — — > 

Jo ^ TTY Y{n)r{l-m) rmr 

.icos 2 J 


{n>m), 
}(l>m>0). 

(J) 
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When m diminishes indefinitely to zero, the limiting form of the first 
of these integrals is infinite. The second takes the limiting form 


I 


n-^ J Sin ndi J, TT 

cos" ^ : — j- d<p = ^. 

^ sin cp ’ 2 


.(K) 


It will be noted that the integral (K) is independent of n. 

These results are given by M. Serret, Calc. Intig., pp. 199 to 201. 
Differentiating the equations 
cos nQ , 




cos bxdx= ■ 


■r(n), ] 


(.n-1 g-ax g ^ 2 ; _ 


sinn0 


r(H 


where r=s]al + h'^ and 0 = tan~^-, 

a 


with respect to n, we have 


1 cos bx log xdx-=- 


,v^~^ e~“* sin bx log xdx- 
and eliminating — — > 


cos 710 dr (77) sin 710 + cos 710 log r 


dn 




sin 710 d r ( 77 ) ( 0 cos nB - sin nQ log r 


r" 


dn 


- + 


)r(77), 

)r(7i); 


and if 77 = 1, 


where 


r e-°^ sin (nff -bx)log-dx=-^r (n) ; 
Jo XT 

j sin (0 - bx) log ^ d.r = ^ 


r^-Ja^ + b^ and 0 = tan“7-. 


^Iso could be approximated to by means of the tables for 

log r (77) if required. 

These results are due to Legendre {Exercices, p. 369). 

1169. Fresnel’s Integrals. 

We have met the integrals 

/•oo roo 2 

J cos ^ cc® (^cc=J sin-^x^dx—^, 

known as Fresnel’s Integrals, in an earlier chapter, viz. in the 
tracing of Cornu’s Spiral lcs^=\fx (Art. 560). They are of 
importance in the Theory of Light. Students interested in the 
employment of the integrals in Physical Optics are referred to 
Verdet’s OEuvres, tom. v., or to Preston’s Theory of Light, where 
the various methods adopted in the construction of tables for 
their values between limits 0 and v will be found explained at 
length. 
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Preston gives in the form of examples with hints at solution 
a very excellent condensation of the chief results arrived at by 
various investigators — Fresnel, Gilbert, Cauchy, Knockenhauer 
and Cornu (Preston, Theory of Light, pages 220-223). 

1170. We may consider shortly some modes of calculation 
of the more general integral 


[ cosg){x)dx, where (fi{x)^AQX'^+A-^x'^-^-{-A 2 X'^-'^-{- 

Jo 

Take first two near limits, a and where h is small. 

ra+h rh 

Then cos f{x) dx— cos dy, by putting x=a-\-y, 

Ja Jo 


= I cos{^ (a.) (p'{a))dy nearly, 

Jo 

since y lies between 0 and h, and is therefore itself small, 

_ .sin{</>(a)+/^0'(a)}-sin 0(a) ^ , 

cf>\a) 

Hence, b}'’ taking the limits successively, 0 to h, h to 2h, 
2h to 3h, etc., and adding the results, we may obtain a close 

rnh 

approximation to cos fix) dx, provided, of course, that <p{x) 
Jo 

is such that f'{x) = 0 has no root between 0 and nh. 


1171. A closer appro.ximation may be made as follows : 


Since FQi + >/) = Fl/x) +yF'{n) + 1| F"(/x) + . . . 

we have, by integration between limits — ^ and 


r 




0! 


and if 

ra+A 


F(.v) = c(>sf(.v), and .r = /x+y, 


•an 

Ja 




COS (/) (x) c/.v = 1 cos (f) {fi 4-y ) dt/ 


1 7/3 1 

= Acos</.(m)+^ ^ ^-,cos(/)(/x)-t-- ^cos^(/x) + ... 


= h cos f(ii) - ^ [cos </>(/x) + sin filA fiF)'] -t- ... , 


from wliicli result we may proceed as before, taking limits 0 to h, h to 2h, 
2h to 3/i, etc., and adding the several results. 
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1172. Fre.snel’s calculations were ba.sed in the manner described above 
upon a preliminarj' consideration of the integrals 

•' Jr X sin^d.r, 

where the interval h is so small that its square can be rejected. 

In this case, putting..T=i; + z, 

f’' IT 1 r — - "1 

L lo i ^ L®'” i ^ J 

and 

A'+'‘ ^ 1 p _ ^ 0-, 

Then taking as intervals h=^, and making v in succession 0, Jjj, 

... , the values of the integrals were approximated to. 

1173. The integrals 

I COB ^ dr. Icr—dr or |cos^*, [cr-^dv 

dmm 2 ^ 

may each be expressed in the form A.'cos~+ Tsin where X and Y 

are series of ascending powers of v, in integrating from 0 to a ; or 
descending powers of v when the integration extends from v to infinity. 
In both cases the integration is performed by “ Parts.” 

In integrating from 0 to a w'e proceed as follows : 

J cos-^ acos— J +7rj a^sin — o?a, 

r , . Tra^ . ira^-i*’ tt f , ttv^ , 

f” , vra^ rifi ira^n' tt f'' . , 

1 a^cos — c<a= -rcos— +- / a® sin — c/a. 

Jo 2 L5 2J(, 5jo 2 ' 

r „ . 7ra2 rv^ . Tra^-i'' tt r „ ttv- . 

i Jpy{ .* 00 ,-*, 


Hence multiphdng by 1, tt, , — , — etc 

, B .r . ’ 1.3’ 1.3. 5> 1.3. 5. 7’ 1.3. 5.7.9’ ’ 

and adding, 

r Tra- , Tra^Pa Tr^a* Tr^a® ”1 

1 cos-;^c/a = cos-p^ 1 . 

Jo 2 2 Ll 1.3. 5^1. 3. 5. 7. 9 J 

ira-rTra^ Tr^a" 7r®a'’ “I 

'^®'"'2'LrT3“l.3.5.7'^l . 3. 5. 7. 9. 11 “■■■J 


Tra- , . TV^ 

— A cos -^+ J sin — , sa}’. 


and proceeding in the same way -with C sin ^ c/a, 

Jo 2 

P . ira^ , Tra- „ . ttv ^ 

/ sin — c/a= - I cos — + A sin — , 

Jq z z z 
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aud the sum of the squares of the integrals (which gives a measure of the 
intensity of illumination in a certain case in Physical Optics*) is Y^. 
It is interesting to note that the series X, Y satisfy the equations 
dX Y . dY 
dv dv 


i.e. 


or 


-^(-^)x+7r^X=-\ and - ^(--^)Y+Tr^Y=-, 
V dv\v dv) V dv\v dv) v 


1174. If it he desired to express the integrals with limits -y to co in 
descending powers of v, the integration hy parts must be conducted in 
the opposite order. Thus 

r /•“ 1 / Trv^\, ri . Trrn" , T i — 

1 cos-7r-o!y= — Try cos ay = — sm +/ 

Jv -2 Try \ 2 / UTry 2 J„ Jv 


r 1 • 

— 5 sin dv, 

J„ TTV^ 2 


1 . Try® /■“ 1 / . Try®\ , T 1 Try®~|“ o f” ^ 


— 5 sm 
Try® 


1 

PAQ 

Try® 

9 4 

TT^V^ 

2 

1 . 

Try® 

_3„0 

9 ' 


Try' , 

g sin -^cfy, 


Z"” 1 . Try® , /■“ 1 / . Try®\ , F 1 Try®“|" h, f” 1 ^ 


etc. 


Hence multiplying by 1, 1, -1.3, -1.3.5, + 1 . 3 . 5 . 7, etc , and adding, 
r TT „ , . Try®/ 1 ,1.3 1.3.5.7 , \ 

X,. 2 2 V wv Tr®y® Tr®y® / 

, Try®/ 1 1.3.5, 1.3. 5. 7. 9 \ 

2 \Tr®y® TT'^y^ Tr®y” "V 


TTV” • 

— A cos — J sin 


TTV^ 


.( 2 ) 


where 


1 1.3.5 , ^ 1 1„3 , , 

A 3-=-4-etc. and J = =-T + etc.; 

Tr'iT Tr*v‘ Try tt^v^ 


r® 

and similarly I si 

J V 


’J'y-, ^r, , Vf • 

sin-^ay=i cos-j^ + A sin 

/t A ^ 


And, as before, the sum of the squares of the integrals is A'®+ F'®. 
Also A'', Y' satisfy the differential equations 


dX' , dY 


'I.e, 


or 


\±ld^ ar'=l 

V dv V dv ^ v"^^ 

\2 .—2 


- TTvX'y 

- ^ - ^r' + Tr27' = ^ 
V dv V dv v 




We also obviously have 

/“ Try® , n Try® , f" Try® , 1 Try® „ . Try® 

/ cos— ay=l cos-j^au-f cos ay = - A cos -^r — ism - 7 —; 
J . 2 .'0 2 .'0 2 2 2 2 


* See Preston’s Light. 
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and similarly 

r . TTV^ , r . irv^ , f’ . TTU* , 1 „ TTV^ „ . 


Trv‘ 


Also 


’f" TTV^ J r irv^ j /■“ 

/ coa-^av= coa-—dv — 

Jo z Jo 2 Jv 

f" . . TTV^ , /■” . 

/ sin— 7 -av=/ am ~^dv—i si 
Jo 2 Jo 2 Jv 


sin ■ 


iru* , 1 ,, , TTir . Trv“ 

coa — dv=--X cos — +r'sin~, 


TTV^ 


y X .-r/ . 

sin — ^;i; = --r'cos -2 — Z'sin ^ 


TTV^ 


1175. The expansion (1) in ascending powers of v is due to Knocken- 
hauer.* The expansion (2) in descending powers of v is due to Cauchy.t 
For the student of the Integral Calculus, perhaps the most interesting 
of Mr. Preston’s quotations is one which expresses Cauchy’s series of the 
last article in the form of definite integrals. These expressions are 
quoted from the investigations of Gilbert, published in the Memoires 
■ couronnds de VAcad. de Bruxelles^ tom. xxxi., p. 1. 


TTjr 


Writing — =m, we have 


Also 


/■” , 1 /■“ cos n J f" . TTv^ , 1 f" sin « , 

Jo '2^5 VTt 

. f” irv^ J If" r I r e-“* , 1 , 


i.e. 


— r r 

r^2Jo Jo 


cos u 


•Jx 


du dx, 


or changing the order of integration, which does not alter the limits, 

cos M dx du 


_ 1 r r j_ - 
w Jo Jo sj X 
1 r” 1 r _ ,^cosK — sinw“l“ 7 

“wii. viL-' — HJ— I* 


. .rcosM — sin u 


1 +x^ 
'^\/x 


~1 du 


TT\j2Jo \/^Ll+a?“ 

1 r IT r e-"^4x , . r e-^ , "I 

1 r~i — ^dx-coauj — — ^dx + amu cf.r • 

7rv'2Uo l+.r^ Jo l+x^ Jo vjx(l+x^) -J 


Now Vtan dd6, by putting .■r=tan 6, 

ir 

=J (•/tan 6^+*/cot 

=^, by Ex. 8, p. 162, Vol I. 


Knockenhauer, Die Undxdationstheorie des Lichts, p. 36 ; Preston, Theory 
of Light, p. 220. 

I Cauchy, Comptes Eendus, tom. xv. 534, 573. 
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Hence 


r 


ttv^ , I Tfo^ I f xie- 

COS dv = 7i-C0S-^ • Tl- ■ 

2 TT'J^JO 1 +^ 


2 2 
and similai’ly 


TT aa;+sm 


/*oo 

Jo 1 


}e““* 


2 TTxJ^Ja 1 +^' 


dx) 


^ . Tvv^ , I TT?;^ 1 r° , . TTV^ 1 r" xie , 

/ sm a?; = jj-cos — 5-o:c-sin— ;= / y"; — o«^, 

jo 2 2 2 7rAy2.'o 1+^-* 2 W2-'o 1+^^ 


where u=^ ; which express Cauchy’s series X', T' in the respective 
definite integral forms 


X' = 


1 r xi c-*“ 
■n-s/^Jo 1+^- 


dx and Y‘ 


v_ 1 fr 
■n-^2Jo 1 


:r~i e~“^ 
+x^- 


dx. 


1176. Several other interesting relations amongst these integrals are 
given by Mr. Preston, to whose book the reader is referred. 

A table of the values of Fresnel’s integrals, as given by Gilbert, is 
quoted in Art. 1177 from Mr. Preston’s book. The table is carried up to 
v — 5'0. The oscillatory character of the results is exhibited in the graph 
of the Cornu Spiral in Art. fiGO. 


1177. Gilberts Tables of Fresnel’s Integrals. Quoted from 
Preston’s Theory of Light. 


V 

/■>' TTV- 

/ QOH-^dV 

Jo ^ 

f" . mr , 

1 “V''" 

V 

L Try* , 

Jo 

f” . Try* , 

/ sin -JY dv 
Jo ^ 

0-0 

0-0000 

0-0000 

2-6 

0-3389 

0-5500 

OT 

0-0999 

0-0005 

2-7 

0-3926 

0-4529 

0-2 

0-1999 

0-0042 

2-8 

0-4675 

0-3915 

0-3 

0-2994 

0-0141 

2-9 

0-5624 

0-4102 

0-4 

0-3975 

0-0334 

3-0 

0-6057 

0-4963 

Of) 

0-4923 

0-0647 

3-1 

0-5616 

0-5818 

0-6 

0-5811 

0-1105 

3-2 

0-4663 

0-5933 

0-7 

0-G597 

0-1721 

3-3 

0-4057 

0-5193 

0-8 

0-7230 

0-2493 

3-4 

0-4385 

0-4297 

0-9 

0-7G48 

0-3398 

3-5 

0-5326 

0-4153 

1-0 

0-7799 

0-4383 

3-6 

0-5880 

0-4923 

1-1 

0-7G38 

0-5365 

3-7 

0-5419 

0-5750 

1-2 

0-7154 

0-6234 

3-8 

0-4481 

0-5656 

1-3 

0-638G 

0-6863 

3-9 

0-4223 

0-4752 

1-4 

0-5431 

0-7135 

4-0 

0-4984 

0-4205 

1'5 

0-4453 

0-6975 

4-1 

0-5737 

0-4758 

1-G 

03G55 

0-6383 

4-2 

0-5417 

0-5632 

1-7 

0-3238 

0-5492 

4-3 

0-4494 

0-5540 

1-8 

0-33G3 

0-4509 

4-4 

0-4383 

0-4623 

1-9 

0-3945 

0-3734 

4-5 

0-5258 

0-4342 

2-0 

0-4883 

0-3434 

4-6 

0-5672 

0-5162 

2T 

0-5814 

0-3743 

4-7 

0-4914 

0-5669 

2-2 

0-6362 

0-4556 

4-8 

0-4338 

0-4968 

2-3 

0-6268 

0-5525 

4-9 

0-5002 

0-4351 

2-4 

0-5550 

0-6197 

5-0 

0-5636 

0-4992 

2-5 

0-4574 

0-6192 

00 

0-5000 

0-5000 
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1178. Soldner’s Function. 

|"iC 

The integral is known as Soldner’s Integral. It 

is denoted l3y the symbol li(a;), which is Soldner’s original 
notation. The letters li are suggested by the phrase 
‘ logarithm-integral.’ 

It is obvious that the integrand has an infinity when »=!. 
Hence, in accordance with the theory of Principal Values 
(Chapter IX.), when the upper limit is greater than unity, we 
shall understand this integration to mean 


Lt 


t = j}=0 



dx 

log a’ 


where e, >; are made to diminish indefinitely in a ratio of 
equality. 


1179. Properties of the Function. 

J 1 

It follows that j- li (x) = . Hence 

dx loffa; 




dx 


log.f^+i log a;’ 




d 


dx ' log e® X 


-fl 




X 


d 








d 


cosx 


1 1 (sin X) ~ . ) 6tc. 

dx log sin X 


dx ' loge“+® a-l-:r 

Hence conversely we may express certain integrals in terms of a 


Soldner’s function, viz. 

/ AiTrt ^ (I 

=li(a;’"+^)-l-(7, or between limits J ]oga; ^^ =li(a’"'''’) — li{6’"U)j 

r dx _ li(a + bx) or between limits f _ U(a + bp,) -U(a + bp,} 

J}og(a + bx)~ b 4 log{« + 6a:)“ b 

l~dx =]i(e^)+C, i.e. f — dx=li(e°) — U(e’'), and 
J X Jb X 


so on. 


1180. To enable the arithmetical calculations of such results to be made, 
Soldner constructed a table of the values of li(ar) to seven decimal places 
for values of x, from x=’00 to a;=l'00, at the latter of which the function 
is infinite, the values being negative ; and a further table of the values 
of li.r, giving the values to seven places, for x—l, IT, 1'2, 1'3, 1'4, which 
are negative, and 1'5, 1'6, ..., 2, 2'5, 3, 4, 5, ..., 20, which are positive, 
and at certain intervals from 22 to 1220, all taken to eight significant 
figures. 
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It is unnecessary to give the tables here. They will be found reproduced 
in De Morgan’s Diff. and Int. Calculus^ pages 662 and 663. A few extracts 
from these tables will indicate the shape of the graph : 


X 

liW(-) 

X 

li (*)(-) 

X 

li (*)(-) 

•00 

•000 

•60 

•547 

1-0 

00 

•05 

•013 

•70 

•781 

1-1 

1-676 

•10 

•032 

•80 

1-134 

1-2 

0-934 

•15 

•056 

•90 

1-776 

1-3 

0-480 

•20 

•085 

•95 

2-444 

1-4 

0-145 

•25 

•119 

•98 

3-345 



•30 

•157 

•99 

4033 



•40 

•253 

1-00 

00 



•50 

•379 






X 

li(i:)(+) 

X 




1-5 

0-125 

20-0 

9-905 



1-6 

0-354 

30-0 

13-023 



1-8 

0-733 

40-0 

15-840 



2-0 

1-045 

100-0 

30-126 



2-5 

1-667 

200-0 

50-192 



3 0 

2-164 

400-0 

85-4 



4-0 

2-968 

600 

117-6 



5'0 

3635 

1040 

183-4 



10-0 

6-166 

1220 

217-4 



The march of the function can then be seen to be as represented by the 
accompanying graph. 



Fig. 338. 
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1181 . Method of Computation. 

We proceed to show how these values were computed. 

It will be seen that, by putting x=e~'^ or x = e'>, the integral 

logo y 


/ CO 

e~«~ or 

-log rt 


/: 


y 

Now, so long as n is greater than zero, we have by expansion 

.2 .,.3 


P dx 
Jo log X 






pTl+l 


.yTl+2 

i + ; 


'(72 + 1)1! (7i + 2)2!^(7i + 3)3! 

where 0 is to be found. The series is convergent for all positive values 
of V and does not become infinite with v. Also, when w = 0, the value of 
the integral is r(n). Hence C'=r(n). 


Hence 






j,n+l 




n (n + l)l! (71 + 2)2! 


+ ... . 


This may be arranged as 


L 


«_t _TJ -r./ \ 1 « -1 , 

^n-ig xy^ — YUi) f-- — ■ - — — 

' n n (n + l)l! (?i + 2)2! 


+ . 


r(7i+i)-i t)”-i 

+ : 


n (n+l)l 


•, etc. 


■u"-l r(7i + l)-l 

Now, if we make 77 diminish indefinitely, Lt — = log?7, and Lt — — — 

is the limit, when 7i = 0, of for value .r=l, i.e. 

[srw]„. ” rXD. 

or as r(l) = l, this is the same as log r(.77)l > ~7) "where y is 

Euler’s Constant. ^ 

Hence (A) 

Hence we have, putting 7;= log a, 

../IX /■” e“® j , ,, . loga (loga)^ (logal^ 

Again, by expansion, 


(«>!), 

(B) 




-+ ... (a > 1) 


and 


and upon addition, diminishing € and 77 indefinitely in a ratio of equality, 
the Principal Value of li(a) is given by 
r” e“® / r“' 

li(a)=- — dx=-Lt\\ +1 — rf.7;, where «= 77 = 0, 

logo ^ \J— logo Jy} / ^ 

=r+log(Iogn)+'f^+<^+!|^ + ... («>I) (0) 
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As there is manifest discontinuity when a=I, and the Principal Value is 
taken in integrating over the discontinuity in the second case, formula (C) 

will not be derivable from formula (B) by putting - for a in the former. 

Ob 

It will be observed, however, that the two series then only differ by 
log( — 1), which is the effect of the discontinuity. 

By means of the expansion of 
1 1 1 
log(l+:r) a; ^ 

■■■ 


= X-^->rK^ + K^->r 

where the coefficients may be calculated either by actual division or by 
multiplying up by ^+...^ and equating coefficients, giving 

^\ = h ■^2=“T^) ^3 = 5V) -^'^5=1 iff) -^0= -TOflryi 

we have, a< 1, 


and by Art. 944, putting e-P = v, 


y = Lli,==i{l + l 

= 1 {li 6 - log ( 1 - 6)} = X<„=o {li (1 - a) - log a} = X, - ^ 




whence 

Again 


K. 


li (1 -a) = y + loga-if’ia + -^a*- 

H (I +.„=P.in. Val. of f = 

*l )log(l+j) _ 


= Lf,=o[{y + log € — X,e + iXoe- — ...) 

+ flog a - log « + X, (a - f ) + 1X0(0- 

(Z" 

. li (1 +ff) = y-l-logff + Xja + Xo-2--t- 


(D) 


.(E) 


Also, by Taylor’s Theorem, ^ ^ ^ 

li (rt + 2-) = 1 i (a) + .r (log «)"' + (’os '!] + «)"' ‘^1 + • • 


Other results will bo found in De Morgan’s Differential and Int. Calc., 
pages 660 to 664. By aid of these series Soldner calculated the numerical 

values of the table for the function li {a) = To^’’ 

We may therefore now regard such functions as 
1 .r”’ e® cosh.r 

\^x' .r ’ .27 + 0’ ® ■’ 

as integrable in terms of Soldner’s function, and therefore their integials 
calculable by means of his table, for assigned values of the limits. 
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1182. Pbullani’s Theorem : Elliott’s and Leudesdore’s 
Extensions. 

Suppose F{xy) a function of the product xy of the coordinates 
of a point in-the plane of x, y lying in the I'egion bounded by 
tl^e y-axis, an ordinate at infinity and the two straight lines 
ij = a and y = h parallel to the a;-axis. Let a and h be supposed 
of the same sign. Let F{z) and F\z), where z = xy, be finite 
and continuous functions for all points in this region and also 
along the boundaries. 

Suppose also that F{xy) takes definite finite values at 
rc = 0 and at a; = oo from the value y = h to y = a inclusive, and 



denote them by i^(0) and F{^) respectively. Consider the 
surface integral of F\xy) over tliis region. This is expressed by 

I I" F\xy) dx dy, or, what is the same thing, | F'{xy) dy dx. 

The first form of the integral is 


Jn h ^ 




The second form of the integral is 


h y y 


= [^’(»)-W]logj. 

Hence it appears that 

r F{aod)-F(bx ) ^ ^ log 

Jn X ^ 


■( 1 ) 
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Similarly, if we integrate over the region bounded by 
x = — CO , x = 0, y = a, y — h, 
we obtain in the same manner 

^^^^^^tlI^dx = [F{0)-F{-co)]log^, ( 2 ) 


i: 


X 


provided F{xy) takes a definite value F{ — co) atir=— oo. 

In cases where F{co )=0 or .F(0)=0 the theorem takes the 

simpler forms J” ^^^^^-^M dx^F{0) log^ or ^(oo)log| 

respectively. 

1183. We may examine these results from another point 
of view. 

h 

T jP( 0) , rnu i-i.- 

Let u=\ — — —ax. Then, putting ax=^y , — =— , 

j 0 X X y 

and u= [ dy, and is therefore independent of a. 

Jo y 

Hence dx 

Jo Jo 35 

JlMax-f?Max-\^mdx. 

Jo ® ih X Jo 35 


Therefore f 

Jo X Jh X Jh 


h 

adx 


X 


=F{0) log- 


a 


Now, in the second integral, viz. [” ^^^— dx, both limits 

J A X 

become infinite, when h is indefinitely increased, but they are 

separated by an infinite interval ah 

cannot be assumed that this integral vanishes, and it must be 
investigated in each case. 

If, however, F(bx) tends to take a definite finite value F{co ) 
when X is increased indefinitely, let its value between the 

limits^ and ^ be called ^(3o)+e, where e is ultimately an 
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infinitesimal, and let and eg be the greatest and least values of e 

h 


for values of x between ^ and 

0 


Thus f 
a jh 


F(bx) 


X 


dx lies between 


(i?’(Qo) + ei)log^ and (i^(co ) + e 2 ) log 

and therefore in the limit becomes Fioc ) log - , and the theorem 

^ a 

becomes 


But supposing F{bx) not to take up a definite limiting 
value such as has been described, it may still happen that 

ft 

£ift=oo {‘^ ^^^ -—dx assumes a definite value —K, or it may vanish. 

J /i (it 

h 

In the former case f ^ dx — K— F{^) log r • 

Jo® 0 

In the latter case f " dx = F{0)\og\. 

The formula [” ^^^^)-^^^ }dx=F{0) log- is known as 

J Q X (X 

Frullani’s Theorem. According to Dr. Williamson it was 
communicated by Frullani to Plana in 1821, and subsequently 
published in 3fem. del. Soc. ItaL, 1828. 

The more general form 


r F{axx) F { ] ^ dx=[F{^ ) - F{0)] log 
Jo ® ® 

is due to Prof. E. B. Elliott {Educational Times, 1875).* 


1184. As examples we may take 

, /■'° tan“'aj7 - tan“^Av j . _ir,M « 

1. J £Za;=(tan ^oo — tan ^0) log ^ = 2 mg j- 

2- I log|^|^!^={log2J-logb + g)}log|=log(l+|)log^. 

These two examples are given by Bertrand, but arrived at in a different 
manner. 


*Both references are due to Prof. Williamson, pages xi and 156, Int. (ale. 
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quantities. 

4 r ^ ~ rfg; = log - , which has been discussed earlier (Art. 

■ Jo X ®a’ 

1041). 

1185. It will be observed by reference to the article cited that in 
Ex. 4 the second mode of discussion was adopted. This was necessary, 
for if we attempt to apply Prof. Elliott’s extension the debateable value 
cos 00 appears. 

As to the values of cosoo and sinco, which we have in all cases 
avoided, the student may refer to a remark of Todhunter, Int. Calc., p. 278, 
and may also consult Memoirs XV., XIX., XXXII. in Vol. VIII. Camb. 
Phil. Trans., there referred to. 

In cases where the evaluation of f involves any 

Jq ^ 

doubt as to the definiteness of the value of F{xy), when x becomes 

"h 


, . 7 - f^F{bx), 

infinite, or doubt as to the evaluation of the limit Lth^o=j^ ^ o,x, 
another method of investigation must be adopted. “ 

5. Thus, in the case 

f” 1 1 + 2n cos gj ? + dx 
Jq \ 1 + 2n cos b.v + 91®/ x’ 

we may write the integral (by Art. 1134) as 

r 22 tie (,fc i), 

Jo \ r n.\ X J 

-21og^^|(-l)’-^’|’,(9P<l); oi-21og^l:(-l)^-^“, (n2>l); 

= log ^ log (1 + nf, (7i® < 1) ; or log ^ • log ^1 + , (ti® > 1). 

1186. In cases where Fi’xi) and i^(0) both vanish, the result is of 


course zero. 


Thus, 


*sin a.v — e *'*sin hx 


d.v=0. 


’ e-^cos ax - e-‘'^co3 ^ ^ ^ 

X ^ a' 


1187. Other forms of the general result may be obtained by 
transformation. 

Thus, replacing .r by x’', 

r F(aaf‘)-F(bxn ^^_l [” W^^ax=lj^F(oo ) - F(0)] logf, 

Jo Wo X n 0 

r -^(eWr) - ) - F{0)] log 

Jo a’ 
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Or again, putting y — \ogx, the formulae 
r F{ay)-F {by) 

Jc\ 


y 


dy={F{^ ) - F[0)) log 


f 


:« :fM_ZMrf^={j>(0)_ir(_oo)}log? 


respectively become 

and, writing F{\ogz)=f(z), 


b’ 


and 


i ' t - w ’) -/(w "> 8 i - ['^‘■“‘>”■1 

Again, if we write fl = e“, b = e^, .T=e^; x=0 gives y= - oo, x = oo gives 
y=<x>, and if F{e^) be replaced by f(z), we have 


/: 




-eJ'*/ = [F(eV)j,==o - F(eV)y=-co] log 

2-«- / [/(a + y) -A(^+y)yy = [/(«> )-/(-«>)] log | 

=[/(“)-/(-«)](“-/?)• LElliott.] 


1188. Elliott’s Extension to Multiple Integrals. 

Professor Elliott has extended the general form of Frullani’s 
Theorem to the case of certain Multiple Integrals in two 
papers in Vol. VIII. of the Proceedings of the London Mathe- 
matical Society, and a supplementary paper on these extensions 
was published by Mr. Leudesdorf in Vol. IX. of the same 
Journal. The singular elegance of the results arrived at will 
commend itself to the attention of the advanced student who 
should consult the original papers. We have no space here 
for more than a brief indication of the method followed. 


Adopting the notation used by Mr. Leudesdorf, let S{p, q) denote any 
symmetric function of p, q which does not become infinite for any positive 
values of p, q from 0 to oo inclusive. Denote 


J ]jy f j s(ax, bijy^- by [a, 6]. 

JO ^ JO •'0 


Leta = e®', & = e®, c = e’', J=e®. 

Then Elliott’s form of Frullani’a Theorem may be written 


[a]-[b] = [S{oo)-S{0)]{a- fi). 
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Now, consider the integral [oc] — [6c] — [ad] + [6d], or, as it may be 
written for short, [(o-6)(c — d)]. 

By two applications of the above theorem this becomes 

-CO ^CO dice dv 

j [S {ax, c^) - 8 (bx, Gij) - 8 {ax, dy) + 8 {bx, dy)} 

= {a-l3)[8{oo,cy)-8{0, cy)-\'^ - {a- 13) [8 {co , dy)-8{0, dy)]^ 

= (a-/3)^ lS{co,cy)-8{a:>, dy)'\^-{a-(3) 18{0, cy)-8{0, dy)]-^ 

= (a-;8)(y-a)[/Sf(co, oo)->S(co, 0)] -{a.- I3){y -8){8{0, co)-8{0, 0)], 
and as is a symmetric function 8{co, 0)—8{0, co). 

Hence, we obtain 

(a-/3)(y-S)[/S(oo, oo)-2S{oo, 0)+>g(0, 0)], 
which, for short, may be written {a— /3){y - 8)8{co -0)^. 

Hence, the extension to a double integral may be written 
[ (a - 6) (c - d)] = iSf(co - O)'-^ {a - ^) (y - S). 

In the papers cited, the result is extended to multiple integrals of a 
higher order. The student should have no difficulty in doing this for 
himself. 

H89. On the Transition from Real Constants to Complex Con- 
stants in Results of Differentiation and Integration. 

Let us premise that, in the remarks following, the variable is a real 
one, viz. x, that the path of integration is along a portion of the a’-axis, 
that the limits of any integrals occurring are real quantities, and that 
the constants occurring are independent of the limits ; also that 
the functions dealt with are finite and continuous, and such as to 
possess differential coefficients. 

1190. Lemma I. 

Let Wj and M 2 be two real functions of x which continually approach to 
and ultimately differ by less than any assignable quantities from definite 
limiting values and respectively as x continually approaches a 
definite value a. We may then put Mj=7;i + £i and U 2 =v -2 + e 2 > where 
and €2 are quantities which ultimately vanish when x approaches 
indefinitely closely to a, so that Ci+tez also ultimately vanishes, where 
i stands for V - 1. 

Then Mi + tM 2 ='yi+ii; 2 +ei + t £2 

and Lt (mi + LU 2 ) = Ui -h ^■V 2 +Ltlei+u^=^Vi+iV 2 =LtUi+i,Ltu 2 . 


1191. Lemma 11. 

If, upon putting x+h for x, and Mz take the values Ni and TJ 2 respec- 
tively, it follows that Mi-ptMz takes the value U 1 + 1 U 2 , and therefore 


^.e. 


Tj {U1 + LU2) —{Ui-{-tU 2 ) Ui — Ui I _ 

h -u—^ + iu ^ , 

d / , diL, (Zmz 

£<'“+•“■> -E+‘S- 
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Hence, when a function of x containing a complex constant p + iq, but no 
other unreal quantity, can- be separated into its real and imaginary parts as 
p + i.q)=Fi{x, p, q) + iFi{x, p, q), 

cl' cl d 

then F {x, p+Lq)^ — Fi {x, p,q)+i-^Fi (x, p, q). 

1 192. It has been desirable to consider these results in detail, though 
they might be thought obvious. For in our idea of a limit we have 
had constantly in mind some real quantitative arithmetical or algebraical 
result from which the function under consideration could be made to 
differ by less than any assignable real quantity by making the variable 
approach nearer and nearer to its assigned value ; and it has not hitherto 
been necessary to consider the case where the function involves unreal 
constants. 

1193. It is well known that the separation of a complex function into 
its real and imaginary parts can be effected in all the ordinary cases when 
the function is of algebraic, exponential, logarithmic, circular or hyper- 
bolic or inverse circular or inverse hyperbolic form, such as 

ip + tq)^, + log(lP + ‘?), sin{p + tg), tan-'(p + t( 7 ), etc., 

as well as in any combination of such functions. 

Lemma III. If F{z) be any function of z expressible as a power series 
with real coefficients, viz. F{z) = 1.A„z'^, with radius of convergency p, then 
i;’(p-fig) = 2d„(p + ig)" = S/l„r’’e’"e, where r = \'p~ + q-<p, 6 = ta.n-^qlp 

= X + ir, say, 

where X=2d„r" cos r = 2d„r’’ sin and both these series are 
convergent if 2.4„r" be convergent, and then X + lY is convergent. 

We then have X - 1 7 = 2^„r"e ’ = 2^„ ( p - iqT = F(p- iq). 

The separation into real and inuiginary parts is then effected by addition 
and subtraction of the equations 

X + i.Y=F{p + i-q), X-iY = F{p-iq), 
giving 2X^F(p + iq) + F{p-iq), 2iY = F(p + iq) - F{p - iq) . 

1194. Lemma IV. 

When F{x, p + iq) can be tlius separated into real and unreal parts, as 
F{.r, p + i-q) = Fi(x, p, q) + i.Fi{x, p, q), 

Fi and F 2 , besides containing x, may be regarded as conjugate functions 
of p and g, and therefore 

'dF._ 

'dp~ 'dq^ 'dq 'dp ’ 
and differentiating with regard to x. 


fdF{\ 


'dFi\ 

a 1 

<dFi^ 

\ 

'dF2\ 

\dx j 

•“'ag( 

KdxJ’ 

ag' 

^ dx ) 

dp' 

, dx r 


dF dF 

i.e. and are also conjugate functions of p and g ; 
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i.e. which is equal to + besides involving x, involves p and 

q as a function of p + iq, and =(fi{x, p + tq), say. 

It might be said that this also is a self-evident fact arising from the 
principle that the process of differentiation with regard to x takes no 
cognisance of the particular values of any constants involved. But as our 
experience of this fact is based upon the behaviour of functions containing 
only real constants, it is desirable at this stage to make this point .also 

clear and to establish it explicitly. 

d 

We have then ^ F{x, jJ + ig') of the form (f>{x, p + t-q) for all real values 

of .r, p and g, and we have to identify the form of this function <^. 

Now the /orm of a function is merely a means of defining the particular 
manner in which the several variables and constants are involved in its 
construction, and is independent of any particul.ar values assignable to 
those variables and constants. 

Suppose then that it has been discovered in the case of a real constant 

p that F{x, p) takes the form /{.r, p), a known form say, for all values 

of X and p ; then since, when g = 0 we .also have j^F{x, p) = (j){x, p) for 

all values of x and p, we must have (f>{x, p)=f{x, p) ; that is, the form 
of the function <j> is identified as being the same functional form .as that 
obtained in the differentiation of F(x, p) for a real value of p. 

1195. It is assumed in what precedes that we are de.aling with a function 
F(x, p) which is continuous .and finite for the whole of some range of 
values of x within which x lies, whatever real value jo may have, and that 
the differentiation of F with regard to x is a possible openation ; and 
that these suppositions will not be affected if we change p to p + i-q. 
Further, that F^ aud Fo are continuous and finite functions of x for the 
same range, and that differentiation with regard to x, p or g is a possible 
operation. Under these circumstances we may infer that if 

^F(x, p)=f{x, p), 

where p is a re.al constant, we shall also have a result of the same form 
when p is a complex constant. 

If then it be distinctly understood that the definition of integration 
used is that it is the reversal of the operation of differentiation, i.e. the dis- 
covery of a function F(x, p + iq), which upon differentiation with regard 
to .V shall give rise to a stated result f{x, p + iq), it will follow under the 

limitations slated above, th.at if Jf(.7',p)d.r = F(.v,p), where gj is a real 

constant, we shall also have Jf(x, p + iq)d.v=F(.v, p + tq), where p + ^q 

is a complex constant, and the integrals being indefinite a real arbitr.ary 
constant C may be supposed added in the first case, and a complex 
arbitrary constant Uj-t-iUj in the second. 
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1196. As examples of these facts, let us consider 

(1) the differentiation of .r^+% where p and q are here, as always, real. 
We have 

j (Z dj 

— .rP+‘? = ^(^e‘5luB®) = ^[:c''{cos (gh)g^) + t sin {q log.r)}] 

=^[-a-'^{co3(?log.f)}]+i^K{sin (glogjr)}], by Lemma II., 


= cos {q log r) sin [q log .r)^ 

+ 1 sin [q log a;) + cos {q log .r) J 


= (p + tg) .c*’"' [cos (g log :r) + 1 sin (g log .r)] = (p + ig) e‘® ® 

= (p + tg).rP+‘«-\ 

as might he expected from the principle of permanence of form stated 
above. 

Hence the rule ^.r" = n.r"~^ holds whether n be real or complex. 


Conversely, 


Jj;P+‘a ^dx= 


pP+ia 

f^q' 


f 

and therefore the rule for integration, viz. I.r"->cf,r = — , also holds 
whether the index n be real or complex. 

( 2 ) Consider 

This is ^eP^''’^“[cos{g.rlogn) + i. sin (g.r logo)] 


ive « cos {qx log «) + 1 ^ “ sin (ga: log a) 


'dx'' 

= (p + ig) log a [cos {qx log a) + 1 sin (qx log a)] 

= (p + tg) log a . 

which is the ordinary rule for differentiating a"* when 7 i is real. 

Hence ® whetlier n be real or complex, and conversely 


ja 


dx= 


11 log a 


whether n be real or complex. 


( 3 ) Consider ^logp+,5.r, 
d logfX _ 


T.e. 


dx log. ( p + ig) 1 og, (p + ig) dx 


d ] 

-j- lojc-'r = 


.r log.(p + ig) 


which is again the ordinary rule for :^log„.r, viz. - • 7-^^ — 

° • dx ^ ’ X log.a 

( 4 ) Consider ^tan“* — 

dx P + i-Q 

Let tan“^ — I — =X — tF, and therefore tan"^ -_=X + iY. 


p + ig 


p-ig 
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Then 


2Z = tan~^ 


Ipx 


and 


dX dY 


dx 
But since 


— i 


dx ^{p^ + - 4g V- 


p'^+^ —x^' 
p-+q^+x^ 


2r=tanli-i 


2qx 


-iq- 


p^ + q^+x^' 


p^+i 


2_^2 


{p^ +q^ — x'^f + 4j) V = (^3^+ — 4y V = ( p® - g® + afif + 4p^g*, 

we have - tan-^ _ p{p‘^ + q'^ + a^)-iq{p'^ + q^-x^) 

dx p + i-q (p®— g^+^)*+4p^g® 

(P + tg)[(p-tg)"+^-"] p + i-g 

[(p - ^g)® + ^][(p + ig)® + (p + iqf + ' 
That is, the ordinary rule for differentiating 


. _,x . d , ,x a 

tan VIZ. ^tan ^-=-3 3, 

a dx a a-^ + .T® 


holds whether a be real or complex. 

-r, , r 11 . f dx 1 . , , , , ,, , , 

It also follows that 3 =-tan~^- holds whether a be real or 

, Ja^+x^ a a 

complex. 

(5) Similarly, we might go on to discuss the other standard cases. The 
student may verify these for himself. 


1197. Essential Difference in the Two Definitions of Integration. 

Now the summation definition of integration loses its meaning when 
the integi'and becomes infinite or discontinuous between or at the limits 
of integration. Let ;r=c be a value of x at which the integrand becomes 
infinite or discontinuous. Then, if the integrand be regarded as the 
differential coefficient of some function of x, say y, there is a discontinuity 
in the value of dy/dx for the value .r=c. And to interpret the summation 
definition it has been seen in Chapter IX. how Cauchy has given a new 

summation definition of J ( )dx, viz. the limit of th6 summation 

J fC-t fa 

' ( )dx+ ( )dx, 

6 Jc+rj 


where e and ij are to be diminished indefinitely in a ratio of equality, 
obtaining what Cauchy calls the Principal Value of the Integral. In 
this way the discontinuity itself is avoided. It is approached indefinitely 
closely from opposite sides, but the discontinuous element is omitted. 


Thus a geometrical meaning is given to the symbol J ( )dx, which, from 

the summation definition, would be otherwise meaningless. But regarding 
the integrand as the differential coefficient of the function y,. the dis- 
continuity itself is an essential characteristic of that function. Hence the 
two definitions do not agree if such points as the one under consideration 
occur within the range of integration. But it has been seen earlier that 
in the absence of such cases occurring between the limits of integration, 
there is agreement between the two definitions. 
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In the general theory of Definite Integrals, i.e. of those integrals 
between certain specified limits whose values may be sometimes found, 
as has been seen in the last three chapters, without any knowledge of the 
function which forms the indefinite integral, the indefinite integral is an 
iinknown function of x, generally not capable of expression in finite terms 
by means of any of the known ordinary Algebraic, Exponential or 
Logarithmic, Circular, Hyperbolic or Inverse Functions. 


1198 . If then f{x^ c) be the known or unknown function of x, whose 
differential coefficient with regard to x is F(x, c), we have 


F{x, c)dxJ\J{x, c)J=/(«, c)-/(6, c) = x(«. ^ <^) 

and the two definitions, viz. that of inverse differentiation and thf).t of 
summation, agree except in the case where F{x, c) assumes an infinite 
v'jilue or becomes discontinuous between the limits x—a and x=h, and 
this will hold when c is changed to any other value, say c', so long as 
such change does not make F{x, c) become infinite or discontinuous for 
any value of x lying between x=a and x—b, or at either limit. 

It will follow that whichever definition may have been used in obtaining 
a specific result such as 

r F{x, c)cf,f=x(®> ^ '’)> 


where c is real, that result will still hold under certain conditions when a 
complex p+t? is substituted for c, that is, 

F(x, p + iq)dx=x(^> P + ‘?)) 

that is, provided that none of the stipidations with regard to F and x have 
been violated by the transformation. 

This entails that F(x, c) shall be finite and continuous for all values of 
X from x—b to x—a inclusive. 

That F{x, p + i?) shall be separable into real and imaginary parts as 

Pi P, ?)• 

That when this separation has been efl'ected both Ffx, p, q) and 
F2{x, p, q) shall be finite and continuous functions of x for all values of x 
from x=b to x=a inclusive. 

That x(®) h, p+iq) is likewise separable into real and imaginary parts 
Xi(a, h, p, q) and Xilfl, h p, q). 

That when any convergent infinite series has been used, or its use m 
any way implied in the establishment of the primary result 


j c)(f^=X(«> ^ c), 

or in the separation of F{x,p + i<f), x(®> h,p + tf) into their respective real 
and imaginary parts, the convergency shall remain unaffected by the 
substitution ofp + tg for the real constant c for all values of x from x—b 
to x=a inclusive ; and further, that when this convergency holds only 
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within definite limits of the values of p and g, the truth of the permanence 
of form of the result can onl}’’ be inferred between such limits. 

That the path of the original integration for values of x from a point 
x=b to a point x=a along the a;-axis shall not have been altered in any 
way by the proposed change from a real constant c to a complex constant 

With such stipulations, we therefore have 


/ {FM p, q) + iF^{x, p, q)}dx=xi{a, b, p, g') + tX 2 («. h p, q), 

Jit 

whence / p, q) dx=xM> ^ p, q) 0?^= X 2 («) h P, i)- 

Jb Jb 

1199. If F{:v, c) and x(^> b, c) be such that j F{x, c) dx=xi.^) 

all real values of c, and that F{x, c) is developable as a series of positive 
integral powers of c uniformly and unconditionally convergent between 

specific values of c, for all values of x from b to a, so that j F{x, c)dx is 

capable of term by term integration, and is also developable in a like con- 
vergent aeries, and if x(«) b, c) be also developable in a series of positive 
integral powers of c convergent for a specific lange of values of c, the 

coefficients of like powers of c in j F(x, e)dx and xC^j b, c) are equal for 

all values of c for which each series is convergent. And provided that 
this convergency remains in both series when we substitute a complex 

value p + Lq for c, the equality of j F{x, p + Lq)dx and x(«> P + <-q) will 

still hold good for such values of p and q as do not disturb that con- 
vergency and do not cause F to assume an infinite or discontinuous value 
for any value of x between b and a. 

If it be proposed to conduct the transition from c to p + iq hj & pre- 
liminary change to p + q, we have j F(x, p + q)dx= x{(i, b, p + q) ; and if 


expansions of F{x, p + q) and x(«» b, p + q) be possible in series of integral 
powers of q, each uniformly convergent between specific limits of q, the 

coefficients of like powers of q in the expansions of j F{x, p + q)dx and 

X(a, b,p + q) will be equal, and therefore, provided the convergency of 
these series be maintained when a change from q to iq is made in them, 
and provided also that such changes have not caused F to assume an infinite 
or discontinuous value for any value of x between x=b and x=a, we 
may infer that the transition to the complex p + iq is legitimate. 


1200. In the use of the method the precautions necessary before the 
results obtained can be accepted as rigorously established, are somewhat 
irksome, and this has caused mathematicians to look askance at the 
process. In fact it has become usual to regard it as a method of 
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suggestion of new integrals to be verified by other methods rather than 
as a mode of investigation. For instance, De Morgan remarks ; “It is a 
matter of some difficulty to say how far this practice may be carried, it 
being most certain that there is an extensive class of cases in which it is 
allowable, and as extensive a class in which either the transformation, or 
neglect of some essential modification incident to the manner of doing it, 
leads to positive error. It is also certain that the line which separates 
the first and second class has not been distinctly drawn.” 

De Morgan, after citing several instances of the success of the method, 

gives as one of failure, the case of j j-j^=[tan~'a:] = 2 . 

Bv putting place of .r, he obtains f = f and 

JO Jo 1 — y" 

remarks concerning this that it is “an equation which we cannot either 
affirm or deny, since the subject of integration in the second side becomes 
infinite between the limits.” 

We may, however, note with reg ard t o this, that it apparently escaped 
De Morgan that having put x=sl -ly, the range of values of ;/ over 
M'hich the integration is assumed to be conducted is not a range of real 
vahies, as was the aise in the integration for the range of real values of x 

0 CO 

from 0 to CO. In fact y ranges from '^j=j to ■ j — = , corresponding to the 

real range of x from 0 to co ,• and all the values through which y passes in 
this i-ange are imaginaries, so thaty never pa.sses through the value 1 at 
all, and therefore the subject of integration never becomes infinite as De 

Morgan asserts. As a matter of fact, if we write the upper limit. 




V -.1 

0 


1. 1. V-ll J , 

= 2 A“ = 9^g| ^ 1’ ^ ® 


1 - 


n /-1 
1 

2 ' 


1 1 

\Jc vr-jy 


= ^log (— l)=^log[cos(27i- l)7r+isin (2n-l)7r] 


1 (2a-l)Tri, 

= 2log — 2 -^ 


where n is an integer. 


an integer. The value ji=0 gives the particular value -jj, which we have 

C dx ^ 

assigned to the left side, viz. J 


Hence J-1 f one of the values of -{2n-\)‘^, where n is 

Jo J ~ ^ 
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/i 


/ Gt 27 1 

:j— — ^=-tan“'ca;, c be replaced by lc, we have 


„ „=-tanh ^cx. Both the right-hand side and the integrand 

become oo at x=c~^ during the march of x from 0 to oo. Therefore, with 
those limits, the change proposed is inadmissible. We defer the con- 
sideration of the use of a complex variable to the next chapter. And it 
is to be understood in all the remarks made in course of this discussion, 
tliat the march of the variable between its limits is not to be interfered 
with by the substitution of a complex constant for a real one, t.e. that 
the change of c to p + tq is not supposed to be one which can be brought 
about by a change in the variable, as is done in the case cited. 


Illustrations. 

/^n 

x^~'‘- dx=—, write m = a -t- 1 6 . 

Jx‘^-\v^^dx=x"+‘% + ib) [Art. 1196 (1)], 
Jx‘‘~^{cos (b log.ry-t-t sin (b logx)}dx 


Then 


t.e. 


whence, writing x=e^, 


= [.r“ cos (b log x) -f ix° sin (6 log .r)] (a — ib)l{a‘^ -f- b '^) ; 


f 


c“®cos bdd0 = e‘ 


a cos bO + b sin b$ f ao 


■f 


e"'^sin b6dd = e' 


ae a sin bO — b cos bO 


a? + b'^ ’j a2-t-62 

which are the well-known results proved elsewhere without the use of 
complex values. 

(2) In the integral 1= f = Flog (or -be)"] =log^^^, put c=ge“‘. 

Ja ^ *T“ C L. Jet d C 

1 _ 1 _ .r-b<ye~‘° _ .r-f y cosa-tgsin a 

x-^rc .r -b qe'’ “ .r^ -{- 2y.f cos a -b 5^ x‘^+ 2qx cos a + q'^ 

ftan-^- g ^ " _tan--llE^). 

\ 6 -b (7 cos a a + q cos ai 


Then 
and 

^o^6^a^l^^^6^ ycosa-bg2 ^^/ n-x_yiHj.'^ 

a + qc‘°- 2 a2 -b 2ag' cos a -b V 6 -b geos a 

Therefore 

r* or -i- geos g _ 1 j + 2^ cos a -b g^ 

Ja .r2-b2ga:cos a-Fg2 ' 2 ° a2^2ag cos a-bo^ 


Jii X“ ' 


" -b 2qx cos a -b g2 


g sin a 


gsin a 


results which are obviously true otherwise. 

The process is valid, for all the conditions laid down in Art. 1198 are 
fulfilled. 


e~°^ cos bx dx = —r, — n, write a = ce^'^, 
0 a^+hi^ 


c both -b” ; a, acute). 


[ g-excoBa -icxBina ^ ^ .. ^ 



TRANSITION TO COMPLEX CONSTANTS. 


351 


. c{c^-¥)sma 

‘ C03 bx sin (ex sm a) dx = ,4 r ^. y- o 5 — 7 — a • 

0^ + 2o'^c'' cos 2a + c’ 


Equating real and unreal parts, 

7- r"” 7 r ■ c(6- + c^)cosa 

/,= I ° cos Saccos (cat sm a) a.r= ,% — —7, 

‘Jo o^ + 2o-c^cos2a + c^ 

I^=( e-c®coaa, 

Jo 

The chano'e from a to ce^®" does not affect the path of integration with 
’e'^ard to x from 0 to co ; the integrands remain finite and continuous 
l.hrouehout the range, and though the upper limit is infinite both 
intet^rands are zero when x is infinite, and the conditions of the validity 
of the process are all satisfied. Hence it will he fair to assume the 
results correct. They may be readily verified otherwise. 

j — 

(4) In /= 1^ write a = cc‘“, (a and c +’ 


a, acute). 


Then 2a+. sin 2a) 


Therefore 


c'x’cos 2a 


r--*' 

r 


2c 

/- 
V TT 


cos (c'X'sin 2a) dx = cos a, 


^—dx'cos ^eVsin 2a) dx = -^ sin a. 


The new integrands satisfy the conditions under which the transition 
is permissihle. 

Putting a=^, we have Fresnel’s integrals of Art. 1163, viz. 


r 

Jo 


[ 


coscVd.r= 
sin cVdx= 


wi’ 

n/w 

2csf2’ 


(5) In 7 = j° c““’^Vx=^, write o=m(l + o), (a, +”)• 


r g-7rtMl+a)’»Vx=- 

J — ® 5 




Then j_e 

Both sides are capable of expansion in powers of a, convergent for 
values of a which lie between —1 and +1. And both series remain 
convergent when we replace a by an unreal quantity with modulus < 1. 
Hence, writing fS’J — 1 for a, where ^ < 1, we obtain ^ 

n/tT 1 ''/w 1 — 1/3 


r. 


whence 


e-mMl-P*)*’(cos2m2)3x^-i8in 2m'‘f3x^) dx=’^ Tj^~ln 1 + )^ 

(/8 < 1 ) ; 

co32m^ fix^dx^"— 1 


£ 

£ 


I g m’(l P*)^*Bin 2rn^Pa^dx=’J^ 1 + 0^ 

[Serret, Calc. iTit.y p, 140.] 


(/3<1). 
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(6) Taking the integral 

Zs f” cosh 2gx dx = 

J-m p 


o' 


we observe that cosh Icix and cp* can both be developed in ascending 

powers of q which are both convergent series, and that if we write iq for 
q, the convergence will not be affected. 

Hence, ■we may safely infer that 

j— _sl 

VTT 


e cos 2qx dx = e 


and as the integrands in these integrals arc not affected by changing the 
sign of in either case, either integral may be taken from 0 to co, and 
the results are still tiaie, provided in that case the right-hand sides be 
halved. 

( 7 ) III 1 = l^e " = f = 

Then c c ^ c ; 

I e ' cos |Z-^j“-f^jsin 2a| da- 

e“2"^’‘=°'’-“cos(a-f 2ctfc-sin2a), 

f’ e-‘' (*'■*■;■') {p(xH;7)»in 2.) rf..- 

^ t'«'^2“sin (a + 2a/;- sin 2u). 

[Cf. Cauchy, Utm. dcs Sav. Elrangers, i., p. G38.] 

(8) Taking Ija])lace’.s integnd 

irr in 

; then n- = c-c - = tc- and = cos c-.v- - 1 sin c-x". 

r 

Therefore j (cosc-j" — t sin c-.i") cos 2/».r(/,c= c ; 

r" . , , N^TT / TT b~\ 

I cos c\i" cos 2bx d.v = cos 

/'*' \^7r . f "x b~\ 

j sin c-a-.sin 2bxdx = -^ sin -^ji 


f” c~"’^’cos 2/i.r rf.r = ^^ c ”, write 
Jo 


2a 


a =cc^ 


whence 


results due to Fourier.* 


* Traild dc In Chalcnr, p, 533 ; Gregory, D.C., p. 4S5. 
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1. Show'tliat 


f 


PEOBLEMS. 

cos’* X cos iix dx=~. 

9« 

0 ^ 


[Colleges, 1892.] 
Show also that j* cos" d cos {n - 2? ) Bd9 = ’‘C,. . 

2. Evaluate I ^1 - where n is positive and k a 

positive integer. [St. John’s, 1892.] 

1 2 r c" 

3. Prove that - c® ^ sin Ic sin x) sin nx dx = — . 

[Math. Tripos., '1872.] 

4. If m be a positive integer, prove that 

TT 

I (2 cos xy>’~'^x sin (i» + l)xdz = — . 

J 0 4771 

[Colleges c, 1883.] 

5. If n be positive and less than unity, show that 


f” cos rx J - n- 


[Colleges /3, 1889.] 


6. Show that 


tr 

r cos 2s^cosp^ diP = ir(-l r 

where j7 is any negative quantity or an}' positive proper fraction. 

[Colleges 7, 1888.] 

7, Establish the result 

f cosh (j; log .t) log (1 + x) — = i 

Jo •’ 


2p\sinj//- 


QkI). 

[Colleges 0, 1883.] 

f""’ sm-6d0 

Jg 1 - 2 sin a .sin 6 +sin-0' [Coi^leges 1890.] 
9. Show that the product of the two integrals 

7 x 2 n-i do: and 1 c~^'x^~^’^ dx is ^ 

Jo 


8. Evaluate 


pco 

e-^'x 

Jo 


4 sin ?(.7r 

[Colleges a, 1890.] 


TT 

. lfw=f e^' dx, show that u-—\ - 1 ) 

Jo Jo 

rio| 

Jo 


11. Show that 




[Colleges a , 1890.] 

}• 

[Colleges, 1892, etc.] 
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12. Show that 


r ^ , a sin a; , o / , , \ -jr ^ i 

1 tan ^ = tZa' = 2(a4-'5o + ^+ -*-) if a<l. 

Jo l+acos-a: V 32 5 ^ / 


[Math. Tripos, 1882.] 


13. Prove that 

r2iT 


f cos ncO log ( 1 + 2Ta cos cd + h?.^) d6= - ^ i/i'" or ^ m", 
Jo 71 n 


according as 7i is even or odd (1 >m>0). 

14. Find the value of f sin nd t;ui-i , ^ d^, 


[IC P.3 


1 - a cos 0 

where - 1 <«<! and 71 . is an integer. [Oxford II. P., 1900.] 

15. If TV, 11 being each less than unity, and sin :c = 7i. sin (x + y), 

show that rir xsmydy tt 1 

Jo 1 - Sin cosy + TH^ 2w °l-77m’ 

[St. John’s, 1891.] 

16. Show that 




/ " = Qa- 2 a-+l)t»+ 2 m+l ^ coscc r, 

0 + (r")W 271 2n 


where 77 ?, n and h arc all positive integers and m<n, and Q is the 

2m+l— 2n 

coefilcient of c*-‘ in the expansion of (1-c) in ascending 

powers of c. [Coixkces o, 1887.] 


17. Prove that 

r 


c + a 


0 (1 +3^")(1 - 2a cosx + a-) 2(1 -n-)c-a 

[Colleges y , 1888.] 


18. Pro^ 


cos 710 ~ 1)” 

(a=-l)^ 


,ethat r J:y^rfg^ V» 7 V»--y; 
J 0 a - cos 0 ■ - J 


[St. John’s, 1881.] 


19. Prove that 

C +COS 0 


Ur 


-o de= 


TT 


TT 2e- - 1 


+ 2c cos 0 +c- 
according as e<l or ol. 

x"dx 


2(1 -C-) 2e''’(e2-l)’ 


[R. P.] 


20. Show that 


u- 


TT Sin 7la 


. + 2x cos a + x” sin mr sin a 
an integer and 7r>a>0. 


, where 71 is not 


[St. John’s, 1891.] 
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21. Show that 
if n be positive, 


poo 

Jo 


dX IT TT , , 

T— — r= — cosec— , if 71 > 1, and thence show that 
1 +a;’‘ n n 


I log X log ^1 dx = ■n-a cosec ^ ^log a - ^ cot ^ - 1 


[Math. Tripos, 1883.] 


22. Expand the definite integral 

10 (l-7/.r)Y 




in the form of a series of ascending powers of u; and thence or 
otherwise find the relations which must subsist between a, /3, y and 
the indices a', y' of a like integral, in order that the two integrals 
may be to each other in a ratio independent of u. 

[Smith’s Prize, 1875.] 

23. Prove that 


sin2 3;if.T 


TT 


rt< I'l 


Jo (1 - 2acosa: +fl'^)(l - 2icos.T + 2(1 -at) \6<l/' 

[Colleges y, 1893.] 

24. Point out the fallacy in the following train of reasoning, 
By putting ax = y, we have 

J, -""“Jo y''"'’ •• Jo 

Show that the value of the latter integral is log^* 

[Trinity College, 1882.] 

25. Deduce from the expansion of log (1 +a:) that if j: > 1 


„.2 


S’ S" 


]^2 92 g2 ^2 


.■.=i£[iog( 


1 + 2s cos 9 + x'^)Yd6. 


Deduce Euler’s series 


1^11 =— 

1 2 22 32 42 “ 6 ' 


26. 


0 

Show that if /r= 1 sin7'0cot-(f0, then /r = /,-_i. 
Jo 


Hence .show that Ir = zr. 


n 

27. By differentiating « = p .^yith regard to a, show that 

Jo ^ 

du r^^'(s) , jvnM 
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Hence deduce 


r t^^L^^dx = {a-b) r ^dx-<i>'{0)[a \oga-blogb-a + b] 
Jo ^ Jo ® 


-{a-b)Ltn^„^, 


n 

on the supposition that 4‘ is such that l; dx vanishes. 


Apply this to show that 


i: 


cos oa; - cos 5a: , tt,, . 

— dx = -{b - a). 


x^- 


[Bertrand, Calc, hit., p. 225.] 

28. Prove that if m, n are positive integers whose H.C.F. is r, 
and m = rfjt, n = rv, and^, q numerically less than unity, then will 

dx _ 1 +p'’q>^ 

Jo (1 - 2^cos7//a: +^2)(1 - 2gco8wa;+g2) (l-p^)(l-2®) \-p'’q>^‘ 

29. Sho>.thatr,-?2£i:5_rf,:= ' rAZizIT. 

Jol + ecosa: Jl-e^L ^ J 


[Colleges 6, 1884.] 


tr 

30. Evaluate 1 sin^a; log tan a: da:. 

Jo 

31. Prove that if n he a positive integer, 

(i) j* cos 2nd log (sin 6)d9= - ^ > (ii) j* cos nx (cos x^dx = . 

32. Prove that, n being a positive integer, 

TT 

(i) J cos 2nd log sin d dd = - ^ ; 

tr 

(ii) j cos 2nd{log (2 sin d)}2dd = irAnl^n ; 

Jo 

tr 

(iii) {log (2 sin d)}^dd = 7r5/288 + V TrAn^jn^, 

J 0 


L ^ 1 1 1 1 1 1 

where = 1 + - + - + f + • 

2 3 4 n - 1 2n 


[St. John’s, 1891.] 

33. Evaluate T a: sin a: (a<l). 

Jo (1 -acosa:)2 [Colleges, 1890.] 

34. Prove that if n be a positive integer and 7r/2>a>0, then 


r ^ 

Jo a: 


sin^^hc 


n- 1.3.5...(2n-3) 


0 X (1 -sin^asin^a:)” 2” (n-1)! 


gec2n-la. 


[St. John’s, 1887.] 
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55. Show that 2 secailog (1 +sin acosa;)i3; = Tra - 
Jo 

, 5' piog{2/(l+a:2)} 

Hence deduce J - ' \_ a. 2 — ~ [X 


36. Prove that if a:<l, 


[Trinity, 1884.] 


f" , \ + XCOS 9 d9 „ . , 

log z 2 > a = sin-^a:. 

J Q ^ 1 - a: cos 0 cos 0 [Colleges a, 1891.] 


37. If 1 / + 1 ; = 4, 16 - -y = 2 sin 9, show that 

f“’ , 16® d9 IT- 1 /o 2 \ 

J„ n> 

38. If in and n are positive integers, prove that 

r cos(2».+ l)j;-cos(a.. + l);c _ _ 

Jo •'^^sina: 


[O.vroRD II., 1890.] 


39. Prove that 


TT 7J* (I 

{ tan-^(rt tan a:) - tan-^(f» tan x ) } (tan x + cot x)dx = ^ log ^ , 
•J 0 

where a and b are both positive. [Oxford II., ; 


where a and b are both positive. [Oxford II., 188G.] 

e~^ sin Bx - C”"® sin ax , a b , 

40. Show tliat ' if - - = 0, and 

Jo * a p 

a and b be positive. [Clare, Caids and Kino’s, 1885.] 

r 6x+iliw+>ir 

41. Prove that Ic “ dxdydz ex:tonded over the volume of 

the ellipsoid x-la~-\-y-jb’’- + z^!c-^\ is equal to 4-a/ic/c. a being equal 

to JaT- + b~m~ + c’-n- and /, m, n being direction cosines. 

[Colleges, 1886.] 


42. Show that 


r <r“® - e~ 


b 

+ {a-b) ydx^b-a -nlog-, 


where a and b are positive quantities. 


[Trinity, 1892.] 


43. Prove that f — » - 

Jq 1 + 276 cos 20+76*- 476 1+76 

be less than unity. 

Determine also the value of the same integral when ii is greater 
than unity. [St. John’s, 1891.] 
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44. Prove that, for any value of n, provided a be between 0 and tt, 

dx a 


and 


Jo 

r 


(1 +a:")(l + 2»cosa + a;2) 2sina 

(l+x^)dx V 


0 (1 +a;")(l - 2x^cos '2a + x^) 4 sin a 

[St. John’s Coll., 1881.] 

45. Prove that if c be positive and less than unity, 

f . f . 1 _ fin 

sin e~^'‘’’s'“''4cos{c.tsin2<;f)(l — ccos <f))}dxd(j> = 2TrCjj — 


46. Prove that 

/c>^ 

r'*'l+?n« a; 


C2)2 

[Math. Tripos, 1886.] 


0 J niy 
47. Show that 


(a;2 + y2+^2) TT 

(a:2 + ,y2 + ^2 + i2000c2v/TT^a 


[St. John’s, 1885.] 
,t 

Tn- r-2rr 

j I /(w COS 0 + 71 sin ^sin ^ +psin 0 cos </)) sin 
V 0 Jo 

f+l 

= 2n- f{x\/m^-i-‘)i^+p^\dx. 

^ [Poisson.] 

48. Prove that if n be a positive integer. 


n -n 

0 


lo Jo 
49. Prove that 


sin^"+^a; {sin^”'^^y - sin^"+^a:} , , tt^ 
sin^y - sin^.T ^ ~ 8 ’ 

[St. John’s, 1888.] 


tf TT 

r5 


Jo Jo 


IS a symmetric function of m and n. 
50. Prove that 


(1 -sin2wsin2^)2sin"+^wff0d(o 

[Math. Trip., 1895.] 


0 30 

- 00 


cos 2a -fy^) 


TT 

dx dy = s/tt^ 


d9 

Vl - sin^tt sin^0 

[Ox. II. Pub., 1902.] 


j: 


51. Prove that 

Jn / 'i! 

= •'^)dx=(-l)V•27^a"e^ 

52. If u={ab' - a'b)x^ + {ac - a'c)xy-\-{l)c' - b'c)y^, prove that 

fOO rco ^ 

J _oo J 71 ’ 

where E = 4(aZ>' — a'b) (be - b'c) - (ca' — c'a)^, provided 

4 - ac) (6'2 - a'c') > (2bb’ - ac' - n'c)2 [St. John’s, 1886.] 
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53. Show that 

roo TOO 


pco poo 1 ^ 

g-ax^-iexy-by'- gy = . ^ COS-1 

JoXo 2\Jab — c^ \Jab 


if n>0 and ab-c^> 0. 
54. Show that 

f CO /*cO 


[I.C. S., 1897.] 


n cO 

y cosh 2cxy e «**-&!/* dxdy = 


J- 


ira 


4:{ab - c^) 

if a, b, c are positive quantities and ab-c^> 0. [I. c. S., 1897.] 

55. Show that 

TT TT t 

J J* jP( 1 -sin 0cos</>)sin = J F(u)du. 

fST, John’s, 1891.] 

5G. Prove that 

jo dy = ^ 0 {x) dx. 

(* P d'Sj 

57. Calculate the value of 1 1 ^ / taken throughout the ellipse 

J J ’V ’2 

x^ y^ 

where rj and are the distances of the point x, y from the foci. 

rCou.EGES a, 1889.1 


58. If r=sinjp^0sin^2^ sin^ 30 ...sinji 2 n+i^) where jq, ...^ 2 n+i 
are any positive integers whose sum is odd, prove that 

p Fdd r vde 

Jo ^ josin^ [St. John’s, 1892.] 

59. Show, by means of Landen’s Transformation 

tan {6 ~ <!>) = 

that f" '^0 . 

J 0 (ft^ cos^^ + sin^fi) " J 0 (ftj^ cos* ((> + h-^ sin* <^)“ 

where Aj and are respectively the arithmetic and the geometric 
means between a and b. 

Point out the value of this result in the calculation of the 
numerical v -lue of the definite integral. [Math. Tripos, 1889.] 
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60. If p be the length of the perpendicular from the centre of the 
ellipsoid^ + ^ + ^ = l, on an element dS of the surface, prove that 




c'^ 

27raW^— 


d 

■ *1" 7 / T “b 


61. Show that 


\d{a:yd{h'^) 

sin rd sin nO 


d 

d{cy Jo ^/(A 


dx 


,2 + A)(62 + A)(c2 + A) 
[Colleges 7 , 1901.] 


rm 

Jo 




provided n is an integer and r any quantity > ?i - 1. 

[Math. Tkip., 1873 .] 

log X 


62. Prove that 


f 


s/4:X-X’‘- 


da: = 0. 


63 


[Clare, Caius, King’s, 1886.] 

TT 

. Prove that 2 ^ log (1 + sin 26) dd + tt log 2 = 0. 


Hence, or otherwise, find the value of 


1 , 1.3 ,1.3.5 

22*^2 . 42 2. 4. 62 ■*■•••' 


[Ox. I. P., 1900.] 


64. If V, u' are essentially positive quadratic functions of a; A, A' 
their discriminants and H the invariant intermediate to A and A', 


f* , u' dx IT , jS'+2v/AA' 


4A 


[Nanson, E.T., 13406 .] 

^ a„a;” = <^ (.t) and '^b^x^ 


0=0 


n=0 


prove that 

65. If 
show that 

S ^ f { (a-e-‘®) } { f (e‘®) + 'I' (e-®) } dd - a^b,. 

If also 2 c„a;" = X (a:)i shoAV how to express by means 

71=0 n=o 

of a double integral. [Smaasen.J 

66. Prove that 
1 4 . 

1!2! 2!4! 3!6! 

= ? j* fifi cos e Qosh cos cos (/x sin 9) cos (^Jx sin 0 - 1 . 

[W. H. L. Russell] 
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67. Show that 


e®^cos^”a: dii = y—. 


(2n) 


2sinh^ 


(a« + 22)(a2 + 42) ... {a2 + (2m)2} ' 


Hence prove that 


1 + 


a2 + 22 (a2 + 22) (a2 + 42) { a ^ + 22) { a ^ + 42) (a2 + 02) 




:+ ••• 


= |coseeh^J~ ^e"®cosh (\/xcos 6) dO. 

[W. H. L. Russell.] 


f” fir 1 

68. Show that 1 e i (^~co3x)dx==i^J-3mh.-. 

J — -ao 


69. Establish the results 


[W, H. L. Russell.] 




, dx TT 

•l/g — _ 

X 




70. Establish the results 


[Liouville ] 


f” J lA 1 dx \ r J , l\(Za: 

^ Jo \ ® 2J0 •^V a; ’ 

r\ f” ^2: ^TT 

Jo ( 1 +*')(!+ *") 't' 

(iii) [2' ^(sin2^K ^ =HV(sin0)£Z0. 

^ ^Jol+tan"0 2jo 

[Glaisher, Messenger of Math., No. 70.] 

71. If J„(3:) be Bessel’s function, show that 

/m- r 


.0 a;"-”' ' J7r2«r( 




-= (27i + l>0>m> -1). 

v/7r2«r(TO + J)nr« 

2 J [Math. Tiuf., 1898.] 
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VECTORS. THE COMPLEX VARIABLE. 
CONFORMAL REPRESENTATION. 

1202. The Operative Symbol t. 

Let L be defined as an operative symbol which, when applied 
to any straight line of given length, and lying in a given plane, 
has tlie effect of turning that line in the given plane about one 
of its extremities througli a right angle in the positive direction 
of rotation, i.e. according to the customary convention, counter- 
clockwise. 

Then, if OP be any length measured along the positive 
direction of the a:-axis, lOP will be an equal line measured 
along the positive direction of the i/-axis. 




•r' 

0 P ^ 


p 


3 

/ 


7 



Fig. 3‘10. 


Now i{iOP), or, as we may write it in analogy with algebraic 
custom, POP, may be intei'preted as the result of doing to lOP 
wJiat I has done to OP ; i.e. OP^ has been itself turned counter- 
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clockwise to a position OP^ lying along the negative direction 
of the £C-axis, the absolute lengths of OPg and OP^ being each 
equal to OP. 

Again, i{i{lOP)}, i.e. lOP^ or i^OP has turned OP^ to the 
position OPg lying along the negative direction of the i/-axis, 
the absolute lengths of OP 3 and OP being equal. 

Finally, «^OP,has turned OPg to the 

original position OP. 

1 203. Interpretation of 

Let us next consider for a moment the sj^mbol J~l, or. as 
it is usually called, “the square root of — 1 ,” an expression 
with which the student has grown familiar in algebra, in the 
solution of quadratic equations, factorisation, etc. 

Now all arithmetical quantities are either positive, zero or 
negative. There are no others. Their squares are all either 
positive or zero. There is no arithmetical quantity wlmse 
square is negative. But the definition of V— 1 is that 

7ZTn/^=-1, 

or conforming to the usual notation and language (7— 1 )^= — 1 , 
and “ the square of 7^ ” is —1. The logical inference is that 
7 ^ is not quantitative. 

But it is customary nevex-theless to discuss and use such 
expressions in algebra as they arise there, and as they obey 
the same fundamental laws of algebra as are obeyed by 
ordinary arithmetical and algebraical quantities, viz. ( 1 ) the 
associative or distributive law, (2) the commutative law, (3) the 
index law, so long as they are combined with quantities which 
have magnitude only and no directive property. 

Now, according to the usual Cartesian convention of sign to 
denote the relative direction of lines, if OP be regarded as a 
line drawn in the direction of the positive direction of tlie a;-axis 
and OPg an equal line in the opposite direction, OP^^ — OP. 

Thus i^0P= - OP= {J^fOP. 

We may therefore properlj’" interpret 7 1 being identical 

ii with the operator i, and therefore regard 7 !> which is not 

I quantitative at all, as being operative and having the property 
It- that it turns any line to which it may be applied through a 
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right angle counter-clockwise about one of its extremities. 
It is not therefore commutative as regards such expressions as 
have direction as well as magnitude, i.e. such expressions as 
are known as “ vectors,” in distinction from those which have 
magnitude only, to which the term “ scalar ” is applied. 

1 204. Definition of the Term “ Vector.” 

The terms ” scalar ” and “ vector ” are due to Sir William 
Rowan Hamilton. 

The definition of a “ vector ” given by Kelland and Tait 
{Quaternions, p. 6) is, “A vector is the representative of 
transference through a given distance in a given direction.” 

In the consideration of such operative symbols and vectors 
we retain, as is usual, the ordinary terms addition, subtraction, 
multiplication, division, though the interpretation of the 
results will differ in some respects from the results of the 
corresponding common processes as applied to scalar quantities. 

If a rigid lamina be displaced without rotation from one 
position to another position in its own plane, points A, B,C, ... 
of the lamina are transferred to new positions A', B’, C',..., 
such that A A', BB', CC’, etc., ai’e all equal and parallel. A 
knowledge of the length and direction of any one of them 
would be enough to fix the second position of the lamina 
relatively to its original position. They are all vector quan- 
tities and equivalent. That is, the}^ are represented by the 
same vector. A vector is completely defined" when its magni- 
tude and its direction are known. No account is taken of its 
position. In this respect a vector differs from a force which 
needs further description, viz. a specification of the point of 
application. 

Hence a force is fully defined by (1) its point of application, 

(2) its representative vector. 

In the case of the axis of a couple the only elements neces- 
sary for its description are (1) its magnitude, (2) its direction. 
Hence the axis of a couple is a pure vector and needs no 
further description, the vector being specified. 

A vector is therefore represented graphically by drawing 
any straight line in the specific direction of the vector and of 
the specific length indicated in the description of the vector. 
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And all parallel lines of the same length, from whatever points they 
may he drawn, will equally represent the same vector. 

Thus, the force acting at a definite point, a velocity, an 
acceleration, the axis of a couple are familiar examples of 
rector quantities, whilst speeds, moments, energy, horse- 
power, are scalar quantities. 

1205. Laws of Combination of the Operator i. 

The operator i obeys the “associative ” or distributive law 
of algebra. For if we apply it to the sum of two lines OA, AB 
(Fig. 341) which lie in the same direction, say along the a:-axis, 
it is immaterial whether we first add the lines together and 
then rotate the sum through a counter-clockwise right angle, 



or whether we first rotate OA through a counter-clockwise 
right angle to OA' and do the same with AB, bringing it to 
the position AB^, and then transfer the result AB^ parallel to 
itself to the new position A'B'. Thus 

i{OA+AB)=iOB=-OB'^OA'-]-A'B’=OA'+AB^=iOA+iAB. 

1206, The same is obviously true if the operator i be 
applied to the difference of two lines or to the algebraic sum 
of any number of lines in the same direction. 

1207. Again, if a line be doubled or trebled or halved, etc., 
and then turned through a right angle counter-clockwdse, the 
effect is the same as if we turn through a right angle first 
and then double, treble or halve, etc., i.e. i{pOA)=pi{OA), p 
being numerical, so that i obeys the commutative rule as regards 
numerical, that is scalar, quantities. But it is not commutative 
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with regard to the subject of its operation, i.e. we cannot write 
lAB as ABl any more than we can write log a; as a; log. 

Finally, l satisfies the index law of algebra. For to turn a 
line n times in succession through a right angle in a counter- 
clockwise direction brings it into the same position as it would 
have had if turned in the same direction through n right 
angles at a single operation, 
i.e. 1^0 A=l . I . I ... to n operations . OA. 

Thus I satisfies all the fundamental laws of algebraic com- 
bination, except that it is not commutative with regard to any 
vector quantities upon which it is operative. 

1208. The symbol AB, as denoting a line starting from A 
and terminating at B, drawn in a definite direction, may be 

considered as a transference 
of a point from a position A 
to a position B, and may be 
regarded as a vector, or in fact 
itself as an operative symbol 
which, when applied to a unit 
line, viz. AB(1), extends that 
unit in the specified direction 
Fig. 342 . in a numerical ratio of the 

absolute length of AB to unity. 

When I is applied to AB, there is further the rotation 
through a clock-wise right angle to the position AB'. 

If AB be itself unity, then AB'=i . — say, and i may 

itself be regarded as a vector. 

1209. Vector Addition. 

The general idea of a vector being that it is an operator 
which has the effect of transferring a point through a given 
distance in a given direction, we understand that “ vector 
BQ ” means that the point P is to be transferred from P to 
Q through a distance represented by the length of BQ in the 
direction specified by the direction in which the line BQ is 
drawn from P. This being so, it follows that 
vector PQ+ vector QB=0, 

for there is no change in the position of P when the whole 
operation has been completed. 
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But vector PQ+ vector Qi2= vector PR, where the second 
transference {Q to R) is not made necessarily in the same 
direction as ^e first (viz. P to Q). And we must understand 
by the sign of equality in such a relation as this, that it 
stands for the words “ are together equivalent to.” 



Vectors are therefore added by drawing a line from the 
initial position of the point to which the vectors are applied 
to its final position when it has been subjected successively 
to the transference indicated by each vector. The length and 
direction of this line or of any equal and parallel line fully 
represent the resultant vector. 

It is clearly obvious that the order of the several trans- 
ferences of the point is immaterial. 

1210. Vector Subtraction. 

If OP and OQ represent two vectors, complete the parallelo- 
gram OPRQ and join OR. (See Fig. S'lA) 

Then vector OP -(-vector OQ 

= vector OP -(-vector PR 
= vector OR. 

It follows that 

vector OP=vector OP— vector OQ 
=vector OP— vector PR 
=vector OP-(- vector PP. 

And the result of subtraction may 
therefore be obtained in the same way as that of addition, but 
drawing the subtractive vectors in the opposite direction to 
that in which they are drawn for addition. 


R 
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Thus, if there be several vectors, OP, OQ, etc., 
vector OP 4 - vector OQ— vector OP— vector 0^+vector OT 

= vector OP + vector PQ'+ vector Q'P'+ vector R'S' 
+ vector <S'T'= vector OT', 

where PQ', Q'R, R'S', S'T' are drawn respectively equal and 
parallel to OQ, RO, SO, OT, and in the same sense. (Fig. 345.) 



t' 

Fig. 345. 


1211. Let US express the vector OP in terms of the Cartesian 
coordinates x, y oi P referred to a pair of rectangular co- 
ordinate axes through 0. 

Let OA be unit length on the a;-axis. Then if x units of 
length be laid off' on the a’-axis (OM), we may regard x as an 
opei’ator (this time a mere numerical multiplier) which transfers 
a point from 0 (0, 0) to M {x, 0). 

Similarly y regarded as an operator would transfer 0 to a 
point on the x-axis 7/ units of lengtli { = 0N') distant from 0, 

and ly would be tlie vector which 
would transfer a point from 0 an 
equal distance along the y-axis to 
N, where 0N=0N'. 

Thus, if z represent the complete 
operation x-\-iy (Fig. 346), 
2:=x4-t2/=vector OM-}- vector ON 
TF = vector OM-}- vector MP 

Fig. 346. = vector OP, 
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where P is the corner opposite to 0 of the rectangle, with OM, 
ON as adjacent sides, the coordinates of P being the numerical 

values of x and j/. 

1 212 . If the linear magnitude of OP be r units of length and 
0 the angular displacement of OP from Ox, we have 

,xJ^ty=r{cos9 + ismd), or, as we may write it, re‘®. 

This expression therefore, viz. re‘®, is a vectorial operative 
symbol which has the effect of increasing the unit length OA 
in the ratio r : 1 and then rotating it counter-clockwise through 
an angle 6 radians. 

Thus r(cos sin 0) in itself has no quantitative meaning, 
It is an operator. 

1213. The Analytical View of Vector Addition is as follows : 


If, in Fig. 314, 

g^—jj^q-jy^^voctor OP nnd 0 . 2 =. T.^-|-fy. 2 = vector ()Q, 

then s’ld- + + + i'/i-h-Va 

are the Cartesian coordinates of the fourth angular point P of 
the parallelogram drawn with OP, OQ with adjacent sides. 

Thus S 3 = 2 j-l-s.,=vcctor OR, 

and the rule can be extended to any number of vectors 
z.,, Z 3 . where /?/,.. 

If Z be the re.sultant vector of the addition, 

• • • At ^ A" I 


vv 


here > Sy— + + 



Clearly the direction of the vector Z passes through C, the 
centre of mean po-sition of the several points Pj, Po: 
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Pg, ... , whose coordinates are y^, {x^, y^, (x^, y^), etc., and 
its length is n times the distance of tlie centre of mean position 
from 0, where n is the number of vectors added. 

Exactly in the same way 

Zj -22=.'ri-X2 + 1 (^1-2/2), 

Zi—Z 2 -z^-\-z^=(x^—x^-Xs+x^)+i(y^-y 2 -y.^+y^), etc. 

1214. In writing t=x-{-iy, where x and y are the coordinates 
of a point P, we regard z as a vector which transfers a point 
from the origin 0 to P along the line OP. 



We may equally regard z as representing a label of the 
point P on the x-y plane, and it is then referred to as a complex 
variable. And in this sense every point in tlie plane may be 
represented by a complex variable, and conversely to every 
complex variable there is a corresponding point on the x-y 
plane. 

When the point P moves in the plane, tracing a continuous 
path upon the plane, the relation between x and y is con- 
tinuous, and the variation in the complex variable z is 
continuous. 

1215. Modulus, Amplitude. 

The letters r, 6 represent the ordinary polar coordinates of 
the point P{x, y), and r—s/x^-\-y'^, 9=idjn~^[ylx). 

is called the modulus of the complex z, and written 
I z I or mod. z. 

tan~^(2//rc) is called the amplitude or argument of z, and 
written amp. z or arg. z. 

The positive sign is always regarded as affixed to the 
modulus Jx^-\-y^, which is therefore a single-valued function 
of the real variables x and y, whilst tan-^ {y!^) is a many- valued 
function. 
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The expression cos0+tsin^ does not change its value when 
any even multiple of x, say 2Xx, is added to 6, X being an 
integer, so .\ve may regard the amplitude as 2Xx-*-0 or 
•J\x-f tan-^('i//x), where in this latter form we are to be under- 
fn.ood to mean by tan-i(y/.a;) the smallest positive value of the 
anrfle whose tangent is y/.r, usually called the “ principal value.” 

1216. Argand Diagram. 

When an}' relation is assigned between y and x, the Cartesian 
graph o£ this relation is called the Argand diagram of the 
variation of 2 , and is the path of the extremity of the vector 
OP, whose changes are defined bj’- the given relation. 


T217. Vector Multiplication. Demoivre’s Theorem. 


We use the term multiplication for want of a better term 
and by analogy with algebraic multiplication. But what we 
are about to discuss is the efiect of the operation of one vector 
operator upon another vector operator. 

Let the operators be rjC'*’' and r.,e'% the original subject of the 
first operation being a line of unit length lying along the .r-axis. 


The fir.st operation rjC'^** . 1 
increa.ses OA (a unit line on 
the a;-axis) in the ratio : 1, and 
tui’iis the resultint; line throucrh 

O O 

an angle 6^ into a direction 
indicated in the figure by OP^. 

The second operation roC'"’ 
acting upon 0P„ does to OP^ 
what does to unity; viz. 



O A 

Fig. :n9. 


it increases OPj in the ratio of 

r,:! and rotates the increased OPj, which has thus become 


through a further angle 6.,, to a position OP^- 


Thus r2e‘'’=[r,e'®*(l)]=0Pn. 

A 

The absolute length of OPo is rp‘^. The total angle xOP ^ is 
But the operator which would increase OA (=1) to a 
length rjr 2 and turn it through an angle 6^+0 2 is 

So that r 2 e‘®:[rje‘'’i(l)] is identical with which 

is analogous to the ordinary rule of multiplication in algebra. 
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Further, it is obvious that the order of the two operations 
upon unity is immaterial, so that the operations are commuta- 
tive with regard to each other. It will be observed that in 
the multiplication of two vectors the modulus of the product 
is the product of their moduli, and that the amplitude of their 
product is the sum of the amplitudes of the original vectors. 
Again we may write the result as 

r2(cos O2+1 sin d2)»‘i(cos dj-ft sin 0 i)(l) 

[cos + ^2) -f t sin (6^ + 02)1(1 )> 

which accords with what we get by the ordinary process of 
multiplication of r^(cos sin 0 j) by r2(cos 02+' 02)- 

If and r2 he both taken unity, we obtain 
(cos 02+/ sin 02)(cos 0 ^+/ sin 0i)=cos(02+0i)+/ sin (02+0i), 
which means that to rotate a line of unit length through an 
angle 0 ^ and then to rotate the result through a further angle 
02 is identical with rotating the original line through a single 
angle 02+0i, and this can obviously be generalised for any 
number of angles. Thus 

(COS01+/ sin0i)(cos02+/ sin02)(cos03+/ sin03)..,(cos0„+/ sin 0 „) 
=cos (01+02+.. . + 0 „)+/ sin (01+02+.. . + 0n) ; 
and if we make the angles 0 i, 02, 03, ... , 0 „ each = 0 , we get 
Demoivre’s Theorem for a positive integral index, viz. 

(cos 0 +/ sin 0 )"=cos'n. 0 +/ sin n9, 
and the geometrical meaning of that theorem is thus shown. 

1218 . We may proceed to consider Demoivre’s Theorem for 
fractional and negative indices from the same point of view. 
When n is not a positive integer but =plg, say, where ^ and 

g are both positive integers, ^cos^ 0 +/ sin- 0 ^ is an operator 

which rotates a line of length unity through g successive 

angles, each counter-clockwise, and therefore through 

an angle counter-clockwise, which is therefore the same as 
if we rotated a line of unit length through p successive angles, 
each equal 0 ; and therefore the operators 

^cos ^0 + / sin^ 0 ^ and (cos 0 +/sin 0 )P 
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are identical ‘in their turning effect. We may therefore, 
consistently with the algebraic notation for indices, write 

'P . 7) . ^ 

COS - 04-1 sin -d=(cos 9-\-i sin 6)7 , 
q q ^ ^ ^ 

V 

it being supposed that (cos d+i sin 0)? represents an operator 
which, when repeated q times, gives the operator 

(cos 0 +< sin Oy. 

Again, since cosines and sines are not altered if an integral 
multiple of 27 r he added to their angle, and since to rotate a 
line through 27 r is merely to bring it back into its original 
position, it will be seen that cos (0+2X7r)+j sin (0+2X7r) is an 
operator which has the same effect as cos d+t sin 0 . 

Hence the operator cos - (dd-2X7r)+i sin- (d+2X7r), having 

V 

the same effect as [cos (d+2X7r)d-< sin (d+2X7r)]9, is the same 
as (cos d+t sin 0 ) 7 . 

Also, the various angles - (0-]-2X7r) for different values of X, 

viz. 0, 1, 2, ... , g— 1, are such that no two differ by an integral 
multiple of 27 r, and therefore that no two have the same sine 
and the same cosine. There are therefore q operators, viz. 

cos - d + t sin - 0 , 

? ? 

cos^(d+ 27 r)+t sin^(d+ 27 r), 


cos^{d+ 2 (g'— l)7r} + < sin ^{d + 2 (g'— ])7r}, 

any of which, after q of its own operations, will have the same 
effect as (cos d+i sin d)^, and there are no more. For if X=q, 


cos -(d+ 2577) sin -(d+2o7r)=cos-d+£ sin -d, 
a ^ a ^ ' a o’ 


which is the first of the above operators over again, and so on. 

X=g'+ 1 , X=g'+ 2 , etc., give the second, third, etc., operators 
over again, so that other values of X merely repeat one or 
other of the operators already obtained. 
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It is customary in the proof of Demoivre’s Theorem to state 

V 

this result in the form that (cos 0 +i sin 0 )® has q values and 
no more, these values being the above-mentioned expressions. 

To complete the ordinary results of Demoivre’s Theorem we 
still have to show that the operator (cos d-f-t sin d)" is the same 
as cos td-Ht sin nd, where n is negative. Let n——m. 

Then (cos d-ftsind)"”* is an operative symbol of inverse 
nature. Call its effect, when applied to unity, X. 

Then 1 =(cos d-j-t sin d)”*Jr, which, by what has preceded, is 
the same as (cos md-f-t sin md)Z, where m is positive and 
either integi'al or fractional. 

Now, to turn a line through a counter-clockwise angle md, 
and then to turn the result clockwise through the same angle, 
restores it to its original position, so that 

[cos { — m0) + 1 sin (— md)][cos md-)-i sinmdjX=X 

Hence 

[cos (— 7 nd)-[-i sin {—m6)]{\)=X ={co3 d-|-z sin d)-'"(l), 
ie. (cos d-[-zsind)"(l)=[cos(— ?n-)d-|-i sin (— m)d](l) 

— (cos nd -f ( sin 7id) ( I ). 

Hence it follows that the operators 

(cos d -f- z sin d)" and cos 7 id-{-z sin T^d 
are identical when w is a negative integer or a negative fraction, 
as well as when it is a positive integer or a positive fraction, 
and therefore their identity has been established for any 
commensurable value of n. 

1219. Vector Division. 

Let = 7 \(cos dj-(-z sin dj, z^ = i\{q,03 dg-fz sin d^). 

Then we have to consider the effect of the operator z-^jz^. 

Let z^=Z 2 Zg, and let 2:3 = 7 ’ 3 (cos dg-fz sin dg). 

Then {cos (dg-f dg) -f z sin (dg-f dg)}, 

and = 7 ’j(cos dj-{-z sin d^) ; 

whence r^=o\r^, d^=6^-\-9.^ and r^=rjr^, d 3 =dj — dg. 

Hence z^ = -i (cos (d^— d 2 )-|-z sin (d^— dg)}, 

i.e. the “ quotient ” is a single vector whose modulus is the 
quotient of the moduli of the original vectors, and tlie amplitude 
of the quotient is the difference of their amplitudes. 
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1220. Georifetrical Meaning. 

Geometrically we may represent the result thus : 

Suppose OPgi to be the original vectors and z^. Con- 



Fig. 350. 

struct a triangle OAR similar to OPJP^, with 0.4 = 1 lying 
along the cc-axis. 

OR OP A A 

Then magnitude and AOR=PjOP^=9^—9^. 

Hence the vector OR has for modulus rjr^ and for amplitude 
dg, i.e. the vector OR represents the “quotient” of the 
vectors OP^, OP^. 

Hence, summing up, it appears that addition, subtraction, 
multiplication, or division of vectors always leads to a single 
vector as the result of the operation. 


1221. Laws of Combination of Vectors. 

From what has been established for the addition, subtraction, 
multiplication and division of vector 
quantities, we have then the following 
rules as to the moduli and amplitudes 
of the results of these operations. 

(1) The modulus of the sum, or differ- 
ence, of two vectors is not greater than 
the sum of the moduli of the original 
vectors. For if OP^, PjPg represent 
two vectors to be added, their vector O 
sum is represented by OPg and the 

absolute lengths of these lines are the several moduli of the 
vectors they represent. 
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Hence we have mod. OF^ :}> mod. OPj + mod. P^P^- 

And similarly in the case of subtraction, or of the case when 
more than two vectors are combined into one by the process 
of addition or subtraction. 

We may also see this fact analytically, thus : The modulus of 
Syo(cos sin d) is cos d)^+(2/D sin OY, and this is > 2/o. 

For if it were, we should have 

22/3i/) 2 cos(dj— dg) > 2/3^+ 22/3 i/02» 
i-6- 2 /D]^/D 2 cos (dj d 2 ) ^ 2 pj^P 2 J 

and as all the ps ace essentially positive and the cosines <C 1 , 
this would be impossible. This includes the case when some 
of the vectors are subtracted, for in any such case tt — d may 
be supposed written instead of d and the result treated as 
additive. 

(2) The modulus of a product of complexes 

is obviously’’ PiPiPz---Pn' product of the moduli, and 

the amplitude is dj + dgd- d., + d,,, i.e. the sum of the 
amplitudes. 

(3) The modulus of a quotient, viz. i.e. is — , 

P2<^ “ P^ _ P2 
i.e. the quotient of the moduli; and the amplitude is d^— dg, 

i.e. the difference of the amplitudes. 

1222. Revision of Definitions. 

In dealing with the functionality of a complex variable 
z = x-\-iy, it will be necessary to revise our ideas of continuity, 
of the nature of the dependence of one function upon another 
and of the assumption as to the existence of a limit as used in 
the formation of a Difierential Coefficient. 

Throughout the author’s treatise on the Differential Calculus 
and up to the present point- in this account of the Integral 
Calculus, there have been but feAV references to a function of 
a complex variable. 

1223. Functionality. The idea of functionality has been 
that when one real quantity y depends upon another real 
quantity x, or upon a system of real quantities x^, x^ in 
such a manner as to assume a definite value when a definite 
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value is given to x, or when a de6nite system of values is 
given to the system of variables x^, x^, , the quantity y 

is then said to be a function of x, or of the system cc^, x^, x^, 
etc., as the case may be. 

1224. Continuity. 

Our idea of the continuity of a function f{x) of a real 
independent variable x between any two assigned values of x, 
viz. x=a, the smaller, and x=b, the greater, has so far been 
that if X be made to change from x=aio x—h, passing at least 
once through all real intermediate values between x=a and 
x=h, whether these intermediate values when expressed by 
means of the ordinary system of numeration be represented by 
integers, fractions or incommensurable numbers, the function in 
question does not, as x passes through any intermediate value, 
suddenly change its value. And in such case its Cartesian 
graph has been regarded as capable of description bj^’ the 
motion of a material particle travelling along it from the point 
{a, f{a)) to the point {h,f{h)} without moving off the curve. 

But such continuity does not also imply continuity as regards 
the slope of the tangent to the graph, or of continuity in 
tlie rate of bend of the curve at intermediate points. 

1225. From a purely analytical point of view we may 
regard a function /(a;) as being continuous at a point x=Xq, if 
when any infinitesimal change is made in x the consequent change 
in f(x) is itself also an infinitesimal, and of at least as high an 
order. 

1226. We may put this condition into still another form, 
which will be more helpful in enunciating a condition for the 
continuity of a single-valued function of a complex variable 
later, viz. that for any assignable positive infinitesimal e, 
however small, which may be chosen beforehand, it may be 
possible to choose another infinitesimal 8 of no higher order of 
smallness than e, so that if x—Xq<C,8, then will/(a;) '^f{X(,) <C, e. 

1227. To examine the geometrical meaning of this condition, 
imagine two lines AB, CD drawn parallel to the ic-axis at an 
arbitrary infinitesimal distance e apart, and let these lines cut 
the graph of the function y—fix) at points P, Q respectively. 
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Let the coordinates of P and Q be /{Xq) and 
respectively. Let be a point on the graph between P and Q, 
the coordinates of P^ being x, f{x). Let P^N, QM be drawn 
at riglit angles to AB. Then PN=x—Xff, PM— 8, MQ=e, 
NP-^^=f {x)—f{xQ). Then if, however small MQ be taken, NP^^ 
is <; MQ for all positions of N from P to M, where PM 
is of no higher a degree of smallness than QM, there cannot 
be a break in the curve at the point P. 



If this be so for all points .To between T=Tiand x=x^, f{x) 
will be continuous for all values of x between these limits. 

The figure is drawn for the ca.se /( t) >/(To). 

1228. Definition of Functionality of a Complex Variable. 

The nature and representation of an independent complex 
variable having been explained, we may proceed as in the 
case of a real variable to explain what is meant by the term 
Function as used in the case of complex variable.s. When 
one complex variable w is connected with another complex 
variable z in such a manner that for each value that may be 
assigned to 2 , %u will itself take up a definite value, or a system 
of definite values, which can be derived from the value of 2 : 
by some combination of the fundamental arithmetical rules, 
then w will be said to be a function of z, and will be denoted 
by an equation of the foi’iii w=f(z) or f{w, z)=0. Here z 
stands for .T+<y, and x, y are themselves supposed to be real 
and may be regai’ded as the Cartesian coordinates of some 
arbitrary point referred to a given pair of rectangular axes in 
the 2 :-plane. 
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If one value of x and one value of y give rise always to 
one value of w and no more, then zv is said to be a single- 
valued or uniform function of 2, i.e. of Such functions 

as + where ti is a positive integer, sin s, 

cos a, tans:, e^sins:, etc., are single- valued functions. 

But if several values of w result from one value of x and 
one value of y, then w is said to be a many-valued or multiple- 
valued function of 2:. 

V 

Thus w=azi is a g'-valued function, for there are 5 separate 
//'■ roots of (p and q are supposed positive integers prime 
to each other). So also aussin“^0, tan”^2:, tan”^0, ... are 

multiple- valued functions of z, as also w= log z, for zu may be 
written log(ze^‘^’^)=2/X7r-l-log2:, where X is any integei’. 

1229. Continuity of a Single-Valued or Uniform Function of z. 

Suppose that the point z ranges over a definite region T on 

the z-plane, and that is a definite point in this region. Let 
zv be any single-valued function of z, which takes the value zv^ 
when z assumes the value z^. Then if, for any positive 
infinitesimal c of however high an order which may be 
arbitrarily chosen, another small positive infinitesimal ^ be 
assignable, such that if | z—z,^ | *< we also have \ zv—zv^ 1 <C e i 
then zju is a continuous function of z at z = Zq, and if this be 
true for all points z^ which lie in the definite region T on 
the z-plane, w is said to be continuous for all such points, 
i.e. throughout the region. 

1230. Geometrical Illustration, 

Illustrating this geometrically, let P and Pq be the two 
points z and z^ in the z-plane, and let Q and Qo 
corresponding points in the o/^-plane. Let F and F be the 
corresponding regions on the two planes for which we are 
to discuss the continuity of the function. Draw a small circle 
with radius ^ and centre P^, and another small circle with 
radius e and centre Qg. Then, if ^ can be so chosen that when 
P lies within the ^-circle, Q lies within the e-circle for all 
points P within the ^-circle, when e is arbitrarily chosen 
smaller than anything that can be conceived beforehand^ 
however small j then zv is said to be a continuous function 
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of 0 at the point z^, and for all points which lie within the 
region F for which the same is true. 

If, then, for every small change in the modulus of either 
of two variables, there be a small change of at least the same 



order of smallness in the modulus of the other, the second of 
these variables is a continuous function of the first. 

1231. Positive Integral Powers of a Complex are continuous. 

It follows from the definition of continuity above that all 
positive integral powers of 0 are continuous. Consider for 
instance w=z^. 

Then if and be corresponding points and z — Zq=p, 
w — = 2^—00^ = 3 /? 2 o^ + + P^- 

Hence 

mod. {^L•—WQ) > 3 (mod. / 3 )(mod. 

+ 3 (mod. p^) (mod. z^) + (mod. p^). 

Now if we take (mod. p) small enough, say we can make 
the whole of the right-hand .side less than any quantity 
assignable beforehand, however small. 

Hence ^ can be chosen so that when 

(mod. /?)<^, mod. (^y— e, 
any assignable quantity, however small, and therefore lu is a 
continuous function of 0 for all values of 0 in the 0-plane. 

Similarly we may show that any other positive integral 
power of 0 is continuous for all values of 0. 
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1232 , Continuity of a Finite Series. 

If w, w, w", ... be a set of one-valued functions of a 
complex variable z, finite in number, and each continuous for 
values of z lying within a given contour on the 0-plane, then 
their sum 'Lw will be continuous for values of 0 lying in 
that region. 

For if Wq, Wq , xVq', ... be the values of w, w', w" , ... respec- 
tively, corresponding to z,—Zq, it is by hypothesis possible to 
determine the positive quantities . . . , so that for a 

given assigned small positive quantity e, 

when mod. {z—z^ we have mod. {w—w^ -< e, 
when mod. {z—z^ <C. we have mod. (w'—iv^) << e, etc. ; 
and if ^ say, be the smallest of the quantities , then 

it is possible to find so that when 

mod. (0— 0 q) <; we have S mod. {tv - w^) < ne, 
where n is the number of functions ; and therefore, since the 
modulus of a sum is not greater than the sum of the moduli, 
mod. (2tu— S wq) values of ne, however small. 

Hence Xw is a continuous function of 0. 


1233 . As a case of this result any integral polynomial 
function of z, 

ao0”-l- ai0"-^-f a20"-2+ ... + a„, 
is a continuous function of 0, n being a positive integer. 


1234 . Discontinuity. 

Tu examine the continuity of the function w= — in the 
region near z=a and elsewhere. ^ 

This function becomes 00 when z=a, and therefore it is 
impossible to assign an infinitesimal ^ such that when 


mod. (0- a) < mod. 


is less than any assignable quantity e, and the function is 
discontinuous at 0=a. 

But at any other point 0(, in the 0-plane the function is 
continuous. 

For if 0=0o-l-/t, where ZQ=t=a, 

mod. (—3-7 ^ )=mod. \ .. - ^ , rl, 

\ZQ-\-h—a z^—a) L^— a)(0o-f /<.— a)J 
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which can be made as small as we like by sufficiently 
diminishing mod. i.e. bj^ sufficiently diminishing mod. {z—Zq). 

1235. CoNPOEMAL Representation. 

Let us consider the equation w—f(z). 

We have z = x+iy, and if f(z) be separated into its real and 
unreal parts, say Mx, y)+if^{x, y), we may write in the 
form where 

y) and 'V=f^{x, y). 

If we superimpose a relation y=F(x) between x and y, we 
shall have, bj'’ elimination of x between the equations, 

u=f^{x, F(x)}, v=f^{x, F{x)}, 
a resultant relation of the form v=(f)(u). 

And to represent this to the eye we shall require two sets 
of rectangular axes, not nece.ssarily in the same plane. Call 
these planes the z-plane and the w-plane. 



Fig. 354. 


Then when a point P(x, y) traverses the graph oi y= F{x), 
in the z-plane the corresponding point Q{ii, v) will traverse 
the graph of v=(f){u) in the -m-plane. 

When no such relation as y—F{x) is superimposed con- 
necting the values of x and y, there will be no relation 
between the coordinates u and v of the corresponding point 
in the ?4'-plane. 

If there be more than one value of w for a single value of z, 
then each value of io is said to constitute a “branch” of w. 
For instance, in the equation w”^z the function w is many- 
valued, and is said to have n branches. (See Art. 1256.) 

Such a representation by means of the z-plane and the 
^(^-plane of the associated z and ^o-loci is generally spoken of 
as a “ conform ” or “ conformal ” representation of these loci ; 
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and it will l)e*= remembered that, u and v being conjugate 
functions of x and y, the curves w= const, and const, cut 
each other orthogonally. {Diff- Calc., Art. 195.) 


1236. Two Important Cases. 

There are two very well-known cases of conformal representation in 
Elementary Conic Sections. 

1. If w=(Zcosz = A'-f-tFsay (see Art. 590), 

X+iY=a cos {x + ly) = a (cos x cosh y - 1 sin j; sinh y), 

A = a cos A’ cosh y, F= — asin a;sinhy ; 

A2 . 72 ^ , , , A2 72 


--f- 


= 1 


(a) and 


= 1 . 


OS) 


a''^ cosh2y sinh2y 

And for z-loci of the form y = constant we have confocal ellipses in the 
w-plane, w’hilst for loci of the form a:=constant in the z-plane we have 
confocal hyperbolae in the w-plane ; and the ordinary property of orlho- 
gonalism of these two families of conics manifestly follows. 

2. The other case is w=at<inz. 


i.e. 


whence 


X -p ly = tan~^ ^ .•c-ty = tan“^ ; 

O 2a7 

2y-tanh + 


2.r=tan“^ 


a 

2aX 


[2- A2_ y2» 


ie. a?-X'^-Y^=2aXcot2x and a^-f A'H 72 = 2(z 7coth 2y, 

i.e. {X+a cot 2x)^ -f 7^ = cosec'‘^2ar 

and X^ + { Y- a coth 2y)2 = o2 cosech- 2y, 

so that for the 2 -loci .t'= const, and y= const, the w-loci are a pair of 

families of coaxial circles, the two families of course being orthogonal to 

each other. 

Other examples will be discussed in due course. 


1237. Case of Non-Existence of a Limit. 

In the definition of a differential coefficient of a function 

of a real variable as presupposed 

that such a limit existed, and this supposition was sufficient 
for the time. 

It is possible, however, for a function to exist for which the 
expression in question, viz. ^j^gg approach 


any determinate limit, finite or infinite, when h is indefinitely 
diminished, although such a function may be continuous. 

For instance, let us consider the case of a function of x in 
which the infinitesimally close ordinates of the graph termi- 
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nate at points P^, P.^, Pg, P^, , such as shown in the figure, 

tlie consecutive angles PjPgPg, PJPzPi, P^PiP^, etc., being 
alternately <;[ and ^ tt, and the nature of the function being 
such that each of the elements of the graph beWeen these 
successive ordinates can again be themselves divided up into 
an infinite number of portions having the same peculiarity. 



the distances between the new subdividing ordinates being 
infinitesimals of a higher order than the infinitesimal dis- 
tances between the first set, and so on with further sub- 
divisions, It will be clear that the direction of the line 
which we please to call the tangent at any point P will 
depend upon the order of the infinitesimal closeness of the 
ordinates, and may or may not have a limiting position. 


1238. Weierstrass’ Ezample. 

An example is given by Weierstra.ss, viz. the case of 


y = ^ 6" cos a" irx, 

0 

where a is an odd positive integer, h positive and <[1, and 

S'T 

> 1+ which, though continuous at every point, has no 


dijferential coefficient determinable at any point. See Harkness 
and Morley, Theory of Functions, p. 59, or Forsyth, Theory of 
Functions, pp. 133-136, where the student will find the case 
discussed at length. 

o 


1239. DiflFerentiation of a Function of a Complex Variable. 

It has been seen that in order to define a complex variable 
z{ = x-]riy), the values of x and y must both be separately 
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assigned. TJjey are independent of eacli other. Any law 
connecting them may be arbitrarily assigned. But so long 
as such law is unassigned z depends upon a doubly infinite 
system of values. But when x and y have once been assigned, 
then z becomes known. That is, to a definite value of z 
corresponds a definite point whose Cartesian coordinates are 
X, y on the x-y plane, and this point it is usual to designate 
as the point z. 

Conversely to any value specified for z, a definite specifica- 
tion of X and y is implied. When z changes its value to z', 
and in consequence x and y change to x' and y' , say, the value 
of z' does not depend in any way upon the manner in which 
the point x, y has travelled to the point x\ y, no relation 
having been assigned to hold between x and y. Hence the 
vector z'—z is independent of any particular law which may 
be arbitrarily assigned, connecting x and y. If w be any 
single- valued function of z, defined as in Art. 1228, and ex- 
pressed as w=f(z), then when z becomes z', w becomes w', 
where w'=f(z'). Thus w'—w=f{z')—f{z), and is independent 
of any particular path by which z' is made to approach z on 
the x-y plane. 

Suppose the points z and z to be infinitesimally near points 
on the x-plane, and let z' be written z-\-8z, and vf be written 
w -h 6w. Then Sw =f{z -f Sz) —f{z). 

We shall define when 8z is made inde- 

oz 

finitely small, as the differential coefficient of f{z) or w with 
regard to z, 'provided suck limit exists independent of the "way in 
which the point z+Sz is made to approach the point z indefinitely 
closely, that is, independent of any particular path which may 
be assigned to pass through the points x, y and x-\-Sx, y-{-Sy. 

We shall denote this limit by ^ or f'{z). 


It follows that ^ is independent of by definition. 


dz 


1240. Before assuming the functional relation w=f(z), but 
assuming that u and v are functions of x and y, and that 
w = u-{-lv and z^x-^iy, we might enquire what relation, if 
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any, must subsist between u and v in order that Lt ^ should 

Sv 

be independent of 

Proceeding from this point of view, we have 
Sz dz 'd{x+iy) dx+idy 

_ (^x+ iVx) dx+ 1( — iUy+ Vy) dy . 

dx-\-tdy ’ 

and in order that this should be independent of we 
must have 

lVj.= lUy-\-Vyf 

and Uy=—v^; 

whence Wrdx+w„y=0 and v^^+Vyy=0. 

So that u and v must be conjugate functions of x and y 

satisfying the Laplacian equation whose general 

solution is <li=F^{x-\- iy)-{-F^{x— ly), where and F^ are arbi- 
trary functional forms. It appears therefore that in putting 
^=f{z), i.e. u+tv=f{x+iy), 


the property of independence of ~ and ^ is implied ; and 
further, that or -lUy-j-Vy, i.e. 


Also it is understood in defining ^ as ^ 

dz Sz ’ 

provided such limit be existent, that the function f{z) is con- 
tinuous at all points within a small circle on the x-y plane, 
of which z is the centre, and whose radius is not less than the 
modulus of 8z. Also it is presumed that either /(z) is a 
single-valued function of z, or if not so, that in passing from 
the point z-\-Sz to the point z, we adhere to the same branch 
of w. 


For example, in the case w^=z, so that w=-Jz or —Jz, it is to 
be understood that we keep to the same sign in both cases, viz. 
w^slz and w-\-Sw=Jz-\-Sz, ovw=—^Jz and w-\-Sw=—^Jz-\-Sz, 

and that the gradation of values from J~z to Jz+Sz is a 
continuous gradation. 
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1241. The Standard Forms. 

It will be found that the ordinary “standard forms” of 
differentiation still hold good when the independent variable 2: 
is a complex. That is, we still have 

, d . d , 1 , 

-—z=nz^~^, ^smz=cosz, 3- log 2 ;=- , etc. 
dz dz ’ dz ° z’ 

Also the rules for the differentiation of a product or a 
quotient still hold good, viz. the same for complex variables 
as for real ones. 

And in due course it will be shown that Taylor’s expansion 
of f{z-\-h) also holds. 

1242. Geometrical Meaning of Differentiation. 

Let OP, OQ represent the vectors z and z-{-Sz on the 2:-plane, 
and O'P', O'Q' the corresponding vectors w and w-^Sw, as 
determined from the equation w=f{z) on the 2/;-plane. 



Fig. 356. 


Then PQ and P’Q' respectively represent the vectors 8z 
and Sw. 

Then what we search for and represent by the symbol 

— being Lt — , is the limit of the ratio of the two vectors 
dz' ^ Sz 

P'Q', PQ, when PQ is indefinitely diminished. This is there- 
fore itself a vector quantity 5 and if the tangents to the z-path 
and the w-path make respectively angles yfr and yp- with the 

axes Ox and O'u, the modulus of this vector is Lt , and 
the amplitude is (Art. 1220). 
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1243. Zeros, Infinities, Singularities of a Function. 

When w=f(z), and a value of 2 ;, say z=a, gives w a zero 
value, z=a is said to be a “ root” of 2 ^;= 0 , or a “ zero ” of the 
function w. 

When z=a gives an infinite value to w, z=a is called an 
INFINITY of the function. 


The equations f(z)—0,j^=0 therefore respectively give 

the ZEROS and the infinities of the function f(z). 

A single-valued or uniform function f(z) which possesses a 
differential coefficient, and which is finite and continuous for 
all values of z for points within and upon the boundary of a 
definite region F of the plane of x-y is said to be “synectic” 
for that region. 


1244. If an infinity of the function be such that at all points 
in the immediate neighbourhood of the infinity the reciprocal of 

the function, viz. is synectic, the point in question is said 


to be a “ POLE ” of the function. 

The infinities of a function, whether poles or otherwise, are 
generally referred to as the “singularities” of the function. 
A singularity is classed as “accidental” or “essential” 


according as has or has not a determinate zero value at 

the point in question, independent of the path hy which the 
point z is made to approach the assigned position. Thus, 

w=- has an accidental singularity, viz. a pole, at z=0; for 


its reciprocal, viz. z(=x-\-iy), becomes zero when x and y 
become zero independently of any relation which might be 

superimposed between x and y. But ^(;=e'lhas an ESSENTIAL 
singularit}'- at z=0, for if 0 approaches a zero value by a path 
along the positive part of the cc-axis, the reciprocal of the 

function, viz. approaches the value that is — or 

e+* e+“’ 00 


zero; but if the approach be along the negative portion of 
the a:-axis, — approaches the value i.e. or e", i.e, 00 . 
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1245. The term Synectic is due to Caucht. The terms 
Holomorphic or Integral are also used to denote the 
possession by a function of the same properties. The former 
term is due to Briot and Bouquet, the latter to Halphen. 
These terms are applied to describe such functions in 
distinction from functions which the same authors respectively 
term “ meromorphic ” or “ fractional,” and which are charac- 
terised by the possession of singularities at a point or at 
points within the contour, viz. poles or essential singularities. 

Thus sin z, cos z, exp are synectic or holomorphic functions 

of 5 ; for all points of the z-plane ; whilst , cot 0 , etc., are 

meromorphic at certain regions of the plane by virtue of the 
existence of the pole at z=a in the first case, or of the poles 
at the zeros of sin z in the second case. 

At points of the region F of the z-plane, for which to takes 
a single definite value as 0 approaches such a point independent 
of the path of approach, the function is said to behave 
“ regularly,” and such points are said to be “ ordinary ” or 
“regular” points. 

1246. For details as to the tests for the nature of 
singularities and other matters of this nature, we have no 
space, and must refer the student to Forsyth, Theory of 
Functions, pages 16, 17, 53, 66, etc. 

1247. Isogonal Property of a Conformal Representation. 

Suppose that the point P, ( 0 ), in the 0 -plane corresponds to 

the point P', (w), in the w-plane, and that Q^, (^i and Z 2 ), 

y 

v\ 


o' LU- plane ” O z- plane 

Fig. 357. 

are adjacent points to 0 in the 0 -plane, whilst Qf , Qf , 
{w-^ and V!^), are the corresponding points in the ^(;-plane ; 
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then, since the value of is to be independent of the 
direction of the differential element dz, we must have 


Z — Z, z—z„ 


when the vectors z — z^, z—z^ are infinitesimally small. 


w 


Hence 

w—w^ z—z^ 

Let the moduli and amplitudes of z—z^, z—z^, w-w^, 
-w^ be respectively (p„ 6,), (p^, 9^), (p,', 0/), (p.', 0/). 

Then in the limit 


/ 

^‘■(^1 “^2 ) = — ^ 2 ) 

P2 P2 


/ 

whence ^,=^, 0/ - 0/= 0^ — 0^, 
Pz Pz 


i.e. 


P'Qi'-P'Q^'-PQ^-PQ^ and 


QrP'Q^=Q, 


PQ,. 


Hence, in any such representation, infinitesimal triangles, 
and therefore any other elements, preserve their similarity, 
and angles are unaltered in such a transformation. But the 
moduli of z and w vary with the position of P, and therefore 
the ratio of such infinitesimal elements is not preserved as a 
constant in general throughout any finite regions in the two 
planes. 


1248. It is also to be noted that it has been assumed that 
the ratios ( 14 ; w^)l{z z-J, [w — W 2 )l{z — z^) do not become zero 
or infinite within an infinitesimal distance of the points P, P' 
considered. That is to say, that the theorem is not to be 

applied at points for which is zero or infinite. 


1249. For the reasons given above a conformal representation 
is said to be Isogonal. If, for instance, any two z-paths cut 
at an angle a the corresponding -it^-paths also cut at the same 
angle a. To orthogonal curves on the z-plane correspond 
orthogonal curves on the tu-plane; and as a particular case 
straight lines parallel to the axes on the one plane correspond 
to curves which cut at right angles on the other plane. To 
two curves which touch one another in the one plane 
correspond curves which touch on the other plane, but 
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as straight lines do not in general correspond to straight 
lines in the conformal representation, linear tangents do not 
become linear tangents, but curvilinear tangents. 


1250. Ratio of Elements of Area. 

Again, the ratio of the infinitesimal areas P'QiQ^, PQ 1 Q 2 is 
that of the squares of the moduli of dw and dz, i.e. if 
z=x-{-iy and tv—u-{-iv=f{x-\-iy), 
the ^i;-element of area_ | dw | du-]-i dv\'^ 
the ^-element of area \dz\''^ \dx-\-idy\^' 

\uxdx-\- Uy dy-i-i{v3.dx-{- Vydy ) | ^ _ {u^ dx + Uy dyf -\-{v^dx-\-Vydyy ‘ 
\dx+idy\^ ~~ dx^+dy^ 

and since u^=Vy and Uy=—Vx, this ratio becomes 

+ or Uy^+Vy^ or U^^+Uy^ or Vx^ + Vy’^ or Uy-Vy—UyV^, 

( 'lb 'y\ • » * 

’ ) , where J is the Jacobian of u, v with regard to 

X, yj 

X, y. Or again, it may be written as 

{Ux+iVx){Ux-iVx), i.e. f{x+iy)f\x-iy). 

Thus the ratio of the corresponding elements at u, v and at 

X, y is that of J (^’ : 1. 

\x, y/ 

It follows of course at once that the inverse ratio is 



:1, 


and therefore that JJ'=l, as is otherwise well known. {Diff, 
Calc., Art. 640.) 

We may, if desirable to use a polar form for the moduli of 
dz and dw, write \dzY=ds'^ or and for 

\dw\^='ax^-\-vJ- or 

we may write 



or 


Y 1 /S-yN 

w) \w) 


1^ 

\ 


2 

, etc. 


1251. Connection of the Curvatures. 

The curvatures of the companion w and 2 : curves may be 
connected as follows. 

Let p and p' be the radii of curvature at corresponding 
points P, P'. 
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Then | dz | and | dw \ are the lengths of the corresponding 
infinitesimal arcs. 

Let -v/r and be the corresponding angles which the two 
tangents make respectively with the x and u axes, 6 and 6' 
the polar angular coordinates of the points and (p, <p' the 
angles between the tangents at P and P'and their respective 
polar radii r, r'. 

Then z=re^\ w=r'e^^' , 

whilst 0 = amp. z and d'=amp. w are the respective amplitudes. 



O' T' w o T ^ 

Lu -plana z -plane 


Fig. 358. 


Then, since w=f(z), we have r'e‘®’=/(re‘®), 
and dr'e'^' dd'=f'{re'^){dre^^-i-ire^^ dd). 

Put /'(re‘®) =jRe‘® , say, R and 0 being the modulus and 
amplitude of /'(re‘®), i.e. 0 = amp./'( 0 ). 

Then, since dr' =ds' cos <p' , r'dd'=ds' sin etc., we have 

\/ dr'^ -^-r'^dO'^ = Jdr'^-\-r'^ dd^ ; 
that is \dw\&'^' = \dz\Rc^^'i"^®1 , 

whence 


\dw\=R\dz\ or \f'{z)dz\ and \/r'— ■\/r=0 = amp./'( 2 ;). 


whence 


and since p- 


dyl/—dyp-=dix,m^.f{z ) ; 
\dz\- , , \dw\ , , . 


(A) 


In many cases of conformal representation, the 2 ;-curve is 
taken as one of simple nature, usually a well-known curve. 
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and the w cqyve is often one which is of more or less 
complicated nature, and the labour of applying the ordinary 
formulae to obtain p in such cases, may generally be avoided 
hy the use of this connection between the curvatures. 


1252. Illustrations. 

Ex. '1. Taking aw = 2 ^, ■where a is real and positive, we have ar'e‘® == 
whence ar'=r^, 6' = 26. 

Here 

/(2)=^. anip./( 2 )=amp.^e‘®= 0 , d&m^p.f'{z)=de, 


22 I 


\d^\=^Jdr‘^^-r■^d^^ \f\z)di\= - .\dz\ = - .\dz\-, 


r 1 dO 

d p~sidr"^+i^de‘^~V '^Kdej j ■ 


ap' p 

To verify in the simplest case, take the 2 -curve as r=a; then 


p-a, ^^-0; 


2 11 . , 

— =- , i.e. p =a., 

p a a’ ’ 


which is obviously correct. For if r=a, r' =—=a, and the w-curve is 

also a circle of radius a but described twice as fast as the 2 -circle, since 
6'— 26, and therefore is traced twice over for one tracing of the z-circle. 


Ex. 2. Consider w= -f a and h being both real. We have 

r'e'®’ bre^^ — if a‘^ + 2a^br cos 6 -f b^r^ ^ a'^+br cos e ^ 

i.e. r'* = a* + 2a^brco3 6 + bh'^ and ttin26'=brB\u 61 {a^+br cos 6). 

Also dw=f'{z)dz=bdzl2-Ja'^+bz=^,e—^^ dz, 

\dw\=^,\dz\, \dz\=sl dr^ d6\ s.mp.f'{z)=-d', 

and d6'={a% sm 6 dr -\-hr{a^ cos 6 + br)dd)l2r '‘^ ; 

whence 

which will be the general formula connecting the curvatures of the 2 and w 
curves in any transformation by means of iv='Jd^ + bz. 

For instance, take the 2 -curve to be the circle r=c. Then the w-curve is 
a Cassinian oval. For /V*® ==a*-l-6cc‘®, i.e. 

r"^ cos26' =a^ -\-hc cos 6, /^sin 20'= 6c sin 6, 
and r'* — 2aV'2cos20'-ha*=6V [see Dif. Calc., Art. 458], 

that is, if S, H be the foci and P any point on the curve, SP . HP = be. 
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Putting r—p=c, ^=0> in Equation (1), and substituting for cos0, 

& 1 & ,r'^cos2d'-a^\ r'^-a^+b'^c^ 

Fo r 43 ?^’ 

i.e, p'=26cr''-*/(3}’'*+a*-6V)j for the Gassinian. 

If a? = bCf we have the case of Bernoulli’s Leniniscate, and p' =2a^jZr'. 
In the case just considered, it will be seen that since 

{w-a){w-\-a)~hz, 

we have mod. {w - a) mod. («) + a) = 6 mod. z ; 

and therefore that if mod. z be constant, i.e. if the z curve be chosen as 
above to be a circle of radius c and centre at the origin, the correspond- 
ing ir-curve has the property that the product of its bi-focal radii 8P, 
HP is constant, the coordinates of the foci S, H being (a, 0) and (— n, 0), 
and therefore it is one of the class of the Gassinian ovals r-p'i,—bc. This 
result is therefore obvious as the immediate interpretation of the w-z 
equation without reference to the polar form. 



Since in the z-curve the loci r=const.=c, 0=const.=2a, form a pair of 
loci cutting orthogonally, the corresponding curves on the w-plane cut 
orthogonall}'. 

The curves corresponding to r=const. have been seen to be Gassinians. 

The curves corresponding to d=2a are rectangular hyperbolae. 

For since — a^=6re‘®=hre^“‘, 

r'-co3 20'-a*=6rcos2a, r’”sin 20'=Z>rsin 2a, 
that is, r'-sin 2(0' — a)-po^sin 2a = 0. 

These hyperbolae for a parameter a are therefore the orthogonal 
trajectories of the Gassinians rir 2 =const. 

Further, it may be remarked that in considering the transformation 
uP — a“ — hz, we have really considered any transformation of the form 

Bw + C=z ; for by putting ~ have 

Aw'^-^+C=z, 


which is of the form -a^ — bz. 
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Hence the results for Aw'^ + Bw-\-0=z are the same as those considered, 
with a mere transformation of the position of the axes. 

1253. Curvature ; the Form for Cartesians. 

We may put the curvature formula of Art. 1251 into 
another form more particularly useful for a Cartesian z-locus. 


For 


whence 


dw=f'{z)dz, 
\dz\=sjdx‘^+dy\ \dw\ = \f\z)\ .\dz\ 


'1 + 



•(B) 


\dx/ 


1254. Thus, if the 2 -locus is a straight line for instance, say 2 /=m.r-fc, 

dv , , |/'(2)K/l+m2 


^amp./'( 2 ) 

1255. Illustrative Examples. 

(1) For example, in <^ec<we«;=a cos z considered in Art. 1236, for which 
X =a cos .r coshy, 7= -a sin ^sinhy, so ttiat y = c gives the ellipse 

/(z) = a cosz, 

f'{z)= -osinz= -a(sinxcoshy-ft cos.rsinhy), 

I/' ( 2 ) I - a’Jsin^x cosh^'y cos'‘'.r sinh'-^y = a\J cosh 2y - cos 2xl\f2 , 
amp./' ( 2 ) = tan~^ (cot x tanh y), 

, sin 2x ^- sinh 2y 

dx cosh 2y — cos 2x ’ 

(Z?/ 

and in our case for y = c, we have p = oo, ni = 0, and the radius 

of curvature of the derived curve is 
a (cosh 2c - cos 2x)^ 


where cos 57 = 


X 


= — • »f UV/A V K/ 1 J 

Binh 2c ’ a cosh c 

which may be readily verified directly for the ellipse. 

2" 

(2) (A) In the case w = {a real), we have 


— „n-i ’ 


r'-. 


e'=nd. 


Hence to any z-locus F{r, 6)=0 corresponds a w-locus 


/ ’ir2 1 o'\ 

F(a” r'", t)=0. 



396 


CHAPTER XXIX. 


In this case, since d'=n6, a z-line throngh the origin corresponds to a 
ta-line through the origin, and in consequence in this case i.t. the 

angles which the tangents make with their radii vectores are equal. 

Hence to an equiangular spiral in the z-plane and with pole at the 
origin corresponds another and equal equiangular spiral in the u)-plane 
with its pole at the new origin. 

(B) Moreover, since xp — Q — xp' — O', we have — = — whence 

_ 1.^ amp. w-d amp, z, 

P P 

which is what the curvature formula of Art. 1251 reduces to, since 


and amp./'(z) = (n-l)0 = amp.w-am,p.2. 

CL 

(C) In this group of results, if we take the z-locus as the straight 
line r cos 0 = 0 , we have 


which gives the well-known property of all curves of the form 



Fig. 3G0. 


which include as particular cases the Parabola (n = 2), the Rectangular 
Hyperbola (n — l), Bernoulli’s Lemniscate {n— --1), the Cardioide (n= -2), 
the Straight Line (7i = 1) and the Circle (n= - 1). 

(D) To any curve r^ = a^cosp9 corresponds the curve 

(r'a”~*)" = o'' cos — , i.e. r^—a'’cosqd, where -=n. 

' ' n 3 

n-l n-l ■«,_ 1 

Hence to r * =a * cos , ■ 0 corresponds its own P*" pedal curve, for 
* AJ 

the k"‘ pedal is got by substituting for the present index and multiple of 0 
n-l 

k r n-l . 71-1, n-l 

7 for -T — , t.c. -? — for — 5^, 

, n - 1 fc kn ff 


which gives the ratio n : 1 for the indices and multiple of 0 as required. 
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(E) Quasi-Inversion. 

Tlie conformal representation of w=—, where k is real, is very 
important. 

We have at once r'e‘® = — — e ; whence r'r=k'^ and 6'= -6. 

re‘« r 

Hence, if the same axes be taken for the z and w curves, we have a 
combination of inversion and reflexion in the .r-axis. This process is 
known as Quasi-Inversion. The name is due to Cayley. 

Now, reflexion with regard to a straight line makes no difference in 
the nature of a curve. Hence the usual rules of inversion apply, viz. 
a straight line which does not pass through the origin inverts intO' a 
circle through the origin. If the straight line pass through the origin 
it inverts into a straight line through the origin. To a circle through 
the origin corresponds a straight line not through the origin. To a circle 
which does not pass through the origin corresponds another circle which 
doe^ not pass through the origin. To a parabola with focus at the origin 
corresponds a Cardioide with pole at the origin. To a conic with focus 
at the origin corresponds a Lima^on with pole at the origin, and so on. 

Hence when the z-curve is given, the t4)-curve is at once known and 
can be constructed by the reflexion of the curve traced by a Peaucellier 
cell linkage arrangement as explained in Diff. Calc,, Art. 232. 


az + b 


(F) The Homographic Relation. 

Consider next the conformal representation of 

This is the general linear transformation. It is known as a “ Homo- 
graphic ” relation between w and z. 

Obviously cioz+dw—az — b = 0, 

b ad be — ad 


or 




Now this transformation is unaltered by changes in o, b, c, d, which 
preserve the ratios. In fact, there are only three constants, namely the 
ratios a:b :c:d. There is therefore no loss of generality in taking 
bc-ad=l. 

(Z d 

This being done, let w=-+w', z= l-z', which merely shifts the 

c c 

origins of w and z, retaining axes parallel to their original directions ; 
(t df 

for if -=a-ht^, say, and — =y.f iS, the new origins will be the points 
c c j 

(o, (i) and (y, 8) respectively ; we then have w'z'=:-^, i.e. another quasi- 
inversion connection between the z and w loci. 


(G) Obviously, if when w- 


az+b 

cz+d 


, z is itself connected with a third 


variable t by another homographic relation z=^^, then upon substi- 
tuting for z, w is of the form whether the variables and constants 

involved be real or complex. 
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That is, if w be homographic with regard to z and z be homographic 
witJi regard to t, then w is homographic with regard to t, and so on for 
any number of variables. 

The relation may obviously be thrown into the form 

A+e+!:+i=o, 

wz w z 

where A, /a, v are constants. This relation is of much use in the theory 
of geometrical optics, in various forms, the quantity A being there 
usually zero. 

The equation may be written further in the form 

w- X. _(a- kc)z+{b — \d) _,z — /JL 
w + k (a + Ac)z + (6 + Ad) z+/i,’ ’ 


so 


|n;+Arl^'|z + /z|- 


And if we use bi-focal coordinates in each system, viz. (R, R') and 
(r, r'), the two foci on the two planes being A, —A in the u>-plane and 

It T 

ji, -/A in the z-plane, then ^'=1^1 p> when z describes a circle in 

the z-plane, viz. r ; r' = constant, w will describe a circle in the w>-plane, 
viz. R : i2' = constant, a result which has been already stated. 

The case — ?=z is a case of the above quasi-inversion. 
w — b ^ 

We have j-^ — = |2l, and if the z-locus is the fixed circle |zl = constant, 
the iA)-locus is a fi.xcd circle. 


(H) Consider ne,vt (he conformal representation of the equation 
w = Az’^ + Bz^ + Cz'^ + ..., 

where A, B, C , ... and a, ft, y , ... are all real positive quantities. 



Putting, as in previous ca.ses, z=re'^, w=r'b'^ = X + iT, 
X=Ai°' cos -f- Br^ cos ft9 + Cr"* cos y ^ -f . . . 

7=Aj®'sina0-t- Br^ sin /30 -f (7? sin y 0 -1- . . . 
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If we take thj§ z-curve to be a circle of radius unity, then for the 
u;-curve X = 'ZA cos a6, 7=2.4 sin aO, and this locus can be constructed as 
the locus of a point carried on one of a set of hinged rods OP, PQ, QB, ... 
of lengths A, B, G, etc., the carried point being considered as the end of 
the last rod and one end of the first rod fixed at a point 0, the whole 
system moving in a plane and the several rods rotating with angular 
velocities in the ratio a: ^ :y : etc., ... ; in fact, what is usually known as 
an epicyclic train of linkages. 

(I) Consider the case of two terms w=Az’^+Bz^. 

Let Q be a point attached to a circle of centre P and radius b, which 
rolls without sliding upon the outside of the circumference of a fixed 



circle of centre 0 and radius a, and let PQ=p, and 6i, d^,, the angles 
which OP and PQ have turned through since A', the extremity of the 
radius which passes through Q of the moving circle, was in contact with the 
fixed circle at A. Let PX' be parallel to AO. Then the angle X'PA 
(marked in the figure as > tt) is 6^. 

Then, for pure rolling, 

adi = b{d2- Oi) or (a + 6)0i=60j. 

Let di=a9, 62=139, and take A=a+b, B= —p. 

a~\-b b A . T ^ A O'j 

.. — ^=- = -T=, i.e. 0=754. and a-'—jy-A. 

(3 a f3' fS p 
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Then the coordinates of Q are 

X =A cos a0 + H cos j8d, X=A sin a^ + Hsin j80. 

So w=Az'^ + Bz^ gives in this case a trochoidal locus for w corresponding 
to the circular locus for 2 , the trochoid being traced by the motion of a 

point at distance p (= - B) from the centre of a circle of radius b ^ 

rolling upon a fixed circle of radius a ^ = A^. If p—h, an epicycloid 

is traced by the w-point, supposing h to be positive. 

In the case a—h = p we have 


A = 2a, B = - a, 




so that the w-z x’elation is w=2a^ — az'^\ 

And in this case the epitrochoidal curve is a cardioide. 

It is unnecessary to particularise the value of a which is the ratio of 
the rates of angular description of the circle traced by P and the unit circle 
traced by the 2 -point. If we take a=l for simplicity, then /3 = 2, and we 


have 


w=2az — az^. 


The correspondence of the 2 -curve and the xii-curve is shown in the 
adjoining figure, where corresponding points on the two loci are indicated 
by the same letter, unaccented for the 2 -curve, accented for the w-curve. 



In the figure the w-plane is supposed, for convenience, to be superposed 
upon the 2 -plane. 
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(J) If 6 be negative and p=b= —b', we have a hypocycloid traced, and 
A=a-b, B = b, i.e. l3 = -j 7 -a, 

_a~b' 

w={a — b')z°'+b'z 


giving 



And 1^1 = 1 by hypothesis, so 2 =e‘®. 

Hence w=a cos ad, which is then a real quantity. 

And as w=ti + i.v, we have u=acosa9, v=0, i.e. the diameter of the 
fixed circle is traced by the ?«-point, as is well known. 

(K) For a three-cusped hypocycloid, 

a . la j, a a b 1 „ 

p^b- g, ^-3, ^-3. p-A~ 2 ’ 

And the iy -2 relation is ty=§a 2 “'+ Ja 2 ~^“, and so on for other cases. 

It should be noted also that the order of the terms Az% Bz^ is imma- 
terial ; that is, we might regard w as given by w=Bz^ Az°-. 

And then the same epicycloid or hypocycloid, or epitrochoid or hypo- 
trochoid, as the case may be, can be traced in another way, viz. by the 

o a — B 

rolling of a circle of radius - B upon a fixed circle of radius — 

'IV z 

(L) The case —=loq ^vhere a, a' are real constants. 

' ' a a 

This case gives ^e‘®’=log ^■^e*®^=log ^ -f i (0 -f 2A7r) ; 

whence log-=— , cos 0'=^, 0-f2A7r= — ,sin 0'=— 

° a a a a a 

So that to a circle r= const, on the z-plane corresponds a straight line 
parallel to the y-axis on the w-plane ; and to a straight line through the 
origin, 0=const., on the 2 -plane corresponds a family of straight lines 
parallel to the a;-axis on the w-plane. 
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Corresponding to the Archimedean Spiral r = ad on the z-plane, we 
have, on the w-plane, a family of logarithmic curves, viz. 

X 

a a 

Corresponding to the Equiangular Spiral on the 2-plane, we 

have, on the ?i'-plane, the famil}’’ 


ae 


- cotp • y ^ ,1 

a=ae\a / , ?.e. - zAtt = tan K -flog- , 

a ‘ \a ° aj 


viz. a family of parallel straight lines. 

As a further example of the use of the curvature formula of Art. 1251, viz. 

let us apply it in the last case. 


We have 


/' (2) dz = a Y find amp. f'{z) = - d 



dz 

a' 

z 


\dz\ 


= -dd. 


P P 

In the particular case where the 2-curve is the equiangular spiral, 
2 = 06*^°°*^^+*^ — = {cot^ + i)dd, dz = rd^ {cot j 3 + i-)d9 


and 


sin /3 


die+^)d0i 


■■^^1 \dz\=-:^^—fsdd and p' = oo. 

sin fi' ' ' smfd 


Thus the formula reduces to p=r cosec /S, which is the well-known 
result for an equiangular spiral. 


1256. Branches and Branch Points. 

In the case of a multiple-valued function, where each value 
of the independent variable 0 leads to more than one value of 
the dependent variable w, the several values of w are said to 
be branches of the function Thus, if the equation connecting 
w and 0 be F{w, 0 ) = O, and if upon solution for w we find 

etc., 

each of these forms being now single-valued, then w^, w^, w^, 
etc., are called the “ branches ” of w. 

When 0 traces any curve in the {x, y) plane, each of the 
functions ttij, w^, w^, ...traces out a corresponding curve in 
the {u, v) plane, and each curve is a graph of its own branch. 

If for any point 0 two values of ^u become equal, such 
point is said to be a “branch point” of w. A line which 
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connects two and only two branch points is called a branch 
line or cross line. 

1 257 . The simplest example is the case when = z. Here 
w is a two-valued function. The function has “ branches ” 
^UJ^=+Jz, w^=—^z. 

At the points z = ^ and 0 = 00 tliere are “branch points.” 
The positive direction of the a;-axis which joins z = 0 to 0=00 
is a branch line. 

1258 . To examine the behaviour of and in the 
immediate neighbourhood of the branch point at z=0, put 
z=re'-^, and travel round the point along a small circle of 
radius r ; r remains constant, 0 increases by 27 r. 

becomes ^/re‘(®+ 2 ")= e‘’"\/re‘® = — \/re‘® = , 

becomes — 

Hence in passing once round the branch point 0=0, and 
therefore crossing the branch line, each branch changes into 
the other. 

1259 . Similarly for the case vfl—z, where 5 is a positive 
integer. 

Here w is a g-valued function of 0, and we have 

1/ 2A7r . 2X7r\ , N 1 o o 

^<;=05 cos hi sin ) , where A = 1 , 2 , 3 , ... or o. 

\ g q y 

Let the q q^^ roots of unity be called a, a®, ... ai. 

Then the branches of the function may be written 
1111 
w^=az^, W^=a^z'> , W^—a.H^,...Wq = alz9, 

1 

where by 0^ we mean any definite q''^ root of 0, the same to be 
taken throughout. 

The points 0=0 and 0=00 are branch points, and the 
positive portion of the ai-axis is a branch line. 

In passing once round a small circle of radius r encircling 
a branch point, say that at 0=0, Ws changes from being 
1 1 

a’(re‘®)® to being j that is to 

2? 1 1 

a’e ^ (re'^y or a®+^(re‘®)®; 
therefore Wg changes to ^0s+^. 
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Thus the system of branches changes from 

W^, W^, w^, ... Wq_^, Wq to Wq^, W^, W^, ... Wq, W^, 

and a second encircling of this small contour will cause the 
further change to w^, w^, w^, ... w^, w^, and so on. So that 
when 0 has travelled q times round the branch point at z— 0 , 
the original order will have been restored. 

Similarly also for the case w^=zp, where p and q are positive 
integers prime to each other, 

1260. Reverting to the case w^=az, where a is positive and real, put 
z = re‘®, Wj = rje‘®i, = 

Then Wj = rje‘®‘= +\/are‘®, ^ 2 =^ 2 ®*^“= — = ; 

r^=^Jar, 0i=2’ = ^2 = ’’’ + 2 - 

We show separate ?o-planes for the separate branches. (Fig. 365.) 

Take as the z-curve the circle r=a. 



D, D, D 

w^-plane w^-plane ^ z-plane 

Eig. 365. 


Here, as F, (z), moves round the circumference ABCD of the circle 
r = a, the points Ri, (wj), and I’espectively describe two semi- 

circles shown in the accon)panying figure, viz. the upper half circle 
for Wj and the lower half circle C.J).^A.^ for w^. When P traverses its 
path a second time, Pj proceeds to de.scribe the lower half circle of xo-^, 
viz. C^D^A^, whilst P^ describes the upper half A^B^C^ for Wg. 

1261. Sheets, Riemann’s Surface. 

In order to avoid the inconvenience of the same value of z 
indicating two or more values of w, the following device is 
adopted. 

Imagine the x-y plane upon which the point z travels to 
be split into as many parallel sheets as there are values of w 
to which any one value of 0 gives rise. Let these sheets still 
carry with them the tracings of the original axes, and let them 
be separated from each other by infinitesimal distances e, the 
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origins lying in a line perpendicular to the several planes 
and the axes remaining parallel, and let the same point z 
be marked upon each plane. Let the several planes be 
designated as No. 1, No. 2, No. 3. etc., and be associated with 
the several functions w=w^, w=w^, w=w^, etc., to which the 
value of z gives rise, so that when z travels on plane No. 1, 
the graph of is traced on the "lo-plane, when z travels on 
plane No. 2 the graph of is traced on the ro-plane, and so on. 
In this way each value of z with its particularising plane 
gives rise only to one value of w, so that w may now be 
looked upon as a single-valued function of z, and z requires 
for its description not only the values of x and y, but also 
the number or label of its particularising plane. 

Now it will be inferred from the examples considered that 
when z in its travel upon the original x-y plane in continuous 
motion crosses a branch line AB in that plane there is a 
change in the branch of the function, to Wg say. In order 
to represent the continuous motion of z in our new system of 
sheets from plane (1) to plane (2) it will be necessary to suppose 
the existence of a plane bridge extending from A to B, and 
terminating at these points and leading from plane (1) on w'hich 
A, B lie to plane (2) on which A', B' lie where A\ B' are the 
new positions of A, B on plane (2), so that in passing from Zj 
on plane (1) to Zg on plane (2) the point z passes down the 
bridge of infinitesimal length from the one plane to the other 
without changing its value in so passing. 


A 



And in the case when there are only two branch points and 
one branch line, we shall consider the several z-sheets to be 
nowhere else connected. Thus, as z passes over this bridge 
from plane (1) to plane (2), changes to w^. After travelling 
in plane (2) the point z must again cross the bridge to get back 
to its original position z^, for there is no other connection 
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between the planes (2) and (1). The excursion of z from plane 
(1) to plane (2) and back again may be indicated to an eye 
looking endwise along the branch line from .B to as in the 
diagram No. 367, the bridge being represented in duplicate as 
PQ or Fq for convenience. 



Fig. 367. 


Thus, in the case of w‘^=z, we have the diagram of the 
change indicated in Fig. 368. 

< Plane (1) gluing u/, 

* < Plane (2) giving 

Fig. 368. 

In the case of w'i=z the cyclic order of changes as z passes 
the branch line is indicated in Fig. 369 (taking, for example, 
g = 5). 



Fig. 369. 


The whole system of sheets thus connected by means of a 
bridge through the branch line is then regarded as forming a 
continuous surface, and is known as a Riemann’s Surface. 

1262. Enough has been said to indicate one method of 
representation by means of which the consideration of a 
multiple-valued function z may be regarded as reduced to the 
consideration of a single-valued function. And this will 
suflSce for our purposes in this book. The whole theory of 
Branch points. Branch lines and Riemann’s representation 
would occupy far more space than is at our disposal, and we 
must refer the student to treatises on the Theory of Functions, 
e.g. Forsyth, Theory of Functions, Chapter XV., or Harkness 
and Morley, Theory of Functions, Chapter VI, where this 
very interesting matter will be found fully discussed. 
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1263. Any Algebraic Equation of the degree has n roots, n 
being a positive integer. 

Let where z and 

the several coefficients may be real or complex and ■n- is a 
positive integer. 

Whilst z travels over the whole of the z-plane it is obvious 
that w will travel over at any rate some part of the 'w;-plane. 




Fig. 370. 

Let 0 and 0' be the two origins. Then we shall sliow that 
w must reach 0' in its travels over the to-plane. For, if there 
were any finite limit of the nearness of approach of w to O', 
let p be that limit. Let z^ be the value of z for which w 
arrives at its limiting value, say, which must lie somewhere 
on the circumference of a circle of radius p in the 'ly-plane and 
having O' for its centre. 

Consider the vector z=ZQ-\-h. 

Then w= { zq + hf +^ 1 (^ 0 + ^0”"^ +^ 2 ( 2 ^ 0 + + • • • . 

which, by multiplying out the several terms and arranging in 
powers of h, we may write as 

w =F{z„) + hF\z,) + F"(z,) + . . . + F»(Z,), 

where F{zq), F'{Zq), etc., are the several coefficients occurring, 
and are functions of z^ alone, finite so long as Zq is finite. 
Then obviously Wq=F{z^, and therefore 

w - w„= ii?' w + 1? i?" w + . . . + i?'"' w = f . say. 

Then, provided F'{Zq) does not vanish, we can, by making h 
sufficiently small, make the ratio ^:hF'{z^ less than any 
assignable quantity. 
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And even if F\z^ does vanish, as well as 

F"{z,\ F‘'\z,)...F^'-^\z,), say, 

so that —F^''Hz,^ is the first term which does not vanish, we 

rp\ \ yjf 

can in the same way, by taking h sufficiently small, make the 

/j,r 

remainder of the series beyond the term —^ F''\z^ bear to this 


term a ratio less than any assignable quantity, and therefore 
ultimately, when h is indefinitely small. 


W — Wq 


1 ! 


or 


r\ 




as the case may be. 

Now let the point ZQ-\-h travel in a small circle round z^ as 
its centre. In doing this the amplitude of h is increased by 27r 
and that of /i’’ by 2r7r, r being a positive integer, whilst that 
of F'{zq) or F^’'\zq) is unaltered. 

Therefore the amplitude of ^v—WQ increases by 27r or by 
2r7r, and the point w describes some curve about Wq which 
returns into itself after one or r complete circuits, as z describes 
a small circle about Zq- Hence it must penetrate at least once 
into the circle of radius p in its travel about Wq. And this 
contradicts the hypothesis that there is an inferior limit to 
the closeness of approach of w to O' 

There must therefore be at least one value of z, say z=z.^, 
for which w coincides with the origin O' and makes F(z) 
vanish. 

Hence z— must be a factor of F{z). 

Dividing out z— z^ from F{z) we get an expression of degree 
n—l in powers of z to which the same process can be applied. 

And, proceeding in this way, it is clear that F{z) must 
have n zeros. 

And, if z^, Zg, Z 3 ,...z„ be the values of z for which F{z) 
vanishes, we get w=A {z—z-^{z—z.^{z—z^ ... (z— z„), where A 
is independent of z, but may be a complex constant. 


r~n 


Thus mod. 'u;=mod. A . IT mod. (z— z^), 

r=l 

r*=n 

amp. 'M;=amp. A-\-^ amp. (z— zj. 


and 
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1264. Number of roots within a given Contour. 

We are now in a position to assign the number of roots of 
w=0 which lie within a given contour in the -lu-plane. 

When 2 ! travels in a closed curve once round the ampli- 
tude of the vector z—Zq is increased by 27r, and if the closed 
curve encircles Zq r times before returning to the starting 
point, the amplitude of the vector is increased by 2r7r, 



Fig. 371. 


When z travels round a closed contour which does not 
enclose Zq the amplitude of z^— z^o increases by a certain amount, 
and then decreases again till it assumes its original value 
when the whole circuit of the contour has been traversed, so 
that there is no change in the amplitude. 



Fig. 372. 


If the z-contour passes through at a point of continuous curvature of the 
contour instead of surrounding it, there is a change of tt in the amplitude 
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of z-zo- If ^0 be situated at a node of the z-curve, then, when z describes 
a loop starting from the node by one of the branches which passes through 
zo and returning to the node by another branch, the change in the ampli- 
tude o{ z — Zo is a, where a is the angle between the directions of the two 
tangents at the node between which the loop lies. 

Remembering that if 

w=A{z—z^){z—z^){z—z ^) ... {z—z„) 
we have amp. ^t;=amp. .4+amp, ( 2 ;— .•• + amp. (z— 2 :„), 

it obviously follows that if z is made to travel round any 
contour which encloses any r of the n zeros of w, viz. z^, z^, 
Zg, ... z„, and no more, and does not pass through anj'^ of them, 
and if the contour be such as to encircle them each once only, 
the change of the amplitude in iv will be 2r7r. If, however, 
it passes through one of the other zeros at a point of con- 
tinuous curvature of the contour besides encircling the r zeros 
considered before, there will be a change of amplitude to the 
extent of (2r-l-l)7r. Conversely, if as z passes along the 
perimeter of any region S it be observed that the change of 
amplitude is 2r7r, we infer either that there are r zeros of w 
within that I’egion or r—2p zeros within and 2p upon the 
boundary, and that, if the change of amplitude be (2r-}-l)7r, 
there will be r zeros within and one upon the boundary or 
r—2p zeros within and 2p-l-l upon the boundary, so that in 
the one case there are r roots within or upon the boundary, 
and in the other there are 7’-t-l roots within or upon the 
boundary, and the number upon the boundary is even in the 
first case, odd in the second, and if the change of amplitude be 
an odd multiple of tt there must be at least one zero of iv on 
the boundary of the contour. 

1265. Illustrative Examples. 

1. Consider the equation 

w=z* — 2z? — z” ■\-2z+ 10 = 0. 

Take a contour bounded by a circular arc, centre at the origin, and of 
infinite radius R and the positive directions of the x and y-axes, viz. the 
quadrant OAB. 

Then (1) as 2 travels along the a;-axis, y=0 and the amplitude of z, and 
therefore also of w is zero, in moving from O to A. 
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(2) As z travels along the quadrantal arc AB of the infinite circle, 

«;= iZ* - 2 ^ + 2 ^3 + ^ j= ultimately, 

and as 6 changes from 0 to ^ the increase of amplitude is 4. ^ = 27r. 



Fig. 373. 


(3) As z travels from 2 = 00 at JS down the y-axis to 0, .r=0, and 
z=iy — Lr, say, and ra=r* + 2tr^ + r- + 2ir+ 10 = p(cos ^ + 1 sin </>), say, where 


tan <f)- 




so that tan <f} remains positive as r decreases from 00 to zero, vanishing at 
both limits. To find where it attains its maximum value, we have by 
differentiation ^ ^ + 2r"-29r2- 10 ,,, 

2 “'-**" {r- + ,-- + Wr ■ 

and the equation to find the stationary values of tan <p is 

r' + 2r«-29r2-10 = Q (c) 


which being a cubic for r- must liave one value of r- real. Moreover, as 
r^ = CO makes the left-hand member positive, and r- = 0 makes it negative, 
a real value of must lie between 0 and infinity ; and further, Descartes’ 
rule of signs shows that there cannot be more than one real positive root. 
Let that root be r- = a-, and let the remaining roots, both real or both 
imaginary, be and y". 


Then 

men 2 sec ^ ^ ^ 


If both (3^ and be real negative quantities, r- — and - y^ are both 
positive. 

If f3^ and y2 be unreal, the product — (3'^){r^ — y'^) cannot change 
sign as r changes through real values from 00 to zero, and this product 
is ultimately r* when r is infinite. Hence in either case 
is positive. 
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Also r is decreasing. Hence 

frotii r=jB to r=o, wo have fclierefore tan is increasing, 

and from r=a to r=0, ^=(+)” therefore tan ^ is decreasing. 

But at r=R the amplitude </) is Stt. 

Hence increases to some value between Stt and Sir+g, and then 
returns to its value 27r. 

There is therefore only one root of the equation in the firsc quadrant. 

If we tahe the first two quadrants as our contour we get a change of 
amplitude 0 + 47r + 0 = 4ir. 

Hence there are two and only two roots in the first two quadrants. 
That is, there is one root in the second quadrant. 

Similarly there is one in the third quadrant and one in the fourth 
quadrant. As a matter of fact, the four roots are — 1±^/ — 1 and 
2 ± \/^, as may be seen by factorising the original equation as 
(2^ + 22 + 2)(2® — 42 + 5), 

and the localities of these roots are shown in Fig. 374. 



2. Consider next the equation 

WS2' - 62' + 162« - 24z3 + 252^ - 182 + 10 = 0. 

Take the same contour .as in the last case. 

(1) Along the a:-axis from 0 to A z—.v, and there is no change in the 
amplitude, which remains zero. 

(2) Along the infinite circle w is ultimately and there is a change 

of amplitude 6xg=37r in passing from A to B. 

(3) Down the y-axis from B to 0 , 2= tr, say. , 

Hence w— — r' — 6tr® + 16r*+24tr^ — 25r2 — 18tr+10 

= p(cos (fj + iam <l>), s<ay. 
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Then 


6r'-24r3 + 18r _ 6(r2- l)(r»-3r) 

9.r _ 1 6r« + 25r2 - 10 “ (r^ - 1) (r* - ISr^ + 1 0) ‘ 


This indicates a peculiarity at r= ± 1 , i.e. z= ±t ; and it will appear 
from — 62 ®+... + 10 that z^+\ is a factor and two of the roots are 

r= i t. 

To exclude these roots we draw two small semicircles of radius r' with 
centres ( 0 , ± 1 ) in the first and fourth quadrants as shown in the 
figure, thus amending our contour ; (or we might, having discovered these 
roots, divide 2^+1 out of the expre.ssion for w and start again). 

Hence, except at the point (0, ±1), we have 


whence 




1 f® + 6r«+15r2 + 30 

15 , 2 + 10)2 ; 


.{a) 



so that ^ is negative for all positive values of r, and therefore as r 

decreases along the y-axis increases, with the exception of in the 
immediate neighbourhood of the point where r=l ; and tan vanishes 
both at r=if = 00 and at r=0 as well as at r=\/3. 

To consider what happens in the neighbourhood of r = l, about which 
the small semicircle is drawn, put 2 =i+r'e‘®'. Then to first powers of r', 
«; = (-! + 6 ir'e‘®') - 6 (i + 5r'c‘®')+ 16(1 - 4tr'e‘®') - 24( - 1 - 3/6*®') 

+ 25 ( - 1 + 21 / 6 *^) - 1 8 (t + /e*®’) + 10 = 8 (3 - 1 ) r'e‘^, 

TT 

and the variable portion of the amplitude diminishes from 6' = -^ to 
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0 '= — ^ as 2 traverses the semicircle CED from (7 to D ; otherwise 

along the ^'-axis the value of the amplitude is always increasing from 
^ = 3 — at 00 , where tan (^ = 0 to <|) = 47r at r=\/ 3 , where tan i/) =0 again, and 
except for the semicircle CED to (}> = 5 -!r at r = 0 , where tan has again 
become zero, besides the loss of tt in passing round the small semicircle. 
Hence the change of amplitude round the whole contour is 

0 from 0 to A, 37r from AtoB, ir from B to F, where OF = \/ 3 , 
tr from H to 0 except round the semicircle CED, — tt round CED ; 
i.e. in all, the change of amplitude is 47r, which indicates the existence of 
two roots in the first quadrant, besides the root 2 = 1 on the boundary. 

In the same way, it can be shown that there is another root 2= — t, and 
two others in the fourth quadrant, but none in the second and third. 

As a matter of fact, the expression when factorised becomes 
{z^+l){z-- 2 z+ 2 )i^- 4 z + r->), 

and the roots are 2=±i, 1 and are indicated b}' dots in the second and 
z=l±t, fourth quadrants in the figure and the 

2 = 2 ±t, J centres of the semicircles. 

3 . Consider w = 2^"+^+2+l=0. 

Taking the same contour as before : 

( 1 ) Along the .r-axis z—x, and there is no change of amplitude in z or 
in w. 

(2) Along the arc of the infinite circle, radius R say, 

where R is very large, 

TT 

and the change of amplitude is ( 4 n + 2 )|-=( 27 i + l)7r. 

( 3 ) Along the _y-axis put 2=ir ; then 

w = - + «•+!= p(cos + 1 sin c^), say, 

V 

and tan^ = j— ^3^, (o) 

, , (l-r‘'"+=‘) + ( 471 + 2) H-( 47 i + l) 7 -''’+= 

which is positive for all positive values of r. Hence, as r is decreasing 
as 2 ti-avels from 5 to 0 down the 37-axis, (f> is also decreasing, and the 

decrease is from ( 27 i + l) 7 r through ( 27 j-l-l) 7 r-^ at 7 ' = 1 , where tan<^ = co, 

to ( 27 i-f l)ir- 7 r at 0 . That is, the total change of amplitude in passing 
round this contour is 27772, which indicates the existence of 71 roots in 
the first quadrant. 

( 4 ) If we tahe the first two quadrants as contour with an infinite semi- 
circular boundary, the change of amplitude is 

0 -I- (477 -h 2) TT -h 0 = (471 4- 2) TT. 

Hence there are 277+1 roots in the first and second quadrants, i.e. 
(77+1) roots in the second quadrant. 
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(5) Consider next the behaviour in the fourth quadrant. 
For the variatioh of z down the y-axis, OB', put z= -ir, 
w — — — tr + 1 = p' (cos + t sin say, 

tan 


sec 


dr ~ (,-4n+2_i)2 ’ 



A 


which is essentially negative ; and r is 
increasing, therefore <fi' is decreasing, and 
<f)' = 0 at 0, and again at B', where 7‘ = oo, 
and there is a loss of tt in the amplitude. 

. In traversing B'A there is, as before, 
an increase of (2?i + l)7r in the amplitude, 
whilst in traversing A 0 there is no change. 

This gives a change of 2mr, which indicates the existence of 7i roots in 
the fourth quadrant. Similarl}' there are n + 1 roots in the third. 

Hence the localities are : 

71 roots in the first and in the fourth quadrants ; 

7i + l roots in the second and in the third. 


D' 

Fig. 37G. 


EXAMPLES. 


1. Find the moduli and amplitudes of 

(x + ty)", log (x + a/), {x + 

sin {x + ty), cos {x + ly), sec {x + ly ), tan-^ {x + ty). 

2. If z—x + iy, show that 

log \c^\ = x log I c I - y amp. r, > 
tan amp. = y log \c\ + x amp. c. ) 


3. How are sin z, log z, tan ^ z defined when z = x + i7j1 
Show that if z = x+nj, 


dz^ 

dz 




d sin 2 ; 

— j — = cos z, 
dz 


d log z 1 
dz z 


-Y- tan“^ z 
dz 


_1 

r+z2' 


4 . Discuss the locality of the roots of the equations : 

(i) w = zd - 2z3 + 4z + 1 2 = 0 ; 

(ii) t4; = z^ + 2z3 - 4z+ 12 = 0 ; 

(iii) la = z^ + 6z® + 1 Gz^ + 20z +12 = 0; 

(iv) w = z4 - 6z3 + 16z2 - 20z + 12 = 0 ; 
stating in each case how many roots lie in eaeh quadrant. 
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5 . Find how many roots lie in each quadrant in the following cases : 

(i) w = z^ + 2+l=0; (ii) w = z‘^'^ + z+ '\ = 0 ) ) 

(iii) 'W =«5 + «+l=0; (iv) w = + ^+ 1 = 0 ; 

(v) w = + ^2^ 1 = 0 ; (vi) w = z^"'^‘^ + z^ + l =0 ; 

6. Discuss the localities of the roots of the equations ; 

(i) w = 2® + 22® + 72 ^ + 1 02® + 1 42 ^ + 82 + 8 = 0 j 

(ii) w; = 2® - 62^ + 52 ® - 302 ^ + 42 - 24 = 0 . 

7 . Examine the nature of the conformal representation of the 
equation = 1 + 2 for the cases : 

(i) when 2 moves on the circle mod. 2 = c ; 

(ii) when 2 moves on the straight line y = 1 + a: ; 

(iii) when 2 moves on the straight line ?/ = c. 

8. Find the radius of curvature of the hyperbola 

X- sec® c - y® cosec® c = a® 

by a consideration of the conformal representation of the equation 
w = acosz, taking for the 2-path the straight line x = c. 

9 . Supposing aho = z^, and a to he real, show that if 2 traces 
the curve (.x® 4-y®)® = a®(x® - 3 a:y®), then w traces a circle at three 
times the angular rate. Deduce a formula for the radius of curvature 
of the above 2-locus, and verify your result directly. 


10 . Taking the equation w-i - 1 = (2-f 1 )®, show that the w-path 
corresponding to mod. 2=1 is a cardioide. 

1 1 . Examine the 7 y-locus in the case 7a = cosh log 2, when the 2-locus 
is mod. 2=1. 

12 . Taking the rekition ‘iv^- 3 w = z, show, by putting w = t + ^, 
that if t describes the circle mod. t = k: 

( 1 ) the 2 point describes an ellipse ; 

( 2 ) the three 7 y-points corresponding to any value of describe 

a confocal ellipse and form the angular points of a maximum inscribed 
triangle. [Habkness and Morley, Theory oj Fmiciions, p. 39 .] 


13 . Discuss the conformal representations arising from the equation 

IV = log 2, 

and show that the curvature at any point of the 7 i)-locus is pro- 

I ds 

portional to the value of - ^ at the corresponding point of the 

2-locus, </) being the angle between the tangent and the radius r, 
and ds an element of arc of the 2-locus. 
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14. Suppose w to be any rational function of z{ = x-{- lij), and that 
w is put into the form p + iq where p and q are real. Suppose that 
as travels in the positive direction round any contour F in the 
x-y plane, p/q passes through the value 0 and changes its sign Jc times 
from + to - and I times from - to +. Show that the number 
of roots of w = 0 which lie within the contour is it being 

further supposed that tlie contour is such as not to pass through any 
point for which both p and q vanish, and that when repeated 
imaginary roots of w = 0 occur they are counted as many times 
over as they occur. 

[Cauchy. (See Todhunteb, Theory of Equations, Art. 308.)] 


15. If </) be the longitude and A the latitude of a place on the 
surface of a sphere and d=gd“^A : 

(i) Show that the coordinates of a point X^, of the stereo- 
graphic projection of 4>, A are 


Xs = ae-^ cos (f),\ . 
= ae-^ sin 4>,} 


e. X, + iY,-. 




(ii) If Xm, be the coordinates of the same point in a Mercator 
projection defined as 

X-in = = ilB, 


express X^ and F, in terms of X„i and F,„. 

(iii) Considering the equation wla = e'^l'^ {a real), show that w is 
the stereographic projection of a point on the sphere, whose Mercator 
projection is z. 

(iv) Show that the magnification in the stereographic projection 
oc (1 sin A)“i, and in the Mercator projection oc sec A 

(v) Examine the stereographic and Mercator projections of : 

(a) the meridians ; (b) the parallels of latitude ; (c) a rhumb line. 

16. Ii^+i7] = (.-?;+ 1 ?/)’*, prove that the systems of curves 7’"cos7?0 = ft", 
r"sinn0 = i»", in the plane correspond to straight lines parallel 
to the axes in the plane x-y, and find the value of the integral 

jr^n- 2 (i^ for the rectangular space included between any four of 

them, dA denoting an element of area. [St. John’s, 1890.] 


17. In the relation '«; = csin 0 , show that the w-curve which cor- 
responds to a rectangle x= ±7r/2, y= ±k on the s-plane is an ellipse 
with two narrow canals extending from the extremities of the major 
axis to the nearer foci, and that the interiors of the respective 
regions correspond. [Foesyth, Th. of F., p. 504.] 
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18. Writing X+ iV, where X and F are real, and taking 
F=sin?, (leterinine a simply-eonnected region of the plane of z 
which is transformed conformally into the half plane F > 0 . 

[Math. Tkip., 1913.] 

19. For the equation iF=tan (| 7 rVu; + ty), show that we 

have as corresponding areas the area within the eircle X'^ + = 1, 

and that within the parabola ^- = 4(1 -x). Examine also the nature 
of tlie correspondence as regards 

(i) the points on the circumference of the circle; (ii) tliose on the 
diameter F=0. [Math. Trip., 1887.] 

20. If 2 = sin-^-F= sin-^-(A'’ + iF), show that the lines A’’= const., 

F= const, correspond to a S 3 'sLcm of confocal conics, and that the 
ratio of the areas of the triangles 5 ,, z^, Zj and Fj, Fj, F 3 is proportional 
to the product of the distances z^ (or Zo or z^} from the common foci 
of the system, the points F,, Fo, F,, being the vertices of an infini- 
tesimal triangle in the F-planc and z^, z.j, Zg the vertices of the 
corresponding triangle on the z-plane. [Ox. II. P., 1913.] 

• 21 . Show that (■= (ir + rt)2/(^r - u)2 gives one conformal representa- 
tion of the semi-circular area x- + i/'^a‘^, ypO on the plane of 
Z-X+ uj, upon the upper half of the plane ty. Explain 

how to modif}' the formula so that .r = /q y = 0 become ^ = 0 , t; = 0 , 
and x = Xg, ij = become ^ = 0 , j; = 1 (/;- ^ a"’-, x^- -f < a^). 

[Math. Trip. II., 1919.] 
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INTEGRATION. CAUCHY’S THEOREM ON CONTOUR 
INTEGRATION. TAYLOR’S THEOREM. 

1266. Definition of Integration for a Function of a Complex 
Variable. 

Let/(2!) be any single-valued function of z, and let any path 
of z on the z-plane be selected which does not pass through a 
point which makes /(z) infinite, and along which the change 
in /(z) is continuous. 



Let Zq, Zi, Z2, ... z„, z„+i (=z) be an infinitesimally close array 
of points on this path from an initial point (zq), to another 
point P, (z). 

Then the limit (provided a limit exists) of the sum when 
n is infinite of the series 

(2l-2o)/(2o) + (Z2 — 2^l)/(2=l) + (2=3— 22)/(22) + • • • + 

when the moduli 

jZj^ Z^, 1^2 1^3 ^ 2 ! 

419 
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are each indefinitely decreased, so that the successive elements 
of the 2 :-path are all infinitesimally small, is called the integral 
of f{z) dz for the selected path, and is denoted by 

f /(z) dz. 

•'zb 

1267. Obviously, the last term of the series, having an 
infinitesimal modulus, the series may, if desired, be supposed to 
stop at the term {z„ — z„_^)f{z„_i), as in the case of a function 
of a real variable (Arts. 11 and 12). 

1268. This definition clearly includes that of functions of 
a real variable (Art. 11) as a particular case, the “selected 
path ” for the variation of x in that case lying upon the 
x-axis. 

1269. General Properties of an Integral. 

Properties of the integral, coi-responding to those of Articles 
322, etc., for a real variable, may be established. Let =f{Zr). 

Then, in the first place, it is immaterial whether we consider 
the limit, when w is co , of 

ih-^o)Wo+{z.-z^)w^ + {Zs-Z2)iv.-{-... + {z„+i-z„)w„ ... = (A), 
or of 

(z,-Zo) Wj ■i-(Z2-Z,)W2+(Zs-Z„)W3+...-i-(z„+i-Z„)w„^l ~ (B). 

For the difterence of these expressions, viz. (B) — (A), is 
(Zj-Zo)(w,-Wo} + (z„-z,}(w2-w,)+...-j-(z„^i-z„) - w„), 

in which the number of terms is ?i+l, which is ultimately 
infinite, but an infinity “of the first order,” if we regard 

— ^ as an infinitesimal of the first order, 
w-p 1 

Let the greatest of the moduli of the several terms be 

which is finite, as the path of z has been chosen so as not to 
pass through a point for which w becomes infinite. Then, since 
the z-points are taken in6nitely close to each other, and the 
function w is continuous for variations of z along the path, 
is an infinitesimal of at least the first order, and 
\Wr—w^_^\ is also an infinitesimal of at least the first order. 
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Hence the difference of the (A) and (B) series cannot exceed 
the value of the product of 

(an infinity of the first order) x (an infinitesimal of the first 
order) X (an infinitesimal of the first order), 
i. 6 . a finite quantity multiplied by an infinitesimal, and must 
therefore vanish in the limit. 


1270. It follows that if w=f{z), 

rz fz r=n+l «+l 

wdz^j f(z)dz = ^ (z,-Zr.i)f(z,_,)=^(z,-Z,_,)f(z,) 

J^o Jzo r = l 1 

rzo 

= “ S (^^-1 ~ ^r)f(z,) = - f{z) dz=-\ wdz. 

1 Jz Jz 

1271. Again, since the sum of the series 
{Zi-Zo)fiZo) + {z 2 -Zi)f{Zj)-{-{z.^-z^)f{z. 2 ) + . . . + {z-z„)f{z„) 

may be divided into any number of portions which together 
make up the whole series, we have 

\^'f{z) dz+ \^"f{z} dz+ {^'/(z) dz -\- . . . + [ f{z) dz= P f(z) dz, 

JZo j j ^2 J fr J Zd 

where ^g, ... are the values of 2 at any points taken 

in order upon the selected path from 2 ^ to z. 


1272. Again, consider f [/(2)±:^’(2)] d2. 

J^'o 

Provided we follow the same 2-path of integration in both 
cases, and that both /and F are finite and continuous between 
the points Zq and z on this path. 


Hence 


f f{z)dz=Lt'^{Zr+:^ 

•'Zo 0 

[ F{z)dz=Lt'Zi{Zr+i 

Jzo 0 


^i)f (^r)> 
-Z;)F{Zr). 


f f{z)dz±{ F{z)dz = Lt^{z,^.^-Zr)[f{Zr)±F{Zr)] 

•’ Zo J Zo 0 

=\\m±F{z)-\dz. 

‘'Zo 

And the same is true if there be any finite number of 
functions. 

Also, somewhat more generally, if 2A*/*(2) stand for 
^i/i (2^) +-42/2 (2) + . . . 
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for a finite number of functions, where Ai, are all 

independent of z, then 

[ ^A]cfk{z)dz='L{ Ajcfk{z)dz, 

JZo Jz* 

so long as the same z-path is followed in each integration, and 
the conditions as to being finite and continuous from Zg to z 
are satisfied by each of the functions. 

The coefficients A^; may be any whatever, provided they are 
not functions of z, and the number of terms in the summation 
is finite. 

And further, in these results each function has been sup- 
posed single-valued, or if not, that the same branch is adhered 
to throughout the integration in each case. 

1273. So long as the path of integration from Zg to z is 
finite, and passes through no critical points of /(z;), i.e. points 
for which /(z) becomes infinite, and is a continuous path so 

far as variations of /(z) are concerned, the integral j /(z) dz 
must be finite. 

For this integral is, by definition, 

Zi [(Zi-Zo)/(Zo) -t- (Z2-2 i)/(Zi) -f (%-22)/>2) + • • ' +(^- ^n)f(^n)], 

and, by supposition, none of the expressions /(Z q), .../(z„) 

have an infinite modulus. 

If mod. f(z/)=K, say, be the greatest of their moduli, the 
modulus of the integral f f{z)dz, which is 

JZq 

2 mod. (z,-+i— 2r) niod./(Zr), 
is > Lt KH mod. z^), 

and Zi S mod. (Zr+i— Zr) = the arc of the selected path from 
Zg toz, —S, say, which, by supposition, is finite. 

Hence the modulus of the integral is not greater than K . S, 

and is therefore finite. Hence the integral itself, j /(z) dz, is 
finite. 

1274. When the number of functions /^(z), f^{z), f^{z),... f„{z) 
is infinite, the functions being each single valued, or if multiple 
valued, the same branch being adhered to throughout the 
integration, the same theorem as that of Art. 1272 is true for 
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their sum, provided that the sum forms a series which is 
uniformly aiid unconditional!}'- convergent,* and provided the 
s-path of the integrations lies entirely within the circle of con- 
vergence and is finite; for if we write u^, u^, ... for 

these functions, let /(2:) — Uj-}-U 2 +'?t 3 -}-••• where 

is the remainder after n terms ; and let the series 


■ to 30 

be uniformly and unconditional!}'- convergent for all points 
witliin the region bounded by a circle of radius p, then, when 
7 j is indefinitely increased, \R„\ vanishes. 


But j 1 ^/( 2 )— ^ R„dz, 

and if |72'| be the greate.st value of 17?„| along the path of 
integration, which is finite, and which lies within and does not 
cut the circle of convergence, then 



and \R'\ is 


is f \R'dz\, i.e. \dz\, 

J To 

>|JS'| xthe length of the path of integration 
>1/2'| X a finite quantity, 
zero, by .supposition, when n is made infinite ; 


• Li f Rndz =0, and therefore [ Rndz=0, 

Jzo 


whence 


/(^ 

* ^ 


:)d: 


1 J?o 


iij. dz. 


where the path of integration is the .same for each term of the 
series and the conditions of the scries are as stated. 


1275. Cauchy’s Theorem. 

It was shown in Chapter XV. that if (j> and \jy be any two 
functions of x and y which are single valued, finite, and con- 
tinuous at all points x, y which lie within or upon a given 
closed contour F of the x-y plane, then 



* A knowledge of the general theory of infinite series and tests for con- 
vergency will be assumed here. The necessary information will be found in 
Professor Hobson’s Plave Trvjonometry, Cliapter XIV., or in the Treatise on 
the Theory of Functions, by Harkness and Morlcy, Chapter III. 
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the surface integral being taken over the area hounded by the 
contour and the line integral being taken round the perimeter, 
the direction of the integration being such that in travelling 
along the arc in the direction of increase of s, the area bounded 
by the contour is always on the left-hand side. 

Consider the function w=f( 2 :)=/(x-i-iy)=u-^iv, say. 

Then u and v being conjugate functions of x and y {Diff. 
Calc., Art. 190), we have 


du_ 'dv • ?iu_dv 
"by dx dx by ' 


Now, from the above theorem, we have, by two applications. 


and 

Hence 


^{v dx-\-udy)= 
^f{z)dz= jl 


|+||) d *%=0 


(xi-\riv)d{x-]-iy) 


{udx~vdy)-\-i 

= 0 , 

and the assumption in this theorem is that f{z) is synectic 
within and upon the boundary of F along which the integra- 
tion is conducted. That is, that f{z) is a single-valued, con- 
tinuous function which has no infinities, whether pole or 
essential singularity, within or upon the boundary of the 
contour. This extremely important theorem is due to Cauchj’’ 
{Gomptes Rendus de V Acad, des Sciences, 1846). 




1276. Deformation of a Path. 

When -u; is a synectic function for a definite region F of the 
0 -plane, let AGB, ADB be two s-paths which lie entirely within 
that region. Then it follows from Cauchy’s theorem that 

rB rA 

w dz (along ADB)-\- w dz (along BCA) = 0, 


i: 


I A J B 

as there are no singularities in the region between the two paths. 

rB rB 

Hence 1 w dz (along A DB) = wdz (along AGB). 

JA J A 

Hence, as far as the value of the integral is concerned, either 
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path from A »to B is deformable into the other without alter- 
the value of ^wdz along it. When one of these paths is 
the straight line AB itself, the other path is said to be '‘re- 



concilable with” a straiglit-line path of integration; and it 
will appear that such deformation of the path from A to B 
can be carried to any extent, provided that this deformation 
does not carry any part of the path of integration outside the 
boundary of the region F on the x-y plane, for which the 
function f{z) is synectic. 

1277. Differentiation of this Integral. 

Writing ^ for z and taking /(^) as synectic throughout the 
connected region F of the z-plane, and starting from 
any selected point Zq, viz. A in Fig. 378, and travelling along 
anj'^ path to z, viz. the point B, both terminals and path lying 
entirely within the boundary of F, we see that the integral 

fit) independent of the path of approach of ^ to the 
Jzo 

terminal z. Let F (z) stand for this integral. Then it follows 
that F{z) is a single-valued function of z; and it has been 
shown to he finite in Art. 1273. Let z-\-8z be another point 
within the region F infinitesimally close to z. Then F{z-\-Sz), 

rz+Sz 

which is f(^) d^, is also independent of the path of approach 

of ^ to z-\-Sz. We may therefore select the same path as before 
from Zq as far as the point z, together with any additional 
elementary path from z to z-\-8z lying within the region F, and 
along this/(^) remains finite and continuous by supposition. 
The difference between /(^) and /(z) for any point of this 
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elementary path is therefore infinitesimal, and therefore we 

rz+Sz 

may write I f{^)d^ as {f{z)-\-e}Sz, where the modulus of e 

is infinitesimally small, ultimately vanishing with that of Sz. 
Wherefore F{z-\-Sz)—F(z)={f{z)-\-e}Sz, and therefore the 
moduli of F(z-\-Sz)—F{z) and Sz are of the same order of 
smallness. Hence F (z) is continuous at the point z, i.e. at any 

point within the region F. Also — - }^as a limiting 

value independent of the direction of approach of z-\-Sz to z, 
viz. /(z), when |&| is made indefinitely small. That is F{z) 
possesses a differential coefficient. F (z) is therefore a synectic 
function of z for all points within the region F. 

1278. Definition of Integration regarded as a Solution of the 
Differential Equation ~=f{z). 

It now appears that the integral f{^)d^ defined in Art. 

12G6 as tlie limit of a summation from a definite starting 
point Zq to a definite terminal point z along any selected path, 
both path and terminals lying within the region F, and the 
terminals being not within an infinitesimal distance of its 
boundary, throughout which region /(z) is sjmectic, is a 

solution of the differential equation whatever the 

starting point z^ maj^ be. And supposing Zq to have been 
specifically selected, we may write the general solution of 

this equation as ?/=C+ f f(^)df, where C is the integral from 

J Zo 

any arbitrary point of the region F along any path lying 
within F to the selected point Zq. In. fact, we might regard 

the notation fi^)d^ as only another way of writing 

the differential equation, but one which emphasizes the interro- 
gative character of the investigation it is proposed to conduct. 

1279. Extension of Former Definitions of Integration. Re- 
moval of Limitations. 

So long then as F is a singly connected region in the 
z-plane in which /(z) has no singularities, whether poles. 
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essential singularities or branch-points and the path of 
the integration lies entirely within the contour of F and the 
terminals do not lie within an infinitesimal distance of the 
boundary, the identity of the summation definition with that of 

wii 

a solution of the differential equation ^=f(z) is established. 

dz 

Seeing that we have a mode of considering any multiple- 
valued function of z as reduced to that of a single-valued 
function by means of a representation on a Riemann’s Surface, 
and under the understanding specified as to the nature of the 
function, the path of the integration and the existence of a 
differential coefficient, we may now remove the limitations 
of the definition of integration as specified in Art. 17, Vol. I., 
as to the reality of tlie variable, and of the function, and the 
stipulated condition as to the single-valued character of the 
functions dealt with. We may therefore regard the functions 
which have been subsequently treated as subjects of integra- 
tion, as functions of a complex variable with such alterations 
in the several definitions of those functions as may be required 
in individual cases to give them intelligible meanings in 
consonance with such as they possess when functions of a real 
variable. 

The proofs of general propositions as to integi-ation given in 
Chapter IX. (Art. 321 onward.s), which were there e.stahlished 
under the understanding as to reality of the variable and 
single-valuedness of the function, are now superseded for the 
wider conception of the nature of the variable and the function 
by the general propo.sitions of Arts. 1269 to 1274. 


1280. Loops. 

As the property presupposed for the function lu may cease to 
hold and the function become meromorphic at certain points of 
the plane by virtue of the existence of Poles, Branch Points 
or other singularities, it is necessary to consider, in case the 
specific region F should include such points, what paths there 
are in this region which are deformable into a straight-line 
path from any one point 0, which may be considered the 


origin, to any other point F of the region. Also we shall have 


to consider how the 


integral [ wdz ia affected when the path 
Jo 
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from 0 to P is not one which can be deformed into the straight 
path OP without passing through one of these singular points. 

Imagine an infinitely extensible and contractible inelastic 
thread attached at the points 0 and P to the plane and lying 

in the plane. Imagine a pin stuck 
perpendicularly into the plane at 
a point A. It will be obvious that 
the thread might pass on either side 
the pin, or it might loop round it 
one or more times as in the paths 
in the diagram OXP, OSP (which 
is straight), OYP or OZP. In the 
case OXP the thread path can be 
deformed into the straight path 
OSP without moving the pin from 
the point A. But neither of the 
paths OyP, OZP can be so deformed 
whilst the thread lies in the plane 
without removing the pin. The path OXP is said to be 
“ reconcilable with ” a straight-line path. But the paths OYP, 
OZP are not so reconcilable. 

1281. The path OYP is “ reconcilable with ” a loop round A 
consisting of a straight line OB, a portion BCD of a small 
circle with centre at A, a straight line DO' parallel and equal 
to OB, and O'P, and the thread OYP may be deformed into 
this “loop and line” without crossing the pin at A. 

The radius of the small circle may be regarded as any 
infifiitesimal and the breadth of the canal BO an infinitesimal 
of higher order than the radius of the circle, so that the 
angle BAD is evanescent; the circle BCD may then be 
regarded as complete and the banks of the canal OB, O'D as 
coincident. Thus B coincides with D and 0' with 0, and the 
figure will be as shown in diagram. No. 381. The portion of 
the deformation consisting of the small circle and the two banks 
of the narrow canal starting from 0 and terminating at 0 
after passing once round the point A is technically known as 

a “ Loop,” and the integral {w dz taken round the circuit 


P 
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OBCDO will.>e called (A), and if be the integral along OP 
the whole integral for the path will be the suffix in 

such cases denoting the number of loops that have been 
traversed before starting upon the portion of the path 
indicated by the letter to which the suffix is attached. 


P 



Fig. 380. Fig. 381. 


If A be an ordinary point of the plane the region within 
the small circle is synectic, as also along the canal, and (A) — 0. 
The value of w on the return journey BO is the same as that 
of w on the outward path OB, and the integrations are of 


opposite sign and cancel ; and 
the integral round the small 
circle separately vanishes. 

No “ loop ” passes twice y/ 

round the same point A 

without first returning to the y/ A 

starting point. The canal 

of the loop is usually but 

not necessarily taken straight 

(see Fig. 399. Art. 1294). 

1282. If the thread ini- o 
tially lies as in the path Z 

of Fig. 379, passing round the pin twice before arriving at 
P, a deformation is possible into two loops -j- a straight path 
OP, as shown in Fig. 382, the points 0, O', 0" being ultimately 
coincident. The value of the integration round this path we 
shall denote by I = {AA)-\-TJ 2 . 
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If the thread passes round the pin n times before reaching 
P, the thread-path will in the same way he reconcilable 
with n .4 -loops + a linear path, and the value of the integral 

dz along it will be denoted by I = (4”)-f I7„. 

In the case of a single-valued function the suffixes used 
are of no account. But in the case of a multiple-valued 
function the return value after traversing a loop is not the 
same function as that with which we start encircling the 
loop. Hence it is necessary to keep count throughout of the 
number of loops passed before starting upon the next in order. 

1283. Next suppose there are two pins stuck perpendicu- 
larly into the plane at A and at P. There are many varieties 
of thread paths along which the thread may lie from 0 to P. 



(1) It may be deformable without crossing a pin (as OXP) 
into the straight line OP. 

(2) It may, if in position such as OYP, be deformable as 
before into an 4.-loop 4- a straight-line path OP. I={A)+Uy 

(3) It may, if in a position such as OZP, be deformable 
into several 41-loops + a straight-line path OP. 7=(4")+ U„. 
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(4.) It i£ in such a position as OTP, be deformable into 
H-loop or into several jB-loops + a straight-line path OP. 


(5) It may be that the thread path surrounds both pins several 
rimes, and then the system is deformable into a set of ^-loops 
and a set of J3-loops together with a straight path OP, in 


which case B may be encircled as 
many times as A, making each time 
a double circuit, or there may be 
more surroundings of one pin than 
of the other. 


or 


or 


<AB)-i-U, 

(AB)"A- U2,,, 
(ABr+(A^AP 

^2il+p 

{ABY -f {B?2n) -f U 2n+q • 


The notation for the integrals will explain itself. 


1284. A loop round 
a “ double loop.” This 
terra is often confined 
to the case when 0 lies 
between the points in 
question. 

A double loop is de- 
formable as shown in 
Figs. 385, 386, and 
I={AB)+U^. 


A and then round B will be called 



In the same way, if there be several pins A, B, C, D, say four, 
any thread path such as OXP may be deformed into four loops 
and a straight path, and the integration will be represented by 


I={A)+(B,) + (C,)+{D,)-PU, (Figs. 387, 388), 



or if the thread encircles a pair of pins as in Fig. 380, the 
deformation and its integration will be represented by 
I={A)+{B,)-P{A^)+{B.;}+{C,)+{D,)+U, 
or (AB) +{AB\+ {G,) + {D,) + U,. 
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hp excluded, from the integration by the artifice of altering 
tlie boundary, as indicated in Fig. 392, by the introduction of 
D loop so as to exclude the pole from the new contour F'. 


P 




A small circle EFG is drawn with centre at the pole 0 (viz. 

and two adjacent points of it EG are connected with 
two adjacent points DH of the original contour forming a 
narrow canal. We then regard the boundary of the contour 
F' as the curve ABODEFGHA, and integrate round the 
amended contour. 



The breadth of the channel DEGH may be taken as zero 
throughout its length, and it may be taken as straight, so 
that the portions of the integration of a single-valued function 
along DE and GH cancel each other, and it leaves us with 
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the theorem that |/(x) dz, round the outer boundary in the 

sense of the arrow at A, +^f(z)dz round EFG in the sense 

of the arrow at F, vanishes, it being supposed that f{z) 
possesses no singularities other than that at z~ci, which lie 

within the I'egiou F. That is, the value of ^f{z)dz, taken 

round the outer boundary in the positive sense, i.e. leaving 

the region alwa3^s to the left-hand, is equal to ^fijFjdz, taken 

round the inner boundary in the same sense relatively to 
the region bounded by and lying within the inner contour, 
as indicated in Fig. 393. 

1286. The Integral ' dz. 

J Z — Cfc 

Suppose then that where ^(a) has no factors— a, 

so that there is a pole of /($) at z=a, at which f{z) becomes 
infinite, and that the point a is not within an infinitesimal 
distance of the nearest point of the boundaiy. 

To consider the value of ^f{z)dz, taken round a small 

circular contour with centre z=-a and small radius p, which 
will not cut the boundary, put z=a-\-pe^^. 

q'l;ien = < dO, and if p be infinitesimally small we may 
z — (i 

put 0(2) = 0(n)- 

Hence dz=\<p{a) ide=i<l>{a)\ dB = 2Tri<p[a). 

iz — a J Jo 

This then is the value of the integral conducted round the 
small circle, which is therefore, by the previous article, the value 
of the integration round the outer boundary of the contour. 

Thus taken round the outer boundary of the 

J z—a 

contour F, ==27ri0(«). 

Supposing, however, that the point a lies upo7i the contour 
along which it is proposed to conduct the integration, at a 
point of the contour at which the curvature is finite and 
continuous, it may still be excluded by travelling round it 
along an infinitesimally small semicircle with centre at a and 
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within the bounded region, cutting the contour at 
P and Q. Then after putting, as before, z=a + pe^^, the limits 
I or B will now be from — e to — (c+tt), where — e is the value 
of B at commencing the small semicircular path at P, and 
_(£+ 7 r) is the value wlien the contour is recommenced at Q. 
We then have 


qZ (V 
that is, 


/taken round the whole contourN 


lexcept the infinitesimal arc Pq) 
Prin. Val. of \^^^dz=iri(j){a). 


j : 


— (c + tt) 

cl6=0, 


1287. The Integral 


1 


J z—a 
<p {z) dz 




-ay)[z—aj ) ... [z—ad 
Similar^, if there be several poles of /(z) lying within the 
contour P and none of them within an infinitesimal distance 
of the boundary. 


Suppose z- 


= «i, 


■ a 


' 2 > 


z—dr, to be the.se poles. 


.say, in z, and possesses no factors z— Uj, z— tto, ... or z— a,.. 

By the rules of partial fractions, we have a result of 
the form 


/(z)=P„_,a"-’-+ + . • • + + ^0 

I ^ 

S = 1 (®S ®l)(®s *^' 2 ) ••• ^ 

where tlie factor — «s is omitted from the denominator 
and n is supposed not le.ss than r, or if n be less tlian r the 
integral polynomial part is absent. 

The first part of this expression, down to Jfo, constitutes a 
function of z with no poles within the contour P, and therefore 
its integral taken round the boundai'y of P contributes nothing 
to the wliole integral. We may construct a loop for each of 
the infinities and proceed as in the case of a single infinity. 

The term involving , taken round a small circular 

contour with centre a^, contributes to the integral 


, 2x0 

C<'i)(tts ^2) (^s ®r) 

this .small circle being taken of so small a radius as to exclude 
all the other poles and not to cut the boundary. 
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Hence the whole integral taken round the contour, viz. 
\^f{z)clz, being equal to the sum of the integrals round the 
small circles which surround the several infinities, 

= 27r/V . 

1 (®s ^i)(^s ^ 2 ) (®s ^r) 



the factor a^—as being omitted, =27ri'^ As, say, where the 

1 

value of Xj may be reproduced as LtB=oSf(a^-\-S), i.e. 

jf 

^ ^ — C(.2)(('Xj-{-^ — (X3) ... C^r) 

and similar!}^ for Xg, X 3 , etc.; or by the ordinary rules of 
partial fractions. 

The effect of pole-clusters within a contour will be discussed 
in Art. 1317. 


1288. Effect of a Branch Point. 

If the function w be multiple-valued, say two-valued, but each 
branch being continuous and finite and possessing a differential 
coefficient at all points of a certain region F of the z-plane, 

Cauchy’s theorem as to tlie integral of Jw dz from a point At to a 

point B of this region along a path which does not pass beyond 
the boundary of F is still true, provided tliat the paths from A 
to B belong to the same branch of w ; and as long as the paths 
ACB, ADB of Fig. 378 are both finite paths of the variation 
of lying entirely in the region F, or both finite paths of the 
variation of w^, the theorem stated is still true, viz. that 

dz along ACB=^Wi dz along ADB 
and [wg dz along ACB= [wg dz along ADB. 
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When, however, the z-path encircles a. branch point in one of 
therse paths from A to B, the functions and inferchange 

values, and the integrals of ^tvdz along two such paths may 
difler. 


1289. For instance, in the case of the two-valued function ^v defined 
in' -the equation w'‘ = \+z, we have two branches 

W.^=+Jl+Z, Wi= 

and there is a branch point at 2 = - 1, and, as will be seen later, one also 
at K . 

To examine this case, put 2 = -l-fre'®, and let 2 travel round a small 
circle of radius r with centre at 2 = - 1, and let us start with the branch 

Wi = -f- -|-2= 



Fig. 395. 


Then, in encircling the point - d increases to 0-f 2ir and e‘® becomes 

e‘ (0-f-2.r)_ 

Hence w has changed from to i.e. to and has 

become i.e. Wi. 

Now, any path from 0 to P will be reconcilable with (1) a number of 
loops round —1, (2) a straight-line path, and the integral will be 

I={A”)+u„. 

Now, (1) in case of a path such as OXP, which is reconcilable with the 
straight line OP (Fig. 395), we have 

/= f w^ dz=u^. 

Jo 

(2) In case of a single encirclement of the branch point 

(A)=J Widz+ j Widz+ j Widz, 

/ represents the value of the integration round the infinitesimal 

* rZiT i 

circle; and this= 1 >Jrd^{ird^)d9, and vanishes when r is indefinitely 
small. *“ 
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The third integral J ~ Jg "*^2 — ~ j 

.*. (A)— 2 f Wi_dz, 

Jo 

We thus arrive back at 0 with the value w=W 2 , and with this value 
must continue along the line OF. 

Thus, Ui=j^W 2 dz=-Uo, 

where Ui is the contribution of the path OP after one encirclement of A- 
The whole integral is therefore 

1—2 j Widz — Uo- 

(3) If there be two circuits of the loop before reaching P, we have 

I = (A) + (Ai) + u.it=J^ w^dz+J^Wi dz + j_Widz 

+ f Wzdz + J^ u'2 dz + Wi dz, 


which is evidently = «o, and we note that {^i)= -(.4). 

(4) [t will thus appear that if there be n circuits round the branch point, 

7 = [l-(-l)"]j^ Wl(f2 + (-])”Mo. 

The value of the integral ^yl^-a’c?.e is [§(1 +.r)^Jo ="?• 

Hence the values of the integral for the different paths are : 

(1) direct path, Wo I 

(2) one loop + direct path, -i-Uo'> 

(3) two loops + direct path, Uo ; 

(4) three loops + direct path, 
and so on, alternating in value. 

Hence, if u= / Jl+zdz, and 2 is thence regarded as a function of u, 
Jo 

say z = (f>{u), Ave have 2 = ^(«o) = ^(-^-«o), indicating that two values 
of the argument lead to one and the same value of z. 


1290. In the case of any branch point at a point z=a of a 
function w=f{z—a), which is such that Ltz=„\f{z—a)dz\ is 
zero, as in the case considered in Art. 1289, the contribution 
due to the circular portion of the loop is zero, being 

[ /(re‘®) <re‘® (Z0, 

Jo 

and vanishing with r, since Ltr=oW{re^^)\ vanishes; and the 
only contribution from the loop is that due to the two banks 
of the canal portion of the loop. 
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If the function w be two- valued, it has been seen that in 
passing round the branch point Wy and Wg intercliange values, 
and the contribution of the loop is 

/=(* Wydz-\-{ Wydz-{-{ w.^dz-, 

and in the case considered, viz. 

Ltz=a\'^ldz\=0, 

j Wydz^Q, Fig. 396. 

whilst [ w.dz=\ u\dz and I:=^2\ Wydz^{A). 

Ja Jo Jo 

1291. More generally, if the function be n- valued, such as 

ti>"=z=re‘’, 

I _ 1 

so that w=r"[cos(d-|-2X7r)-t-< sin (d-f 2\7r)]", 

1 if 

where X = 0, 1, 2, ... n— 1, each branch t(is=a^r"e", whei'e a = one 
of the n‘'’ roots of unity, changes into 

i if 

Ws+i=a®+^r"e”, 

and there is a cyclical interchange of the value of w as we 
pass round successive branch points, so that iv.y=aWy, 10 .^= uw^, 
and so on, and a"=l. (See Art. 1259.) 


So in this case, 


becomes 


l=\\ydz+^ w, 

Jo J a 

Z=(l — a)| Wydz. 
Jo 


Wg dz 


1292. To return to the case of a two- valued function, if 
after a description of the .4-loop, starting from the origin 
with value w=Wy, we pass along a second loop round another 
branch point B, we start off along the second loop with the 
value and return with the value Wy, and for the two loops 



O 

Fig. 397. 


Z=f Wydz+[ w^dz 

J Q J C (I 

-j-J Wgdz-f j Wgdz-fJ^Widz 
= 2f Wydz—2\ Wydz 

Jfl Jo 
=^(A)-(B), say. 
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and this we shall call {AB) for shortness, so that 

(AB)=(A)-{B). 

Similarly {ABC)={A) — {B)+{C), 

{ABCD)={A)-{B)+{C)-{D), 

and so on. 

It also appears that in a double looping of the same branch 
point A, we have 

(AA)=(A)-(A)=0. 

In a triple looping of A, 

(AAA) = (A)-(A)+(A) = {A). 

These peculiarities are indicated in the notation 

(A^"+i) = (A). 

So we have 

{AB) = {A)-{B), {BA) = {B)-{A), {AB)^{BA) = i), 

{ABC) ^{A)-{B) + (C) ={AB) + {C) = (AB) + (C) - (^) + {A) 

= {AB) + {CA) + {A), 

{A'^BC) = {A ABC) = (^) - (^) + {B) ~ [C) = {BC) = (AC) + (BA), 
{A^BC) = {A)-iA) + (A)-(B)+(C)={AB) + {C) or {A)~{BC) 

or {A)-\-{CB). 

For a double looping of any pair, 

(ABAB) = (A) - (B) -l-(A)-(B)==2(A)~2 {B). 

For w-encirclings of A and B we may write 

{AB)”=n{A-B). 

Again, {B) = {B)-{A) + {A) = {BA)-\-{A), 

(BCD) = {B) - (C) + (D) = {B) - (C) -\-{D)-{A)-\-{A) 

= {BC) + {DA)+{A). 

1293. It appears then that to integrate round any com- 
bination of these branch points, the whole can be expressed 
linearly in terms of integration I’ound any one loop, say the 
^-loop, together with an integration round a combination of 
double loops round pairs of others; and each such looping 
of two branch points is expressible as the difference of the 
integrals which accrue from integrating round each of the 
separate branch points of the pair. And further, that for a 
two-valued function the value of the function on final arrival 
at 0, and before starting on the sti’aight part of the path 
from 0 to P, depends upon how many times the path has 
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surrounded a branch point, and the final integration along the 
straight path* adds +«„ if an even number of circlings has 
been effected, and —u^ if the number be odd. 

Thus, if 0 be the origin, and there be branch points at 
A, B,G, D, E, F, G, H, a path in which B,C, A, D, E, F, A, H 
are successively looped before returning to 0, and then passing 
to P, will give the integral of a two-branched function 

(5) - (C) -f (^ ) - (Z)) -f (^) - (i^) -f (^ ) - (.ff ) -f ( - 1 )X , 

and integration for a path for the loops round B, C, A, D, E 
will give 

(5) — (0) -f (^) — (D) -j- (.E) — (^) -f- (y4) -f ( — 1 )'^ Wq , 

and these may be respectively written 

{BC) + {AD)+{EF) + {AH) + v„ 
{BC)-\-{AD)-\-{EA)-{-{A) — Vq. 

Now, if there be n critical points A, B,C, D, , there are 
— - sets of differences (we omit the brackets for short), 

A-B, a-g, a-d, a-e 

B-G, b-d, b-e,..., 

G-D, G-E,..., 

D-E, ..., 

and only n— 1 of them are independent, say 

A-B, B-G, G-D, D-E,...-, 
for any other, such as B—E, may be expressed as 
{B-G)MG-D)^{D-E). 

Hence the value of Jw dz taken along any path from 0 to P 
must take one or other of the following forms ; 

X {AB)-\- /J- {BG)-\-v {GD)-\- k:{EF)-\-Uq, 

01’ X {AB)-\- /x {BG)A~v {GD)Ar •’•A' k'{EF)A-{A) — Mo> 
where X, v, ... , X', ix, v, ... , are integers, positive or negative. 

1294. If there be no bi’anch point at infinity, and if w 
remains finite and continuous for all other points of the z-plane, 
an infinite circle, with centre at the origin, will contain all the 
branch points, and can be deformed into a system of loops, 
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each passing round a branch point once, as in Fig. 398 ; or in 
case they lie in a straight line, as in Fig. 399 ; and the region 



between this circle and the loop system being synectic, we have 
dz, token round the infinite circle, —{A)—{B)-\-{C)—{D)k"-, 
and Jm? dz round the infinite circle will be a definite quantity 
which, in such cases as 

1 


w~= 


or 


iv-- 


{z-a{){z-a^){z-o.^){z-a^) 

1 


(2 - tti) (z - a^) (z - Ug) (z - a J (z - ag) (z - a^) ’ 
will vani.sh. For, taking the first of these, and putting 

(I7 

z=Re'^ (i2=oo), j = id0; 

Jw dz=j'^dz=J ^^ 9 = 0 , when 22= 30 ; 
and similarly in the second expi’ession. 



Fig. 399. 


Thus in such cases there is a relation amongst these differ- 
ences, viz. (^) — (jB)-{-( 0) — {2))-l- •••=0. 

In the case of four branch points, the independent differences 
will reduce from three, {{A)—{B), {B) — {C), {C) — {D)}, to two, 
say {A)-{B), {B)-{C). 
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And the forms possible for the value of the integration 
along paths froin 0 to P will be comprised in 
I=X {BC)-\-i(o, 

I=\'iAB) + f,'{BC)-h{A)-it,. 


1295. Representation for Large Values of ;; ; Branch Points at 
Infinity. 

To represent the nature of the function for values of 0 at an 
infinite distance from the origin, take a third variable z', such 
that 22'=!, and represent the travels of z' on a plane of its 
own. Then, for points 2 on the 2-plane which are at great 
distance from the origin 0, the points z' on the 2'-plane are 
near the new origin 0' on the 2'-plane. 

Takinof the function 

o 

1 

^ J{z-a^){z-az){z-a ^) ... (2-a„)’ 
which is a branch of a two-valued function, let us find the 
branch points. 

Let 0 be the origin on the 2-plane A^, Ao, ■■■ A„, the several 
points 2=0.1, z=a2, z = a.^, ... , and let P be the point 2. 

Let 2=ai-l-rie‘®*=a2 + r2^‘*'‘=%+^3®‘^“= 


Then w,=—j= r- - - :=- 

Let P describe a small circle round any one of the points, 
say Oi. Then, after the completion of this circle, r^, r^, rg, ... 
and do, dg, 6^, ... have resumed their original values, but 9^ has 
become di-f 27r. 

w 

Hence the function has become i.e. —w^ or and 

therefore there is a change of branch at A-^. Similarly at 
Ag, Ag, Now consider the case when 2=00 . 

Using the other representation we have, writing ai=— , 
] 

^2=— , etc., 

(-1/C) 


! > i f ' 

VOi a.g Og ...an 2 ® 

1 TN z') (og' — 2') . . . (tt„' — 2 ) ’ 


and we have to consider the behaviour of this function for 
values of 2' near the origin O' on the 2'-plane. 
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Putting z'=re'-^’ , we have ultimately, when r is very small, 

w=r^e ^ , and when z' is made to describe a small circle of 
radius r about the z'-origin O', 6' has changed by 27r, and the 
function becomes multiplied by e‘”", i.e. by 

(cos n-TT 1 sin titt) or cos mr. 

Hence^ if oi be even, remains unchanged, but if n be odd 
u\ changes into — i.e. there is a change from branch to 
branch ^u^. 


129 6 V Thus, in the cases 

1 . 1 
w= - ^-=- = and w=—, ^ ^ , : ■» 

^/(z — ftj) (z— 0.2) V (2 — ttj) (z — 0-2) ” '^•3/ “ ^4) 

thei’e are respectively two and four branch points, viz. z=a.^ 

and z=a2 first, and z=aj, z=a^, z=a^, z=a^ in the 

second, but none at oc . 

But in the eases 


■T - --'-. and w.— . 

J{z-~a^{z—a^{z— ttg) sliz— a^) (z — ttg) {z — a^) {z — ccj (z 

there are branch points at a^, a^, 0.3 in the first, and at 
a^, Ug, %, cii, O'c in the second, and in both these cases there is 
also a branch point at 00 . 

In the latter cases the loop system, when represented on 
the z'-plane, will be as discussed previously, tbe origin being 
also a branch point. But if represented by loops on the 
z-plaue, we have (taking the case of three factors) cii, ci^, a^, 00 
as branch points at A, B, G, D respectively, the latter at infinity, 
and, as in Art. 1294, there are apparently three independent 
pairs of differences, which we may take as {AD), {BD), {CD). 
But writing ^a={(^— aj(z— a2)(2— ci-s)} ^ we have 



and we shall show that {BD)={AD)-\-{OD), which reduces the 
three apparently independent pairs to two really independent 

ones. For ^wdz taken round any finite contour in the finite 

part of the z-plane, which does not include A, B or C and 
cannot include D, vanishes ; and such a contour is deformable 
into an infinite contour, such as indicated in Fig. 400, with 
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loops excluding the branch points. Therefore round this 

deformed contlour also vanishes. For convenience this defor- 
mation may be taken as a circle of 
infinite radius centred at the-origin, 
with four loops excluding thebranch 
points, the canals of A, B, C being of 
infinite length and that of D finite. 

The contribution to the integfral 


iO 


dz which accrues from these 



loops amounts to (A) - ( 5 )-|-(C') - (D), 
t.e. to {AD)-(BD)-{-{CD). The re- 
mainder of the contour, which 
consists of infinite circular arcs, 
along each of which the same 
branch of w is adhered to, and which 
each extend from the canal of one loop to the canal of the 
next, contributes nothing to the integral. For taking any of 
these arcs, say from 6 =a to d=/ 3 , where z=Re^^ and a</^<27r, 

we have | lo zw dO, and therefore 

mod.|w(i2=mod.| zwdB>^ mod.{zw)dO. 

But mod. (zwj) tends continually to a limit zero as mod. z is in- 
definitely increased, and if K be its greatest value for points 

on the arc from Q=a to j mod. {zw)dB is positive and 

and therefore also tends to a zero limit. Hence 
the whole integral for the deformed contour is that due to 
the four loops only, viz. {AD)—{BD)-\-{CD), which therefore 
vanishes. It follows that the only possible values of the integral 


u 


f” dz 

= - 7,- are of one or other of the forms 

Jz sj{z-a^){z-a^){z-a^) 


p{AB)+q{BD)+r{CD)+u„ 
or jp'{AD) +q'{BD) -f r\CD)MA) - u, , 

where p, q, etc., are integers, and that by virtue of the relation 
{BD)={AD)-\-{CD) these further reduce to 

\{AD)d-iJi{GD)+u, or \'{AD)+fji'{GD)+{^)-u„ 
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where ju, X', jx are integers, and is the value of wdz by 

J z 

any straight-line path from z to oo , which does not pass through 


A, B, or G. 


1297. From these considerations it will follow that, if a 
quantity z be defined as and given by 

rz 1 *^ 

u=\ - X = wdz,5txY, 

Jov(2;— ttg) Jo 

the possible forms of the result being limited to 

or u=\{AB)-Y{A)—Uq, 

and the same point z being attained for either of these values 
of u, we must have, when Ave regard z as being expressed in 

terms of u, z^^(rC)=<}y\\{AB)A-^^l 

= ^ [X (^5) + (^) 'ito] • 


or 


^ must therefore be a periodic function such that an addition 
of {AB), i.e. (A) — (B), to the argument any number of times 
makes no difference, and also that, if (A) be added to any 
number of sets of integrals round double loops {AB), the same 
will be true if the sign of Uq be changed. 

In the cases 

(h ^ — - 

j, ‘Jiz-ai){z-a^j{z-as) ~ J o a^) {z-a, 

since u=X {AB) -{- yw ( 50) Uq , 


or X'{AB)-j-fi{BG)-{-{A) — UQ 

in both cases, for A, B, 0 are any three of the four bi'anch 
points, we have 

(f) (u) = ^ [X (.4 5) -}- /« (50) -}- UqIj 
or = (p\X'{AB) 4- iJ.'{BC) -f (A) — Uq] , 

and a double periodicity of z=^(u) is established. 


1298. Period Parallelograms. 

A geometrical illustration of this double periodicity may be 
given. 

Let <f>(z} be a doubly periodic function of a single complex 
variable z with independent periods w, to', viz. 

CO =a -t-'A co'=a 
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so that — — 

‘T — = 2ft ) ) — 

=(l){z-{-(a-\-(o') = ... = ip{z-\-p(o-{-qco)= ... , 
where p and q are any integers, positive or negative. 

Referred to any set of rectangular axes in the z-plane, the 
points (0, 0), (a, /3), (a + a', {a, /3') are the four corners 

of a parallelogram (Fig. 401). 



The adjacent sides of this parallelog)-am make angles 

tan“^ -y tan-^ — , > 
a a 

with the x-axis. It is called a period parallelogram. 

The four points, pa + iq^, (p + l)a + i(g+l)/3, 

{(p + l)a-f a'} + <{(? + {pa + a')-\-i{q^-\-^'), 
will equally form the angular points of a parallelogram of the 
same size and shape as before. The whole z-plane may be 
regarded as mapped out into a network of such equal parallelo- 
grams by giving to p and q all integral values. As z travels 
over the region bounded by any one of these parallelograms, 
il){z) ranges through all the values it is capable of assuming. 
If z travels into other parallelograms on the z-plane the values 
of (/j{z) are merely repetitions of the values it attained at 
corresponding points within the first parallelogram. Thus 
points similarly situated with regard to any elementary 
parallelogram of the network give the same value of 0(z). 
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1299. If (p(z) l>e Synectic throughout T, so also are its 
Differential Coefficients. 

We shall next show that when (p{z) is synectic within and 
upon the boundary of a given region bounded by a closed 
finite contour T, all its diflerential coefficients are synectic 
within that region. 

We have seen that if a be a point within the region and 
not within an infinitesimal distance of the boundary, 


taken round tlie boundary of T, where z=a is not a zero of 


Cp{2). 

Let z=a+S(t be an adjacent point to z = a within the 
contour and not infinitesimall}'^ near its boundary. 

1 r 7 

Then 

taken round the boundary of F, and therefore 


(p(ci-{-ScL) — 2--1 a- 


6a 



Now, by division. 


1 _ 
z — a — 6a 
Therefore 

(p[cL-\- 6a) — (p {a) = 


1 , 6a ^ {6a)~ 

‘ (2-a)- (z-a)-(3-rt-(5(0' 



6a {6a)'^ 

— a)'- ( s - a)- {z—a— 6a) 



round the boundary ; and the definition of a differential 
coefficient is that it is the limit, if there be one, of 

(p{a-h6a)-<l>{a) ^^239), 

6a 


when |5ct| is made indefinitely small. Hence we may put 
cp {a + <5(0 — <p{(^)—{^ {^0 + e) 

where e is something whose modulus ultimately vanishes with 
We may therefore write 




6a 


or 


f(a,)- 


1 f cpjz) 

27r£ J(s — a)’-^ 


dz—- 


-a— 6a) 
(p{z)dz 


dz 


5a f 

27r£ J( 2 ;— a)“( 2 — a— 5a) 


,...( 1 ) 
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and therefore the moduli of the two sides of this equation are 
equal. And since the modulus of the sum of two complex 
quantities is less than the sum of their moduli, and the 
modulus of the product is the product of the moduli, we have 

nod.[right-hand side] < mod. mod. 

Let K be the greatest of the moduli of the values of the 
integrand as we travel round the boundary, which is a finite 
.quantity since (p(z) is finite and z—a, z—a—Sa are not 
infinitesimally small. Tlien the modulus of the integral in this 
expression is less than K X Perimeter of Contour, which is a 
finite quantity, the perimeter being supposed of finite length ; 

< mod. . mod. Sa X Perimeter of Contour. 

Ztt 


Hence diminishing mod. Sa indefinitely. 


m 


od. 


Therefore 




27n}{z—a)' 


dz 


= 0. 


dz, 


2-^1 j{z—a)'^ 

the integration being in all cases taken round the boundary 
of the contour. 

In the same way we may prove 

<p{^) 


0 




; dz, etc. 


\{z-af 

For if z=a-\-Sa be a point within the contour and not 
within an infinitesimal distance of the boundary, we have 




dz 


27r< 


{z—a—SaY {z—aYjSa 


where mod. 0 vanishes with mod. Sa, 

_ 2! f «/>(g) 
2'jri]{z—aY 


{z—af 
dz-\-d. 
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It appears therefore 

ni t.hat approaches to and ultimately differs 

' ' r 2! f </)(z) , 

in- less tliau an}" conceivable quantity from 27 r£ J(2;— 

when mod. Sa is made to diminish indefinitely without refer- 
ence to the Nvay in which the indefinite approach of the point 
,1 -‘ S't to the point a is conducted. Hence (j/{a) is a function 
cf It which o diffcvoitiul co^fficiciit 


i'l) since r/)(o) and 0(r(-}-o(/) are by supposition single-valued, 
tlie expression is also single-valued, and also 


on. 


Its limit, so (f,'{(i) is ttintjle-valued ; 

(:!) ./.'(o) k/ntifc. for its equivalent ^ is 

that the integrand is finite for all points upon the contour, 
sim-e the point d is not at an infinitesimal distance from the 
boundary, ami the boundary itself is of finite length by 
suiiposilion . 

(4-) for any po.sitivi' inlinite.simal change in | 5a | there is a 


cliaim'e 


(•/) (o-f-5") — (//(o)] > Sii 


f 2:_ 

t27r(( 




of tile same order as ' oo in ' (//(a) |. Hence f/>'(ct.) is con- 

f i It acm.s' 

Hence <}>'{<'.) lias a diir'crntliid cocj]\cient at the point o, is 
si iKili’-i'dlucd, is yinHc and is condvxious. It is thei’efore 
synectic at an\' point <i within the specified region for which 
,j){(i) is synectic. 

Also 

Zt n I 


J I 


0(fL 


dz 


the integration proceeding, as before, round the boundary. 
And the argument may now be repeated with this result to 
establish the successive equations, 


^ 2-£j(C: — 


dz 


{z-af 


£/A"(cO 


dll. f 0(^) 

27r£ 3(2 — 0.)"+^ 


dz, 


ail of which functions are synectic in the region for which 
(p{a) is synectic. 
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1300. Taylor’s and Maclaurin’s Theorem. 

We now proceed to establish Taylor’s Theorem for the 
expansion of f{a-\-li). Let f{z) be any function of 0 which is 
synectic within and upon a given 
circle C with centre at z=a and 
radius p, and suppose z=a not 
to be a zero of f{z). Let a-\-h be 
another point within this contour 
and not within an infinitesimal 
distance of the boundary. 

Then 

/(a 4 - h) = ^ f , dz, 

^ ' 2-7ri jz — a—h 

the integration being conducted round the boundary. 

Now, by division, 



h 




■a—h 


■a 


{z-af ' {z-af 

/i” 


+ 7 






(0 — (0 — 0.)”+^ z — a—k' 


/i” 


{z—af 


1 


dz 


^(0— a)"+i ' {0— a)”+i 0— ct— /(.J 




M 


(0— a.)”+i 


dz 


1 f f{^)dz 

27ri J(0— a)”+^(0— a— //.) 


=/(«)+;i/''(a)+|'/"(«) + ...+'^/'"'(a)+iJ„ 


J^n+1 




/W 


where 

and putting z=a + pe^^, we have 

1 

277 p” 


dz taken round the circle ; 




f m 

^Jz-a— 


h 


j-niB 


Let the greatest value of 


-mfl 


de. 


be K, which is finite 


\z—a—]i 

since \f{z) \ is finite at all points within the circle, and the point 
z=a-{-h is not within an infinitesimal distance of the boundary. 
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Then 


%.e. 






27r 

h 

P 


n+l I r‘.i^ 

p” IJO 


^+1 
p 

\\h\.K, 


Kde, 


and I |< p, so this may be made less than any assignable 
quantity, however small, bj’' increasing n indefinitely. 

Hence the convergcncy within the circle of radius p is 
established, and the- usual form of Taylor s theorem still 
holds for a complex, viz. 

/j2 

/(rt + /,)=/(a) + ;/(«) + ^/'(a) + ... to 00 

for all points within a circle of centre a and radius ^ |((X-l-/r)], 
provided /(s) is synectic for all points within this region. 

If the origin be at the point z=ci; i.c. a—O, we have the 
same result as for Maclaurins theorem for a real variable, viz. 

/{/,)=/(0)+A/'(0)+|/"(0)+..., 

with the same limitations as before. 


1,301. Definite Integrals obtained by Contour Integration. 

Cauchy’s Theorem of Art. 1275 is of great use in establish- 
incr iu a rigorous manner many results in 'definite integrals 
and in furnishing nev.' results. In such investigations the 
form of tu as a function of z is at our choice, and the particular 
contour of integration is also at our choice. 



Consider the integration of 
supposed real. 

B 



Tabe as contour a circle of I'n 
centred at the origin. 


- round any closed contour, a being 

It follows from Arts. 1275 and 1286, 
that the result of this integration is 

(1) 27ri, (2) 771 or (3) 0, 
according as 

(1) the contour encloses the point 

z — a\ 

(2) the contour passes through z=a 

with continuous curvature at 
the point ; 

(3) the contour is such that z=a lies 

outside it. 

IS R (drawn as > a in the figure) and 
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Put z=Re^^‘, then dz=iRe'^^ dd ; 
f^'^Rd^.tdd 


/ 


^e‘® — a 
,<0/ 


= 27rt, TTt or 0, as > a, =a or < a ; 


, /2>r Rd\Re-^^-a) „ n • .u .i, 

whence - I 755 — -^-75 -pr-^dd=^Tr, ir or 0 in the three cases ; 

Jo R^ — ^aRcosd + a^ ’ 


whence 


r2w 

Jo 


^0+ 

R-acosd 2ir „ 

R^ -2aR cos d + ~ R 


R 


{R = a), 0{R<a), 


, r27r sin 0 JO n. 

I 777 — -—75 T,dd=0 

Jq R^ — 2aR cos 0 + a^ 


in any of the cases, results which may be readily verified by direct 
integration. 

e‘i-2 

1302. Consider the integration of w=—, where k is real and positive, 

round a contour bounded by (1) an infinite semicircle BCD, centre at the 

origin of the x-y axes, radius R (=00), (2) a small semicircle EFA, centre 

at the origin and radius r, concave in the same direction as the former, and 

(3) the two intercepted portions of the x-axis, viz. DE and A B, 

w has a pole at the origin. The small semicircle excludes this pole. 

Examine the behaviour of the function Avhen z is infinite. 

_ „ fl , g— {kR cos d) + <- sin [kR cos 6)} 

Let z = Re . Then w = ^ = s > 

Rd^ Rd^ 

and therefore vanishes in the limit when R is increased indefinitely, 
so long as sin 0 is not negative; that is from 0=0 to 0 = 7r inclusive. 
There is no pole in the region described, and w is synectic throughout 

the region. The total integral jivdz taken round this perimeter therefore 

vanishes. To estimate this we consider 
the integrations : 

(1) from r to ^ ( = 00 ) along the x-axis ; 

(2) from 0=0 to 0 = 7r round the great 

semicircle BCD ; 

(3) from — R to -r along the x-axis ; 

(4) from 0 = 7r to 0=0 round the small 

semicircle EFA. 

(1) Along AB,y=Q and dz=dx, and the corresponding contribution 

rco giA-a; 

to the whole integral is J — dx. 

(2) Along BCD, .fl = constant, z=Re^^, — =i(Z0, and the contribution 
to the whole is 

J^dz=JJ ie-^'^“"®{cos(y&i?cos 0)-f t sin (M cos 0)}d0, 

which ultimately vanishes when R increases indefinitely. Therefore 
there is no contribution from this part of the integration. 



EGA 
Fig. 404. 
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r ,ihz I — r ~iKx 

(3) Along DE, I — dz= I — dx, and as x is negative we write 
. J Z J — ca X 

for X, 


r—r 


-X 


■I 


» g — thx 


X 


dx, 


which is the contribution for this portion DE of the integration. 

rO 

(4) Round the small semicircle the contribution is / i.dd, and r 

/•TT 


being infinitesimally small this becomes — 
Hence, summing up, 


idd— —iri. 


J f'J} „lkx I-CO —IKX 

— dx + 0— / dx — TTi — 0, 

r X Jr X 


cc^-a-x 


i.e. in the limit when r is indefinitely diminished. 


I 


«) — Q~ikx 


dx = nr or 




"sin I'x , IT 





k being supposed positive, which is in accord with the result of Art. 993. 

f . • 7 • 

1303. Consider / dz, where k is a real jwsitive quantity and a is a 

J 2 *“ CZ- 

complex, viz. a + ifj, in which ft is positive. 

We take as contour the a:-axis, an infinite semicircle whose centre is 

at the origin and radius /f ( = oo), and an 
infinitesimal circle of radius r, and centre 
at the real point (a, ft), which, since ft is 
positive, lies within the great semicircle. 

There is a pole at z = a, which is excluded 
by the small circle. Examine the behaviour 

Q 

of xo = , wlien z is infinite. Put z = R^^ * 

z-a 

e“^‘^®“'®{cos(/7fcos61) + isin(/l7fsin t^)} i r 

Then w= r — ^ and therefore, as in 

Re^^-a 

the last case, ultimately vanishes when R is indefinitely increased, 
provided d lies between 0 and tt inclusive. 

There is no pole in the region between the two circles, and w is synectic 

throughout it ; and J wdz = 0 when taken round the boundaries in opposite 
directions. 

(1) Along the x-axis z=.x, and we have as the part contributed b}’ 
integrating from C to A, i e. - oo to oo, 

git-a: ^ I’M (x-a + ift)(coskx + isinkx) , 

_ CO ^c^^ift = j- X {x-af + ft'^ 

f” {{x - a) cos kx — ft Bill kx} J f” (x - a) sin /'X + /3 cos ^ 

= j- X (x^-hy^ +ft‘^ + V_ X {x-ay+ft‘^ 


L 
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(2) Round the infinite semicircle, we have a contribution 

„ e-^'-^^i"^{cos(fcRcos g) + t sin {kR cos d)} 

Jo Re'-^-a Jo Re^^-a 

which, by virtue of the ultimately zero factor adds nothing, 

R being absolutely infinite and sin 6 positive. 

(3) Round the infinitesimal circle DEF, put z=a + re‘®. 

The integration round the perimeter must give 27rte‘*^“''*'‘^^, according 
to the general result of Art. 1286, i.e. =27r(t cos ka — sin ka)e~^^ ; whence, 

as j f(z)dz round the outer boundary ABCOA is equal to that round 
DEF in the same sense, we have by equating real and imaginary parts, 
r” (»-a)cosfa-£^5inta 1 

j_:o (x-ay+fF 

(x- a) sin kx+B COS kx j „ _7.g , 

I dx— 27re '"'’cosKa, 

J-oo (x-ay + fi^ ’J 

which may be written 

r cos(kx + t-dn-^ 

^ ^ dx= - 27re~*^ sin ka, 

J-co ^{x-ay + 13'^ 

[ sin + tan“^ 

I. - A ■ ■ ii. ^ - iL. = 27 re“^’^ cos ka. 

■oo ^J{x-a)- + l3~ J 

1304. In the case where (3=0, the centre of the small circle lies on the 
x-a.vis and a semicircular arc DEF, of radius r and centre at u, 0, 
replaces the complete small circle before 5 

considered. 

To consider the effect of this, we integrate : 

(1) from 0 to D, (2) round DEF, / \ 

(3) from F to A, (4) I'ound ABC. / ^ \ 

For (1) and (3), we have I 

C O Dap A 

( + )-^ dx, Fig. 406. 

\]-^ Ja.+r/X-a 

i.e. when r is infinitesimally small, viz. the Principal Value of 


r 

■ dx = 27re“^’^ cos ka. 


O D« F A 
Fig. 406. 


j_co x-a 


For (2), putting z = a + re‘®, — — = idd, and the contribution is 


ro 

Jtt 


r being infinitesimal. 

For (4) we have, as before, a contribution nil. 
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Hence ultimatel}^, r being indefinitely small, 

f 22iM±4lilL^rfa--^(.cosX;a-sinA:a) = 0, 

J — CO 

/■" cosjcx, _ -nl- ^ 

J—co x — a^ ’ Principal Values being taken in 

r sin kx , j I each case. 

I dx= TT cos ka, 

J^co ^ tX J 


1305. Gonsider the integration J - — ^ — dz, a and b being real and 
positive, taken round a contour consisting of 



(1) the positive portion of the x-axis; 

(2) an infinite quadranial arc, centre at the origin 

and radius B ( == co ) ; 

(3) the positive portion of the y-axis ; 

As in the last two cases, the function vanishes 
in the limit when l 2 | = co, and it will be clear that 
there is no pole in the region round which it is 
proposed to integrate. 

We have then 


Jo X Jo i y 

. fcosaa;-cosix) + t(sinaa:-sinia:) 

The first integral =j^ 

The second integral = ^ ^’bich 

vanishes when B — <o by virtue of the exponential factois e 
for sin 6 is positive. 

The third integral = - log - by Fi ullani’s Theorem, or by the summa- 

^ CZ" 

tion definition of an integration as in Ex. 1, Art. 16. 

Hence we obtain in the limit, when R=a), 

/■" roa M - cos 6a; , , 6 r”sinaa;-.sin6a;, ,, 


cosaa; — 


r?!£££ziil^a.=o, 

X ^ a Jo X 


results previously established. 


/ fl — *1 

5 —— dz, where a is real and < 1 and > 0 , 

1 

where by 2 “"' tue understand that particular one of its values whose amplitude 
is (a - 1) times that of z. 

There are two poles, z=0 and z= - 1. There are also branch points at 
the origin and at 00 . 

Take as contour an infinitely large semicircle, radiusE { = « ) and centre 
at 0, the origin ; an infinitesimally small semicircle of radius p and centre 
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0 ; an infinitesimally small semicircle with centre at 2 = —1 and radius p, 
the concavities of the circles all being in the same direction ; and the 
remaining portions of the boundary being the intercepted portions of the 
tc-axis ; the whole making the figure ABODEFGHIJA (Fig. 408), within 
which,, with the meaning indicated for 2 “~^, the function is synectic. 



The poles are then excluded from the contour, and the integration is to 
be conducted along the six parts AB, BCD, DE, EFO, OH, HIJA 
indicated in the figure. 

(1) Along AB the integral J ^ changing x to -x, 




-R 1 +X 

1+P ( _ 1 1^ — 1 /•» n-a—'i- 


1 —X 


/•» ~a- 

e'“" / -z dx. 

Jl+pl-X 


dz 


(2) Along the semicircle BCD, put z= — H-pe‘® ; .'. ^ = 

2 “h 1 

The contribution is then (- l + or since p is infini- 
tesimally small, ^ 

^rr 


(3) Along the straight line DE the portion of the integral is 

- l+p 1 +x 

( — 1 ) 0— 1 


/: 


dx, or changing x to — x, 

- 0—1 


, dx or e'""’ I dx. 

p 1 - X Jl-p 1 - X 


r 


( 4 ) Along the semicircle EFO we have, putting z=pe^^, 

l4-pe‘® 

which vanishes, p being an infinitesimal and 1 >a>0. 

r«> ^a—l 

(5) The contribution from OH is / — dx. 

^ Jp 1 + x 

(6) For the semicircle HIJA we have, putting z — Re'^^t 

0 


/■ 

Jo 


■dd. 


which vanishes, since R is infinite and 1 > a >0. 
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Let Ii and I 2 be the Principal Values of / dx and / dx, i.e. 

' Jo 1+x Jo 1-x 

r” r rl~p -i j.s— l 

■^'^P=o Lip=o[^j "^ 71 + j T — > 

M'e then have, summing up the six portions, 

/■" a:““l fP .pJ-1 /■••^ 

j,,„T da:+t7re‘“" + c‘""' / dx + 0+ = dx + 0 = 0 

•’■‘+Pl-.r ./l-pl-^r V/p l+.r 


— e" 


so 


i r -^dx^-f '-f-dx, 

Jl—pl—x Jp l-.r 

that -T 'f-^dx+r -p^dx^ -( [^~\r )P^dx, 
Jl+pl-X Jl-pl-.V \Jp Jl+pJl-X 


and in the limit, -when p is indefinitely diminished, becomes = —I 2 ', 

-fi‘"’"72 + t7re‘"’" + 7i = 0, 

-(cosar + t sin air)l 2 + 'x{t cosott - sin a7r) + 7i = 0 ; 
whence 7j — cosa7r72 = 7rsin aTr, 1 

-72sina7r + 7rcosa7r = 0 ; i 
tlierefore 7i = 7r cosec ott and 72 = ircot«7r. 

These are the results of Articles 871 and 1103. 


/ cmz 

dz for real and positive values of a and b. 

There are poles at z= ±ib ; and when | 2 | = oo the integrand vanishes. 


B 



Integrate round an infinite semicircle with centre at the origin 0 and 
radius Tf ( = 00 ), and round a circle of infinitesimal radius p with centre at 
the pole lb. 

Then the Integral taken round the outer boundary = the integral taken 
in the same sense round the inner boundary, and the latter is 

27ri-- — (Art. 1286.) 
ib + ib b ' 


Over. the outer boundary we have 


■0 „ia% 

CO b 


piax pco piax ptaReiP 

T, — — „c/.r+ I — r,d.v+ ^.iRe'-^dd. 

' + jo V + .v^ jo f-i+A’V® 



CONTOUR INTEGRATION. 


459 


-f 


Writing -x for x in the first integral, it becomes 
and the first two integrals combine to give J 

r-„ p — aTL sin B laR cos 6 

The third integral is / — ^ 

virtue of the factor g— “Asinfl^ when Ji is infinite, sin 0 being positive. 
Thus, summing up, we have 


2 cos ax j 

iRe'^^dd, and vanishes by 


the result of Art. 1048. 


r cosax -IT at, 

Jo b'^+x"^ 2b ’ 


ZC ' 

1308. Consider the integration of w—jr ^ — 5 for real and positive values of 
aandb. 

The poles are at z=±ib; and when ] 2 | = oo the integrand vanishes. 
Take the same contour as in the last example. 

The integral round the small circle, whose centre is ib, 

= 2m-T-—j-=Trie 
ib + ib 

Over the outer boundary we have 

Writing —x for x in the first integral, it becomes 

Lb'^ + x^^^~ Jo b-‘ + x^^^' 

» « sin c(cc 

which combines with the second integral to give / — jr, 5 — cfx. 

Jo b^ + x^ 


The third integral, as in the last case, contains the factor e-o-R®’"® in 
the integrand, and therefore vanishes when /f is 00 , sin 6 being positive. 

Hence, as the integral round the outer boundary is equal to that 
round the inner in the same sense. 


r 


a; sin ax , ir . 

^dx=-e-ab_ 
b^ + x^ 2 


1309. Consider the integration of w= 
of a and b. 


e 


laz 


z{¥+z^) 


for real and positive values 


There are poles at 2=0 and z=±ib-, and when | 2 | = oo the integrand 
vanishes. 

Take the same contour as in the last two cases, with the addition of a 
small semicircle of radius p, with centre at the origin, to exclude the pole 
at 2 = 0 . 


Integrate, as before, round the boundary CDEFABC, and equate to 
the integral round the small circle encircling z = ih in the same sense. 
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Thus 

j-cn x[b-^+x'^) pe‘®(i2+pV‘®) ‘*'ip x(b-‘‘+x^)'^Jo RdP{b-^+me^^^) 


= 27rt 


gta(it) 

26^6^ 


— e““^ 


B 



Then writing —a; for a* in the first integral, it combines with the t^ 
’ 2i sin ax 


to giv 


r 

ive 

Jo 


x(b‘^ + X‘) 

Since p is infinitesimal the .second integral = J -^• 

The fourth integral vanishes for the same reason as in the last two cases. 

Hence dx=— (l - e~°^) 

^ence x(b- + x^) >' 

r e'“* 

1310. Consider J dz, a and b being real and positive. 

The poles are given by 

z-'^-\-b'''= n (^22-262 003^— IT + 62 ') = 0, 
s=o ' ' 


i.e. 


? = 6^cos ■ 


s 

2s±l 

2?i 


TT ± £ SUl 


2 s + l 

2ii 




,2s+l 

6e^ 2». 


and lie upon a circle of radius b at equal angular intervals the A’-axis 

being an axis of symmetry witli i-egard to the poles and not passing 
through any of them. Also if l 2 | = co the integrand ultimately vanishes. 

We take the same contour as before, viz. an infinite semicircle of radius 
li { = CO ) and centi'e at the 2 -origin 0, the .r-axis and infinitesimal circles 
of radius p drawn round each pole as centre. 

s=n-l 1 1 


yiii 


-l-62« 


= 2 


n ^ f 2s+l \ 2 n-i f 2s+l \ 


s=n- 1 
+ 2 • 


fi=o 2n 


{be~'' 


Zs+l^Y^n-l 


2n J 


\z-be ‘ 2n ) 


Now 
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the poles of the .second group lying outside the contour of integration, 

2s+l 

and therefore contributing nothing. The pole z=6<; 2n contributes 

2s+l 

t — jr TT 

-tabe 


2t7r 


/ 2«+l \ 2 n-r 

[be 2n 


2)1 


Hence the poles within the contour contribute in the aggregate 

2s+l 

t — TT 

„tabe 2n 


e‘ 

2j tt 


* = 0 ^ ( 


28+1 ^yn-1’ 


t.e. 


** 1 254*1 i IT 

e^-^'^e^abe 2n 


be 2n J 

2s+l 


- s 


nb‘^^~^ 


«“1 tTT — 
*“2 




For the outer contour we have 


L 


• /2s + l , , 2s + l \ 

2« [^cos(^— ,r + a6cos — ,rj 

, . /2s + l ^ , 25 + 1 \"| ... 


J2n + ^.2n 


c?.r + 


f 


..taa: 


62n + j;2n 


dx+ 


/■ 


62n+/?2ngi2nff 



rg-iaa: 

■ j2n, in ^^y 
b‘' -\-x~ 

combines with the second integral to make / ^ dx. 

The third integral vanishes when R=<x>^ as it contains the vanishing 
factor ; and since the integral round the outer boundary of the 
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contour is equal to the .sum of the integrals round the small circles which 
contain the poles which lie within the great semicircle, 


I 


cosaa; , tt a-1 -a6sin 

*■=^ 155=1 2 
0 


2s+l 


2" sin • 


'2n¥ri- 

which is the result established in Art. 1067. 


25+1 

2n 


■K + ah cos 


/2s + 1 

V 2?1 


r)], (2) 


It will be noted that in the summation above in equation (1), that the 
imaginary portion vanishes, the poles being symmetrically situated about 
the y-axis. 

The arrangement of the poles in the cases n = l, « = 2, « = 3, 9 i = 4, n = b, 
is shown in Fig. 411. 


1311. 


Consider v} = 


sinh az , . . , 

^i i li TT- ’ positive and <ir. 


Since the limit of this expression when | 2 | = 0 is -, there will be no pole 

TT ^ 

at the origin ; and when |s| = co the integrand ultimately becomes zero, 
since a<~. 

Since sinh 7r2 = 7rs^l +p^^l +^'^^ ... , there are poles at s= ± t, 2 = ± 2i, 

2 = ±3t, ... , which are all situated on they-axis in the 2 -plane. 

Take for the contour round which the integration fivdz is to be 
conducted : 

(1) the complete .r-axis ; 

(2) the ordinates .r= ±It, where It is infinitely great ; 

(3) the portions CD ; I'G of the liney=l shown in Fig. 412 ; 

(4) the semicircular arc, convex to the origin, centre at z = i and of 
infinitesimal radius p, viz. DEF ns shown. 

Ihen all poles are excluded from the region thus bounded, and the 
function is synectic in this region. 


z = x 


The contribution to the integral for the .r-axis is / "f dx for 

. , y_„sinh7r.r 

and dz — dx ; or, what is the same thing, 2 / rfr 

Jq sinh TT.r 


A 



O 

Fig. 412. 


B 


The ordinates BC, GA at infinity yield no contribution. 

For, along il(7, we have / - ^“ 1 * t cfy, 

Jq sinli 7r(/t + iy) 

and R being large, sinh all and co.sh alt may be written and sinh itR 
and cosh -kR may be written 
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n gaRgtay 

Hence the integration along BC reduces to I -- p - i dy, i.e. 

Jf) ^ 


Jo 


f 




which vanishes by virtue of the zero factor in the integrand, since 

rt — TT is negative and R is infinite. Similarly for the portion GA. 

For the portions CD and FQ we have respectively 

rp sinh a(t + .r) . , /■*" sinh a( 6 +.?') , 

/ -r-^ — 7 — — ( dx and / — 7 dx. 

siiia 7 r(t+.r) J-p sinh 7 r(i + .r) 

. Considering the first of these integrals, 


the integral becomes 


sinh a( 6 +a’) = t sin aco3ha.r + cos a sinh ax, 
sinh 7 r(t + jc)= — sinh ira- ; 

r tsinacoshaa^ + cosasinhar , 


jp sumiTT.C 

and writing —x for x in the second integral, it becomes 

_ sinh a(i. -x) , / " t sin « cosh ax - cos a sinh ax , 

Jp sinh7r(t-a;) Jp sinliTr-r 

and CD, FG together yield 2 cos sinh 

To consider the contribution of the infinitesimal semicircle DBF, put 
z = t+pe‘®, and integrate from 0=0 to -tt. 

Thus sinhaz=sinha(64-pe‘®) = tsina, p being infinitesimal, 
sinh 7rz = sinh 7r(t +pe‘®) = 7rpe‘® cosh tti = - vpd^. 

The yield from this part is therefore 

/■-"■isina, sin a 

;^{pd^id9) = d9=-sma. 

Jo 7rpe‘*' jo 

Hence, as the total integral round the contour vanishes, 

' dx + 0 + 2cosaf° dx+(-sin a) = 0 : 

■ Jp sinh TTX ' ' ’ 


2 r sinh ax , . „ . „ F sinh ax 
Jo sinh TTX 


and p being ultimately zero, 

F sinh ax , l a j F sinh ax , a 

Jo sinliTTo; 2 2’ j-cosinhTTjr 2 

1312. Now take ® being real, positive and < 7 r. 

Since cosh 7 rz=(l+ 4 z^)^l + -^^^l+— ... , the poles of w are at 


t 3t bi . 
z=± 2 . etc. 

If we take a contour consisting of the ar-axis and a parallel, .y = - , with 

2 

hounding ordinates x= ± i? at infinity, and a small semicircle, convex to 
the origin and radius p, described about z=^] the region thus defined 
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excludes the poles, and lo is a syiiectic within it, so that j wdz=0 when 

the integration is conducted along the contour of this region. 

The points B, C, shown in the figure, are supposed at oo, and A, G 

at - CO , and DBF is the infinitesimal semicircle about 

rpi - i -1 i cosha^ , ^ . ^f’°coshax 

ilie a;-axis contributes I — r dx, that is, 2 / — = 

J-®cosnirar ’ Jq cosh7r.r 

\y 


dx. 



The ordinates at infinity contribute 

coaha{R + iy) /•“ cosh a(- + , 

J. + i. - c,.li,r(-Ji + .y) “*y- 

and, as in the former case, 

coshai?, sinhai?, coshrri?, sinhTriJ 
may be replaced by respectively, 

since R is infinitely large ; and wo may write 

cosh a(R + u/) = le^^e'^y, coshTr(i? + t7/) = |e7'^e‘"’^, 
coslia(-jR4-ty) = ^e“^c~‘“^ and cosh ir(- iZ4-iy) = |e’^'®e“‘"'^ ; 
and the two integrals become 

I and - idy, 

Jo Jo 

which both vanish when R is infinite by virtue of the ultimately zero 
factor in the integrands, a being <Tr. Hence the yield from the 

two ordinates is nil. 

The parts CD and FO respectively contribute 


cosh 


a(^) 


d.v and 


cosh 


cosh a 


(*+ 5 ) 


and 


+ J-P 

cosh a ^.r + -^^ = 00311 ax cos ^+i sinh a.rsin^, 
7r^.r + -^^= isinliTTX, 


dx, 


cosh 


and the first integral becomes — 


cosh ax cos ^ + 1 sinh ax sin ^ 
t sinh TTO: 


f 
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and similai’ly writing —x for x in the second integral, it becomes 
cosh - .r) 


cosh 




dx= 


, a . , .a 

cosh ax cos — — t sinh ax sin ^ 
A ^ 


J p 


t sinh 7r.r 


dx. 


. , ... -.«/■” sinh ax , 

Hence, in the aggregate, these two terms yield -2sin - sinh ttx^^' 

To find what accrues from the semicircle DEF, we put z = ^+pe‘'^, and 
integrate with regard to 6 from 0=0 to 0= — ir. 

Thus, since cosh a.^^ 4 -pe‘®^ = cos| to the first term, p being infinitesi- 
mal, and cosh irQ-f pe‘®^ = 7rpte‘®, 
r cosh az 


I 


cosh 


TTZ 


-(i 2 round the semicircle = 


a 

- ipe'" dB= — cos g ) 

0 7rpie‘® ^ ^ 


and the total integral round the contour = 0, since w is synectic 
throughout the region bounded ; hence 
’ cosh ax 




Jo cosh TT.r 
and p being ultimately zero, 
_ /■" cosh ax 


, « ^ « /'“sinha.r j a . 

cf.r-f 0 - 2 sini 5 — dx-cos^ = 0; 

2 dp sinhTT.t’ 2 


, a „ . a U a a _ 

,1 — 5 aa'=cos t: - f-2sin j: • - tan r = seCn) 

Jo coshir.r 2 2 2 2 2 


, , ^ rcoshna’ la j T ('-oshax, a 

and therefore 3^^,d.r = -sec 2, and 


^(.az 


1313. Consider w = — % , whire a is a complex constant =a + i^, in 

cosh TTZ 

which 13 is not negative. 

The poles are, as before, z= ±2 > ±'^ j addition, since 

gi(a+lP)(2+U/) ^ g-Pz-aJ/glfaZ-Pj/)^ 

the function becomes infinite if f3x-{-ay= — ay . Hence we must take a 
contour which excludes all such points. 






Fig. 414. 


A 


The region bounded by the po.sitive direction of the a;-axis, an ordinate 
x^B where jB=oo, the straight line y = \, the quadrant of a circle of 
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centre z = - and infinitesimal radius p, viz. CDE and the portion EO of 
2 

the y-axis, contain.^ no pole and the function w is synectic throughout it 
(Fig. 414). 

The .r-axis contributes / — ; 

Jo cosh TT.V 

The ordinate AB at infinity contributes nothing, for the integrand 
contains the factor which vanishes wlien .r=oo. 

Tlie path >/ — h from .v=R to .v=p contributes 

fP G “ C \ • -y 

/ cLt\ for cosh tt ( - + .i’ I = t sion tt.v. 

tsililiTT.r \2 / 

For the infinitesimal tiuadrantal arc with centre put z = ^ + pe‘® and 

TT 

" “ 2' 


integrate from 6 = 0 to 6= -g. 


This yields 


cosh TT { 

. 0 


+ pc' 


10 


Lpe^^ d 6 , 


i.e. p being infinitesimal, 

Jo ^ 


— " g — * If J. 


The ])ortinn EO of tlic y-axis contributes 


r 

ji-f 


-al/g-tpl/ 


d,,= -L\ 


Jj-p cosh tTT// 

Hence, as the total integral Jwr/z vanishes, 


'1— PC “*6 
Jo cos TT.V 


d.v. 


/; 


’ e ^^(cos a.r + 1 sin a.r) , _ 


cosh TT.r 


dx- 


-"g sin ^our - 

t sinh TT.r 


dx 


1 -if B . B\ , /■i-Pg-a»cos/^.r-tsin^a,' 

2 \ 2 2/ Jo cos TT.r 


Hence, equating to zero the real and imaginary parts and proceeding to 
the limit when p = 0 , 

• r -§\ 

W* L-‘ 

X Jo cos TT.r 2 




cos a.r 
cosh TT.V 


dx — e ■ 


sin 




Jo 

r 


sinh TT.r 


cos 


sin ar , , - 

e P* — i dx + e 

cosh TT.r J 


cos(a.r-|) 4 ^ j a 

e-^x V £4 e?.,, - e--^ c?.r = - 5 e ^ si 

sinh TT.r 00 cos TT.r 2 


tol'CD isItSi 
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If we put [3 = 0 in the first, we have 
cos a.v ~ 


f 

Jo 


j I Sill CltV f H — 

, 'dx — e “ i dx = &e 

cosliTT^ Jo sinuTT/r 

and changing the sign of a, 


1'° coso-'c sin 0 . 1 - - , 5 

I — i aj; + e~ / d.v = he' 

Jo cosh TT.v Jo smliTTu; 

and solving these equations, 

/■“ cos ax , 1 , a f” sin a.v , 1 , , a 

Jo cosh TT.i- 2 2 Jo sinh irx 2 2 

2® 

1314. Consider ^o = — — where 1 > p > 0, a real and 
z- — 2azcosa. + a~ 

TT > a > 0. 

Tliere are poles at z = ae^‘“ = a cos a ± ta sin a. Take as contour an 
infinite semicircle, radius li ( = <») and centre at the origin 0; the 

.f-axis ; and a small cii’cle, radius p and centre at 2 = ac’‘% i.e. (a cos a, a sin a) 

(Fig. 405). 

The contribution from integrating along the a--axis is 

r —. , dx=( r + f ) ^.r ; 

x^ — 2ax cos a + a- \.'-® Jo J x- - 2ax cos a + a- 

and putting -x for x in the first integral, 

. r . .. fe 

Jo X- - 2a.r cos a + a- Jo x- + 2ax cos a + a- 
Round the infinite semicircle we have 

jltYPe 


Jo — 2rt /fe'® cos a + a- ^ > 


which vanishes, since p < 1. 

For the infinitesimal circle putz = ne>“-q.pe‘®. The result is, by Art. 1286 

(ac‘“ + pe‘®)^ . 


27ri ■ 


ae‘“+pe‘®-ae 


and p being infinitesimal, this becomes 


27ri ■ 


„Pe‘P“- 




a(e‘“-c '“) sin a 

and since the integral round the outer contour is equal to that round 
the inner in the same sense, 

F-n — T.dx + dP'^r :^dx = ^aP-h^P% 

Jo x^ — 2aa' cos a + a^ Jo x^ + 2ax cos a + a^ sin a 

and equating real and imaginary parts. 


r 

Jo 


x'^ dx 


1 O , -2 + cosp:r 

- 2a;r cos a + a‘‘ 

sin pTT 

Jo 


(V 


x^dx 


Jo X- + 2aa: cosa + a*^ sina 

X^dx TT „ , . 

sin pa. 


cospa. 


x‘^ + 2axcosa+a^ sin a 
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Hence 


x'Pdx 


IT 


Jo x^+2axcosa + a^ sin a 
x^dx 


sm J73r 


i 


sin 'p{tt - a) 

x''‘ — 2axcosa + u- sin a sin^JTT ’ 


1 >p > 0 , 

7r> a > 0, 


the latter of which follows also from the former by writing w-a for a. 


1315. Consider ^o= -r, xohere a and h are real. (0<6<7r.) 

cosh 3 -COSO 

The poles are given by cosh z= cos 6, that is 

c^— 2 cos Je'+l =0, e* = cosZ»±tsin 6, z = t[2]nr±b), 
where ?i is any integer. 

These poles are all situated upon the y-axis at distances from the origin 
±6, ±277 ±6, etc. 

Take as contour the entire a:-axis, the ordinates a;= ± 72 (/f=oo ), the 
straight line y=7r, and an infinitesimal circle, radius p and centre z=t6. 
Then the function xo is .sj’nectic in the region thus bounded, the only pole 
(2 = i 2») which lies within the outer boundary being excluded by the inner. 



The contributions from the various parts are : 

(1) From the x axis DA, / — i j-dx. 

' j_co cosh a; - cos 0 

(2) From the ordinate AB, 


-'ll 

Jo 


„ia(R+oj) 


pR+<-y 


+ e' 


-Ji—ty 


■ - cos b 


rn e “i'(cosa.72 + tsina/2) - 

id7/ = 2i -jj -. — ^ 5 — : -dy = 0, 

Jo g^^+'y^g ^ — 2 cos & 


where i2 = oo; therefore AB contributes nothing. Similarly CD gives 
no contribution. 

(3) From BC, viz. y = Tr, we have 

2=a; + i7r, dz=dx, coshz= -coshx and . c‘“®. 

Hence BC renders 

^tax 


Jco — ' 


cosh X — cos b 


dx=e "“J 


ra cosh a; + COS 6 


dx. 
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(4) The integration round the small circle gives 

gta(t6) ^—ab 

2Tn-r-^ — i.e. 2Tr —. — 

Sinn 10 sin 0 

and the integration round the outer contour is equal to that round the 
small circle in the same sense. Hence 


Qo cosh x — cos b ' J—M cosh 57 + c( 
7 . _ T” cos ax , . _ T" 

* J — 00 cosh .r- cos 6 cc 


e‘°^d57 _ 277 

cosh 57 + cos 6 sin 6 




cosh ^ — COS h 




cosh X + cos b 


V, 7/=/” 

J — 0 


cosh 57 + cos b 


7,+l7,+e--«(7/ + l40 = ,-ifte-“^ 


^'TT 

and therefore /, + e“"''7j' = ^ — and + = 0. 

Also, if we write -x — b for i, the accented and unaccented letters are 
interchanged. Hence 

7,' + e-’^% = ~e-«(’^-« and / 2 ' + e-"''7o = 0 ; 

‘ ‘ sin 0 - 

and solving these four equations, 

7 _p cos ax , 27r sinha(7r-6) ^ 

^ 00 cosh a: -cos 6 ^ sin 6 sinhair ’ 


A'-/ 


p cosax 27r sinhat 

.'-x cosh.r + cos 6 ‘ sinosinhuTr’ 


and 72 = 72' = 0, as is indeed obvious befoi’ehand, since, in integrating from 
— 00 to CO elements of the integrands for which x only differs in sign cancel 
each other. 

Obviously other results may be deduced from these by various selections 
of a and b, combined with addition or subtraction of the results. 

For instance, in the formulae for 7, and 7/, the integrands are not 
affected if the sign of x be changed, so that 

P cos«.-i7 tt sinhCT(7r-6) 

Jq cosh 57 - cos 6 sin 6 sinhaTr ’ 

I*” cosa57 IT sinhaft 

Jo cosh 57 + cos 6 sinfesinhaTT ' ^ 


Changing 6 to - - 6 in (3) and (4), 


sinh a 




.'0 cosh .r- sin 6 ’ cos 6 sinh utt 


p cosa57 ^ 

.’0 cosh X + sin b cos b 


sinh a 


(f-‘) 


sinh UTT 
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Putting a = l in ( 3 ) and ( 4 ), 

L 


cos X 


c 


j -IT sinh(7r-&) 

dec — “I j : ? ) 

^in 0 sinh 
TT sinli b 


cosh .r - cos b sin b sinli tt 


cos a? 

cosli a’ + cos b ' sin b sinh tt 


Adding ( 3 ) and ( 4 ), 

r“ cos a.r cosh .r tt sinh a(Tr — ^) + s inh 

Jo cosh 2.r — cos 26 4 sin 6 sinh air 

cosh 


■JT 

4 . sin b 


cosh 


a-rr 


Subtracting ( 4 ) from ( 3 ), 
cos ax 


-'0 




cosli 2.1' — cos 26 ' 2 sin 26 


2 

sinh 


“(1-0 


sinh 


OTT 


Writing 5—6 for 6 in ( 9 ) and ( 10 ), 

/■“ cos a.r cosh .r cosh ah 

Jo cosh 2,r + cos 26 ' 4 cos 6 

sinh ab 


cos ax TT 

Jo cosli 2 .r+cos 26 2sin26 


. , UTT 

sinh 


and so on with other- cases. 


.( 8 ) 


...( 9 ) 

.(10) 

,.( 11 ) 

..(12) 


131 G. Consider io= , a being real and 1 > a> 0 . 

1 - 

Here there are poles wherever e' = l, f.e. 2 = log (e^‘^"’) = 2A7ri- for any 
integral value of A. 

Take as contour a rectangle of infinite length, one side along the 
.r-axis and extending from .?•= — 00 to .r=co; two ordinates, one at cc , 
one at - oc ; the line y = 7r and an infinitesimal semicircle excluding the 
origin. Then, integrating I'ound this contour, no pole being in the region 
surrounded, we have, with the notation of preceding cases, 


r-p ax fO „apc^^ c'-o gffx ga{R+aj) 

/ ±—dx+ ,ipe^^de+ -^d.c+ / 

-V 1-e® Jo 1 - 


] -eP« 

r— CO 


0 pa(-Ji-hii/) 


r— CO Ml 


In the limit, when p is indefinitely small and R infinitely great, the 

/•» gpx 

first and tliird integrals together give the Principal Value of j 

fO 

The second integral = 1 (- 1) when p becomes indefinitely small, = i7r. 
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The fourth vanishes, since it is ultimately 

and a < 1. 
Jo 


The fifth integral = j 


— “ (cos iiTT + 1 sin a7r)e“® 


d.v. 


1+e® 

The sixth integral ultimately vanishes when R increases without limit. 

y'. 



Thus, Prill. Val. of / d..r + (cos aw + t sin WTr) / dx + LTr = 0. 


-M 1 

Hence f 

J-y>l 

and the Principal Value of 


+ c- 


.d.r = 7r cosec air, 


fx ^ax 

/ d.v = TT cot (TIT. 

J-x 1 - e 

This result is, however, only a transformation of that of Art. 1306. 

1317. Effect of Pole-Clusters within a Contour. 

If several poles, say n, be clustered together at one point of 
the 0 -plane, the point is said to be a pole of multiplicity n, or 
to possess polarity of the 71*'** order at tlie point z=a. 

It is useful to note that in applying the theorem 

to the case in which 

w^f{z) = 


27 ri J (z — a)” 

^( 0 ) _ 1 


’( 0 — a)" ( 0 — a)"’ 

where 7^ is a po.sitive integer, we have 0 ( 0 )=!, and all its 
differential coefficients with regard to 0 are zero. 

o 

( dz 

Hence J round the multiple pole z = a is zero for all 

positive integral values of n except 7i=l, and when n = l we 
have P 
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It follows that if w be of the foi'm 

0(f) 

{z-aY{z-h)'i{z—cY...’ 

where 0(s) does not contain any of the factors z a, z h, 
z—c,...-) but is rational and algebraic, there is polarity of 
order 2 ?, q, etc., at the respective points z=a, z=h, z=c, etc., 
and in putting w into partial fractions to prepare for integra- 
tion round closed infinitesimal contours surrounding these poles 
it will only be necessary to retain those partial fractions in 
which z—a, z~h, etc., occur to the first power. 

And supposing that the result of putting into partial 

fractions is ABC 

io=KnZ^ -h . - . + ^^ 0 + ^3;^+ ^3^+ • • ■ 


r=p 


A' 


r-a 




B' 


.+ 


then, in integrating round any closed contour which encloses 
all these cj'itical points and no others. 


dz—2Tn(yA-\-BA ( 7 - 1 - • ••)• 


1318. Moreover, when the numerator of supposed rational 
and algebraic, is of degree in 2 at least two lower than the 
degree of the denominator, AA-BACA (Art. 149), and 

therefore in such cases j* %vdz=0, however many critical points 

may be enclosed within the contour, and whatever the degree 
of their polarity, provided the contour of integration contains 

all the poles. 

It is worth notice that if 

ttj, Ug, ctg, ... be the zeros, of multiplicity p, q, r, etc., 
and a/, a/, a/, ... be the poles, of multiplicity 
of a function f{z), so that 

j./ ^ iz—a^Y{z—A)^ {z—cisy--‘ 


■we have 


2 -^; 

f{z) z-a^ z-a; 
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whence, if 0(s) be any other function of 2 ; which has none of 
the factors z—a^, z—a^, etc., then 

^ j 0 ( 2 ) \?-P4> K) - («/)]. 

the integral being taken round a contour which contains all 
the poles without passing through any of them ; 

or if 0(s) be unity, dz=(223-'2p'). 


1319. If, for instance, 

/(5;) = (0_a^)p(2:-a2)9(0-a3)^.. , 

/(^)^ ^ I I '' I ■■■ • 

f{z) z—a^'z—a^'z—a^ ’ 

and if we integrate round any contour which contains some 
or all of the roots, 

2-7r i] f{z) ] Z—a■^^ 

for all the roots within the contour 


=?’+?+••• 

= the number of roots within the contour, 
counting each root as many times over as it occurs in f{z). 


1320. Again, if in integrating round the perimeter of a closed 
curve which possesses no singularities and lies entirely in a 
region of the z-plane in which to is a synectic function, then if 
w be constant along the boundary of this curve it is constant 
for all points lying in the region thus bounded ; for if z=^ be 
any point of this bounded region, then if /(^) be the value 
of w at the point then 



M 


dz, 


where 2 : is a point on the boundary; and if /(z)=const.=A, 
say, at all points of the boundary. 



• A . 2Tn=A, 


for ^ is a pole of the function 


M. 
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Hence, for all points ^ which lie within the boundary, the 
function has the same value as when ^ lies on tlie 

boundary. 

1321. Further, if we are given the value of w at all points of 
the contour of a region within which w is to be assumed synectic, 
the equation 

may be used to find tlie value of /{^) at all points within the 
contour For if f{z) takes the form x(2) at the boundary, the 
value of /(^) for a point wdthin the boundary is 


_i_r2d?) 

27ri J z— ^ 


dz. 


1.322. Ex. Supposing that at all points of the circular contour r — 1 a 
certain function known to be synectic within the circle takes the value 
cos30-a2cos^ + (.(sln3f?-n-sin61), what is the function? 

Putting this into the form and writing 2 = e‘^ dz=it'-\ 


t 


gSifl . 


te'^dd 



and log 1 being loge^^’^‘, where A is an integer, we have ^*( 2 ) = )> 

where the proper integral value of A is to be chosen ; and putting 
we have the contour v.alue A Hence A = 1 and 
f(z) = z(f-a^) for any point 2 within the contour r = l. 


1323. (1) Consider w = ^, n being greater than 0 and less than 1, and a 
real and positive. 

Here thei-e is a pole at 2 = 0 . We may avoid this pole by taking a 
contour consisting of the poi’tion of the .r-axis from .v = p to .r=i?, a 
quadrant with centre at the origin and radius R ; the portion of the y-axis 
from i/=R to p=p, and a quadrant with centre at the origin and radius 
p. And we shall choose 1? to be 00 and p to be infinitesimal. Then w is 
synectic in the region thus bounded, and we have 
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„—aR sill 6 


The -second integi'al contains the factor 
positive, and vanishes when R is infinite. 




, in wliich sin 6 is 


The fourth integral vanishes when p is infinitesimal since n<\. 
Hence, proceeding to the limit R=ca and p = 0, 

e' 


JO 


/•CO piax /•» 

• d.r = [^cos (I - w) + 1 sin (1 ~ / .y~” ’> 


cos a.v + i sin ax 


f-^ cosax 7rr(l-n) 


sina-r.- . ,, ,7rr(l-w) 

— - — a.r = sm(l — n) - — , ^ = 

O’W ' '0 yr/l — n 


. nrr 
sin- 

1 

TT 

r(77) 


sin UTT 

nir 

cos- 

1 

TT 

r(77) 

cp-" 

sin titt 


cos 


TT 


Sin 


■r" ' ' 2 a‘ 

giving the well-known integrals of Fresnel (Art. 116G). 

1324. (2) Consider t/; 

Here there are poles of the n-f I*'" order at z=lI> and at z= -i.h. 

Taking the contour to be the infinite semicircle, the .r-axis, and the 
small circle about 2 = 16 and radius p, as before, we have 

where = and 


i.e. 


nl (2i6)“”+^ t {n)\ 

f / 2 round the multiple pole lL. 

J(z^+b^)^+^ ( 26 ) 2 "+^ (71!)“^ ^ ' 

The integration along the .r-axis is 2 ^2^^2^n-i-i- 

iRe^^dO 


dx 


r 

lave / 
•'0 




, which obviously 


Round the infinite semicircle we hav( 
vanishes if R be made infinite. 

/■” dx TT (271)! 

Jq (.r‘=-fi. 2 )n-H-( 26 )’”+i ( 7 i!)'=’ 

The result is readily verified by putting .r=6tan0, when the integral 
becomes 


Hence 


i^if^cos^^ede. 


1325. Instead of using the formula (z — , , dz = 

J{z-a 




)n+L 


7 ! ! 


2711, as above. 


we might follow the method of Art. 1317, and put rrirrr / — ; — tvstt 

° ^ (2 - io)”+T2 4-t6)"+' 

into Partial fractions so far as is required to find the Partial fraction of 
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the form j - We then proceed thus (Art. 144): put z=t6+y. We 
then have 

y"+i (2i6+y)"+i“y"+‘ (2i6)«+> 2t6'^ 

(« + l)(?i + 2)... (2?t) / y W -| 

1.2...M ^ \3ih) +-"J’ 

whence A = f - 11” (^+ 1)0^+^) - (2«) . 1 

(2t6)”+‘^ 1.2. ..71 (2t6)" 


(2i6)"+‘ 

1 1 (27i)! 


6 ( 26 )^"+> (71 !)•■*’ 

and the value required is A . 2irt, i.e. round the multiple pole at z = ih the 

. , , . 27r (277) ! , , 

integral is as before. 


1326. Consider wsf(z)s- 


j, a real and positive. 


'{b‘^-rz^Y+^' 

There is polarity of the (t? + 1)”* order at the points z= ±ih. 

Take the contour as before, viz. an infinite semicircle centred at the 
origin, the .r-axis and an infinitesiimil circle round ib. 

^iflZ 

We have, putting/(z): 


<>»=> 


■(2-t6)"+l’ '^^‘'^~(z + l6)"+l’ 

n(7i -l)(n-2) ,_,„_,e‘°^(«+l)(7i + 2)(7i + 3) , (71 + l)(7i + 2) ... (2)!) 

1.2.3 + + ® (i+76p+i ’ 

And since round a multiple pole of the 71*^’’ order, 


27rt 


= -^ <il>(”)(a), we have, putting ib for a. 


jf{z)dz , [(ta)" J)n+i - f (‘«)" ’ 


„~ab 


(71 + 1) 


(2i6)”+'‘i 


X • ^ 


(2t6)”+-’« 


..+e-“°(-l)" 


(271) ! 


71 ! (2i6)-”+‘- 


2;re 


-ab I 


a” (71+1)71 a” * (?i + 2)(7 i + 1)71(71 - 1) a”"2 , 

7i!^L(26)”+i'^ 1 ■ (26)"+- 2l (26)"+3'^"' 


+ 


Round the outer contour we have 


(27i) ! 

~nT (26)2"+i 


1 

)2n+lJ' 


r e^ax p giax 


„ .i(jii(coa 9+t sin 9) 

iRd^de. 


(62+ff2e2*e) 

Putting -.V for x in the first and combining the result with the second, 

/KO 

I COS CttV 

we get 2j d.r. The third integral vanishes as the integrand 
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contains the factor which vanishes when i?=ao, sin ^ never 

becoming negative. Hence we obtain 

r cosa.r TT 6-“^ 

Jo 

(2a6)«-2+... + (|^j>J], 


' 1! 

()i + 2)(n+l)n(?i— 1) 


+ ' 


2 ! 


which agrees witli the result of Art. 1057, writing n for n+l in tlie 
present result. 

1327. Consider the case w=z'^~^e~^^, where Ic is a complex constant 
= a — ih, in which a is positive, b positive and not both zero, and l>n>0. 

Since n<l, there is a pole at the origin. Writing z = re^^,k — pe~''^, where 
/Jis ;}>7r/2, we have = which cannot 

become infinite, except at 2 = 0, unless cos (0-/3) be negative, i.e. 

0 >/ 3 + 5 , or </3-^, in which case an infinite value of r would make lo 
Jit Jt 

infinite. 

We shall avoid these poles if we take a contour consisting of a sectorial 
area bounded by 0f=O, 0=a(<7r/2) and by arcs r = Ai, r=7?2, where R-, is 
infinitely large and infinitesimally small. The region thus bounded 
is such that w is aynectic within it, and we have 

JR\ • a 




de=o. 



The second and fourth integrals contribute nothing, for in the second 
the integrand contains the factor Jtng-pRi<^os{e-p)^ which vanishes when 
Aj is infinite, since we are supposing a< 7 r/ 2 , and therefore, 6 being 
<a, 0-)8<7r/2; and in the fourth, the integrand contains the factor 
Rng-pRicoBie-p)^ which vanishes when R 2 is infinitesimally small. 

Hence, proceeding to the limit when 00 , 7^2 -> 0, Ave have 

J fco roo 

^n-ig-a*g.&r^^=en.al 

0 •'0 


( 1 ) 
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If now we choose tlie angle of the sector, viz. a, to be [S, i.e. tan - , we 


have 


where p^s/ci^ + b'^ 


j) being real, 


I.e. 


r . 1 '^-^ 

JO 




r(n) 


( 2 ) 


(a -lb)"’ 

which shows that the theorem is true for a complex 

constant k^a-ibas well as for a real one, « being positive (see Art. 11.59). 

Also [ .r”~^c~°^cos?;.rtf.v = - ^ --cos^ntan ' -'j, 

Jo (a^ + b'^y- 

f e~"^sin b.vd.>: = — sin tan ' 

■° (a^ + b^f 

1328. Equation (1) of the previous article gives 

^ p _^.„_,^-(ncosa+6 8ina)a;g.{aa-x(nsma-tcosa)}^^. . 

whence 


I 


r» - 

^,„_ig-(rtco.sa+6siiia)xcos (?!tt-.r(«sin a-/;cos tt)}(f.r= .v"~'e "^cosb.vdi 

lucl r c"^‘' S'” ( a - 6 cos a)} d.r= .r"“' e sin b.v d.r, 

Jo 

and therefore taking the ca.se when 6=0, 

f” « , -nr 7 r()l) 

[“ .,,Ti-i(,-a 2 :co. 8 a^.Qg(„(j_c.,.sin tt)d.r= .r”"'c °^d.v = -^> 

■I ■ I 

.j^.n-ie-« 2 :co.sagi,^ (,„^_(;.i.sin n)(f.r = 0. J 

If we multiply by cos 7!a and sin jm and add, \ 
by sin 7 ia and co^na and subtiact, J 

. r{n) "I 

we obtain ( .,n-ic-«^--cos (u.rsm a)(f.v = -^cosna, 

’/■« . ,7 r(H) . 

I , 7 ;n-ie""®‘^”-''°'sin (a.rsin a)d.v=--^- sm na. 

.'o 

[Cf. Briot and Bouquet.] 

If y be any other angle, we have upon multiplication by cosy, sin y 

and subtracting, and by siny, cosy and adding, 

CO r(iO ' 

r 7 ,n-ie-aa:c 0 S“-cos(«.rsin a + 'y)d.v=-~cns{7ia + y), 

Jo ‘ ' 

f “®“°®“sin (a.rsin a+y)d.v= sin (jia + y).^ 

” (a<7r/2, l>?i>0, a +'A) 
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PROBLEMS. 

1. If 'io^ = z- 1, examine the A^alue of 1 wdz. 

Jo 


(i) via the branch w = s/z- 1 by any path which does not encircle 
the branch-point at s = 1 ; 

(ii) via a path starting with the same branch and encircling the 
branch-point once. 

2. Find the values of 

f sin z , f sin z , f sin ^ , 

taken round a small circle whose centre is at 2 = a. 

3. Find the values of 

taken round a small circle whose centre is at z = a. 


4. Show that the values of the 


integral 


, taken 


2)(z-4)’ 

round the circles 1 2 1 = 1, 1 2 1 = 3, 1 2 1 = 5, are respectively 

0, - iri and 0. 

dz 

2){z-i){z-Qy 

taken round the circles |z| = l, |z| = 3, |z] = 5, |z| = 7, are respectively 

— TTl 


5. Show that the values of the integral j* — - 


4’ 


6. Show that the values of the 


0 . 


integral J - 


z'^dz 


(z-2)(z-4)(z-6)’ 
taken round the circles | z | = 1 , | z | = 3, | z | = 5, | z | = 7, are respectively 

0, TTl, — Itti, 27rt. 

dz 


7. Show that the value of the integral 


a,|j 


2z-t 2 


, taken round 


a contour consisting of the .r-axis, the y-axis and the arc of the 
circle 1 2 1 = 2, which lies in the first quadrcant, is tt. 

I* 

8. Show that the value of the integral I q — rvi taken 

^ J (z-l)4(z3 + l)’ 

round a contour consisting of a semicircle of radius greater than 
unity, Avith centre at the origin and its diameter the y-axis and 

TTl 

lying toAvards the positive side of the x-axis, is and the 
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same integral, taken round the entire circumferenee of the circle 


TTL • 

+ y- + 2a: = 0, is Show also that the same integral, taken round 

the rectangle bounded by x = 0, x = 0'7o, y= ± 1, is 


27ri 


9. Show that the integral 


1 , 


dz 


taken round a contour 


(z3+l)2’ 

which consists of the y-axis and that part of any semicircle |zl > 1, 
which lies on the positive side of the y-axis, is - Atti. 

[Forsyth, Th. FwicL, p. 42.] 

10. If p and q he positive integers, show integrating Y+z-k 

round the perimeter of a semicircle of radius a (supposed > 1), 
having its diameter coincident with the a.xis of x and its centre at 
the origin, that 

r2;> 


C« XrP ^ _ j'tr a2;(+lg(2i)+; 


+ X-'J 

and deduce that if 1 > a > 0, 


ir ^2;)+lg(2i)+l)i0 TT 


r 


XP- 


-1 


1-35 


dx = - 


Sin an- 


[Math. Tri?., 1887.] 


1 1. When is a function sai<l to have a polel Distinguish between 
a pole and an essential singularity ; show that a function which is 
everywhere regular is a constant. 

c‘2 dz 

arc real positive quantities, taken round a suitable boundary, show 


From consideration of the integral 

I 


p,, where a and h 


that 


f"’ cos a: , f" 

Jo Jo («“■ 


c-Py dy 


TT cos a 


! + 62_y2)2 + 4„2y2 l,^h ’ 

f” .sin .15 , f” e-P{a^ + b- -y^) di/ it sin a 

Jo(.T-a)2 + 62''-'^- J 0 (a2 + 62 _ fy. + 4, ,2, ,2 = 

[I. C. S., 1908.] 

12. Determine a function which shall be regular within the circle 
lz| = 1, and shall have at the circumference of this circle the value 

(a2 - 1) cos d + i{a~+ l)sin 6 
a^ - 2a-cos 20+ 1 ’ 

where a2> 1, 0 denoting the vectorial angle. 

13. Establish by contour integration the result 

x'^dx IT 


[1. 0. S., 1909.] 


I’ 


(x^ - 2b’ 


b being positive. 


■[I. C. S., 1910.] 
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14. By considering the contour integral 

gaz 


[ 


1 


dz, (0<a<l), 


round a rectangle of infinite length (» = - co to + oo ), and finite 
breadth {y = 0 to r) with a small semicircle excluding the origin, 
prove that 


p OO 

J-»r 


gtix 


dx = Tr cosec TTO. 


[I. C. S., 1903.] 


15. If a, b be two quantities each of the form a + jSi, explain the 

meaning of the integration J <f){z)dz, and point out in what cases 

the value of the integral is dependent on the path chosen between 
the limits. [St. John’s Coll., 1881.] 


16. Prove that, a being positive, 

poo ^00 

1 COS X? dx = 1 sin (a'^ - da’ ; 

Jo Jo 

f*co ^CO 

1 6”^"® sin (ix = I cos (a'^ - a^) da'. 

[Smith’s Prize, 1876.] 

C sin 

17. Evaluate the integral | ^-^dz, taken round the unit circle 

in the counter-clockwise sense, where a is any real number other 
than ± 1. [Math. Trip., Pt. II., 1920.] 


18. Evaluate the integral ^ dz, taken round the unit 

circle in the counter-clockwise sense, where a is any real number 
other than ± 1, and the logarithm has its principal value. 

[Math. Trip., Pt. II., 1920.] 

19. Explain what is meant by a period of an integral of a 
function, and investigate the periods of the integrals 

[Math. Trip., Pt. II., 1913.] 

20. Show, by contour integration round an infinite semicircle and 
its diameter, that 

p x^dx TT r x^dx 

J 0 ® + 1 fjd J 0 ~ ® b 1 

f ” x^ dx Itt . TT p dx _ Itt . 27r 
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21. Discuss, by contour integration round an infinite semicircle 
(* (Lz 

and its diameter, I ^ where » lies between ±1 and 
. J + 2^! cos a + 1 ’ ^ 


0<a<;7r, 

22. Prove that 


7j- 2 

cos = - log-, by consideration of the 


at log 

Jo 

integral J log + taken round a suitable contour. 

23. By consideration of the integration round the peri- 

meter of an infinite rectangle of breadth establish Laplace’s 
integral of Art. 1041, a being real. 

24. By consideration of round an infinite rectangle of 

breadth />, a being real and positive, prove that 

cos {ia^hx{x^ -h'^)] dx = -^V{\). 

* t P 

25. B}' integration of ^ ^ dz round an infinite quadrant, where 
a and /: arc real and positive, show that 


f” cos kx 


- 7 .. 
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ELLIPTIC INTEGRALS AND FUNCTIONS. 


1329. The Legendrian Standard Integrals and the Jacobian 
Functions. 

In proceeding to the further consideration of the Jacobian 
Elliptic Functions sn cnu, dn already introduced in 
Chapter XL, we shall adopt the same order of discussion as 
that followed in the descilption of the ordinary circular 
functions and of their inverses in Trigonometry ; viz. 

(1) The nature of their Periodicity ; (2) The establishment 
of their Addition Formulae; (3) The examination of formulae 
arising therefrom. 

We have defined sn('M., /c) as the value of z, which makes 

V(l^ ^) (1 -/cV) ’ ^ ^ 

defined as Jl—z^ and \/l — respectively. 


1330. Periodicity of the Extended Circular Functions. 

rz 

Let us examine first the simpler integral u= J -p==, the function 
sinM being considered as not l)itherto known, but now defined by the 
equation z=sin7i, so that the inverse function sin~^z is I - , and 

Jo \/l —2^ 

2 is not restricted to real values, but may be a complex variable. 


1331. If we write w”=— ^ , ta is a two-bi’anched function, its two 

branches being Wi= + - and W 2 = — , and individually charac- 

Vl-z"* vl-z'-* 

terised as assuming the respective values +1 and —1 at the origin. 

The branch-points are at 2=1 and at 2 = — 1. These points are also 
poles of the function. There are no other singularities. 

483 
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Tlie region between an infinite circle whose centre is the origin 0, and 
a double loop enclosing the two branch-points, is synectic, and the infinite 
circle is therefore deformable into and reconcilable with the double loop. 



Fig. 418. 


Now round the infinite circle, along which wo may put z=J?e‘® and 
dzlz = id6, where R is infinite, wc have 

I «/,*- j j *, |s| being VOVJI large, 


4 /: 


id9 — 2ir. 


Hence J w^dz, taken round the double loop, is also = 27r. 

Again, in integrating round an infinitesimal circle whose centre is at 
the branch-point z = l, put z = l-i-re'®. ^ 

irc^UO 


Then 


f f- 

w, dz = I 
j ‘ Jo 


r 

■ = ‘Jt 
1 ^ ' 0 


c '^dO 


Jo ^2 


-t-rc*' 


= 0 , 


s/2-}-rc‘*’\/ -re‘® 

when T is indefinitely diminished. Similarly the integral round the 
infinitesimal circle with centre at z= — 1 also vanishes. 

Hence the integral for the loop round z=l is in the limit 

= ^ Widz+j^ Wjdz+J^ jVidz, 

where w^dz indicates the integration for the circuit round z=l ; and 
has changed into Wi after performing the circuit once (Fig. 419) ; and 
since W 2 = -Wi, this reduces to 


r* dz r- 

= 2 / Widz=2 I -j====Li., say. 
Jo Jo 
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Similarly, the value of the integral j Widz for tlie loop round 2 = - 1 ia 

W 2 dz, 

where c' refers to the circuit of the infinitesimal circle round 2 = — 1 

and Widz vanishes. Hence, for this loop, we have 

/■— 1 /■— 1 /■— >^ /■— 1 dz 

/ Widz+j Widz=2 Widz = 2 I — 

Jo Jo Jo Jo \/l-Z- 


= - 2 I — =i=-=L_i, say. 
Jo V 1 — 2" 

for the whole loop = 27r ; } 


Thus _Li+iy_i = 0 ^ 

and -L_i = integral for the whole loop = 27r ; J 

r r . dz TT ^ dz _ IT 

-IT-, t.e. vr^“2 Jo 2’ 

the direction of travel in each case being the “positive” direction as 
defined earlier. 



O 

Fig. 419. 

Now, if one of the branch-points, say 2 =], be encircled twice, the patli 
starting from the origin and returning to it after two encirclings, may be 
deformed into two loops round the point, and the integral, leaving out 
the integrals for the two infinite.simal circuits about the branch-point, 

which vanish, is Widz-hj^ Wzdz+J^ W 2 dz+ iaid 2 , which is zero, 

and Wi has changed to W 2 and back to Wi in the double circuit, i.e. to its 
original value at the origin. 

Thus, for a loop with an even number of circuits round one pole, we 
have a zero contribution with no aggregate change of branch, but for a 
loop with an odd number of circuits round one pole, the equivalent is 

obviously a single loop, =2 f Widz=ir, accompanied by a change of 

Jo 

branch from to W 2 on arriving back at the origin. 

The same thing happens for several encirclements of z= -1, starting 
from the origin with value Wi, except that for an odd number we have 

a contribution 2 I Widz= — tt ; and Wi has become W 2 or Wi according as 
Jo 




Fig. 420. 
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o 


there have been an oM or an even number of encirclings of the branch- 
point. 

When hoth branch-points are encircled n times in the positive direction, 
the integral will be n.^ir with no change of branch, or if the pair be 

encircled p times in the 
positive direction and q 
times in the negative direc- 
tion, the contribution will 
be ( p ~ g) 277 = 2n . TT, where 
n is the excess of the 
number of positive encircle- 
ments over the number of 
negative ones. And such 
an encircling of both points 
will result in being 
restored as the final branch 
of the function when z has 
returned to the starting 
point. 

Now any path from 0 
to z is reconcilable with a 
linear direct path, together 
with such loops as have 
been described above or 
some combination of them. 

And if f Widz along the 


o 



c 


/■ 


Q. 



Fig. 421. 


straight path be called «o» 
the contribution to the 
total integral from 0 to z 
by any other path deform- 
able into the straight line 
OP with a a 3 'stem of loops 
will be -i-'ifo or -Uo, ac- 
cording as z, after having 
described its loop sj’stem 
and before commencing the 
portion OP, has returned 
value w., for the function, and the 
— iio, as the case ma}' be, together 


to the origin with a value Wi or a 
total for an}' path will be «o or 
with whatever may accrue from the several encirclings of the branch- 
points. 


Thus the total values of the integral / Widz are: 


(1) for the direct path alone. 


/' 

Jo 

f 

Jo 


Wi dz=Uo ; 
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or 


=Li-Uo 
— L_i — Mo ; 


= M 


0 > 


(2) for an odd number of circuits of one 

loop + a direct patb, 

(3) for an even number of encirclements 

of one branch-point -P a direct 
path, 

(4) ' for n encirclements of both branch- 

points -h a direct path, 

(5) for n complete encirclements of both 

branch-points combined with an 
odd number of encirclements of 
one of them -h a direct path, 

(6) for n complete encirclements of both 

branch-points with an even num- 
ber of encirclements of one + a 
direct path, 

and seeing that Lj-L-i would be replaced by -Li + L-i if the description 
were in the opposite direction, these results are all of one or other of the 
forms 2pir+Uo or {'2.p + l)ir-Uo, i.e. pn -i- ( - l)^Uo, 


} 

I 
1 

=n{Li — L..i) + Ua ■, 


= 71 {Li — L—l) "h Li “Mo 

or = 77 (ix — Zi_i) -1- i—i — Mo- ; 


= 77 (£1 — L—i) -t- Mo ; 


p being some integer positive or negative. 

If then, in the equation express 2 as z = ^(m), it 

appears that as all these paths lead finally to the same point z, we must 
have <^(m) the same for all the paths 

= ^(Mo), i.e. <^(Mo) = <^{p7r-l-(-l)’’Mo}. 
and the general solvition of the equation <^>( 77 ) = </>(mo) is M=p7r-l-( — l)%o- 
This is the ordinary result of trigonometry, and for a real variable it is 
a well-known theorem that sin M=sin {pr-l-( — 


1332. Let us next put <71 --z^=x( ^)> enquire which of the above 
values of m lead to the same value of 'v/l — z^. 



Clearly the function \/l -z-* has the same value at F, ( z), as it has 
at P, (z) (Fig. 422). 

Hence, besides the various paths which lead from 0 to / must be 
considered those which lead from 0 to F. And it is not all the paths 



488 


CHAPTER XXXI. 


whicli have been considered from 0 to F thus restoring the value z at P, 
■which also restore the value o/n/I-z^. For af ter a description of an o 
number of single loops, has become - ^\-zK Hence, in order to 

arrive at P or at P' with the value we can only tahe the cases 

of description of an even number of single loops ; als o a d ouble oop 
traversed any number of times will restore the value 
We therefore have the following cases : 

(1) for a direct path from 0 to P, Mo ; 

(2) for a direct path from 0 to P\ 

f^jr^dz=-f ^i-z^dz=-Uo; 

Jo ■'O 

(3) for an even number of loops round either branch-point \ . 

+ a direct path OP, _ ^ 

(4) for an even number of loops round either branch-point 1 —Uq-, 

-p a direct path OP', 

(5) for any number of double loops -f direct path OP,^ Inir+u^ , 

(6) for an}' number of double loops -P direct path OP , Stitt Ua ; 

(7) for any number of double loops -P any even number of \ giiTT-PWo ) 

single loops -P a direct path OP, ' 

(8) for any number of double loops -P any even number of I ‘Uo- 

single loops -P a direct path OP’, J 

Hence it appears that the values of u which lead to the same value of 

are exactly comprised in and expressed by 2n7r±Wo, i-e- 

and the general solution of the equation x(“) = X('*^o) « = 2mr^-«o- 

Thus, defining cos« as +\/l — z^, where '^~J^ -Pv/l ba've 

costt=cos(2mr±«), and the solution of cosw = coswo is «=2?i7r±'Ho. 
which for real values of u is the well-known trigonometrical result. 

1333. Further, in the case when on the whole an odd number of single 
loops have been described, has on the return of z to the origin 

become and along the direct path to P we have 

/■z dz 


r 

Jo 


-s/l-Z^ 

and along the direct path to P' we have 

/ -z dz 


5= -'“O, 


-Vi- 


:==M0- 


So that on the whole we have, for the double loops, 2?i.7r ; for an odd 
number of single loops, ± 7 r; for the final path OP or OP, ±Uo, giving 
the general value of u as (2n±l)Tr±Mo f-e. (2A-pl)7r±Wo- And these 
values will give — \/l — z^ at the final position, i.e. x(^}~ — x{(S^"l'l)TT±Ti}, 
which is the same as the corresponding result of trigonometry, viz., 
X being an integer, cos,Ti = - cos {(2X -P 1 ) tt ± w} 
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. dz ^ 

1334. From the integral m = | it is also directly obvious by 

expansion and integration that u is an odd function of z, in which the 
first term of the expansion in powers of z is 2 ; and, therefore, by 
reversion of series, that z is an odd function of u, in which the first term 
of the expansion in powers of u is u. Hence it appears, from this 
consideration also, that if z=<fi(u), then <f>(u)= -(^(-u). And further, 
since \^I- 2 - is an even function of u, we have -^{u) — - u). Also 

7 - 2 , . _. sin It , 

■^^u = 0“ — 1) t.C. 1. 

U ^ U 

1335. Periodicity of the Elliptic Functions. 

We now turn to the consideration on similar lines of 

I'* dz 

'^Jos/(1-22)(1-/cV)’ 
where h is a real quantity < ]. This may also be written as 

de 


u- 


f» d( 


sin^d 


where z — sin 6. 
Let K 


fi 


dz 


n /(' 1 - 22 )( 1 _/ c 222 ) 

where 

The function defined by 


and K 


fi 

r> 

Jo 


dz 




w 


,2 


(1-22)(1-/cV“) 
i.s a two-branched function, viz. 

1 




Wo= — 


J{1- Z^{l-lc^Z^)' ^(l_2'i)(l_/,.222)' 

having four branch-points A, B, C, D, viz. 

2 2 1, 2 - 2 - 1, 

symmetrically situated about the origin on the a-axis. 
Let P be the point 2 . 

.P 


■ — I 1 1 1 1 — 

CD O B A 

Fig. 423. 

There are no branch-points other than A, B, C, D (Art. 1296). 
These branch-points are also poles of the function, and there 
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are no other singularities of any kind. We shall first consider 

the integration ■ - _ - , 'the path of the integra- 

t .: — T — : Jo\/(l — 2:")(1 — /c’z~) 


tion being : 


(1) along the cc-axis from x—0 to x=l — p, viz. 0 to i in 
Fig. 424 ; 


O; 




S 

_Ry 


B 

Fior. 424. 


X 


(2) round the small semicircle LMN, centre at z=\ and 
radius p ; 

(3) along the rr-axis from to p, viz. NR in the 

i\ • C 

figure ; 

(4) along a quadrantal arc, centre at z=t and radius p, 

viz. RS. " 

In this integration which passes the point B, where 2=1, 
the sign of 1—2 changes at B and the integrand becomes 
imaginary. We have then to examine the behaviour of the 
factor n/1 — 2 as we pass round the semicircle LMN, but do 
not complete the circuit, about the branch-point. Put 

2 = l-}-pe‘®. 

Then — — pe°, and in passing round the semicircle 

LMN above B, 6 deci'eases from 0=7r to 0 = 0, and Jl—z 
changes from the value v'— pc'"' at L to the value J — pe^^ at 

ITT 

W ; that is, its value has been multiplied bye ~2 or —i in 
passing round the semicircle. 

Tlierefore becomes in passing over B. 

If we pass under B, we have a change in Jl—z from the 
value \—pe^^ at L to the value J — pe^'^^ at N, and therefore 

IT 

the value at L would be multiplied by in passing to N] 
that is, would become — ttUj. 

Since the value of Jl — zdXL ma}?’ be wi-itten as J p, where 
p is 1— .T, X being the abscissa of L, it becomes —ijp at N, 



PERIODICITY. 


491 


where p=x—l, x being now the abscissa of N, and along 
NR there is no further change of amplitude. Hence 
From 0 to L \/l — z=\/l — .t;, increasing from 0 to 1 — p. 

From L to N 1 

round LAIN j ^ 1 — z = s/— pc'®, d decreasing from tt to 0. 

From N to A \/l — 2 = —ijx — 1, x increasing from 1 d-p to v . 

Ic 

The factor Jt — k.z = Ji—kx from 0 to R. But A being in 
this case a branch-point, we take a quadrantal arc with centre 
A and small radius p, avoiding the branch-point. 

Put 2 =T-f-p 6 ‘^ Then Jt — kz—J—kp&^pn which 0 decreases 

from d = 7r to 6 = -^. We thus have as the contributions 

from OL, LMN, NR and RS respectively, 

ipe'^ do 


dx 


dx 


-iJ{x^—l){l-k^-x^-) 


and 



-.JKl 


ipe‘'^d9 


1 


l+pcN) -l\{-kpe^){2 + kpe^^) 


and when p is indefinitely small the second and fourth vanish 
and the first is ultimately K. Transform the third by writing 
k-x~-\-k'‘^x'^=l ; whence 

, _ 1 Ic^xdx 

(tX — — J . -- - ■■ fLllfl 

^^s/l-kNx'-^ 


Vx— i = y — p 1 = ^ Vl- 


X 


Hence the third becomes ultimate!}' 

1 

dx f*’/ 1\ k''\x dx 

I 


'k 

- ijix^— 


.l{x^-l){l-¥x‘^) 


fr i\ ichidx: k 1 

'] 1 V k) Jl-kV Ic' k'x' 




dx 




that is 


p- dx 


J{l-x^){l-k^x^) 


V(l-a:'")(l-/dV2) 


^==KAiK', via a path above B, 


and 


-K—iK', via a path below B. 


It follows that s,n{K~{- 

Ic 
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Now, noting that ^ is the value of x when 33 '= 0, and that 


1x^—1=^ we have 

k 


L 1 Ic . L 1 ik\ 

'V^ F-/c> J.2- /^’ 

cn{K-\-tK')=-- — ^-^; also dn (K+iZ')=^l-Fp=0. 

1336. Remembering that when 

do j*^ dx 

Jo\/l— /c^sin^d Jo\/(l — a;^)(l — 


Jo Vl — A;2.sin^d Jo. 


,7(l-a;2)(l-/>:2a;2)’ 

dx 


and ;r = sind=snu, also observing that a;=0 gives u=0, 
we have sn 0=0, whence cn0 = l and dn 0=1; also sn7f=l, 
whence cn/f=0 and dn K=Jl — ]d-—k\ 

1337. Again, if we write —0 for 6, 

,, _ r 

Jos/l — /»*-sin-0 Jo \/l — /i^^sin^d ’ 
f-'’ dO 

• nt I — 

Jo ’Jl — k^Bin-O 

Therefore — 0=am(— tt); .sn (— 'u)= — sin 0= — sn u ; 
also cn(— w) = cnu; and dn (— a) = dn w. 

1338. It also appears directly from the integral 

_ f" 

by expansion, that u is an odd function of z whose first term 
is z, and therefore, by reversion of series, that z is an odd 
function of a, the first term of the expansion being u, and 

thei'efore also that =1- 

u 

Also that, since cnu=\/l — sn^u and dn ?(.=\/l — 7’‘^sn^'a, 
cn It and dn are both even functions of z (=sn'Zt), the first 
terms of the expansions being in each case unity. These 
facts also show that 

sn ( — tt)= — sn tt, cn(— u)=cnu, dn (— ^t)=dn -it, 
as seen before. 
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1339. The Elliptic Functions of 0, K, K+tK'. Collected 
Results. 

We thus have 

sn0=0, cn0=l, dn0=l, 

snZ=l, cnK=0, dnK=k', 

sn(Z+jr)=p cn (K+tK')=-j^, dniK+tK') = 0. 


1340. General Values. 

We shall now consider the variety of values of u which will 
accrue from the integral 


u= 


r 

J n 


dz 

n/(1-22)(1_/c2z2) 


in integrating from the origin to the point P, viz. z, along the 
different paths which may occur, as was done in Art. 1331, for 

J 0 V 1 — • 2^ 

There are four branch-points A, B, C, D, and four loops 
and it has been seen in Art. 1294 that for such a system any 



path starting from 0 and terminating at P is deformable into 
and reconcilable witli 

(1) a straight line from 0 to P 

or (2) a straight-line path from 0 to P, together with a com- 
bination of loops, 

and that in any system of loops about four branch-points 
there are two and only two groups which give different values 
to the integral taken from 0 to P, viz. 

(i) those which consist of the integrations for sets of double loops + a 
direct path 

or (ii) those which consist of the integrations for sets of double loops + a 
single loop + a direct.path. 
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Moreover, resuming the notation of Art. 1292, any two of 
the six possible double-loop systems may be selected as inde- 
pendent. This time we shall take these two double-loop systems 
as {AB) and {BD), and (5) as the principal single loop ; and 
remembering that after every travel round a loop the branches 
of the function interchange, we have 
u^\{AB)+lx{BD)-\-u^ or u=^\'{AB)^ tj:[BD)A{B)-u^ 
as the only possible forms of the result, where denotes, as 
before, integration along the straight-line path OP starting 
with the branch i.e. the same branch with which the whole 
integration was started from 0. 

Now {A)=^ WydzA-^ w-^^dz-\-^^w^dz, where | w^dz refers 

to the integration round an infinitesimal circle with centre 

at A, which vanishes ; 

1 

(A) = 2 f ^ dz= 2 (K ± iK'), 

Jo 

the + or the — according as we pass over or under B in 
arriving at A ; 

(5) = 2 [ w^dz=2K\ 

Jo 



1 



Wydz= — 2 {K ± iK') 


v)^ dz^ — 'iK ; 




and {AB) = {A)-{B)=±%K'-, {BD)={B)-{D) = iK. 

Hence the general values of the integral which accrue are 

w=2At/f'-}-4//A-f Wo I where A, //, A', /A are 

or w=2A':/r-f 4/if-f-2/£— Wo,/ integers: 

that is, u= 22 )iK'A 2 qKA-{—T^yuQ, where p, q are integers. 
If we write z=q){u) = (p{u^, it follows that 

"h2g'JiL-f-( — l)'^Wo} ; 
and taking q an even integer =2r, 

A'-f- 4?’/1l -j- Wo), 

so that 2tK' and 4A are independent periods of this funcoion. 
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Conversely, it follows that the general solution of the 
equation is n=2ptK'-^r2qK+{~lfu,^ and 0 ^,) is 

the Jacobian function sn u. 

Hence sn ^/o=sn(2^^/C+2g'/^■ +(— 1 )^ 1 ,^) 
or, which is the same thing, putting (— = 

sn {2piK'-^ 2qK + ^;) = sn { - 1 )'/ -y = ( - 1 )? sn v. 

As particular cases of this double peilodicit}’, we have 

{u) = cj,{4K+u) = 4>i2K-u)^<}.(4K+ 2 lK' + n) = c /> (GK -u)=4> (2t A'' + «) 
= 4.[4(Z+iZ0 + iq = etc. 


Id41. Having defined z as a function of n, =<p{n), by the 
equation « 

let us examine the periodicity of the expressions 
regarded as functions of u. 

Let P and P' be the points 2 and —2 respectively. Then, as 
2 travels from 0 along any path which terminates either at P 
or at P , starting with the respective branches for which 
X(0) = 1 and ^^(0) = !, we are to arrive at P or at P' with the 



Fig. 42G. 

values +\/l— 2 ^ and +\/l— /t^ 2 ^ respectively. And this will 
be effected, provided that either no change has occurred in the 
branches of the functions in the paths followed, or provided 
that in either case an even number of such changes have 
occurred. Such changes of branch occur 

in x(w) at each looping of B or of D, but not of A or C ; 
in y/r(u) a.t each looping of A or of C, but not of B or D. 
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Hence in the case of the number of times a single loop 
has been formed about B or about D must be even, but a double 
loop round B and D may occur any number of times. A double 
loop about A and B counts as a single loop about B. 

In the case of the number of times a single loop has 
been formed about A or about G must be even, but a double 
loop round A and G may occur any number of times. A double 
loop about A and B counts as a single loop about A. 

Again, if the integral for the direct linear path OP be 
denoted as before by Uq, that for OP' is 

dz _ r _ 

Jo ~ jo 7(r^22y(i-¥^)“ 

It has been seen that for the variety of paths from 0 to P 
the general value of the integi-al u is 

u~\{AB)-\-jUL{BD)+UQ or u='\'{AB)A- /JL{BD)-\-{B)—Vf,. 

It follows that the general value of the integral from 0 to 
P' will be expressed by 

u=\{AB)-\-fx{BD) — UQ or u=\'{AB)-\-/ui.'{BD)-{-{B)+Uo> 

that is, for those which terminate at an unspecified one of the 
two points P or P', 

u='\{AB) + /j.{BD)±Vq or u=X{AB) + n'{BD)~{-{B)±iif). 

Now amongst those solutions which restore to the inde- 
pendent variable either the value z or the value ~z, some 
arrive at P or at P' with the value — and some with 
the value —Xl — z^ for similarly with the values 

or — \/l — Ic^z^ for \}r{u); and those solutions which 
arrive with the values —Jl—z^, — — must be removed. 

To do this in the case ;j((m)=n/ 1 — it is only necessary to 
select those cases in which the number of single loopings of 
P or of P must be even ; that is, X must be even and X' must 
be odd. And in the case of ■y}r{u)=Jl — kH^ we must select 
those cases in which the number of single loopings of A or of 
G must be even ; that is, X and X' must both be even. 

Thus for Jl — z^ the form of u is 
w=2w(2«A')-}-/x4A±Wo OJ' iui-AK-\-2K±Uf), 

in which the coefiicients of 2iK' and 2K are both even or both 
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odd, i.e. in one expression u=p{2iK' -\-2K)-\-q^K±Uf^, where p 
and q are integers ; and for — the form of u is 
M=2m(2iZ') + y«4/f±Wo or w=2m'(2t/r) + /x'4/f+2Z±v,o, 
i.e., in one expression, u=4!'piK' +^K±Uf^, where p and q are 
integers. 

Thus — x{p{^iK'+^K)-\-q4>K±i(Q} 

and Jl — k^z^^\}/- (u) = \{r {4:ptK'-\- 2qK ± iIq). 

The functions 0, Xy ^ ^**6 plainly sn, cn and dn respec- 
tively. Thus 

sn i;=sn {2piK' 2qK-^{ — \y^v), with periods 2iK', ^K, 
cnv=cn.{p{2LK' -{-2K)-{-q\K±v), witli periods 2iK' -\-2K, 47f, - 
dinv=y&n{ApiK'-\r2qK±v), with periods 4//r, 2/7. 

Each function will have returned to its original value when 
the ‘argument’ has been increased by any multiple of ^iK' or 
of 4/7, which are therefore the whole periods for the group of 
functions, though individuals of the group will each have twice 
performed the whole cycle of their values in these intervals. 

1342. We may examine this periodicity of cn u and dii u from a some- 
what different point of view. Defining cnw as and dn as 

-Pn/I-^V, and noting that 2=±1 .are the only branch points of 

and 2 = are the only branch-points of \I\ so that an odd number 

of loopings of B or D would change the branch of n/1 - 2 -, whilst an odd 
number of loopings of .4 or C would change the branch of *71 -/cV, and 
remembering that 

{A) = 2{K + iK'), {B) = 2K, {C)= -2(K + iK'), {D)= -2K, 
we have cn [tt-+-(.4)] =cn «, cn [« -t- (J5)] = - cn ?i, 

and.'. cn [tt-f 2(jK’-i-iZ'')] = cn w ; and cn (u -f 2£') = - cn 7i ; 
whence cn(u-t-4£^)= —cn(tt 4-277) = cn'M. 

Therefore 2{K+iK') and 477 are periods of cn«, and 
cn \u + 2k{K-\-iK')-\-AfiE]=cn u, 
cn [tt-|-2A{.K’-l-t.K’')-f2/x77]= -cn (/xodd); 
i.e. cn [u-b2At7C'-p2(A-l-/a)£^= -cnu (p. odd), 

cn [7t-l-2AiiL'’-t-2(A-l-/a)£r]= cnu (/a even). 

Similarly dn [m- 1-(4)]= -dn m, dn [« -f (jB)] = dn 
i.e. dn(M-f 2jSi) = dn« ; and dn [« -f 2 (.S' + t/T')] = - dn '' j 

whence dn [« -b 4 -f iK')] = - dn [u -b 2 (.S' -f tiT ')] = dn u, 

E.I.C. II. 2 1 
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Further, dn(tt + 2tir')= dn {M + 2.K^ + 2t^')= -dn m, 

dn (m + AlK') = - dn (u + liK') = dn u, etc., 

i.e. dn(M + 2A.K^ + 4/x(.^') = dM ; dn(ti+2A^ + 2/i,i^L‘')= — dn tt if /x be odd. 
We may sum up these results concisely thus ; 

sn(u + 2^)tZ' + 2g'ir) = (-])'J'snM, I 
cn(M + 2^)tZ' + 2gir) = (-l)’’+®cn?i, \ 
dn{u + 2pLK' + 2qK)=={-])Pdnu. J 


1343. Values of sn at, cn at, dn at. 

dd 


Let lit 


=r 


, and put sin 9 — i tan 0, an imaginary 


'o\/l — /c'^sin^d’ 

transformation. Then cos 9 dd = i aec^ (p d(p and cos0=sec0; 


then 


m = 


r<j, 

Jo f 


; sec ‘^</) d(ji 


) sec 0\/l+/i;^tan2 0 
0 = am (tt, /c') ; 


sn 


d<p 

Jov/l — /c' 2 sin^ 0 ’ 

on {a, Ic ) 


\vhence cn(m, k) = — r~T^i dn (at, = ^ f ) . 

cn (it, /c ) ’ ^ ' cn{u, k') 

These relations are true for all values of it real or complex. 

1344. The Addition Formulae for Legendre’s First 
Integral. Euler’s Equation. 

T i- 1 rr 

Let where Z={l~z^){l — kh^). 

Then a;j=sn'itj, a: 2 =snrt 2 . 

Consider the differential equation 




(A) 


n/.Yi ^/Z2 

where Zj = (l_aq 2 )(i_/, 2 ^^ 2 )^ A" 2 =(l-iC 2 ')(l-/cV)- 
Let and a ;2 be regarded as functions of a third variable t, 
such that . (Zx, dx 


X , 


and ^i2=l-(^2_pl)^^2_|./,2^^4. ^2"=l_(/c2+l)a;,2^/,2^^4. 

whence, differentiating and dividing by ^Xy and 2 .'i ;2 respec 
Xy = ~{ k ^+ l ) Xy + 2k \^ ; x ^=-{ k '^+ l ) x ^ + 2kW ; 

Thus a5ia:2 -x^Xy =2k^Xy^-x^^)XyX^, 1 

whilst xy^x^^-x,%^= - {xy^-x^^) (1 - kW^) j 
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Hence 


x^x^—x^x^ 


2k^x^X2 


d 




x^Xq X^X-^ 1 lc~‘X-^x^j^ df‘ 

whence log (2c^a:2-.Vi)=log (1-A;V«^2^) + const., 

. ^2 \/ 


'l.C. 


X,x, -xx, and /. 

l-k~X^^X^ 


Another form of the Integral of (A) is obviously 

dx^ . dxq 


u 


, dx. . dxq 


It appears tlierefore that when Uj-f-Wg is constant, so also is 


X 


t/j X■^-\-X■^^-J J^q 
l — lc^XfX^ 


a constant. 


One of these constants must therefore be a function of the 
other, say, G=^{G'). 

■fj Xq \/ A 1 "b X-t \l X q . 

I _ y.2^ 2^ 2 0 (■^^1 + '^2)’ tlie form of 0 may 

- ^ ^ CX, 


•^2 dz 

Tz' 


it 


be readily identified. For, since u^= [' ' ~ and Uq= ( 
is clear that, Jo s'Z ' J 

if a:i=() and therefore A''i = l, we liave Ui = 0 , 
and if a:2=0 and therefore A^^l, we have ^2 = 0 . 

Putting n.2=0, we have 0 (Uj)=Xj=sn Hence the form 
of the function 0 is identified as the elliptic function sn. 
Thus we have 

' 1 • Z! 1 7 9 9 O f 


l—lc^X^^X^ 


%.e. 


snlw -4-7/ N cn Hg dn ^tg-fsn cn ?t, dn u, 


Remembering that 

. d 

sn Uj, ^.e. ^^snu^, =cn'M.jdnWj and cn'Ui= — sn dn Wj, 
this formula may be written as 

1 — /r sn‘‘w^ sn ^^^2 

For shortness write sni^j=s^, snttg^Sg, cn7i^ = c^, cn Uq = c^, 
dnMj=cj!j, dnu 2=(^2 1 — /c^ sn^it^ sn“U 2 =Z). 

Then Bn{u^-\-u^) = {s^G^d.2-]-s.iG^di)lD or =(51^2' +8281')/^- 
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[Compare the ordinary addition formula of trigonometry, 
sin(Ui+ ?/.2)=sin u^cos Ug+sin u^cos , which may be similarly 
written ^s^Cg+s.^c^ or — .SiS2'+S2s/, viz. the case of the above 
elliptic function formula when A:=0.] 


1345. To obtain cn('«fci+?f.2), we have 
cn- {u^ + Ug) = 1 — sn^ {u^ + u^) 

= {{l—kW^f—{s^G^d^-{-s^c^d^Y}/D^ 

= 28^82 d^d^)lD ’^ ; 

/. cn{u^-\-u^ = {c^C2- SyS^d^d^lD, the positive sign being 
taken because, when ^2=0, each side must become c^. This 
may be also written 

cn (?/i+ ?< 2 )= (^ 1 ^ 2 - c{c^)ID. 

[Compare with the trigonometrical formula for cos(U;^+U2), 
which may be written C2C2— SiSg c/cg', where 0^=003 u^, 

etc.] 


1346. To obtain dn(?ti+?<2)> we have 
dn^ ( + u,) = 1 — /c“ sn^ (Uj + 

= { (1 — k^8^\^)-—lc^ {SiCzd^+s^G^d^)'^}/ 

— {d^d.^ — 2k\s2 c^Cg d^d.^ + k"^ Ct^\^)ID\ 

and 6n{Ui + n2) = {d^d2-k~SiCiS.2C2)/D, the positive sign being 
taken because, when u^—O, each side must become dy This 
may be written as 

dn + ^ 2 ) = (did^ — ^2 d^'d/^ j D. 


1347. Derived Results. 


From the three formulae 


sn (Mj +^ 2)= (5102^2 + 52Cif^l)/ A 
cn {u-i^-\rU^ = {c^c.T^~s^Snd^d^lD, 
dn (Mi + ^<2) = (^1^2 ~ kh-^s^c^c^jD, 


■ (T), we obtain, by changing 
the sign of Wg, 


sn (wj Mg) — {s-yC^d^ s^pidy^fD, 
cn (m j — Mg) = (CjCg + SyS^dyd^jD, 
dn (m^ Mg) — i^dyd^ ~f* k^SyStyCyC^jJ^j 


Hll). 
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The addition and subtraction of formulae (I) and (II) in 
pairs gives 

sn (Mj + M g) + sn (mj — M g) = 2s^CodJD, 

sn (M;^ + Mg) — sn (Mj — M g) = ^s^c^dJD, 
cn (Mj+M 2 ) 4 -cn (Mj— M 2 )= 2CjCJD, 

cn (Mj^+Mg) — cn (Mj— M 2 )= — 2s-^s^d-^d^lD, 
dn (Mj + M g) + dn (mj — M g) = 2dydJD, 
dn (Mj 4- Mg) — dn (m^ — M g) = — 2k‘^s^s^c^cJD, 

Replacing Ml +M 2 ^-nd u^-u^ by U^, respectively and writing D' for 
1 - Z:2 sn^ — sn2 ^ , we have 


(III). 


sn Uj + sn U 2 = 2 sn 




'dn 


.r rr . U,-Uo C^i + C^2 ^ U. + U^ 

sn ?7]-sn 11^= 2 sn— — =cn— — ^dn— J- ^ 


/n', 


cn 


TT rr n U, + U2 U.-U^/r.. 

Ui + cn U 2 = 2 cn - - 1 - ^— ^ cn-^ — 


Ur+U2 .^ Ui-U2 ... U, + U, 

2 


cn TJy-cn -2 sn - - ^ sn - dn dn ^ D\ 


2 

dn?7, + dul72= 2dn^^^dn^^J^/D' 

dn Uj - dn sn sn -L ~ - ?2 cn j d\ 


2 

T 


Again, by division of corresponding formulae from groups (I) and (II), 
and writing or tn«i for tananiMi and ctnMj for cot am m,, etc., 
a^Cgdg ± s.fiidi f jdg ± f 2*^1 


tn (■Ui±M 2 ) = 


CiCg ^ ^i^gdidg 1 ^ 


ctn Mg^dn Ml dnM 2 

' ^ ~ 5102^2 ± SnCjdi ctn Mgdn Moictn Mj dnMj ' 


1348. Following Cayley’s notation {Elliptic Functions, p. 62), with a 
slight modification, let us write 


— .di, 
^2®1 —-^2] 


C 1 C 2 — El , 




1 1 — A:*s,^52^=X), 

-C,'C2'=B2, -^W = C2, 


P = Si* - ^2® = C 2 * - Cj*, 

Q = 1 - 5i* - S 2 ® + h^s^s.^ = Cl* - S2*di* = C 2 * - Si*d2*, 

P = 1 — /fc*5i* — ^*52* + Ic^s^s^ = dj* - hh^c^ = da* - h^s-^c^, 


S 1 S 2 — ^1) — ^ 2^1 — Pij SjC^dz — 

— Z/*SiS2— Naj ^1^ — ^2} SgCadi — Ug. 
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A number of identical relations immediately arise amongst tbe 
capital letters. We Lave 

^{s^-s^){l-kWs2‘)=PD. 

(2) Cj=C2= - = (1 - Si=')( 1 - 52®) - Si®«2® ( 1 - ( 1 - ^'*2®) 

=(1 -5i^-S2*+F5iV)(1 - k%W)^QD- 

(3) C7i" - Gi® = = (1 - F5i")(l - hW) - - «i‘) (1 “ 

= (1 -ib'“5i=-fcV + ^®5l®52')(l -^“«i'^2®) = -B-D- 
Br^-B^ 

Hence p = - —q — r 

Again, 

(4) <Si* - ^2® = (1 - 5i=)(l - «2®)(1 - ^:®5i®)(l - *®'52®) - (1 - ^:®)®5 i“52= 

= (1 _ Sj 2 _ 5^2 + J1;25^25^2)(1 _ £25^2 _ ^ 25^2 + ^ 25 ^ 25 ^ 2 ) QiJ. 

(5) yi=‘-!ro* = Si2(l -p5i2){l-5,2)-S2*(l-/(:V)(l'-Si®) 

= (51® - «2®)(1 - >t®Sl® - ^-*^2® + ^•®Sl ®'^2®) = 

(6) Gi2-G2® = Si®(1-Si")( 1 -^•®«2®)-52®{l-52")(l--^-®Si®) 

= (5l® - S2®)( 1 -■ Si® - ^2® + ^■®Sl®S2®) = PQ- 

Hence P(S,^ - S,^‘)=Q{T,^ - T^) =-- R{U^- U,^)=^PQR. 

Also, 

(7) (B I -{• B 2}{C I — C 2 ) ~ (C 1 C 2 “ 5jS2did2)(did2 + >0®5 i52CiC2) 

= CiCjdA + ^•‘SiS2 ( 1 - 5i=“ - 52 “ + Si^Sa^ ) 

- 5,5, ( 1 - p5i® - k^S2^ + k*Si^$2^) - Psj^Ss^CiCjdidj 
= {c 2 C 2 did 2 — />;'*5252)2? = (*5i + <52)1?, 
and similarly, or changing the sign of s,, 

(j5i-i?2)(G, + C 2 ) = (.S:--S 2 )X>. 

(8) (Gi + C2){Ai -A 2 ) = {did. - k^5iS2CiC2){SiC.d2 - SiCidj) 

= 5jC2dj(l — X*^52*') 52Cj(f2{l *"■ A 5j ) 

-5j*52CiI-*d2(l -52^) + SiS2'C2Pdi(l -Si“) 

= (51^2^1 - 52Cid2)( 1 - /;“5 i" 52^) = (^i + T 2 )D, 

and similarly, or changing the sign of s., 

{Gi-C2){Ai+A2) = {Ti-T2)D. 

(9) {Ai-\-A2){Bi — B 2 ) — ( 5102 (^ 2 +52Cjdj)(CjC2 + 51 ^ 52 ^ 2 (^ 2 ) 

= 5iCi(f, ( 1 - 52^) + 5202^1 ( 1 - Sj") 

+ 5i*52C2(ii(l - /j^s,®) +5152*02(^2 (1 -^•®5i’‘) 

= {SiCi(i2+ 5200(^2 )(1 -k^Si-s.^) — {Ui + U2)D, 
and similarly, or changing the sign of s.^, 

{Ai-A2){Bi + B2) = {Ui-U2)D. 


Thus 


(H2±.B2)(GiPG2) _ {Gi±C2){Ai=fA 2) ^ { Ai±A2)iBi^B2) ^ r, 
8 i±S 2 Ti±T 2 G2+H2 



THE ADDITION FORMULAE. 


503 


With this notation, it follows at once that 


sn(«i+« 2 )=^ ^ 




Ui+u„ r,-r. 


D Ay-A^^ Cy-Cy'- 

Ay-Ay_ P _Uy-Uy_Ty + T^ 


snOz u ^ ^ — A— — 

^ " « 2 )- jy -Ay+A 2 ~ By+B, Cy + C,’} 


cn (uy+U2) = 
cn {uy-u^ = 


By + j 52 _ Q _ Sy + 82 Uy — U 2 

D ~By-B2~Cy-C2 Ay-Ay' 
By-B2 Q Sy-S2 Uy+U2 


D By-]~Br, Gy-\-G 2 .^ 1 “ 1".^2 

, , , , 01 + 02 R Ty+T. Sy-S 2 

dn(uy + U 2 )- jy ~Gy-G 2 ~Ay-A 2 By-B 2 ' 

y , y Ol — O 2 R Ty — T2 Sy+S2 

dll {Uy-U 2 )-—^-^^ ^ 02'^i+^2“^1 + -52 

1349 . A number of identities immediately appear. 

For example, since 

{By+B 2 ){Ay-A 2 ) = D{Uy-U 2 ) 
and (.Bi-52X^i+^2)=-D(Oi+C/2), 

we have ByAy- BzAz — DUy and ByAi- BiAy^DUi, 

t. 6 . ^ 1^2 * ^ 1^2 d* ^ 2^1 ' ^1 ^2 " (1 “* JC‘'f!y^f'y^^ 

and ^2*^1 • Cl^2*b^lS2 . 1'2 ~^2^2^l(f 

1350 . More important however than such, are the following ; 
sn (uy + U2) + sn (uy - 'M2) , sn (iti + U2)- sn (iij - W2 ) = > 

cn (ill + U2 ) + cn (w 1 - 112)=^^, cn (iZi + 112) - cn (uy - 112) = ; 

20 2O2 

dn (2iy + U2) + dn (uy - ^2) =-^ > dn (itj + Wo) - dn (i/i - u-y) = , 

which are the formulae of Group (III) in Cayley’s notation. 

/ V / X Ay^-A-y^ PD P sn^Mi-sn^Mj 

Fn(wi+« 2 )sn(Wi-M 2 )- - jy., 

, , , By^-By^ QD Q cn^w, -sn^iZadn^Mj „2J2\/n 

cn(Uy+U 2 )cMUy-U 2 ) = ^^='^=^- l-Fsn^Ui 3 n ^ ^ 2 

, , , Oi^-O,^ RD R dmu, -fc^sn-iizCn-M, , , „ 70 2 ox/n 

2 2 

l+sn(wi+«2)sn{«i-M2)=l+ 1 =(c2HsW)/A 

l-sii(Wi + U2)sn(ifi-«2) = l- 1 -kWs ^ ={Cy^ + S 2 ^dy‘)!D, 

1 + Fsn (Ml +^ 2 ) sn (Wj - M 2 ) = 1 + ^^ 1 ^ ~ ■*“ ^‘^■5i*C2^)/D, 

1 - 7 :-sn (Ml + Mj) sn (Ml - M2) = 1 - R- + k‘^CyW)ID, 
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1 + on (% + Ma) cn (Ml - Ma) = 1 + 

1 + dn (Ml + M,) dn (Ml - M,) = 1 = (di^ + di^)ID, 

X iC 5^ ^2 

[l + sn(Mi + M 2 )][l +sn(M, -M 2 )]=sn(Mi+M 2 ) + sn {u^-u^) +[1 +sn(Mi + M 2 ) sn (Ui-v.^fi 

= (2SiC2d2 + C2^ + Si^ 2^) / -D = (C2 + .f 1^2 )2/D. 

Again, cn(Mi + M 2 ) dn(Mi-M 2 )= '^^^'^^ . 

=(•‘>1 S 2 —k ‘^$ 182 ) jD — {ciC 2 did 2 — k 

dn(Mi+M2)sn(Mi-M2) = ^i^ . ^ii^=^A^ = (CiC2'-C2Ci')/2) 

={c2^idi — CiS2d2) ID, 

sn(M, + M2)cn(Mi-M2)=^^^i^^ • =■■ = is^Cid 2 +S 2 C 2 di)ID, 

and so on for other cases. 

Jacobi gives a list of 33 such results (Fundamenta Nova, pp. 32-34). 
These are quoted by Cayley {Elliptic Functions, pp. 65 and 66) and by 
Greenhill {Elliptic Functions, pp. 138, 139). 

Several have been worked above as illustrative of the method to be 
followed. They are too numerous to remember, but any one of them 
may be readily obtained if wanted. This list we append as Examples. 

Examples. (Jacobi.) 

1351. In each case the denominator B=\ — hh^s^, and the 
previous notation is adhered to, viz. sn u^=Si, snw 2 =S 2 ) ®tc. 

Establish the results following : 

1. sn(Mi-PM2)-l-sn(Mi -'M 2 ) = 2siC2d2lD. 

2. sn(Mi-|-M2)-sn(Mi-M2) = 2 szCidjlD. 

3. cn(Mi-t-M2)-l-cn(Mi-M2) = 2cjCilD. 

4. cn(Mi-f M2)-cn(Mi-M2) = —2siS2did2lD. 

5. dn(M,-PM2)-t-dn(Mi-M2)= 2did2lD. 

6. dn (mi -HMj) - dn (mj -M 2 )= - 2 k-SiS 2 CiCnlD. 

7. sn (mi + U 2 ) sn (Mi - M 2 ) = (Sj^ - Si^)ID. 

8. 1 -f-sn(Mi-f M 2 )sn(Mi-M 2 ) —{c^JrS^d^)ID. 

9. 1 -sn(Mi-t-zi2)sn(Mi-M2) ={c^-\-si‘d^)ID. 

10 . \ + F^si\{ui-\-U2)sr\{Ui - U2)={d2^+Bs^c^)ID. 

11. 1 - sn (Ml -f M 2 ) sn (Ml - M 2 ) = (di^ + k%hi^)ID. 

12. 1-f cn(Mi-f-M2)cn(Mi-M2) ={c^+c^)ID. 

13. 1 - cn (mi -f M 2 ) cn (mi - M 2 ) = {s^d^ + Sz^d^^) I D. 
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14. l + dii(Mi+«2)dn(tti-M2) = (£Zi2+d22)/Z>. 

15. 1 -dn(Ui + 2t2)dn(Mi-«2)=F(s,V+S2V)/i>. 

16. {l±sn(Mi + «2)}{l±sri(«,-M2)} ={c2±Sid^)‘^lD. 

17. {l±sn(ui+M2)}{lTsn(M,-M2)} ={(h± sSiflB. 

1 8. ' { 1 ± A: sn (mi + Ma) } {1 ± A: .sn («i - Ua) } = {d^ ± ksiC 2 )^ID. 

1 9. { 1 ± A; sn (Ml + M 2 ) } ( 1 T A; sn {«! - Ma) } = (di ± Ics^CiflD. 

20 . {l±cn(Mi + M 2 )}{l±cn(Mi-M 2 )} ={Ci±C2flD. 

21. {l±cii(Mi+M2)}{lTcn(Mi-M2)} ^{sidiTs^diflD. 

22. {l±dn(Mi + M2)}{l±dn(Mi-Ma)) ={di±d2)VjD. 

23. {l±dn(Mi+M2)}{lTdn(Mi-M2)} ==F(5iC2TS2Ci)V-D- 

24. sn (mi + Ma) cn (mi - Ma) = (siCidj + S 2 C 2 di)ID. 

25. sn (mi - Ma) cn (mi +M 2) = (fiiCidj - S 2 C 2 dy)ID. 

26. sn (Mi + Mj) dn (Mj - Ma) = (SidiCa+SadaCi)/^*. 

27. sn (mi - Mj) dn (Mi + Ma) = (sidiCa - s^dzC^jD. 

28. cn (Ml + Ma) dn (Mi - Mj) = (ciCadida - k'%S 2 )ID. 

29. cn (mi Ma) dn (mi -f" Ma) = {ciC^dLid^ 4" Ic ^SiS^j D. 

30. sin {am (Mi + Ma) + am (mi - Ma) } = 2$iCid2lD. 

31. sin {am (mi + Ma) - am (Mi - Ma)} = 'iSzCidilD. 

32. cos {am (Mi + M a) + am (mi - Ma) } = (Ci^ - SiW)ID. 

33. cos{am(Mi+M2)-am(Mi-M2)} ={c.2'^-si^di‘)ID. 

To the above list it is convenient to add for reference ; 

(a) cn(Mi+M2)cn(Mi-M2) =(c 2 ^-Si‘d 2 ^)jD={ci^-S 2 ^di^)ID. 

(b) d n (mi + Ma) dn (mi - Ma) = (di^ - k^s^c^)ID = {d^ — kh-i^C'^)ID. 

(c) { dn (mi + Ma) ± cn (Mi + Ma)} { dn (mi - Mj) ± cn (mi - Ma) } = (Cida ± c^diffD. 

(d) { dn (mi + Ma) ± cn (mi + ^a) } { dn (mi - Ma) T cn (mi - Ma) } = k'^ (Si T s^yiD. 

[(c) and (d) are given by Greenhill, E.F., p. 262.] 

1352. Periodicity of tlie Functions considered by aid of the 
Addition Theorem. 

Starting with the addition formulae in which D=l -k^s^-s^^, 

sn{ui±U2)={siC2di±S2Cidi)/D ; cn(Mi±M.a) = (ciC2T5i52dida)/T> ; 
dn{ui±U2) = {did2Tk~SiS2CiC2)ID ; 

and putting Ui—u, M2 =j 6 l, we have, since sn if = 1, cn A=0, dn A = A:', 
sn(M+A')=(snM cn A dn A+sn A cn m dn u)lD, 
where D—1 - k‘^sn^u=dn^u=d^-, 

i.e. sn(M+A)= cn(M+A)=-^, dn(M + A) = ^, j 

sn(M-A)=-|, cn(M-A)= dn(M-A) = ^. j 



506 


CHAPTER XXXI. 


Putting u+K in these fonuulae in place of u, 

™(“+'*^>=s| 5S)--3’ “(»+“>= T’ d"(«+3i0-|. 

sn(u+4/0=|2^|^- “■ 


Hence the functions have all returned to their original values ^yith 
period 4.K. It 'will be noted that dnu was restored with two additions 
of K, and that sn u and cn u took the same value but the opposite sign 
after two additions of K. 

In the same wa}^ since 

sn(A:+iZ')=p cn{,K+<-K')=^-~, An{K^iK') = 0, 
we have sn{tc+K + iK') = j_.cdlD, where i) = l — ^-s.p— c , 

/7 ik' T7-/4 

sn(« + A: + tA:') = p. cn{u+K + LK') =-j^. An{u+K + iK) = — 

sn{u-\-2K+2iK')^ -s, cn(u+2K+2iK')= c, Aniu + 2K + 2iK')= -d, 

j .T,' ik' 

sn(«+3A:+36A:0=-p, cn(« + 3A:+3tZ')= - An{u + 'iK+ZiK)^-- 

sn(tt+4A: + 4iA:')= cn(tt+45: + 4iZ')= c, dn(« + 4S: + 4i.S:0= 

and all the original values are again acquired after an addition of 
4(ir + tZ')) noted that after two additions of K+iK, 

cnu resumed its original value, but snxi and dnw resumed their original 

values with the opposite sign. 

Writing u-K for u in the several cases of the last form, 


sn(w + tA') 


dn(«-A)_ 1 , cn(w-t<A') 


id 

'Ts' 


dn(?t + iX'') 


k(:n(u-K) ks 
_ c 
" d’ 

= _ 1, cn(M+2/{: + 3iA')= -p, dn(u + 2X + 3iA')= 7 


sn(« + X + 2tX0 =-sn(7t-X) = cn(w+X + 2iA') = dnbt+ X + 2iA ) ^ 


ks' 

sn(M + 3A+4tA")= sn(n-X) = -|, cn( 7 t + 3X + 4iX')= dn(M + 3X + 4iX )= 7 


sn(u + 2X + 3iA' 

■3A+4tA" 

the last three being the same results as for the functions of u+SK. 


Again, 

writing u — K for u 

9 


sn(M + 2tA') 

cn(it-A) 

~'dn(i£-A) 

cn(M + 2iA') =-c. 

dn(a + 2tA') = 

sn(7t+ K + ^iK') 

d 

^kc’ 

cn(M + A + 3iA'’)= 

dn(u + A + 3tA') = 

sn(M + 3iA') 

1 dn (u - A) _ 1 
~ A cn (u - K) ks' 

id 

cn{M + 3tA') = p, 

dn(?t + 3iA') = 


ik's 
c ’ 

tc 
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•'riling u + K for u in the functions of u+K + iK‘, 

ldn(M+/f) 1 , , njr rrl. id 

— — n7\-—r-> <^n(n + ‘lK + iK )= rj- , 
:cn(?i + A) ks ks 

1 1 ^d, , n,r TT,. i-k' 

'kan(uJrK)~ > cn(“ + 3A: + £^ )- , 


V2K^.K') = 


(\n(u+2Ki iK')=-j, 

fln(7£ + 3i^ + tA")= — • 

c 


V/riting Jt + A" for ?£ in the functions of u + 2K+2iK', 

(■£-f3A + 2iA')=-sn(7t + A) cr.{M + 3A + 2tA') dn(« + 3A + 2iA')=^- 


1353. We exliibit tliese results for arguments of form u+pK + giK', in 
tabular form for reference. 

If A stand for the word denominator we have, tabulating the numera- 
tors only and indicating the several denominators, 


-fO.i-S:' 


-i-iZ' 


+ 2iK' 


-f- 3i-K' 


+ AiK' 


If, for instance, dn (tt-f 2A-|-3tZ'') be required, we look in the group of 
the third column and fourth row and find numerator =ikc, denominator 
= hs, and the result is t cn ii/sn u. 

The vertical order in each square is sn( ), cn( ), dn( ), A. 

The fifth column and fifth row exhibit the fact, that after an addition 
of AK or of AiK' to the argument, each of the functions returns to its 
original value, and shows their double periodicity. The value of any 
function of the forms 

s\\{u+pK+q<‘K'), cn{u+pK + q,<-K.'), dm{uA-pK-\-qiK'), 


-f-O.Z 

+ K 

-b2A 

-h3A 

+ AK 

s 

c 

— s 

- c 

s 

G 

-k's 

-c 

k's 

c 

d 

k' 

d 

k' 

d 

A = 1 

> 

(1 

II 

<1 

> 

II 

A = 1 

1 

d 

-1 

-d 

1 

- id 

- ik' 

id 

ik' 

— id 

— ikc 

ikk's 

— ikc 

ikk's 

- ikc 

A = i5 

A = kc 

A = ks 

> 

II 

O 

II 

< 

5 

c 

-s 

-C 

5 

-C 

k's 

c 

-k's 

-C 

-d 

-k' 

-d 

-k' 

-d 

A = 1 

t> 

II 

A = 1 

t> 

II 

A = 1 

1 

d 

-1 

-d 

1 

id 

ik' 

— id 

— ik' 

id 

ikc 

— ikk's 

ikc 

- ikk's 

ikc 

> 

11 

Co 

II 

<1 

A = ks 

A=kc 

A = ks 

s 

C 

-s 

-c 

s 

c 

-k's 

— c 

k's 

c 

d 

k' 

d 

k' 

d 

A = 1 

> 

II 

II 

<1 

> 

II 

pij 

A = 1 


R.I 
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where p and q are integral, can now be written down ; e.g. 

cn (u + 5.^ + 11 tK') =c.n{u-\-K+ ZiK') = ik'jkc. 

The tabulation is given by Cayley (E.F., p. 77) with a slightly different 
notation. 

1354. Putting u=0, all the functions in the table for which A = ks 
become infinite. 

There are four such groups, i.e. twelve of the functions. Cayley points 
out the impoi'tance of their ratios even when themselves infinite, and 
writing I for the infinite factor l//:snO we have, remembering that c = l 
and £Z=1, in this case 

sn iK' cn iK' dn iK' s n(2K+iK') _ en{2K+tK') _ An{2K+iK') 

1 ~ —t —tk —1 <• 

snSiK' cnZiK' dn3t.K:' sn(2g+3tA:0 cn[2E + 3 iK') &n{2K + 2iK') _ 

I ~ L ~ Lk ~ -1 -t 


1355. Formula for sin 2w, etc. Duplication Formulae. 

Putting Uy=u. 2 =u in the addition formulae and writing s, c, d, D 
respectively for sinw, cos?<, dnit and 1 — ib^sn'^M, 

(1) sn2a = 2scff/D, (2) cn^u={c'^-sM^)ID = {l-2s^+kh^)lD, 

(3) dn 2 «=(d 2 - ji;Vc2)/D=(l ~2fcV+Ps‘‘)/Z). 


Hence we deduce, wilting 
(4) 1 + cn 2w = 2c^/ D, 


( 6 ) 


1 - cn 2 m 
1 +cn 2 m 




< = tnM=sn m/cu m, 

(5) 1 - cn 2 m = 2sH^ID, 

(7) cn2M = ^_^^.^^2> 


(8) 1 +dn 2u — 2d'^jD, 

l-dn2M_ ibVc^ 
l + dn2a“ ’ 


(9) 1 - dn 2 m = ikh'^c^jD, 

, , ^ ^ d^--kW 
(11) dn2M_^2 + ;;;W) 


( 12 ) 


1 — dn 2 m 
1 +cn 2 m 


=F-s^, 


(13) 


1 +cn 2 m _c^ 
l + dn2M 


d2 = l-Fs2= 


cn 2M+dn 2 m 
1 + cn 2 m ’ 


(14) 1 - ¥ 


1 +cn 2 m_ ¥¥ _k'^ 

l + dn2M d^ d**’ 


i'* + dn 2 m — ¥ cn 2 m k''^ 
1 + dn 2 m d* ’ 


(15) l-¥ 


1 — cn 2m 
1 + dn 2m 


¥s'^ = d\ 


A:'^+dn 2M+ii;^cn 

1 + dn 2m ’ 


(16) cn 2M+dn 2M=2c^d2/Z) and 


cn 2M + dn 2 m_ ^ 
1 + dn 2 m ~ ^ ' 


(17) From (15) and (16), 

sn^M cn^M dn^M 1 

1— cn2M cn2M+dn2M A:'^ + dn 2M+A:'‘*cn 2^^ l+dn2M 
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1356. Dimidiation Formulae. 

U 

By writing - for u, we have 

Ji 


,,u l-cnu 
2~l + dn?t’ 


^^2«^cntt-{-dnw k'^ + dnu + k'^cnu 

2 I + dn« ’ 2 1 + dnu 


1357. Again, since 

dn2u-cn2u = 2k'^s^lD, 1 + cn 2«=2c7Z), l+dn2u = 2cPID, 
+ dn 2 m - cn 2u=2k'^ID, 


we have 






k'^ 


dn2M-cn2M H-cn2M l+dn2M ifc'2 + dn 2M-A:2cn 2 m ’ 


and putting - for m, we obtain further formulae for sn ^ , cn dn viz. 

2 2 2 * 

2M__ ^^(1+cnM) ^c'"(l+dnM) 

2 i'^ + dnM — fc'^cn 


„M duM-ciiM 

3ir7; = '. 


2 fc'^ + dnM-i^cnM’ 


2 /t-'^ + dn m-Aj^cu 


1358. Triplication Formulae. 

Writing m, =m, M 2 = 2 m in the addition formula for 8n(M, + M2), 

sn 3M=(sn u cn 2 m dn 2 m + sn 2 m cn m dn m) (1 - Jt^sn^M sn22M), 

and substituting for sn2M, cn2M, dn2M their values from (1), (2), (3) of 
Art. 1355, we obtain, after a little reduction. 


sn 3M/sn m = {3 - 4 (1 + k-)s'^ + 6F5< - ¥^}ID’, 
and siniilarlj cn 3M/cnM={l - 452-f-6Fs< - 4F5®4-ifcV}/Z)', 
dn 3M/dn m = {1 - 4FF + - 4fc^5® + Fs®} jD’, 

where D'= 1 - 6Ffi‘ + 4F(1 + By - 


Cayley gives also the following results, which may be verified without 
difficulty : 


1 — sn 3?/ 

.D'={\- 2S + 2BS' - Ba^y ; 

11^-^' = (1-2^ + 2A.3_,V)- 


^t^.D'=(l + 25-2Ffi-3-fcV)2; 

1 + ^sn 3 m r,'^^i^2ks-2k^- Bs^. 
I — Ksnu ' 


The formulae for sn Am, cn Am, dn Am for the cases A = 4, 5, 6 and 7 are 
also given by Cayley {Ell. F., pp 78 and 81 onwards), but these formulae 
rapidly become more and more complicated. According to Cayley the 
cases A = 6 and A = 7 are due to Baehr {Grunerts Archiv, xxxvi. pp. 125 
to 176). 


1359. Dimidiation Formulae for the Periods. 

1-cnM ,,M cnw+dnM , „u k'^ + dnu+Bcnu 

“ 2=T+d;n.> '" 2= i+dn» ’ '^" 2" — TTdin^ — 

K I K* 

give many results for the functions oiu-\-p — -\-q — ,p and q being integers. 
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Putting w = 0 in the formulae of the table, and therefore s = 0, c = 1 , cf = 1 , 
K 


sn 


ll — cnK 1 K ../cn 

K 


K+dnK 'Jk' 
+dnE ^/^+fc'’ 


sn 


cn 


dn 


sn 


cn 


2 

2 

lK' 


-VI 


2 V 1+dn.ff 

-cntiC' /l + t/ \_a/ 1_ . 

l+dntA:'" > k sfk’ 


. /cn tX' + dn lAT' ^j — Ll — ikI,j. ^ Jl + k _ 

-V ' n-dn.g- 

_ A/ ^'^+dni-g' + fc-cn iK' _ j k'^-LkI- khI.j_^.^^/^ I 
’ 1 + dll lK' ' 1 — ti/ 


dn 


2 Vi+dn(X + i^r') -J2k^ 

K + lK' . /cn (Z +77r) + dn (K+i-K') 

~~2 “ V l+dn(.ff + tX') 

=v- 4 = 

g + ig^_^ PHdn(ji: + iX') + P-^cn(X + 6X~) 


l+dn(^r+-tX') _ 

='Jk'>Jk'' — ik = ~2 H" '~ *'''^1 — fc ]■ 


The reader will find no difficulty in completing for himself and 
tabulating the various results for the cases p = 0, 1,"2, 3 ; q = 0, 1, 2, 3. 
Such a table is given by Cayley (E.F., p. 74). 

1360. We now have 

i ^ 

k's+cd 


sn 


(«4)- 




l-ibV 


Jl + k' 
1 


] 


1 + k' 


'•Jl + k' c2 + fc's^ 


f K\ “Vi+i- J k- 

l + k' 


k' c — sd 


l + A' c^ + k's‘ 




dn 


(-f)= 


dslk’-kh 


\//b' 


n/I+Ic' “JY-^-k k')sc 

1 c^+k's^ ’ 


1 — 


1+fc' 


with many similar results, and such results may be thrown into other 
forms. For example, we may show that 

/ if\ 1 d+sc(l+A:') ( ,K\ I k' c^-k's^ 

^ ’ ‘'"v ^2; vi+p c+sd • 


sn 
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1361. Other formulae may be obtained by direct application of the 
cliniidiary formulae to the results for e.g. 

cn2?{ ,,sn2a , k' 

./ K\ l-cn(2?t + A') dn2M + I:'sn 2?t 
whence sn2(^a+^j= ^ ■dn2a + jk' ’ 

and many other formulae are sirnil.arly obtainable. 


I,3fi2. A General Proposition. 

Let ?7 be a function of tliree variables 0j, ^ 2 > ^ 3 > between 
which there is a connecting relation, viz. 


d(f)yj -b "f' d<pj A(^3 = 0, 

and suppose the function U to be such that when any one of 
the three, say ^g, is regarded as a constant, then U vanishes in 
one of the two cases (^i = i^ 3 > i<Pz~d^s> 

A^ 2 > ^ must be zero 


'dTJ 

provided also that — A0,= 
always. 


-W- 

^02 


For if ^ 3 =const., d(p^=0 and d<pJA(p^-\-d(pJA(p^=0, i.e. 
d<pJA(p^— —d(f)JA(p^~'Xy say, and this would have been equally 
true if the connecting equation were 

(Z^j/A^i -f- d(p2/^<po — d<^>J A^g = 0, 


But 


w 




Cl = const. =C, say, 

C1=0; C=0. Therefore TJ vanishes. 


L901 ^ S</>2 

But in the case (0i = 03, 


1363. Case I. Let 


{-i-^de [^-de . rr j 

“■=J.Afl’ “H„A§' “==J„Ae 


Then 

^-1 

’ dU.y 

.1 

■ ’ 301 

1 

■A0,' 

31^2 _ 
302 

1 

A02 

and 


3C^ A. 

o , ^02 

302 

= 1- 

1 = 0. 



Also, if 02“ have u^=u^ and i.e. 

u^-\-U2—u^=0. Hence the conditions of the general theorem 
are satisfied, and ^=0 always, i.e. according to 
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Legendre’s notation which is the addition 

formula for the first Legendrian Integral. 

That is, F (am -j- ^ (am u.^ == F (am Wg). 

Another mode of treatment (Art. 1342 ) of the equation 

result that 


sn cn Wg dn ^2+ sn cn dn _ 


const. 


1— A2sn^WiSn%2 
when 0g=const., so that W3=const. ; and as {u^=u^, ^2=0) 
satisfies this, the constant is sn Wg, so that 

^i+^2=sn~" before. 


1364 . Case II. With the same definition of u^, u.^, Mg, and 


taking 


c^\ r02 r^3 

y, = l t^QdQ, Vo=l l^QdQ, 'yg=l Md9, 
Jo " Jo Jo 


and U ^v^-\-V2—v^—k'^fim<f>ySm(p.2smcf)^, then, proceeding as 
before, 

“dU 'dU 

^ A01 - — A02 = ^01 cos (/>i sin 9^2 sin c^g] 

— A^2[^02~^-^ cos 02 sin d>i sin ^g] 
= (A0i)^— (A02)^— sin 0g[A0j cos 0j sin 02— A^g cos 02 sin 0i] 

= [ ( V - sfl (1 - *:%i V) + V (1 - V) (1 - 'i'V) 

= 0 . 


Also, if 02=0, ^2=0 and if 0i=03, v-y=v^, and U =0 in 
this case; /. ( 7=0 always, and 

'yi+'y2— ^3=^ sin 0^ sin 02 sin 03 ; 
and writing v^=E<f)^, v^=E(l>-i, Legendrian 

notation, E(f)^-\-E(p2—F(p.j=k ^ sin 0i sin 02 sin 03 ; 

and since 0j = amM^, 02=amM2, 03=am M3=am (Mj+Wg), we 
have 

E am Mj + .E am Mg — £/ am (m^ + M g) = F sn m^ sn Mg sn (m^ + W g), 
which constitutes the addition formula for the second class of 
Legendrian Elliptic Integrals. 
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1365. Case III. Let 

de 


Wi= 

Jo 


W2=etc., W3=etc., 


(l+?isin20)A0’ 
where 0 j=amWj, etc. Then, putting 

f da 

W 3 — J— - - ^ 3 , an=(n+l)(n+F), 


12 = 


n sin sin sin ^3 


1 +w— w cos cos ^2 9 ^ 3 * 

we may verify as before by the general theorem that U—0, ie. 


1 . , ^ 1 


n0i+n02—n^3=-7=t‘'*'®‘“^-^'^a or 

va 


J'- 


tanh~'jRs/ — a, 


which is the addition formula for a Legendrian Integral of 
the third class (see Cayley, E.F., pp. 104 to 106). 

The work of this verification is necessarily somewhat 
cumbrous, and it is found best to proceed to discuss the Third 
Legendrian Integral n(0, n, h) after a modification of its form. 

d/tif X 1 

Taking 0=amw as before, Let n==— Ai^sn^a, 

a being not necessarily real ; then the transformed integral is 


n{ 0 , n, 


du 


■ ]c^ sn“a sn^M* 

But instead of considering the original function 11(0, n, k), it 
is convenient to consider a somewhat different form 11 (m, a), 

j „ , r“ sn a cn a dn a sh^w dw 

defined as s I — ^ 5 ■ 

Jo 1 — A'^sn'^asmw 

The connexion between n(w, a) and 11(0, w, k) is then 

j r sin" 0 d 0 
n(“- ™ o on » dn aj 

kp‘ j P (l+wsin20)— 1 

==— snacnadnal 

n Jo (l+nsim 0 )A 0 

t.2 

=— sn a cn a dn a {F(6, k)—IL(6,n, ^)}, 
n 

and the new function is proportional to the difference of the 
first and third Legendrian forms. 
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1366. Jacobian Zeta, Eta, Theta Functions. Introductory. 
These functions, denoted respectively by Z{u), R{u), 0(%), 

are defined as 

Z(u)=|' 

with a constant of integration in the second case, such that 

Q(^0')= a,nd Jc being the modulus in each case. Also 
V TT 

in the first of these Jacobian Elliptic Functions is the 
complete Legendrian Integral of the second kind with limits 
0 and 7r/2 (Art. 375). 

1367. Obvious Elementary Properties. 

Clearly Z(0)=0 and Z{—u)=—Z{u). 

Also Z(w) + ^M=J dn^udu=\ A6 d9=E(9)=E(a,mu) 

E 

in the Legendrian notation, i.e. Z{u)=E{sx.mu) — ^u in that 
notation. 


Again 


Z(.u)du 


_ , . [WK l';z(u)dn l2kjc'K J"i 

0(w)=a/ and snwe-^° 

’ TT V TT 

Also e{-u)=^ 

' TT 

H{—u)—‘Jksn.{—u)Q{—u)=—s/ksnuQ{u) = —H{u). 


Also 


H{0) — 0 and Lt„=o 


H{u) 

u 


2kk'K 


TT 


Thus Z{u) and H{u) are odd functions of u, and 0(‘u) is an 
even function of u. 

1368. Properties of the Second Legendrian Integral. 


(i) 


E{-cp)=\ \9d9=~\\xdx> (0=-x)> =-B(<p). 

Jo 


10 

(ii) F(7rdr^) = J +J j A9 d9 

= +1 j Ax dx,(d=7r+x in second), =2Fi±.S^. 
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(iii) jS(27r±0)=2£?i+jB(x±^)=4Si±:JS(0), and generally 
E{ 7 nr±(f>)=^nE^±E{(j}), le. E{mr±a,m7i) = 27iE^±E{^rmi). 

nd r® 

(iv) Again, with w=j 

6 = am u, v=E (am u), 

TT 

and if 0=0, m= 0 and v=0, i.e. E(sx,m 0) = 0 ; whilst if 
u=F^^K, v=Ei, ie. E{&mK)=E^. 

(v) Moreover E (am u)-\-E (am K) — E am {u -f- K) 

=krsnusin-^sn{ii+K) = k ' — ^ 


,sn w cn u 


iw p-p ^ 

Aam(w-1-A)= E {Amu)-\-E^ — k -‘ — 


1 u 


. -rr. !->/ \ , ToSnrtcnii 

Also --E^va{u—K) — -—E{»mu)~{-E-y-\-K — 


I u 


1369. Addition Formula for the Zeta Function, etc. 

The formulae for dn(w+v), dnfw-r) of Art. 1347 give 

,.,sn w cn w dn w sn V cn r dn 'y_ 
dn2(t4+^)-dn2(w-v) = -4A:' 

and integrating with regard to v from v-^atov-^n, 

F -1W=M p -]'’=« 

Z(M+v)+‘g(w+v)J^^^+[2(«-v) + ^(M-r)j^^^ 

2 P sn u cnMdntt y=“ 

~ ~ sn^ w Ll — sn^u sn^ v J „ = a ’ 

ie. |Z {2u) -i-^2u-Z (M+a) - (m+ a)| 

+ |z(0)+^.0-Z(w-a)-^(w-a)| 

2 sn w cn w dn « /" _1_ L__ ^ 

^ {l—Jc^sn^u 1 - k^sii^ a sn%/ 

9 sn w cn w dn u sn^u sn-g 

~ l—WavL^u ■ 1— Fsn^a sn‘^M 

= — Fsn2wsn(w+a)sn(w— a) (Arts. 1351 and 13e5), 

Z(w+a)+Z(w-a)-Z(2w)=Fsn2wsn(w+a)sn(M-a). (I) 
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Putting «=0, we have 

Z{2u) — 2Z{u)— — l!?‘sn2uBn^u (II) 

Adding 

Z{u-\-a)-\-7j{u—a.)—2Z{u)—h^sn 2u | sn^wl 

— iC sn 'j/sn^ot J 

1 — A-sn^w sn^a 

i.e. Z{u+a)^Z{u-a)-2Z{u)^-2¥^~ ''l^^^'^^f^ - (HI) 

1 — AJ^sn^asn-M ' ' 

and writing itd-a=Uj, u — a=u.^, 2u=u^-\-u^, Eq. (I) becomes 

Z(ui+U 2 )=Z(ui)-fZ(it 2 )— Fsn Uj sn sn(Uj+U 2 ), (IV) 

which constitutes an addition formula for the Zeta Function. 


T? 

1370. Substituting for Z(w) its value .^(am u) — ^u, we have 

E (am Uj)-\-E (am u.^) — E (am + u.^) = k^sn Uy sn sn {Uy + u^, 

viz. the addition formula of the Second Legendrian Integral. 

If in (IV) M^e write Uy-\-u^-\-u^=0, we have the symmetrical 
form 

Z(Wi) 4 -Z(W 2 )H-Z(W 3 )= — gjj 


1371. From (III), we have at once 


a) _y_ Q'{u—a) _ ^ t)'(w) _ snucnudnu sn^a 

0(w4-a) 0(w-a) 0(w) ' l-yfc^sn^wsn^a ’ 


ie. 

i.e. 


r 0(w4-a) 0(w— a)T““ r, 

L 0^0^) sn^w) 

~lp(a)02(l) l-Fsin^asn^w (V) 


1372. If we integrate with regard to a, instead of with 
regard to u, from 0 to a, 

^^S^^^-^aZ(u)=-2Il{a, u) (VI) 

and interchanging u and a, 


i.e. 


log 


0(^+a) 
0(m — a) 


2wZ(a)=-2n(w, a), 



(VII) 
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v.'hich expresses the Legendrian Integral of the Third Kind in 
terms of the Jacobian Zeta and Theta functions. 

There are in this form two arguments only, viz. u and a, 
instead of the three, 0, h, u, in the Legendrian form (see 
Greenhill, E.F., p. 192). 

1373. From (VI) and (VII), 

n(«, a)-n(a, u) = uZ{a)-aZ{u) (VIII) 

Since nK,a)=M,Z(a)+ilogg fr-~°\ 

W(Mi + a) 

n(«„n) = n,Z(a)+*-Iog||^. 
and n(Wi + W 2 , a)=(^, + ^ 2 )^(a) + -Uog ^^;i'^"7^| , 

t)(Wi + M2+a) 

we have n(Mi, a) + Jl{u.^, a)-n(«i + W 2 , a) = -^loga >> 
wIioT-o — g) Q (u^ a)0(Mj4-W2+a) }- (IX) 

0(^, + a)0(t^2+«)0(«, + t^2~a)’ J 

which is a form of the addition formula for the Third 
Legendrian Integral. Various forms of the function f2 will 
be found in Cayley, E.F., pages 157, etc., and The Messenger of 
Math., vol. X. (Glaisher). 

1374. In this brief notice of these important functions, we 
have in the main followed the course suggested by Dr. 
Glaisher in his note in the Proceedings of the Lond. Math. Soc., 
vol. xvii. 


1375. Integration of Expressions involving the Jacobian Func- 
tions. 

[We shall write s, c, d for sn«, cn«, dn « respectively when desirable 
for abridgment.] 


(1) (snudu ^ - I 

J J \/l — k'^sn'^u J fk"^- 


cn u 


1 . , , A: cn M 

— - T sinh“^ — p— 


•d k'''^ + k^ cn^ u ^ 

1, dn«-f-A;cnM 1, Id-kc 

(2) [cnudu = f — =7'!in“*(A:sn m) = t cos~Vdn tt), or other forms. 
J J 'Jl-k'^sn^u k '' ' k v a 

Anudu= Jd0=0:=iim7i. 


(3)/ 


(4) j sn^udu = p^(l - dn'‘u)du=^^{u — E a,mu)=^^u-(^Zu + ^ 
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.■3) J cn'’w(fit== p J {iWu-k'-)du=^,{Eiimu-k'ht,)^^,{(z 2 t+^v)j-k'^uy 


(5) J 

fen'-udu — 

(6)j 

1" dn-udn — 

<■>1 

j" sn^i/ du = — 


dlcnii) f (1 -c-)dc 


(S) j nvudu ^ I = 


1 'V*'-’ - 1 


/- /• o - /.-- /•- - /;- P- 

(!)) / (ln^»r/i/ - / (1 - /.■-siir-7^)</<y--“ ‘ j .'^iii 2^^=-- — ,— iim « + - .sn cn !/, 


(1(1) / - - I , wliicli .'511‘^t'csts iiiiLtiiiLj '/==- ; whence 

./ sii i( J (1 -(•-)s7.- '-•(-/-■•<•- ■'■ • ‘ 3 

'll/ du, 3- 1 /(/.•■•' -1- !/-), c- (F - /;'-)/(/;- + y-) I 

I - - r%/,/^ - f -cusl.->f :' 0 = -e.,sh- \ 

./ Ml i( Jr'' J \hsuvj 

f du 7 , ,..3, ., 1/- - 1 ., /.■’■ 

(11) I I’uttiim // - , (/i/- /•■ ■ .dii,3---:r c---- r , 


.. I ■ ,[.1 /' di/ '(•""h 'll !,ro3]\ ' 

J CM u I: - I _ 1 • /.• I: 


ilii n\ 

I’ll !//' 


1 du 
( 12 ) , 

(Ill u 


/' dl) /■ (•(I'.CC- (7/7 1 , ('ot U 1 .(.’till 

j I - /.•-^'Ul-'(/ J cot- (/+ /.■- /.■ /.' /.' /.’ 


(/ f(/ I. I.. .1 '--((- „ I 

l;l/(). .Xoimi , ..loo.slll/ -• , •— - - /.■-f- - „ = A'-6" 

o (/ii o. V. 


c-d- _ ^ .,^o _ J 

3- " A’- ’ 


d- , d sd ,, ... ., s-d- ., k- 

, .loociiK - - , k-C- — , 

(III- du c c- c- 

d- , , d sc ,3-C- k"' 

</i/- «H d (I- d- 


-f ?( - 7i mil u. 


du 

-MIMI 

CIl l( lil) 1/ 

- - - +v 

.'HI i( 

du 

1 .sii 11 dm/ 

cn-H 

cm/ 

(/» 

/;- SII 1/ on 1/ 

dii-H 

dm/ 


-1- ,r, /i'mii II- 
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1377. Other positive or negative integral powers of sn-w, cnu, dnw 
may be integrated with regard to u the reduction formulae 
of Examples 24, 25, 26 at the end of the chapter, which can be 
verified at once by putting respectively P = s^-^cd, c'^-'^sd, d'^-^sc 
and differentiating. 

1378. Again, by aid of the Period formulae of Art. 1352, viz. 

^=sn(« + A), 1= - l,cn(« + A), i= ^,dnO. + A), 

j=l;sn(ii + 6A'), -^"cn(tt + 6Z'), ^ = _ ldn(M + tA'), ' 

^=/:sn(M + A + 67r). ^-= -^,cn(u+K+iK'), dn(u + K + LK'), 

we may readily deduce the integrals of integral powers of 

c d s d c s 

d' c’ d' s' s' c 

Thus, for example, 

/ cn^ u C 1 

sn^{u+K)du=^,{{u + K)-EAm{u + K)} 

1 / n . losn w cn u\ 

- jjAu- E iimu + k - — , y +const. 

K- v dn u j 


1379. Again, since 

T-r, , /■“'Aj-sn^M sn a cna dna , cnadnaf"/ 1 \, 

II(m, a)= -- — o du^ , — =- — r 5 1 ]du, 

Jo 1 — fc-sn‘‘a sn^u sna Jo \1 — k^sn^asn~u J 

f" du sna . 

i — rs — ~ — 5 ~ = i ll(u, a)+u, 

Jo 1 -K-sn-asn'^M cnadna 


we have 


j.e, 


f" r sn a „ , 

I , — j 1- ,——5 =2 n(M, cf) + « , 

,0 1 — AJsnasnw .0 l+A;sn«.snM Lcn a dn a J 


du 


JO 1 — A: sn 
whilst 

du 


du /■“ du _ f" 2A:ena sn« 

Jo 1-ksnasnu Jo 1 + A;snasnw Jo l-k~3n~a 


sn-u 


du 


ksn a 


, , (sn u + a + snu- a) du, 

cn a dn ajo ' 

which is integrable by (1), Art. 1375 ; whence by addition and subtraction 
the two integrals 


du f" du 

.0 1-A:snnsntt’ Jo 1 + A:sna 


sn u 


are determined. 
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PROBLEMS. 


d sn 11 2 

1. Show that tox. n. p., isoso 

2. Prove that 

(a) sn^ u) {k' + dn 2u)lJ\ + k' = 1 - (1 - k') sn^ u ; 

( J) 7(cn 2m + Lk' sn 2m) (1 - k"^ sn* u) = ik' sn « + cn m dn u. 

3. Prove that the equation of the osculating plane at the point ii 
on the curve x = asnu, y = h cn m, z — c dn w is 


^ sn^ M - 1 cn^ « + - dn^ u-k^. j9Q2q 

4. If « = I { (a- + *2) {Ifl + x^) a dx, show that 

fl; = 5 tn It, (mod. a > k. [Ox. II. P., 1902.] 

5. If the functions sn u, cn v, dn u he defined by means of 

sn u = cn u dn ?t, ^ cn n— — sn u dn ?t, u= -k"^ snu cn u, 

dn du au 

sn0 = 0, cn0 = l, dn0 = l, 
prove that (i) dn^ « = 1 — k^ sn^ it = 1 — ^*2 + k^ cn^ u ; 


(ii) snit cni>-t- cnjt^^ ^ 

' dn tt + dn V 

^ [Ox. II. P., 1901.] 

dx 

6. If W2 - n/ 3 = cos 4> and the differential ^ 2x‘^j3 - x^ 

transformed into - values of a and a. 

v 1 - sin- a sin-^ <p 

[Caius, 1885.] 


7. Prove the following results ; 


u 

K 

2 

3X 

2 

K+2iK' 

\ 

3K + 2iK' 

2 

iK' 

2 

1 

2K+tK' 

2 


1 

1 

1 

1 

. i 

1 


\/l+/0' 

7i + /t' 

7l -k' 

■,'1-k' 

^Jk 



3iX' 

'2K + ^iK' 

K+iK' 

ZK + iK' 

K + 'iiK' 

ZK+ZiK' 

It 

2 

2 

2 

2 

2 

2 









— t 

1 

^Ik+ik' 

Jk-ik' 

lk~i¥ 

Ik + ik' 

Stl 74 ; 

71; 

Jk 

y k 

^ k 

V k 

y k 


and find the values of cn it, dn u in each case. 

[See Table in Cayley, E.F., p. 74.] 
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8. If tan -g-TT sin <j} = sin^ = X\Jl - x^jsj 1 + x^, prove that 


dx 1 

r* ‘ l * , 

dip 

J.s/I^ 273 J 

0 71 - tan-|7rsin-<^ “ 

o7l -tan^iir sin'^i/' 


[Math Trip., 1896 .] 


9i Prove that on \lK’ dn \tK’ -f sn \iK' = - i{ \ ^-Jk) s/l +k 
and dn \iK' 4 - sn \iK' cn \iK' = - i{ 1 + s/l + Z:} ‘Jk. 

[Math. Trip., 1896 .] 

10. If tnifi = 2\dn«j, tny.j.=^T^Ax\n^, dnii^ = D{-^, dnu2 = I)f^, 
show that 


(i) tn {«! + Wo) = 


'J\ + n 


and 


(ii) tn 2w = 


2 tn wdn w 
1 - tn^u dn^w' 


11. Prove sin [am (u + v) + am {u -?;)] = 2 sn u cn u dn r/I), 

1 + dn {u + v) dn (it -v) = (dn^w + dn-v)jD, 
where D = l -k^ sn^it sn- v. 

Prove that 

10 ^ k's + cd _ 1 tZ + (l +/;')sc 

V 2y J\+k' l-{\-k')s"- 71+/;' c + sd 


13. cn 


1 jd + (l +k')sc _ /dn 2u + k' 
~ Jl + k- y d + {l- k')sc ~ y Z:' + dn 

/ .A l~k’ c-sd 
2) ~ Vl+/;' l-{l-k')s^ 

j-k' c^-k's^ ,T, /T 

~Vl+/;' c + sd~'^'yk‘ 


sn 2it 
k' + dn 2it 

[Cayley.] 


,77 / 1 - sn 2u 
+ dn 2u 

's 


14. dn(»+ 3 ) =Jk 7T5 

/p /l + k' dn 2it - /;- sn 2ii 

V k' + dtx2u ■ 

/ iK.'\ 1 (I + Z^)s + trt/ 1 / 

16 . + i,.fe.r -^V' 


( 1 + /;)s + icd 


16. cn ( it + 


iK' 


\Jk 1 + ks^ ' JJc V (1 + Z;)s - Lcd 

1 Ik sn 2?t + 1 dn 2it 
7^ V sn 2it - t cn 2?t 


[Cayley.] 



I + k c - isd /l+^’l - ks^ 


k 1 + A's^ 


c + isd 


jl+k j\-ks^ c-isd 1^ j> 

V /; Y 1 + ks^ c + isd ~ Jk'^ 


^dn 2it + k cn 2it 


c + isd Jk ^ cn 2it + 1 sn 2it ’ 



522 


CHAPTER XXXI. 


17. dri( 


ir - — T d - iksc 1 ^ — f 1 - ks^ 

= Jl+k -V— t- 5 =Vl 


l+yfcs2 


d “I" iksc 


-4 


^k''^ sn 2ii - t cii 2io — ik dn 2u 


sn 214 - t cn 2u 


18. sn(M + 


K+ lIC 



k P ik — ik s "j” cd 


4 


1 -k{k+ ik')s^ 

N: 


'k + ik' c + {k- ik')sd _ jk+ ik' jG+{k - ik')sd 
d-^ksc V k \ ci-{k+ ik')sd 


1 / A: cn 2tn- ik' 

sfk V cn 2u + ik' sn 2u‘ 


[Cayley. J 


19. Show that 

(i) 0=1; logs- -o*|,logc= 

(ii) c- id = _ c2 + (l^ 

' ' du 


(iii) ~ — = -c^ - s^d^, 

^ ' du s 

(iv) + + 

"9 S ^5 c d 

20. Show that sn^{v^ + u^) - sn^{v^ - n.^) = 1 

21, Show that 


(i) 

(ii) 

(iii) 

(iv) 



1 - cn 2u 
1 + cn 2u 


du— - log cm;, 


■" / 1 - dn 2u 1 111 


j"s.u.V 


I + cn 2 i4 , 1 , T 

-P'og 



/I - sn 271 , 1 , 

/ du — -j-, log 

7l +k' sn 

f A 

/ 1 + sn 274 Ic ^ 


\ 2/J 


22, Find the values of 

f rsn« , ,...v fsn2'«dn?4j 

(i) Jcn«d«, ( 11 ) J— 4^-4 J cn^ir''^^- 

23. If /„ = j'{sn show that 

(71+ 1)^-2/„+2 -«(1 +^-")4+ (™- = 

21. If /„ = j*(cn76)"iZ74, show that 

(?l + 1) * 24+2 - 71 {k - k'^)l„ - (71 - 1) /5'24_2 = C"-lsd. 
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25. UL 


r„ = show that 

(7.+ l)/„+2- 7.(1 +/;'2)4+ (U- = 


2G. If 7, 


-1C 


sn 7t\” 


(lu, show that 


(a + 1 )/o2/„+2-«(1 +/.-2)/„+ (7.- 1)4_2= -k'^ 




*/ 0Q I* 

and obtain reduction formulae for { ^ — ) dv and ^ similarly. 

^\dn7t/ J(dn7/)" 


27. Prove that 


.. 1 + dn {u 4- 7’) _ p sn u cn v - sn v cn u 

sn(77 + 7)) ‘ dn<,’-dn?i 

[M. Trip. II., 1915 ] 

.... dn (//-?’)- cn (77 - r) dn 77 cn 7’ - cn 77 iln 

(11 — ^ ; ’ = . 

sn (77 - 7') sn 77 + sn v 

[Sir J. J. Thomson.] 

28. Sho\v that sn (77j + 77„} 

_ s^Cod„ + _ h' “ ^ 2 " 

1 - c, 7-2 + Sj-Cji/jt/g dyd., + /2-.7j.y/,r., a/.Mo - ' 

[’m. Trip". II., 1889.] 

29. If 77 j, 77 o, 7 / 3 , ■u^ l)e any arguments, and o\ y, z respectively 
denote 

sn (77.^ - 77 j )sn( 77.2 - 773 ) Sll (?/., - 11^) SIl (773 - 77 j) Sll (77^ - Ilg) Sll (77j - 77.,) 

sn( 7 /.^ + 77 ,)sn (772 + 773 )’ sn(? 7 ^ + 772 ) 511(773 + 77 ^)’ sn(77^ + 7 / 3 ) 511 ( 77 ^ + 77 ,,)’ 
prove that .r + y + ^ + .7-//2 = 0. [M. Trip. III., 1885.] 

30. If denote the function 

sn (77 a - Hfj) cn (i/a + «|^)/cn (77 a - sn («a + w>). 
then •''■4 i3;^2*-13^12®23-'^31 + •'’■ 41-'*^23 + •'’V 2'’’31 + TrIP. II. , 1889.] 


31. Find the values of JdiMii///, 


32. Prove the formulae 


[M. Trip. II., 1888.] 


(i) 3 Jdn^ w cfi. = 2 ( 1 + k'^) ezn u + k^ sn u cn u dn u - k'^%i, 

.... ,,„fsn7/(f7i dnu 

(n) k 2 = ezn lu + K+ lK)+ , 

J 1 + sn 77 Cll 77 

(iii) /cj sn 77 7^77 = ^ log 


E Vj 

where ezn 77 = -^ + zn «, and znu is Jacobi’s Zeta function Z{^i). 

[M. Trip. II., 1888.] 
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33. Show that sn {x + K)= &n{x + 2K)= - s, sn {ix) = i tn (a:, h'). 

[M. Trip., 1876.] 

Prove that, if A) = 1 - 

34. (i) cn («! + ttj) cn («j - u^) = - $^d^^)ID = (c/ - SyU^)ID ; 

(ii) dn (uj + « 2 ) dn - n^) = - k\\^)lD = {d^- - k%\^)ID. 


35. (i) 

(ii) 

(iii) 

(iv) 


36. (i) 

(ii) 


37. (i) 

(ii) 


cn (Uj + Mj) cn («! - u^) + sn {u^ + n^) sn (Mj - Mg) 

= (Cg^ - ; 

cn (m^ + Mg) cn (Mj - Mg) - sn (mj + Mg) sn {u■^ - u^) 

= ( 0^2 _ ; 

dn (Mj + Mg) dn (Mj - Mg) + ^2sn (m^ + m,) sn (Mj - Mg) 

= {d,^-kW^)ID; 

dn (1l^ + Mg) dn (M j^ - Mg) - ^:2sn (m^ + Mg) sn (m^ - Mg) 

= (d,^-k%%^)/J). 

l-sn(u-a) l-sn(M + a) fs nfiT- g) - sn m ) 2 
1 + sn (m - a) * 1 + sn (m + a) |sn(/ir-a) + snMj ' 

l+A:sn(7t-a) I-fcsn(M + a) f 1 - /;sn a sn (m + AT) ) 2 

J -ksn(u- aj ’ 1 + A: sn (m + a) ~ \l + sn a sn (m + AT) J 


tn(M + a)+tn(H-a) = 


2 sn M cn u dn a 
cn^a - dn2asn2?t’ 


tn (m + a) - tn (m - a) = 


2 sn g cn a dn it 
cn2a - dn2a sn2M‘ 


38. Verify the identity k^k'^S- k^C + D- k'- = 0, where S denotes 
the product of the four sn functions with arguments u±v, m±w, 
C denotes the product of the four cn functions and D the product of 
the four dn functions with the same arguments. [M. Trip. II., 1914.] 

39. Prove that the length of the curve of intersection of two 
right circular cjdinders, whose axes are at right angles and radii 

a, b {a < h), is 8a j ~ verify 

the result when ■a = b. [St. John’s, 1886.] 

40. Prove that the relation 

M dy d® 

{(1 -y2)(l _ A2y2))l~ {(1 -,^2)(1 -A:2a:2)}^’ 

where M is a constant, can be satisfied by an equation of the form 
yF=U, in which U, V are integral polynomials. 
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41. Show that the envelope of 

7/'(cn u dn « + k sn^u) - x(dn u-kcn u) sn u = ok sn u 

is kP + Q.+''^x=0, where P* + (Xy=l, + 

[This is St. Laurent’s result for the caustic by refraction for 
parallel rays falling upon a circle. See Heath’s Optics^ Art. 108.] 

42. Show that the envelope of the straight line 

k'^x sntt+ (cn ?/. + ibdn?t) y = l:sn 7i(dn u-^km u) 

[Cayley on Caustics, Ph. Tr., 1856.] 

43. A particle under the action of a central attraction 



moves from an apse at distance Z/(l + c) with velocity s//x(l + e)/e; 

show that the orbit described is //?■= 1 +ccn6, mod. l/s/2. 

[Tait and Steele, Dyn. of a Parlicle, p. 393.] 

44. Show that Euler’s Equations of motion of a body about a fixed 

(^ 0 ) 

point under the action of no forces, viz. A - {B - C) = 0, 
A) (OgOj = 0, - {A -B) = 0, arc satisfied by 

Wj = asnX(<-T), w2 = hcnX{t-T), Wg = c dn A(i - t), provided the six 

constants a, b, c, A, t, k be suitably chosen 

[Kirchoff. See Routh, Rig. Dyn.] 

[For the treatment of these equations by aid of the W eierstrassian 
functions, the reader is referred to Greenhill, Bll. F., Arts. 104-114.] 


45. Prove that 

/ , 1 7X'\ cd-i{l+k)s l+k.<- 
-ik sn( 7 i-f-^tA)- -cd + k{l+k)s 

,46. Prove that 

\ IJ-lJcS C-iS C-kD-ik"^S_ 

-ksv?{u + ^iK)-. ^ ~ J9 -P ikS ~ D-kC C-kD + iB'^S’ 

where S, G, D denote sn 2iq cn 2«, dn 2u respectively. 

n 


d — iksc c - isd 
(1 +k)s~ c + isd d + tksc' 
[M. Trip., 1888.] 

D-kO 


47. Prove that .,y*li|±^A.-llogsn n. 


[M. Trip., 1888.] 
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48. Show how sn mu may he expressed in terms of sn u, where 
in is an integer; and if m be odd, prove that the numerator of 
1 - sn mu when so expressed consists of a perfect square multiplied 

by the factor 1 - ( - l)'^”‘~^^sn «. [Cayley, E.F., p. 90.] 

49. If - (A, where w is an imaginary cube root of unity, 

prove that i _ g|-) _ 1 - sn ?t /I - (a sn 7 f \2 

1 + sn (tA - ofi)u 1 + sn u \1 + w sn u) ' 


50. Prove that 

j cn2(?i - 7)) 1 7 

dn'^(7j + ?;) dn2(7i - 7)) y _ , , 1 - 5^2^; 

1 - Jc-sn’{u + v) sn‘^{u - t;) J ' 1 - k~sn^u - /u'^sn-v + Ic^sn'^u sn^v' 

[Matji. Tkii’., 1878.] 

51. Prove that 


sn u cn i'll dn in . cn 1-7/. dn ^u . cn dn ~u . . . 
u (1 -P'^sn'*'f7{)(l -k^sn'^^u) ... ' 

[Math. Trip., 1878.] 


52. Prove that 


1 - sn 7/, _ 1 cn^ i (u + K) dn-i(u + K ) 

1 + sn u ~~ k"^ sn^-i (7{ + K) 

[Math. Trip., 1878.] 


53. Show that \i U— sn {u + sn {u + a.^) sn (2?/ + + a.^, then 

J U dn = - ;;p 2 [ ^ ~ k'^sn- {u + 5\id-{u + aj)]- 


64. Show that 

0“ (.r + a) 02 ( 7/ + a) 0 (.i; + 7/ - 2(( ) __ 1 - k^ sn^ (.c - a) sn^ (y - a) 

02 {z - a) 02 (y - a) 0 {x + y + 2a) 1 - U’ sn^ (x + a) sn^ (y + a) ' 

[Glalsher.] 

55. Show that 


i 


“ cn u - sn u dn u , 1 , 

0 cn u + sn u dn u k' 



66. Provo that in a spherical triangle ABC, obtuse angled at C, 
we may replace cos a, cos b, cos c, cos A, cos B, cos C respectively by 
cn u, cn V, cn {u + t;), dn u, dn v, - dn {u + v), and then 

cos2j; = 1 - ^*2sn22{ sn^T;, 

where p is the perpendicular arc from C on AB, and point out any 
other analogies between elliptic functions and spherical trigono- 
metry. [Math. Trip. III., 1884.] 
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57. Prove that 

(i) 0 (2v.) = (1 _ Fsh'Im) ; 

(ii) 0 (3,0 = (1 - Z:2sn2„ sn^ 2,0- 

58. Prove that ^ (u) = + iZ{iu, k'). 

59. Solve completely the differential equations 


... (Pu 


... dhi 


(i) -^ + n-u + a7p = 0 ; (ii) + nhi + fSiP = 0. 


Show that in case (i) «. is of the form 


(IP 


[Math. Trip., 1878.] 


u = a -h 


1 - cn j,{t-T) 
I + cnj{t - t) 


or u= -a-(a-b)trPj,{t-T), | 


lid- =.(a-my- + iP, 


with A 


^•- = i 1 + 


n - VI 


1<^ 2 , 
T- ~ 3 “ 


JC, 


JC, 


({a-\-c)kr = h-\- r, 
... . 

T- 


^ with \k^ I , 

(^2 = 0 “(® + O . 


or u-ccn-j,{t-T)-bsiPj,{l-T), 
and in case (ii) 

u = a cii with {a^--\-b^k^ = cP, ^^^}./3{a^ + b% 

[Sol. S.H. Problems, 1878.] 

60. Prove that if a uniform chain fi.xed at two points rotate in 
relative equilibrium with constant angular velocity about an axis 
in the same plane with the line joining the two points and free 
from the action of gravity, the form of the curve assumed by the 

chain will be given by y=^bsnK^, the axis of rotation being the 
axis of X. [Greenhill, M. Trip., 1878.] 

61. Differentiations being denoted by accents, show that 

cn",( sn"w dn"7( cn"« sn",, dn",, 

= k% -j =^•^, , — = - 1. 

dn u cn u 


62. If 


cn u sn u 
dx 


sn u dn u 


—. Z — ■ + -~== — 0, obtain the relation between x and v 
Vl - s/1 -y^ ^ 

in an integral form. [Math. Trip., 1876.] 
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63. Transform the differential dxl\J {\ into a like 
expression having, instead of h, the modulus 2n/^/(1 + k). 


64. Accents denoting differentiations, prove that 


sn u, 

sn'u, 

sn"« 

II 

1 

(ii) 

sn u, 

sn'u, 

sn"'?t 

cn u, 

cn'ii. 

cn"w 



cn u, 

cn'«. 

cn'"w 

dn u, 

dn'w.. 

dn"tt 



dn u, 

dn'w. 

dii"'ii 


65. Show that 


(i) 

s®. 

ss’, 

6'® 

= k'hcd ; 



cc, 

C'2 

[Mathews. See Greenhill, E.F. 


d®. 

dd'. 

d'^ 

p. 349.] 


cn 10 , 

cn It, 

cnu, 

cn u 

cn u, 

dn ii, 

cn n, 

cn It 

cn u, 

cn It, 

dn u, 

cn It 

cn u, 

cn u, 

cnu, 

dn It 


8^'®cn u sn®g 
(l-kW^^ 


66. Show that for four arguments if differentiations 

of the elliptic functions with regard to their respective arguments 
be denoted by accents, 


dn 2!tj^, 

dn 2itg, 

cn 2itg, 

cn 2wi 

cn 2 h^, 

cn 2itg, 

dn 2itg, 

dn 2wi 

dn 2i;^, 

dn 2112 , 

cn 2112 , 

cn 2i;^ w 

cn 2i;j^, 

cn 2iig, 

dn 2i;g, 

dn 2i;j 


16^'^ 


f/^2 j/'2 y sn ^ Vg Vy sn sn 

X [ C/j Pg sn- Uj sn^ Pj sn^ sn^ Vg], 


where 


U, 






p. 


l-^^sn^Wj l-A:“sn‘‘Mg l-Fsn^v^ l-^‘'^sn*v. 


^ = 1. 


67. Show that 

1, cn7(, dnw 

1 , cn V, dn 
1, cnw, dnw 


4Fp2n sn sn 
A 


v-w 


l-il-2sn2|sn2| 

1 


[Ox. II. P., 1914.] 


68. Prove that 

sn2(M + ^;), sn (w + v) sn (tt - v), 
cn2 {u 4 v), cn {u 4 v) cn {u - v), 
dn 2 (?t 4 i;), dn 4 1 ') dn (m - •?;), 


sn2 (w - v) 
cn® {u - v) 
dn® {u - v) 


_ Sk'hi^s^c-^c^d^d^ 

(1 - k^s^s^Y 


[Math. Trip. II., 1913.] 
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C9. If + 11 ^ = \, prove that 

CQs^ 6 sin^ (j) d6 d(f> 




0 (1 - (1 

n - sin" d cos^ (f) dO d(f:i 
0 


70. If 


n TT 

.sTH 


(1 6)^(1 


Discos- 6 + n‘^eos-4> . du „ 

- - , . dddd), then -:^ = 0. 

TO^sin-^v/l - ?i-sin-</) dm 


[ 7 , 1891 .] 

71. f* and Q are points one on each of two circles in parallel 
planes with a common axis through the centres C, C at right angles 
to the planes; CC' = b and the radii are A iind a, PQ = r and the 
angle between the planes C'CP and CC'Q is e. Evaluate the integral 

f f COS € 

il/= —^dsds', the integrations extending round each circle, and 
throw the result into the form 

M^^iTT^Aa (^c - A’l - c7?i 
where and are complete Elliptic Integrals. 
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ELLIPTIC INTEGRALS {continued). THE 
WEIERSTRASSIAN FORMS. 


13<S0. It was stated in Chapter XI. that the integration of 
where Q is a rational cpiartic function of x, could be made 

\Q 

to depend by a suitable hoinographic substitution upon the 
integration m=[ where k is real and <" 1, 

^ JoC(1-20(1-A:V) 

and the properties of c when expressed as a function of u, as 
also those of — and — have been discussed in the 
last chapter. 'I’liis is the Legendrian and Jacobian mode of 
procedure. 

A more modern method is due to Weierstrass. In this 

r 

inetliod the same integral, viz. is shown to be also 

reducible by a suitable homographic transformation to the 

i- r dz , r-r 

rortn u= -7=======-, wliere /, J are certain constants, 

J r V 42^^ — Iz — J 


viz. functions of the coefficients of Q, and of the constants of 
the hoinographic transformation formulae. The function w, 
regarded as dependent upon s, is considered as the inverse 
function, and 2 expre.ssed as a function of u as the direct 
function. It is u.sual to write z—<p{u), or p(w, /, J) if it be 
desired to put into evidence the values of I and J. p(u) is 
called the Weierstrassian Function. 

The letters g.,, are very commonly used instead of I and 
J, but as powers of these letters occur very frequently there 
appears to be less risk of error in practice if we use the I, J 
notation. 


630 
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1381. The niode.s of reduction of the general integral 

to the respective Legendrian and Weierstrassian forms will 
he discussed at length in the next chapter. For the present 
we shall be occupied with an examination of the nature and 
properties of the function p{u) and the allied functions ^{u) 
and ct{u), respectively defined by the equations 

&/\ f/XT d .. 


^ N = - (^) ^ ^0. 


igcr(M). 


These are re.spectively referred to as the Weierstrassian Zeta 
and Sigma functions. 


1382. Preliminary Remarks. 

The general binary quartic 

possesses two invariants for a linear transformation 

x=\X-\-m^Y, y=? 2 ^+m.,F, 

viz. 1= 

the quadratic invariant, or quadrin variant, 

J = aQa^a^-\-2a^a^a.^—aQa^—a^a^~a^ 

= ttfl, cfcj, a .2 I, the cubic invariant, or cubin- 
a-y, a^, variant. 

If a transformation of this kind has reduced the original 
quartic to the form 

0 . ZH- 4Z3r+(5 . 0Z2Y2+4 u 3'Z7H<F4, 
then for this new form 

7'=0 . a/— 4 . lagf'+S . 0^= — 4a3' and /'= 0, 1, 0 = — a/, 

1 , 0 , a,' 

0, ^3 , 11 ^ 

and the form has become 

r(4Z=*-/'Zy2_JT3), 

or if Y be unity, 4Z^— /Z— J, the accents being dropped as 
the meanings of I and J will be obvious. 

1383. If Cj, 63 , gg be the roots of the equation 4^^— Iz — J=0, 
so that 4<z^—Iz—J^4>{z—e-^){z—e^{z—e^), we shall lose no 
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genei'ality in assuming for the present tliat e^, e, are all real. 
For it will be shown that if two of these quantities be 
complementary imaginaries, say e^, then a substitution of 
the form will reduce the integration 

p ^ 

Jz ^/ 4 (z — ej (z — 62) (z — 63) 

to the similar form 




where yj^ are all real constants such that yjy+t] 2 +*Ja=^ 

(Art. 1456). We therefore assume for the present that e^, e^, 
Cg are all i-eal, e^-\-e:^-{-c^=Q and )> 62 Cg- We also have 

I 


- = — ( 626 . 5 + e.fiy + ejC.,) 


~ 9 , 


6,6 =^-^ — 








J 

^ — 6 ^ 6263 . 


1384. The Differential Coefficients of p(r). 

f” d-^ 

The integral o-^[z)=u= -===^== is made definite at 

Jz — J 

tlie upper limit, the integrand vanishing when z is infinite. 

Differentiating, - /z - i.e. <p'{u)= -‘jA<p'^{u)-I<p{u)-Ji 

i.e. p'-(u) = 4p'’(w) - /J3 (m) - -A Hence also 

p" (u) = 6p2(«) - W = Gz2 - U, p'''(u) = 1 2p(?i)P'(w) = 12«', 

J9"(7t) = 12[p'2(?t) + p(it)p"(7t)]= 12 2 - ■^]> 

pv (M) = [:3G0p-(w) - 18/]p'(“) = (360z'- 187)z', etc. ; 

whence it appears that the successive differential coefficients 
of p(w) with regard to u are alternately irrational and 
rational functions of p(u}. 

1385. Periodicity of p{h). 

It has already been seen that tlie function to defined by 
^ 4 ; 2 =i/ 4 ,( 2 ;_ej)(z— e 2 )(z— Cg) is a two-branched function having 
branch-points at 0 = 6 ^ 0 = 62 . 2 =^ 3 ; ^-nd at 0=00 (Art. 1295), 
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4^ 

and that in consequence J 
periods 2a)i, 2 a) 2 , where 


d^. 


z N/4(s-ej){z-c2)(2-cg 


has tiiree 





dz, 


these periods being not independent but connected by a 
linear relation, viz. — ft) 2 "|"/o 3 = 0 . Of the three we shall 
consider 2a)i and 20 )^ to be the independent periods. 

We have also shown that if be any definite value of ilie 


^co 

integral wdz, say that obtained bj'^ integrating alon 
straight-line path extending from z to x, which does not pass 


g any 


through any of the points z = e.,, .2 = c.(, then all other 

values are comprised in the .system, 


It — 2Xwj -f- 2/xw.^-j- i/q, 

'Z/ = 2X a>j-l“2yu a)3-|-2cOj — Uq, 


where X, X', // are integers. 


In consequence we have p(2mw^-}-2n(V3±u)=p(u), where 
m, n are integers, an equation which expresses the double 
periodicity of the function. And this is equivalent to the 
statement that the most general solution of the equation 
p(u)=p(Uo) is u=2ma)^-i-2nc,}^±itQ, m, n being integers. 

Further, it follows that 


p' (2maq-f 2 «a) 3 +u) = p' (u), p {2mio^ + 2no).^-n)=~<p' (u), 
p" {2mwy+2n(,}2±y')=p" ('?<•). 

p"'{2mw-^ -f 2 ?ia )3 -h u) = p"'(u), p"'{2771coj^ -f 2 ?(aj 3 — u)= — p'" {u), 

and so on. 

And in the special cases when ni=7i=0, we get 
P (-u)=p {u), p' {—u)=-p' (u), 
p"( — u)^p"(ii), p"'(—u)=-p"'(u), etc. 


1386. These results are obvious from another consideration ; viz. if we 
consider {Az^ — Iz-J)~^ .as expanded in a convergent series of negative 

powers of z, that expansion will begin with the term -^ + ... . Integrat- 

l 1 

ing between z and oo, we have u=—+... ; and squaring, w" = -+..., and 

z^ z 

therefore by reversion of series z=^-l-even powers of w, i.e. p(u) is an 
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even function of %i. fTliis expansion will be found earned out in Art. 
1416 .] 

Thus are alternately odd and even functions of 

u, whence p(~u) — p{u), p'(-u)= -p'(u), i^"{-u) = p"(u), etc., as stated. 

Further, since these series for p{u), P"(u), ... all start with a 

negative power of u, it will be clear that p{0), p'{0), p"(p),... are all 
infinite, and the orders of these infinities are respectively those of 

so that, for instance, 

u- u* 



13S7. The Addition Formula for the Function p{u). 

Consider the solution of the Eulerian Equation 
for the case when 

X = 4x^-Ix - J, Y= ixf -ly-J. 

Let i.e. x=p{ii), y=-p[v). Then 

= and cZu+cZi;=-f^+-'?f.') = 0. 


du 


six s/Y 


Tlius, one form of the integral is u-^v~C, a^constant. ...(1) 
We can obtain another form of the integral as follows : 
Introduce another variable t such that 
dx dy dt 

and let x-\-y~P- 


s/Y 


x--y 


Then 


dP 


dt . dP 

, I.e. —= 

x—y 


JX-s/Y 


s/X-slY x-v’ dt 
Differentiating with regard to t, 


x-y 


d;^P 

dF^ 


x-y 


1 dX-s/X 1 dY s/Y 


L2VZ dx x—y 2jY dy x—yj 

JX-s/Y r-JX ^/Yl 


/A-VT r— V 
{x-yf \_x- 

1 rl [dX X-Y l 

{x—yY L2 dy ) x—y J ' 


y x-y} 
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Now 

dX dY_ 2 , 2\ or 1 X—Y 
dx'^dy ^^(^+2/) 2Z, and — 

. d^P _ 2{x^-2xy+y‘^) ^ . dP d^P dP 

- ” di^ (x—^iY ’ ^ df. ’ dA~~^Xi ’ 


{^-yf ~ " 

dP\^ 

^)=4(P+0') or P= 


dt dt‘^ 


where O' is a constant ^2) 

Now this equation liavin^’ been obttuiwd on tlie supposition 
dx dy 

^+^=0. that u+v- a constant C, it appears that 

C is a constant, provided tliat C is a constant; i.e. C is a 
function of C, saj^ ^(C). We thus imve tlie equation 

D 1 {dP\^ 

and we liave to identity the form of tlie function 0. 

Now 

P=x-j-y=p{u)+p{v), and 

dl x-y 9 [u)- 9 {v)’ 

= [p'2 (w) - 2p' (w) p' (v) + p'^ (v) -4(x+y) (x - yf]ii [x - yf 

= [p'^ {u) + 2 (u) fif^-ly-J _ _ J _ 4a;3 

+ ix~y + ixy'^yi [x — ^Jf■. 

Now let V diminisli indefinitely. Then p{v) or y becomes 

infinitely great, and we have (j){u)=Lt~P =x=p{u), and the 

form of 0 is now identified as (hat of the Weierstrassian 
function p. 

Hence 


That is p{u+v)+p{u) + p (^) p ff ]' 

which, as it expresses p{u-{-v) in terms of p{u), p{v) and their 
differential coefficients, forms the addition formula for this 
function. 
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1388. Symmetrical Form. 

Taking a third function w, such that w+v+?«)=0, the^ 

<p{u-\-v)=f{—w)^(p{w). 

Therefore we liave tlie symmetrical form 

_ 1 W((w)-io'{u) ^ 

4 L P {v) - [0 [w) J 4 L p (w) - p {u) J ’ 

by s^unmetiy, and tlierefore 

("It (") (?<^) ^ 

p(w)-i3(v) ?{v)-p[w) p[rv) — p{u) ’ 

wlience 

p{M) b'(r)-p'0e)] + [p'0e)-p'(?/)] + p(ii;) [p'(M)-p'(^)] = 0, 
and we liave tlie .S3unmetrical relation 

1. P(w) =0. 

1. ?{v), p'{v) 

1389. Various Results derived. 

In the formula 

p{u-\- v) + ^3 (?t) 4- p (u) = ~ (") T 

change the .sign of v. Then, remembering that p ( — -!;)=: p(i;) 
and p ( — 1 ;)= — p'(v) (Art. 1385), we have 

S’(.- - »') +(a«)+P w=l 

, 4-Ls^(w)-p(v) J ’ 

whence 

p(w + i;) + jj(a-t;) + 2p(u) + 2p(u)= ^ ] 

+ gl( ")P^(") I 

1390. Take a function of x, y, viz. F [x, y), such that 

F{x, y)=2xy{x-\-y)-I^^-J, 

F(x, x)=4ar*— /x— J=p'2('!t), 

F{y, y)=^y^-Iy-J=p'^(v). 


so that 
and 
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Then 


1 4<x^—Ix—J-\-Ay^—Iy—J 


p{u+v) + H^-v) = t - - -2{x+y) 


whence 

also 


--{2xy{x-{-y)-}sI{x+y)-J)({x-y)'^=-F{x, 7j)j{x-yf] 


^o{u+v) = 


1 Fijoju), ioiv)}-9'{u) p'jv) 


{ 9 {u)~ 9 {v)Y‘ 


1391. In the formula 


p(M+'y) + 53N + P(^) = 4 


y(u)-p'{vy 


let V approach to ultimate coincidence with u. Then 


p{ 2 u)-\- 2 p{u ) — ^ 


r p'(u )— 1 fp 


=miog (=>(«)}“. 


or 


-1 

i {u) — Ip (m) — J ’ 


1392. Hence 

which is a rational function of p(w)' 


1393. Moreover 

,, , d p'(u) 

=: [ 12 p '2 [u) P {u) - 4 p '2 (w){p (2w) + 2p (w) } ]/ p'^{u) = 4p (w) - 4p(2w) 

1 

p( 2 w)=p(w)-j^- 2 logp'(M). 


1394. Another form i.s . v „r / \ i ra 

P ( 2 m) - P (m) — 4p^iu)~Ip{u)-J 

Since orzul P^('^) + UP-i'u)+2Jpiu)^F 
Since p{2u)- Ai^{u)-lp{u)-J 

3 7 !iJ^(u) + 9 /p(-a)+H^ 

4P(2m) P(«) -4 (ct/oA- e,I - Cn} {j3(u) - e,} 
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wliere + ^a) 

= [ - 3 (6063 - e{^) ei^ + Oei^eaCa + (6.363 - ei2)'^]/(ei - 63) (ei - 63) 
= [(6263 - (6363 - 4 ei 2 ) + - ^2) (ei - 63) 

= (62*^3 + + 2ei-) = £363 + Sci^ = (ci — 63) (si — 63) ; 


, s (ei-e2)(ei-0 , (e2-C3)(e2Z^ - (£§Z:£i)(£5_iil. 


PM-^2 


1395. Put v=2u in the formula 

Thea p (3«) + P M = ^ ““ 
expressed rationally in terms of p(u). 


1396. 


Now put v=nu. Then 

p{n+l)u+p{n—\)u= 


Fjpjnu), 

{p(nu)—p{u)Y’ 


which expresses p{n-^V)u in terms of p(nu), p{n l)w and 
p{u) in rational form, whence p(w+l)w is a rational function 
of p{u). Thus it appears that p(2w), ^^(Sw), ('3(4w), etc., can all 
be expressed as rational algebraic functions of But the 

expressions for these successive forms rapidly increase in 

complexity. 


1397. Again, using the formula 
p(r+?f) — w)=- 


p{v) p'{u) 
{p(v)-p{u)Y’ 


and putting v=2u, ou, etc., 
p{Su)—p{ti)= 


p'{2u)p'{u) 

{p{2u)-p{u)Y’ 


,A ^ /9 V p{^u)p'{u) 

P( 4 w)-^ 3 ( 2 m)- ••• 

^ p'{nu)p{u) 

p{n+l)u- p{n- 1) w- - > 

from which p( 3 m), J 3 ( 4 m), ... may be successively calculated; 
and it is noticeable that 

p'{2u) p'{u), p'{3u) p'(u), p'(4u) p'(u), . . . 

are all rational algebraic functions of p(u}. 
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1398. General Value of p(n). Schwarz. 

We shall show later that the general form of <p{nu) is given 
bv the formula , , 

p [nu] - p (u) = - ”+b 

where -xp-n is expressed in terms of Sigma Functions. 

Schwarz has shown that 

1 

io{nu)-p{u)=-- ^ 2 log>/.„, 

where loio. 7 TwW ‘^n stands for the deter- 

minant 

p'(w), ] 

j 

The method of establishing this result is pointed out by 
Greenhill {E.F., p. 300, etc.), but the proof lies outside the 
scope of the present account. 

For immediate purpo.ses we ma}^ establish a diflerence 
equation which will suffice to give us the values of the 
function <p{nn) — <p{u) in terms of for low values of n, 

such as ?i=3, 4, 5, G, etc., which is all that we shall require. 


1399. A Difference Equation. 

From the formula 

9{v-\-u)-p<p{v-u)={2xy{x+y)-U{x+y)~J]l{x-^jf, 
where a:=p(w), y—9{v), we have, by putting 

v=nu and p{nu) — y>{u)=^R„, 

P , P 2x{x+R„){2x+R^)~}J{2x+R„)-J 

I — fj 2 


i.e. 


{4:X^ — Ix — J)-\-{6x^— lI)Rn+‘2'^Rn^ o 

jfY-" 

■^*71 

= { 9'~ i'^) + Rn p" {u)}IRn\ 

p _P'^(«) I P"(w) p 

p 2 ‘ 7? ■**'71-1 

y., = p"(w) = - U, X3 = P'-(“) = 4^-" - -f-’’ - 

X4 = S LR- - 3J.V - = 3p (u) p'^u) - 3 p"^ 

^l{p'{u)p"'{u)-p"^iu)}. 


(I) 


Putting 
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where the suffixes of x denote the degree in a; in each case, the difference 
equation is + = starting equations i?i=0, 

Eo=-^, whence , say, where Xo = X2 X4 “ Xs'- 

' X3 X4-‘ X4' 

The suffix notation will suffice until the case of R^, when a second 
factor of degree 12 occurs after X12 been used. We may denote this 
second factor by ^12* 

1400. Other forms of the difference equation may be convenient, and 
may be used, now we have found R^, for we may eliminate X2 Xs? 
both of them. 

, r> . 7? _ j Xs 


Since 


■If M + l B,i 

+ Rn B„-i — X 2 "b '*'***^ -If, 1+2 

we have 

-^11+2 -^11— 1 

i.e. 

T> _ *^n— 1 p Xs 

-‘*’n+2 — p p 

-“m+1 

or again. 

(If n+2 + If /i) Bn + 1 — (Ifn+1 + Rn-^ 


R, 


ii+i 


Bn 


.(II) 


,-i = X,{Bn+,-Bn) (HI) 

From either of these equations or by another application of (/), -R4 can 
be found ; after which we may eliminate both X2 X3> form an 
equation connecting the R’s of any five consecutive suffixes, viz. 


whence 


.K« + l (i?„ + i?„+2), I 

+ Rn, 1 

+ Rn-X, 1 

{Bn+l ~ B„){Rn+i — -l'^ii-l)(-^ii+l ~ -^H-z) 


= 0; 




+ 


(Rn-1~ B„){R„^1 — R„+l){Rn-l- B,i+2) _q ..,(IV) 




3 . 


in which a factor has been inserted for symmetry. 

Now, putting 71 = 2 in (II), we may readily show that 

-^4 = - X12 = X3^ Xe - X4 

X3 Xo 

putting n = 3 in (IV), we similarly get 

■^5= - ^sXiXjAa^ _ ^^2 . 

X12 

and putting 7i = 4, 

B6=- - " - S% - 2 > *^24 = X3^ Xo i^l 2 - Xl 2 ^ 

Xs X4 9 i2 

and so on. 

From the several connecting equations, 

Xn = X2X4-X3^ Xl2=X3 ^Xo-X 4^ ^i2 =Xi2 -Xo^ 

‘/’24 == X3^ Xo ‘/'12 “ Xl2“> > 
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v. e can readily expreas Xo, X12. etc., in terms of the original quan- 
tities X2. X31 X4) so that the successive values of p(nu)-l9(^l) may he 
obtained in terms of x. Collecting the results, we have 

p(2«) - p(u) = - ^{Zu) - p(u) = - _ X4 X.2 

X3 Xg'-” 

P( 52 i) -P(u)=- XiX±X|il2^ ^ _ ^(12^4 ^ 

Xs X4 Vu 

and the notation shows the nature of the factorisation of the several 
numeraboi's and denominators. 

If we change the notation, and write 

X3=’i^2') X4 = '/'3l XG='p 4 l'f'- 2 l Xl2=''/^5? '^12 = ^^5/^2 ’/'3 > 4 ‘ 24 = 'pT , 

etc., with 1,^1 = Ij we get 

P( 2 «)-P(«)=-!^., (»(:)„)-,»(„)= -M., 

Yi 

p( 6 u)~p(u)=-^, etc. 

ro 

1401 . Factorisation of i/^g, etc. 

If we consider tlie solution of p( 2 'it) = f)('u-), we may infer 
the factorisation of i.e. \p-^. 

riie equation gives 2tt=2wift)j-j-2'nte)3±:'U,. Therefore 
2?n 2^1 

+ or 2^0)^ + 277013. 

The principal solutions are 

2o)^ 20)3 2o)| 20)3 2o)j 20)3 

T’ ~t’ "y + T’ ~3 3 ’ 

and any other solutions, such for instance as 


4 o)j I 20)3 


4 o)j 



are merely such that when added to one or other of the four 
principal solutions we obtain a complete period. Hence the 
factors of are 




X 






2a)j — 2o)j 


and since have various 
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results from the consideration of various symmetrical functions 
of the roots of the quartic X 4 = 0 ; for instance 

(»(?§■). p {^’) . p = - jsr‘, etc, 

and similar results will follow from a consideration of tlie equations 
p(3M) = ja(M), p(4;/) = p(a), etc. 

1402. Let (?.. = 4 (,r-e,)(.r-dg(.r-C 3 ), J—p(u), .y = p(r), z = P((r). Then 
[n',!/ - Cl \/(z - Co) (z - Ca) - \/z - c^ - e.J (?/ - cj]- 

= (.y ~ +(^ “ <^i)(.y"+ ^i.y ~ ■] 

Tz) — ]/(_y + z) — o ~ ^)" ~ 'JQz 

_ , f 1 .^(yi \ 

= i [ ^'"(.y, 0 - - <V - ‘)- = (.y - 2 ' } 

- + «') - ^ih is 

^ V ( I" + w j - c, (J) (r ) - ( >'•)} = sh/ - Cj \/(z - Co) (i - e 3 ) - \^z - e [ \^( 1 / - Co) (// - e^) 
with two similar eqiiation.s. 

1403. It will be noted that J>(v+«')-Ci, P(?i’ + ?0-f2) 9{u + v)~^3 
jjerfect squares. 

1404. In the .same way 

\\o {v~tv)~- 7i {p (v) - [3 ( ic)) = '''>/ - Cl ^^(2 - - C3) + - Cl ^^(.y - ^2) (.y “ ^;i) 

with two similar eciuation.s. 

1405. If 2a/j, 2 a) 2 . 2m., be the three periods, then 

(Oj — aq ■}" f').| = 0 and P(^*^ 3 )~^ 3 i 

and since (’j + C 2 +C 3 = 0, wc have J3(mi)+p(m2)+p(w3) = 0. 

Also 

p(2w)-ia((Oi) = 

where 






Q 


'9 > 




say, 


Then this (piartic function Q is a 'perfect square. For the 
solutions of p(2w) = p(a)4) are given by 2M=2Aa)4+2//mg±(», . 
That is ^t=an odd multiple of Im^+a multiple of Wg. 

Now and ^+^3 a.re the only i'iidcp)e')ide'tU .solutions, 

for any others are merely such that, with one or other of 
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these, they make a complete period. Therefore the only 
different factors of Q are the two 

P (w) - P and p (u) -p(j-\- cos') , 

wliicli must therefore be repeated. It is therefore indicated 
that 

p( 2 tc)-p(coJ= p(u)-p(^^^ 0)3) jp'Hu), 

no coefficient being required, because in p (2w) the coefficient 
of is to be l/p'^{u), which is so. 

Tiie actual factori.sation is given in the next article, which 
will show that the repetition could not be such that one 
factor is repeated thrice. 


1406. Since 

7= -4(e^e3-ej2) ; 2 J+ ej7 = 4e,(e_,e3 + 2 (6363 + 6 , 2 ) 2 . 

p(2n)-e, 

= [pHxi) - 4eip3(«) - 2(6363 - 6i2)j92(„) + 4e,(e.363 + ei 2 )(!?(ti) + (e „63 + ei2)2]/(3'2(7t) 

= - 2 e,piu) - (6363 + e,^)Y/p'-\u) 

= m>0-eir^-{e2e3 + 2e,‘^)riP'>), 

wliich shows the actual factorisation of Q. 


1407. The values of + 0 ) 3 ^ are therefore 

6, ± V 6363 + 2Cj2, i.e. Cj ± \/ 3 ei 2 - 17 , 
and since lies between e, and 00 we take the positive sign for 


[See Art. 1410] 


1408. We have also the relations 

F (f ) + P (y + W 3 ) = 2e, = 2i^7 (wi) ; p ( ^^) . F ( ^ + (03 ) = I - 2 f2( 0 ,,) 

with other results. For instance 

= - [ p { k) - P (^)] [p («) - P (f + ‘‘>3)]/ F'(«). 
where the negative sign is chosen, because when ic is very small 

1409. Putting 2 = 6 ,, 63 or 63 in 

P '^ U ) = 4 p \^^) - Ip ( 2 l } - / = 4 (3 - 6]) (2 - 63) (2 - 63), 
P'M=p'(o) 2 )=P'M= 0 . 
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1 {' 3 '^(u's 

Then + ; 

.. i^(« + (.,)-i^(co,)_- 

= {43^ — 72 - J — 4 (z + 2e, ) (z - ej)-)/4 (^ - Bj )2 
= {(12e,2 - I)z - (J + 8e,=’)}/4 {z - e,)\ 

and 12ej--7 = 4(ei-e2)(ei -Cg), t7 + 8ej^ = 4ej(ei - eg)(ej — e.,). 

Hence S3(«+Wj)-f>(wj)=(e, -eg)(Pj -egVCz-Ci), (1) 

f.e. {fJ(w + wj - J3((o0} {P(«)-F(«i)} = ft3('-^i) ...(2) 
^vith two similar results by a cyclical change of suffixes, 

1410. We may therefore write the result of Art. 1394 as 

4J3(2m) = J9(m) + J3(?t + Uj)4-^a('!{+ Wg) + ja(?t + Wg). [M. Trip., 1888.] ...(3) 
Other identities may be established. Thus, since 

P(«+ 6,,) = p, +if'A:£?K£ijii3), 

* — e| 

we beve 

If in (1) we put u— -^w,, 

z = & (^) and P (^) - = ±^{^1 - - 63 ). (See Art. 1 407.) 

Now 2(0, = 2 / and is real ; and as 2 increases from e, to 00 , 

Jt:\ \4z^'~Iz~~J 

u decreases from W] to 0 and passes the value (x)j2 in the interval. 
Hence the value of 2 corresponding to ^^’at is Jies between 

ej and 00 , and is therefore > c^. Hence we take the positive sign, and 
P[j) = Cl + (e,-eg)(e,-eg). 

Also, since p'(?i)= - ^Ji{z-ei){z-e 2 ){z~ e^), we have 

V) ^ ~ “ ^ 2 )(®i - ®.i)} - ®2 + •^(^i-CoXci-eg)} 1 c, - eg + V(ei - e,) (e, - Cj)} 

= -2>/(ei-e2)(ej -e3)[N/ei-eg + \/e,-e3]. 

1411, It may also be shown that 


P 2 / “ " ^3)* ^ ~ ^ ~ “ ^3)1 

F'f ?) = - N/Cci-egXcg-eg) [v^Ci - eg + Veg-fg], 
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1412. Again 


anc 


Tlierefore 

9 ’ (*«)P'(«’+ f>Ji) "2)P'(«+ "3)= 16(e^ - - e,,)^ 

. 9''(‘^) ] I + ■ ^^''('^ + tl)3 ) 

■■ J9'(«) J«'(“+«l) 9'{U+iOs)~ ' 


1413. so 9 (u) ^ .. 

two similar results. 

■■• + + } = --'=- ^^(^0 ; 

p(u) p(u+(i}j) , ^’(m-O),) + 


^3) 


( 2 -ei)^-( 4 -ej), with 


whence 


p’(u) JO' (m + o)i) ja' (tt + w.,) $3' (m + 0 ) 3 ) ■ 

1414. Weierstrassian Periods in Terms op Legendrian. 
We have now to examine the relationship between the 
Legendrian and Weierstrassian systems. Taking e^, Cg, as 
the roots of iz^—Iz—J= 0 , and supposing them all real and 
> 62 > 63, the period 2(t)i is defined as 
of dz 

Jei J4!{z-ej){z-e.2){z-es)’ 
and is a real period (0 > > eg >• e^). 

Let 0— e^=(ej^— Cg) cot^0 and k'^ 

which is po.sitive and <^1. 

Then 0 — Cg = e^ — Cg + (e^ — Cg) cot^ Q={e^— e^) cosec^ 0 —{e.^— Cg) 
= (e^— e3)(l — lb^sin^0)/sin^0, 

and 0— C3=(ej— e3)/sin^0 ; also dz= — 2 {e-^—e^) cosec^O cot 0 dO. 
Again 0=6^ gives 0=7r/2 and 0=00 gives 0=0; 


: + 


= 0. 


^2 ^ 

ej — Cg 


_ 1 f - 2 (e, — Cg) cosec^ 0 cot 0 sin^ 0 cZ0 

2a,.=2.2| 


0 {e-^ — Cg)^ cot 0 \/l — sin'*^ 0 

_ de _ 2K 

s/ei— egJo \/l — ^^sin^0 


Again (0 real, and passing below 0=6^, see Art. 1335), 

2w2=2[ = 

V4(0— ei)(0— e2)(0— eg) 

\/4(0—ei) (0—62) (0—63) 

2(ft)2— («)i)= - [ ,- - ■ .. . (^i > 0! > ^2 > eg). 
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Let z=eyCos^d-\-e^B\v?6. 

Then e^-z=-{e^-e^B\nW, z—e^_^=={e^—e^co&^9, 

and z—e^={e^ — ®3)(1 ^’^sin^d), 


Avhere 




^3 




h' being positive and ■< 1. Also dz= — 2{e^—e^ sin 0 cos 6 dO. 


Again z=e^ gives 9 = -^', 2=6^ gives 0—0; 

^ 2 1 d9 2K' 

2(^2 "i) , j^^J^Ji-]c'^sm^9 iJe-e,' 

Finally 20)3 =21 


dz 


n /4 (2 — Cj) (z — eg) (z — 63) 


^ { La L, } 7 4 (z — e J (z — eg) (z — 63) ’ 

.*. 2(0)3— W2)=2f g /. V — ^ ^ (^1 !> £9 ^ ^ ^ ^3)- 

^ Jea FN/ 4 (ei— 2)(e2— z)(z— 63) 

Let 2=egsin^0+e3cos^0 ; 

Cj — 2 = Cj — eg sin20 — 63(1 — sin^ 0) = (e^ — 63) (1 — Id' sin^d), 

Cg — z = (cg — Cg) cos^ 0 , 2 — Cg = (eg — 63) si n^ 0, 

dz= 2 {e^—e^) sin 0 cos 0 d 9 

2=63 gives 0 = 0, z=e2 gives 9 —-^ ; 

d 9 2 K 


2 f" 

/. 2(a)3-a)o)=Y7— -7^ 

( hj Cj Cg J 0 \ X 

K 


k^sird9 Je^—e^ 


Hence o)i 


K-iK' -iK' 

0)2=^==, Wg 




'v/Cj Cg " 's/e^ Cg 

and o)i— a)2+a)g=0, as it should be. 

1415. Connection between the Jacobian and Weibr- 
STBAssiAN Elliptic Functions. 

In general, taking 

dz 


u- 


•» z 


'z N/4(z-eJ(z-eg)(z-e3) 
Put 2=6^ + (6^—63) cot^0, and we have 


(®1 ^ ^3)’ 




. where F=?^' 

Vej— Cg Jo \/l— fc®sin^0 
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Then 


6— am 


: ’ ( " ) = Cl + (Ci - Co) cot^^ =3 63 + = e., 


’.e. 


sin ^0 

p(M)=ej+ (6,-63) 

?{u) = e^+{e^-e^) 
<p{u)=e^-]r{e^-e^) 


sin 20 


c,- 


6, 63 


: sin^ 6 


cn 


-\/e,- 


•e<,M 


sn“v/ 6 , — e^u 
clrrVe, — 63^ 


sn 


•> 76 ,— 


CnU 


wliich ma}’’ also be written as 


sn\/ 6 ,- 


■e^u 


.(A.) 


sn^^/e, — e^u- 


6j 63 


, cn“V 6 , — e 3 t 6 = 


.P(«)- 


(B) 


io{u)-e.; -“•''■1 - 3 - p(«)_e 3 

cm s/6, 63M 

wliicli sliow the connection between tl)e Jacobian and Weier 
strassian systems. 

141G. Expansion of <p{ii) in Powers of u. 

dz 


Takin 


Iz-J 


, and z > e, > €2 > 63, we have 


r 

inor u= -f= 

° A s /433 

u = dz, and a convergent expansion, 

rdzF, 1 ]// J\ ]..3 I /I J\^ 1 

r , r 1 J ^ ^ 1 . 3/2 -1 

“^L2,l‘^22.4 2i'''2^4 i'^22.43 


= l + ° + 2 . 4.5 




/ 1 1.3 I- 

^ "i ' /*» s "t ft I • • • • 


2 . 4 . 7 ^^ ■ 2 . 419 ^ 


We lave to reverse tins series, and expand z in powers of u. Squaring, 
we notice tliat is a rational function of z, viz. 


I 1 


./ 1 


Then 


u^=:- + 0 + — ^ + 4^ P'^'" • 

-1 n jLJ_ Z _L 4 . 

^ 20 u’z ^ ^ 28 ?c 2 z 3 


1 


= % + 0 + ^ + + ... to the first three ternns. 


^ 2^'^. 

ir 20 '^■^ 28 ' 

As z is obviously an even function of w, we may conclude that the 
expansion is of the form 


1 


J 




= -, + 0 + 1^ + " 2,4 + ^0 ^8 + , p 0 + . . . ^ 




20 


28 


6! 


8 ! 


10 ! 


where A^, A ^, ... remain to be found. As the work of reversion of series 
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is somewhat laborious, Ave may now use the rlifFerential equation z'"=\'izz' 
(Art. 1384) to determine the coefficients from this point. 


Now 


whence 




J 


A, 


w 


z — 


VP 


10 ^7 
-+ 0 + 0 + 


5! 


7! 


9! 


-1.2. 3. 4 ^.ZJ A.. . A. .. A,o 




3! V6!^200/’ 5! 8! ‘’■2807’ 

^10 — lo/' ^^in I ^ \ al-r- 

7! 10! '^5'^ 6!'^4. 727' 

A,o 1 / P , 3J2\ 

’ 10! 2b3. 72 7’ • 


A 

P A 


■ ■ Ar, P A. ZIJ 

® ° 6! 2b 3. 52’ 8! 2b 5, 7. 11 

Hence 

+ 0 + + 3 52“'’ + 24 -g_^ jj 

.1 / 73 3 J 2 V 

■^2^.3. 13‘ (2.5“'^ 72 j“* + .... 

1‘117. It appears that P{m) — ^ vanishes with u. That is, for very 

u ^ 


small values of u, ^d(u)=:L Also 

u 


PW-5-, ^ 

’ 20 ’ 


Again P(u)<p’ {u) + ~. vanishes with u 


Moreover the expansions of jfl'(«), p"{u), p"'(«), etc., are now all 
known to several terms. 

1418. The Expansions of the Weierstrassian Zeta and Sigma 
Functions. 

Since f(«)= - j P(«)^2t = ^logcr(?<), Ave have 

72 . I.J 


22.3.5’*^ 22.5.7’^" 2b 3. 52. 7 


“ 2b 3. 5. 7. 11 
P . ZP\ 


Also f{^(ic)dii=logui -0 — 


1 / P 3 P\ 

’21.3.11. 13 V2’.’5^'^^/’^”“"" 


J 


2b 3. 5 


; tt' 


'0_, 


72 


whence 


|i («)(?« 


/«* 




22.3.5.7“' 2b 3. 52. 7 

,po. 

2b3.52.7.11 

/Hi’ IJu” 




o-(lt) = e-' = 2 {.e 2‘.3.5_P 2’.3.5.7.e 2'.3.5>.7_g 2‘.3.6«.7.1] 

= in 1 

L 2b3.5’^2'b32.52 •”JL^“2\3.5.7**J 

1 Fa 1 

L 2b3.52.7’”JL 2b 3. 52. 7. 11 ■■■J’ 

ie. .rM-» + 0-5#-- " W //»■■ 

2.-3. 5 2A3.5.7 2®.3“.5.7 2^ 3A 7 . 11 * 
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EquaLioTis (A) and (B) give the expansions of the Zeta and Sigma 
functions. 

Tiie constants of integration are in both cases taken zero. That is, 
— ^ and log - - — are taken as vanishing with u. 

1419. We note that both ^{u) and criu) are odd functions of 
u, and that in consequence ^( — «)— — cr{ — u)=—a-{u). 

Also that ^(0) = oo, ^'(0)=x, ^"(0) = co , etc., 

o-(0) = 0, a(0) = l, (r"(0) = 0, o-'"(0) = 0, cr‘''(0) = 0, 

o-' (0)z= — 1/, etc., 

and for small values of w, = cr(w) = M. 

1420. Addition Formula fob the Zeta Function. 
Integrating the equation 

with respect to v, = \ 

and putting '!;=0, p{v)—x>; /. 2^{u) = C; 

• ( 1 ) 

Also ^(u) being an odd function, ^(u—v)= — ^(v—u). 

Hence, interchanging u and v in equation (1), 

( 2 ) 

Hence adding, 

( 3 ) 

^{?{u + v) + p{u) + p(v)}^, 
or writing u-{-v= —w and remembering that 

^{u) + ^{v) + ^{w)+s/p{u) + f{v) + p{w)-^0, 

where u-\-v-\-w=0. [See Greenhill, E.F., p. 205.] 

Changing the sign of v in (3), 




( 4 ) 
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1421. By differentiating (3) and (4) with regard to u, 

du^ ' 2 du p{u) — p {v) 

and 

du du^ ' 2 du (-?;) 

whence ^o{u)-<p{u+v)==\ ^ 

2du p{u) — p{v) 

p{u)-p{u-v)=l ^ 

2 du p{u)—p{v) 

1422. Addition Formula for the Sigma Function. 

Integrating ^(u-v)+^(u+v)-2^(u)= . with re- 

gard to n, 

log (T(u — v)-i-log a-(u-i-v) — 2Jogcr(u)=]og{p(u) — p(v)}-^C ; 
and since, wlien u is indefinitely small, 

cr(u)=u and o(-u) = -i-, 

log o-( - 'y) + log (7 (y ) = 0 log w2 1 J. _ ^ . 

\u- ) 

M'lience 

1 (riv — u) , , a-ivA-u) 

log |_]og-_^ 2 logo-(w)=log{jo(M)-p(i;)}, (1) 


i.e. 


a-{v) 

(t{v-u)o-{ v-{-u) 

o-2(m)o-'(v) 


and 


.( 2 ) 


(r{u — v)(r{u+v) 

~ .r=(«)<r'(.') =<’('’)-*’('') 

Putting v=nu, we have 

p (.m) - p («) = - 

1423. If Ave integrate Avith regard to v instead of wdth 
regard to u, we have 

-log a-{u-v)-^\oga{u+v)-2v^ (u)= P , dv ; 

hpiu)-p(v) 


whence 


Ioge-«<'0^(^)=r^J>L*, 

cr{u—v) }oP{u)—p{v) 


.(3) 
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14-24. Starting with 
and integrating with regard to u, 




p{u)-p{vy 


whence 


— Iogir{'y— w)+logo-(M+'y)— — 

^ a-{v—u) Jo p{u) — ^{v) 


&'{v) 


P{u)-p{v) 


du ; 


du. 


.(4) 


1425. Since ^ ^ ^^du^ ^ ~ P ('^0 > we have 

(T{u — v)ar{u-irv) d^ . 

,h4J(v) • -ag'°g"W-ar^'°g"W <“> 

1426. In the result 

(t{u—v) (t{u+v) 


■■9{v)-p{u), 


a--(w) (r{v) 

make v approacli indefinitely closely to u. Then 

cr(2w)_r, P{v)-P{U)_T. P'{v) _ , 

for cr'(0) = l (Art. 1419). Hence - 

(7 (2m) = - <7“ (m) p'{u)={- 1 y (m) p' (m). 

di 

1427. Diflferentiating J3(2«)-J3 (m)= logp'(w), we have 

d? 

2P'(2m)-P'(«)= -^dd^y°S?'('>^)> etc., 

2’'P""(2m) - J0(">(tt)= - }- log p'{u). 

Integrating the same equation, 

-K(2«)+{W+c. _ j|;w, 

and taking u indefinitely small, we have in the limit 

111 1 ^10 3 . . 

2 2u u 4 2 > 4^i ’ " 




whence 




Again integrating -lloga'(2tt) + logo-(w)-f C'= -llogf?'(M), 
and diminishing u indefinitely, 

-| log 2M + logM + C'= = ^ logw-1 log2 - ’ log(-l) ; 

.-. Cf'=--llo|(-l); 
"•(2«)=-o-''(«)F'('*^). as found before. 
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1428. Putting 71=2 in the formula 


.-. (r(3») = },ri=(»)p-*(„)|i logp'(»)=(-_ffi£^ 


^’{u), [0"{u) 


1429. To find (r(47i), we have 

o- (4?i) = - (r< (2tt) p' (2 m) = - [o-J (m) ^'(“)]^ P' (2m) 

and by aid of these results we might proceed to find o-{5m), o-(6m), etc. 

1430. Corresponding to Euler’s Theorem, 

cos 0 cos 20 cos 2-0... cos 2”-i0=sin 2"0/2”sin 0, 

' r/-fn \ = = -a'(2"-’‘u) 

fr'*(2"~^M) “ ' ' cr^(2^~^u) 1>^ V'^ ‘V) ••* 


we 


o-'(2"-1m) 
0-(2"7t) 


o-‘'(2"-2m)‘ 


whence = - p'(2"-»M) . p'^(2”-^u ) . P'^"(2«-3m) ... p'^’'-\u). 


1431. Writing \/r for ^e have 

((TM)"' 

(T{n+l )u f {(ru^"\^_(rin-l)u(r{n + l)ti 
'Pn (ctm)*"-"' ((rM)<’'+>'' \o-(71m)/ ~ (r-(7iM)(r-(?t) 

••• P{nti}-p(ji)= -tn^ln+i^ 

T n 

The value of found by Schwatv, has been .shown in Art. 1398, 

expressed in terms of difierential coefficients of p{u). 

Supposing the functions R„ to have been found in terms of p{u) as 
explained in Ait. 1399, etc., yjr,, can also be expressed in the same manner. 
For 



and 


ar{2u) 

cr^"(M) 




= whence (77>2) 
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1432. General Form of the Differential Coefficients of with 

regard to n. 

Writing F, P^, P^, etc., for ^{u), ^'{u), <p"{u), etc., for short, 
we have P^—^P^—IP—J, 

P,==GP^—^jI, P,=12PP„ 

P^=12P^‘^+12PP, 

—aP^-\-hP+c, say, P^—{SaP--{-h)P^, 

Pg= 6aPP/+ {3ctPH h)P.^ 

= ajP^+5iP"+CiP+^^'i> say, P^—{4!a-^P^-\-2b-^P-\-c-^)P^, 

Pg= (12ajP"+25j) P (4ajP''*+ 26jP + Cj) Pg 

= a. 2 P®+^ 2 -^^+^ 2 -f’‘+^ 2 ^+<^ 2 > 

P^={ba2P^ -\-^h.2P'^-{-2c^P -\-d^P-^, 
etc. ; 

whence it appears 

that Po, P 4 , P(j, ... are all i-ational functions of P 
and that P 3 , P 5 , P^, ... contain an irrational factor P^. 

If we suppose these equations solved to express the various 
powers of P in terms of P, Pj, Pg, ..., we have 

(J/ 

P^ = ^{P^-W{P^-\-\I)-c^P-d^], 

2 ’“ = i {n- (r, - i-r - c) - 1 (P, + i / ) - d,P- e,}, etc. ; 

whence it appears that any positive integral power of P 
can be expressed linearly in terms of P and its differential 
coefficients, and that the general result will be of the form 

P»:=24Pg„_g+PPg„_e+C'Pg„_8+...+7lP2 + PP+il/, 

in which no differential coefficient of an odd order occurs, and 
the coefficients are all functions of I and J not involving the 
variable and readily calculable in the early cases. 
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1433. Integration of Rational Integral Algebraic Functions of 
^ {ii) with regard to ii. 

It follows from the last article that 

du = AP 2„_3 -f- BP 2„_7+ GP 2„_9+ . . . 

const., 

in which the Zeta function appears from the integration of 
the term LP. 

Any rational integral algebraic function of (p{u) and 
i.e. of P and can now be integrated. For if it be 
separated into two parts, the first containing all the even 
powers of <p'{u) and the second all the odd powers, then 
after substitution of 4P^— /P— /for P^, we have a result of 
the form (f){P)-\-x(P)^^iy ^ X ^sing rational integral 
algebraic functions of P. And when ^(P) has been expressed 
as explained above as a linear function of P and its differential 
coefficients, each term is directly integrable. And if x(-^) 
expressed in powers of P each term of x(-P)-^i is directly 
integrable, for j*P'‘Pj d'U=P’‘+Y{'^+l)- 

Moreover, since P''Pj=^ which is of form 

it appears tliat P''P^ can be expressed as a linear function 
of P and its differential coefficients, and that the same is true 
of x{P)Pi> X ijeing rational and integral. Thus, whatever 
rational algebraic functions of P, 0 and x may be, the integral 
part of (l){P)Ax{P)Pi is expre.ssible in the form 
A-\-AqP -f-AjPj-|-A2Po~!“--.> 

and is integrable with respect to u and expressible in the form 
C+Au + Aq^ {u) + Aj jo (w)+ a 2 P'(w) + Asio''{u) + . . . . 

1434. Thus, for example, to integrate {p(w) + p'(w)}^ with 
regard to u, we have 

(P + PJ2_p2_pp^2_p2PP^=4P3+i''-/^-J+2PPi 

= riAP, + l^IP+l^J)+i{P,+U)-IP-J+2PP, 

~ ^7jPiA-^P2~tIP +(TV-^~'f '^)+2PPi ; 

f {P (w) + P'{u) }^du= G+ C(u) 

"hwP (W') + '3VP ('^)- 
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1435. If we differentiate equation (1) of Art. 1420 with 
regard to u, 

and an intercliange of u and v, or a differentiation of (2) of 
the same article with regard to v, gives 

^\u-v) + ^'{u-\-v)- 2f{v) = x- 12 ; 

io[u) — <p{v) [f{u)-p{v)f 

a further differentiation with regard to v gives 

-n«-«)+r(«+^)-2n^) 

p(u)-p(v) b(M)-pW 

etc. 

Tims we can form fractions containing [p{u) — p{v)Y, 
\<p{u)—p{v)Y, etc., in the denominators with no functions 
of u in the numerators, and this will presently be found 
useful (Art. 1443); and since ^'(«)=~p(w)> have 

9\'o) 


p{u)-p{v) 

[P(w)-P(t^)p' 


= ^(w— y)-^(M+t;)-l-2^(u), 


■■p{u—v)-\-p{u+v)~2p{v)- 


p"{ v) __ 

p{u)-p{vY 


— p'{ti—v) + p'{u+v)—2p'{v) 


P"'{v) 


p{u)-p{v) 
Sp'{v)p''{v) 


etc. 


[pW)-p{v)f’ 




Integrating with regard to m, 

j ^ - Jog o- (u + -y) + 2uf (v) + const., 


P' 


/2 


w| 


i^Cy) 
du 


[P{'u)-P{v)'] 


2=— ^(^-^'■)-.C(M+^)-2^ip(^) 


■P 


2p'^v)^ 


f dxi 


P{P)' 


du 




-p{u—v)-{-p(u-\-v)-2up'{v) 


etc 


?’W’ 
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Each such integral is therefore expressible by means of 
those which have preceded it, the first being completely 
integrated. So that all such functions as 

11 1 , 

P(u)-a [p(u)-af’ [p(u)-af’ ’ 

are integrable and expressible in terms of p, ^ or cr functions. 

In the case where p(v)=ei, or Cg, we have v—Wi, co^ or Wg 
and p'(v)=0. 

We now have from the second result, 

j - ^(w+ w) - 2eu, 

with corresponding suffixes for e and o), replacing the first 
integration above, and so on for the other cases. 

And p"(o)j)=6e^^~-}I=2eoe^-l-4e^^, etc. 


14.36. As a particular case, if we put p(v)=0, vis a constant 


defined 



dz 

J4z^—Iz~'j' 


And 


p'\v) = 4p^(t;) - Ip {v) - - J, p" {v) = 6p2 {v) - 47= - 47, 

i3'"(r) = 12p(v)p'(t))=0, p^''\v)=^~12J, etc.; 


whence the successive inteo-rals 

o 

may be at once expre.s.sed. 



1437. The integration of the function 


pill) — a 


{a^e^, Cg or eg) 


ma^'- now be effected. 

Let a—p{v), which defines v as a certain constant, viz. 
f ^ (Iz 

^ ^ Ja -J'id^—Ia — J'. Then 

+ P (w) — p' (v) 


pin) -a 2p' (v) L. p in) - p (v) p (n) - p (v) J 


(or b 3 ^ Art. 1435) ; 
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-svhence 


r du ] 


1 

P'W 


[]ogcr(M-u) — ]ogo-(M+t') + 2«^(i;)] + const. 

loge2«f(«’)^l^^}+con.st. 

a{u-\-v) 


9 


1438. Art. 1435 sho\v.s that we also have 
du 




[j3(w)-o]-' 


■^{u—v)—^{u-\-v) — 2u<p{v) 


"I \ f 


r Sav 

-9^ (^) J af =-9{u-v)+p{u+v)-2u p (v) 


du 


{ 9 {u)-a}^’ 


and so on. 

1439. Integrals of form f f du, [ , du are of 

Jlo{u)—a J{p(?0-a}" 

course directly integrable as 

log[p(w)— a] and ^ ^ 


1 


w — 1 \_9{u)—aY-^' 


1440. Integrals of form [—^^^du, where is a rational 

J P(w)-o 

integral algebraic function, can be integrated by expressing 
in a series of form 

A p" {u) + jBp’-i («)+... + K<p [u) + L, 

and then dividing b}'- p(m)— o, thus reducing the integrand 
to the form 

^>"-1 [u) + (w) + . . . + /r + . 

and each of the terras of form Ap’'(w) may be treated as in 
Art. 1433, whilst the integration of the last term is effected 
above. 


1441. Integrals of form 


r 7^[p(?^)] du 

J [ 9 {u)-a][f {H)-h ] ... [p(w)-Z:] 
follow the ordinary rules of Partial Fractions in the first 
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place with an integration of the several terms of the form 


2X^3’' (m)+S 
above. 


IX 


<p{u)-a 


which accrue, following the rules described 


1442. Ex. Thus 


/ 


^'^{u)du 


[f{u)-d\{{0{u)-h'\[^{u) 

a? 1 


-c] j ^(a — b)(a-c) 


_ -V j_ log- — 

{a - b){a - c) {ui) ^ cr^u + UiY 


dz 


where ?4i= / , =, ?<2 = etc., ?t 3 = etc., and 

^'[ui)= —>j4a^ — Ia — J, etc. 

1443. General Summing Up. Completion of the Method. 

We can now consider the general case of the integration 
of a function of form {A-\-BsfQ)l{C-\-D JQ), where A, B, C, D 
are rational algebraic functions of x and Q is a rational 
integral algebi'aic function of x of degree 3 or 4, thus extend- 
ing the result of Art. 318. By exactly the same process as 
in Art. 318, tlie function may be thrown into the form 

y-t-^. where U, V, M, N are rational integral algebraic 
functions of x. The transformation x=ao-|-— ^ may be 


dx 


^ jj* 

applied to both parts, or to the second part only, for 1 

is directly integrable in terms of x by the rules of the first 
seven chapters. But for the .sake of uniformity in the result, 
let us suppose the same transformation is applied to both 
parts. Then, having determined /u and tj so as to reduce 


dx 


— to the Weierstrassian foi*m 


— dz 


let us put. as in 

VQ iJAtY—Iz—J 

Art. 1432, p(u)=P, [o'{u)=P^, etc., where u is Then 

C//F and iff/W, which are functions of x, take the forms TJ'IV' 

and M'/N' respectively, where U', V', M', N'are rational integral 

algebraic functions of P, or what is the same thing, z ; and 

f /.C7 , M 1 \ _ f UT 1 7 , r^' 

[U" , , [M' 

J ^ ^ J N' 
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where U"IV" replaces and U", V" are rational 

integral algebraic functions of 2 , i.e. of p(u) or P, and M', N' 
are also rational integral algebraic functions of P. 

Now TJ''IV" and M'fN' can both be expressed partly as an 
algebraic series of powers of P and partly as a series of Partial 
Fractions. 

Suppose 






M' 

and ^=SXT'-'4-2 „ 
N' 




and 


which are the most general forms. 

Then [p^P^du=^^- fA^ = \ \ . 

J ^ ^+1’ s-1 (P-/3F-1’ 

r P du r TJ" 

J p^=log(P— SO that all the terms of J yr,Pxd%t can be 

integrated in terms of P, i.c. of p(w). 

Also |P'"(7w has been shown in Art. 1432 capable of integra- 
tion, and the method to be followed has been there described. 

Finally, the integration of terms of the form f or 

f du P~P 

j \] 3 —^'Y discussed in Art. 1435. Tlie total result 

is therefore expressible by aid of the Weierstrassian function 
p{u) and its associated Zeta and Sigma functions, and the 
addition formula for each has been established. 

This therefore completes the theory of the integration of the 
most general algebraic function of nature {A-\-BsjQ)l{C-\-DJQ), 
where Q is of degree 3 or 4, the cases of Q being of degree 1 or 
2 having been completed in Art. 318. 


1444. Illustiiative Example. 
Consider the integration 

z^dz 


U 


4 


Let z=p{u, 0, —4), i.e. 


z (2-l)2(2-2)N/4{2=<-t-l) 
dz 


n/4(23+1) 

two constants defined by p(a)=2, p(/3) = l 


( 2 < 2<00 ). 

—du\ and let a, /3 be 
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Then^'^{a)=SQ,p'm 

and we liave 


U 




-8, J3"(a) = 6. 22=24, p"(/5) = 6.12=6, 

8 4 11, 

'z-2 z-l [z-lf]^^'^’ 


Hence, by Art. 1437, 


H=u+8.^ 


lOC e2w?(a) 

?D 


(j(u — u) 

0-(M-}7«) 


4 . log 

v8 


(t{u— 

o-(m+j8) 




loge2«f(« 


or{u — 
(t{u + ^) 



and C is to be determined so that Z7=0 if u—0. Simplifying, 


0 -(w+a) 8\/2 


-(m + /3) 


+l (2f(«)- 


</iu) 


p(w)-l 


-2m 


I j 


and when u is diminished indefinitely, 

0=|log(-l)-^log(-l) + 5£(J 


9, 'i 




U _^_i 

m2 


+0 


=|log(-l)- 


13 


=iog(-i)+a 


3 ' 8V2 ° 

Therefore subtracting, 

p = - „ +3 log — - log e-«« 

+ + 8 p(m)-1’ 

where M=p-^( 2 , 0, — 4), a = p~^(2), /3=p-^(l). 


1445. For further development of this part of the Theory of Elliptic 
Functions, the reader must be referred to some book expressly dealing 
with this section of the subject, .such as Professor Sir George Greenhill’s 
treatise, where he will find a large number of v ery elegant applications of 
their use to the problems of higher Applied Mathematics, and a much 
more extensive account of them than space admits here. 
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PROBLEMS. 


1. Eediice the integral 

P r/.r 

J2v/4(.'C-2)(rc-3)(2.r-5)(3.r-5) ^ ^ ^ 

to the Weierstrassian form, hy putting + Show that the 
moduli of the integral are 2/75 and l/s/5, and that 7 / = { 1 /(.c - 2)}. 

Show also that u— 4'di)-i / ^ mod — . 

75 yz.r-b' '75 

I'M 

2. In the integral 7t= , show that if 

Jz v/4;s3 - 20.2 - 28 

^ ^ C2 I> Cg , 

(i) p(7f) = 4, + «2 + ?t-‘ + ^?tC4. ; 

(ii) 


(Hi) u-(w) = w-l7t5-i7d - .... 


3. If 2 


-j: 


dx 


^{ix- + 17a: + 4) (2a;--i - 3a; + 1 ) 
•^'■ = y/0/- 5) 


, show by putting 


that the integral is reduced to M''eierstrassian form. Prove 
also that 

VI) 

4. Show that 

3273(77)7(277) = 64^0(77) - 80^(77) - 320,/ja3(?7) 

- 20/ V(»0 - 16//jo(77) + (/3 - 32/2). 

dz 


Also show that if 217 
factor. 




z -20-1 


, P'(2i 7) contains ^^( 77 ) as a 


C dz 

5. Show that for the integral 2 j7= 1 . the roots of the 

Jz 

equation 7(2«) = 0 are given by p(?7) = 77(73 4: 1), aoj(73±l), 
a(u2(73 ±1), where co is one of the unreal cube roots of unity. 

^3 

Show also that p(2u) - ^( 77 ) = - 10— ^ and that 
7"'(77) = 24{5ja3(77)- 2773}. 
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f“ rfs , , 1 /'0--2rt72cosl5'’-\ 

‘'“‘“"21®'’" l^ + 2«72ooal6--)- 

Mod. sin 15°. 

7. For any Weierstrassian Integral, show that 

/•s r. /«“)?’"(«) -6\ _ j. f u^t{u) - u ] ^ 

8. If u = p-\z, 84, -80), show that the values of 

+ Wg) are 4 ± 3^/3, and that 

p'{u) sj<p2u - 4 + - 8jo («) - 1 1 = 0. 

Show also that 

p'(u + ojj)= -27p'(«)/{f’(«)-4}^] 

<p{u + (Oj) = lBio'{iO/{p(«) - 1 }^ 7 
p'(w + ‘“ 3 ) = - 54ifl'(w)/{io(w) + 5}=. j 

9 . If u=\ 5 ) transform the integral by the 

J <=1 { {x — Cj) (x — ^2) (x — Cg) 

substitution ^3 ^ ~ "5”} ^ and show that 

y = p{gs/(Ci -C 2 )(< 5 i 0> (Cj -C2)(ei -63))’ 

10. Prove the relations, 

(i ) cr2(w) cr (^; +.w) o- - w) + cr2(t)) cr (?a + u) cr (w - u) 

+ (r'^{w)a-{ii ■\-v)<r{u-v) = 0. 

(ii) p {u) 0-2 (it) a- (n + w) o- (i; - la) + {v) a-^{v)a-(w + u) cr{w - u) 

+ p(w) cr^{v:) cr (w + d) O- (« - n) = 0 . 

( iii ) J 3 ^(h) 0-2 (it ) (T (1; + w) cr (n - «;) + ^3^(1;) 0 - 2 ( 1 ;) a- (w + it) 0 - (w - it) 

+ p2(t4))cr2(ii;)a-(lt + i;)cr(lt - v) 
= ir\ii)o-\v)o-\w){p{v)-p{w)) {p(w) -p(w)}{p(ii) - J9(i;)}. 

(iv) 0 - (n + w) (r{v - w) a - (it + x) O- (it - x) 

+ O- (w + It) O- (it; - It) O- (n + x) cr ( 1 ; - x) 

+ 0 -(lt + v)ir(u - v)cr{7V + x)o-(it; - x) = 0. 

[Greenhill, /il, p. 208. 3 

(v) cr®(it) a-2(i; + w) 0 - 2 ( 1 ; - w) + a-®(i;) o-2(it; + it) o-2(ii; - w) 

+ cr®(it;) cr^{u + v) a^{u — v) 
= 3o-2(it) a-2(i;) a^{w) o- (n + w) a-{v -w)a-{w + v) a-'.{w -u)cr (it + i;),cr (it - v). 

11. If u = p~^{z, I, J), find the values of 


cos 15° 


f-L&, fci’'”’*, f-.-lY'-'L ' 

J* J j«v/ 4 p 2 (ii) _ 7 p(it) _ J 
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nr, 3 


12. Find tli'c values of 


{o^v)(hi, fl'--, f' 


ilr 


I Prove lliat 


where the sign of summation refers to an}' three arguments u, r. u- 
and r is any one of the usual quantities e,, r.,, 

(Math. Tinr . is'in 1 

11 . Prove that 

S(;p' {n)p’{ 2 u) = - 3 Ip(u) - 18 J - -11'^-' ” 

P(») -^1 

15 . Prove that 

- Cj + s/p(2?i) - c, + J^it) - c., = ( ] 2p'(„) - / }/P/(7/). 

IG. Show that 

4 = 5P-(«) + log (pa - c,)«.(p7/ - e._,)'’:(j3H - e.,)-, 

where ®i = (<^i “ <^2)(®i “ ^3)’ «2 = ete., 03 = etc. 

17. If <I>{h, ^’) e-M?(v) .show that 

(i) </)(7q v)(t>{u, -v) = io{u) - p{v) ; 


(ii) ^(77, W,)=^(77, - w,) =s/p(77) - Cl. 

18. Putting ^ ^ c-«f(<->i) = o-j(77), etc., etc., show that 

a- ( 277 .) = 2 o- (74) «r,(? 7 ) 0-3(77) (73(77). 

[Gukemiii.l, /C. F., p. 20s.] 

19. If the function ^>(77., v) be defined by the equation 

.show that (i) ^(77, v) </j( 7/, - 7’) =)i.7(77) - ^.7(7 ) ; 

(ii) ^|^’ = ^(’^ + ^’)“^(")~^(^')i 

(iii) ^|| = 2p(„)+(,W. 

Hence give the general solution of the following case of I-amc s 

Equation, viz. ■, jo 

151/ =2(7(77) +0(77). 

y dll- ^ [UiiEENHir.i., A’./C, p. 21(C] 
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20. Prove the results 

J3>)P'2(?;) 


^ ^ ^ - ^) + ^ i F(« - «') + f’ (^‘ + ^) } ; 

.. £{uy{v) + io"{v)^o{u) _ .2 __o,,'(u + v)- 



■"I "’'""Sfg!;!'™ Hw->'C}}i-i-.i 

- Wi^)+p'i^Wi^^+^)- 

21. Obtain from tlie definition of the function p{u) the formulae 

'di)i 


(a) p(u + v) + p(u)-i-p(v) = 7n^; (/>) p(ii) - p(ti + v) = 


where 2»; - {p'(u) - p'(v)}/{p00 - p(v)}. 
22. Prove that 

r/u 1 

jy(a)-Ci~ e,^3 + 2c, 2 


dll 


[Math. Trip. II., 1918.] 


L 




P(«) 


2 . 3 . Prove that cr^(2?/) +a-^(2?{) =- where A, fi are any 

two of the integers 1, 2, 3. [Math, 'i'nip., 1890.] 

24. If S^(i() = P((i + ai) pp(m) - c, a--c'-c", prove that 

O' ^ e-e' c-c” ^ 

% {u) + 2e p (it) - e p ( 1 /) - e" ~ 

£V'icl [^'(^0]^ = 4 - /i’l) (a?t - L\) (S-?< - Es), 

where 7i,, E.,, E^ are respectively c ± (Oe- - (r-)i and- - 2c. 

[Math. Trip. II;, 1919.] 

25. Show that the function {p(i0“^]}^ Is a single-valued 
function of u, and olitain its periods and its addition equation. 

[Math. Trip. II., 1918.] 


26. If It = 


(/(/> 


— — ; ^ — rr; : — 7T> verify that sin<i is 

U {(sin <j) - sin a)(l - sin /?sin r/))}^ 

expressible as a single- valued function of n in the form 

(sin (j> - sin a)/(sin </> -f 1) = ^ (1 - sin a) siii2(p?t, k), 

where 

= J (1 - sin a sin /3), k‘^ = h{l - sin a)(l -fsin i8)/(l - sin a sin/?). 

[Math. Trip. II., 1918.] 

27. State the properties of the elliptic function p(it), which prove 
that there is a single-valued function a(it), such that a~{v) = p{u) -Cj 
and 7ia{7i) = 1 ivlien it = 0. 

Defining similarly 7 (it) = {^^(it) - cji, c(?t) = {p(if) - egji, prove that 

I ,.\ _ c(») 

a^(v) - 


[Math. Trip. II., 191C.] 
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28 . With the notation of the last question, show that if 

(i) fl(7t + to) «(«) = a'(tt)) = 

(ii) 2a(H) h{u) c{ii) =«■*(») _ «‘i(;\(u) ; 

[Math. Trip. II., 1916.] 

29. Prove that 

(i) P(2“')+P(2‘^ + ‘^') = 2 ci ; 

(ii) p (I to) - p (i to + <o') = 2 { (Cj - r.^) (C; - Pg) } h ; 

(hi) p'(|-to)= -2{(Ci-C2)(Cj-r3)}^{(ci-e„)4 + (r, 

[Math. Trip. II., 1913.] 

.30. Prove the formulae 

^ _ cn a cn /3 - cn (a + /3) dn a dii /? - dn (a + /?) 

dn (a + fil) = /:- cn (a + J3) ’ 

and hence verify Cayley’s theorem, that if a + ^ + 7 + S = 0, then 
//- - /cVc'- sn a sn /3 sn y sn S + k- cn a cn /3 cn y cn S 

- dn a dn fS dn y dn 8 = 0. 

Prove independently that with Weierstrass' notation the addition 
theorem may be expressed in the form 

(Cj - C3)(ritt a-^fS (Tjy + (Cy - ej)cr.2a (r„fS cr^y + (Cj - C._,)a-3a tTy/S <r.^y = 0 , 
where a + /3 + y = 0; and show that the equiialcnt of Cayley’s 
Theorem is 

(Cy - e ^) tPjtt crj/3 a-,y o-jS f- (Cy - fj) tr^a tr.,/3 w.^y ir.S + [e^ - C.,) ir.^aa-^fSa-^y cr^S 
+ (^2 “ ^3) (^3 “ ^1) (^i ■" 

where a + /? + y + S = 0. [Math. Trip. II., 1890.] 


31. Show that = \{p{u)p"{n) - p"2((/)} 

[Ma'ih. Trip. II., 1889.] 

Show further that this result when expressed as a function of p{u) is 
3p^(a) - f/p"(H) - 3Jp((/) - 

32. Evaluate (i) |'{p(?^) - p('i’)}^djt ; (ii) j'{p(it) - p(/)}“-di<. 

[Math. Trip. II., 1889.] 

33. If one straight line cut the cubic curve 7/ = ax^ + hx + c in 

(■^ 1 ) l/\), y^, (a- 3 , 2 / 3 ), and a consecutive straight line cut the 

curve in [x-^ + dx^, yi + dtj^, etc., prove that 

^* 1 / 2/1 + ^^^oly2 +dx.Jy^ = 0. [Math. Trip. I., 1914.] 
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34. If a variable straight line cut the cubic = + cx-vd 

at the points (x^, y^), (x^, yg), (Xg, y^), and a contiguous straight line 
cut the curve in (Xj + dx, , y-^ + dy-^, etc., prove that 

(i) y-^y^Vz = a.'CiiCaXg + b (XgXg + XgXj, + x^Xg) + c (.Xj P Xg + .Xg) + cl ; 

(ii) dxjyi^ + dxjy2^ + dxjy^^ = 0. [Greenhill, E.E., p. 170.] 

35. ShoAV that [p (w^ - ii) - \fu - cj = (Cj - e^) (Cj^ - fig). 


36 . If w= [*(x2 + fl2)-i(a;2 + express x as a single-valued 

Jo 

function of «. [Math. Trip. II., 1919.] 

37 . Prove that _J_ = P ~ ^ ^ where I, m, n are the 

numbers 1, 2, 3, taken in some order. [Math. Trip. II., 1913.] 

38. Develop a proof that if m = [ ■ ■ ^ 

J 0 V (1 ~ f") (I — A I ) 

are single-valued functions of u. Explain clearly what 
conditions the path of integration must satisfy and how you fix the 
value of the integrand at every point of the path. 

Express x as a single-valued function of when 

_ dt 

“"Jo v/(l-20(l-tf-) ■ 

39. If 2wj and 2^3 be a pair of primitive periods of the elliptic 

functions, r /o).\ , .12 


(i) Show that ^ _ 

^ ^ P («) 




(ii) If X = 


_j_.£ then 

+ ‘"1) P (‘"3) + 2p ft + t-i) 

- A 011/^ 0*4 - - — . 






and x^ = 


PK) + 2p(y 


Hence show hpw to express the coordinates of a point on the 
quintic y = x{x^ - 1) as elliptic functions of a single parameter. 

[Burnside, Pi-oc. L.M. Soc., 1892.] 

40 . Show that 

Slfis^c^d^ 

E ( 3 u) - (u) = 1 _ 0^254 + 4 36 _ 3/.4J.8 • 

[Math. Trip. II., 1913.] 
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ELLIPTIC FUNCTIONS {Cant limed). REDUCTION 
TO STANDARD FORMS. 


1446. Preliminary Considerations. 

dx 


Takincr tlie greneral intesrral 

o o o 


r 




, where P is any rational 


algebraic function of x, and Q the quartic function 

tto + 6a^ + la-j X + , 

we now proceed to show how it ma}' be reduced either to the 
Legendrian form or to the Weicr.stra.ssian form, as may be 
desired. 


1447. We shall assume that the several coefficients occurring, 
viz. Uq, ofj, a^, ttg, a^, are all real con.stants. 

The roots of a biquadratic Q=0 with real coefficients must 
be either (1) all real, (2) two real, two imaginary, or (3) all 
imaginary. 

The roots of a cubic equation witli real coefficients must be 
either (1) all real, or (2) one real, two imaginary. 

Further imaginary I’oots occur “ in pairs,” and are conjugate, 
i.e. of form a±i^, where a, /3 are real and i=s — 

Hence when a^^O, Q must factorise, at the least, into two 
real quadratic factors, and it may further factorise into two 
linear factors and one irreducible quadratic factor, or into 
four linear factors, the coefficients of such factors being all 
real. 

And when aQ=Q, Q must factorise, at the least, into one 
real linear factor and one irreducible quadratic factor, or it 
ma}^ be into three real linear factors. 

For the present we shall consider ao=/=0. 

567 
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1448. The Invariants. 

Now wlieu any binary quartic 

Q=aQX^+^a^x^y-\-Qa.;^xhf'-\-‘^a^xy^^a^y^={aQ,a^, a^, a^, a.j) {x, yY 
is subjected to a linear transformation 

x^l^X-Ym-^Y, y—l^X-Ym.^Y, 

so that the modulus of the transformation being 


Q takes the form 



Wj 




Q' = o o'-S: ' + I'Z •'» Y + Ga^'Z ^ Y ^ + 4ff 3'Z Y ^ + a,/ Y ^ 

^(uo', a/, aY, a', a;)(Z, Y)b 

the quadrinvariant 7=ao^4~4'^i®3+3a2^ is of order 2 and 

weight 4 ; 

the cuhinvariant J=aoa2®4+2aja2a3— 02^ is 

of order 3 and weight 6 ; 

and if I', J' he the same functions of the new coefficients in 
Q', we have /'= A'’/, J'= AV, .so that r^/J''^=PIJ^', and this 
is an absolute invariant, being independent of the letters of 
the transformation formulae. 

Now amongst the four letters there are three 

ratios at our choice, and sufficient, if they can be determined, 
to make either a/ and a^' both vanish, or and aj both 
vanish, and in either case Ave shall have a third choice 
between the three ratios still available for any other purpose 
of simplification which avc may desire. The choice making 
aY and a./ vanish is the Legendi’ian plan of attacking the 
problem of reduction. The choice making and vanish 
is the Weierstrassian method. The latter is the more modern 
and the simpler. We shall therefore consider it first. 


1449. Reduction to the Weierstrassian Form. 
If aY=aY=0, the invariants become 

/'=— 4 aj'o 3 ', J'=—aY^aY, 

Q' becomes Y ( la/Z-"’-— , Z Y^-^ Y^), 

and aY still remains at our disposal. 
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We could make it unity by a proper final choice amongst 
the transformation letters. For the moment we reserve the 
choice. In any case we have seen that it is possible to trans- 
form Q to the form 

Q'^KYi^X^-g,XY-^-g,Y% 

where K, g^, g^ are certain constants which are functions of 

®0) ®2j ^^3 > ^4 J ^1) ^2> 


1450. Now let 

and let the roots of /(a;)=0 be ag, Oj, og, 03, so that 
f(x) =ao{x- Qo) (a; - a, ) (a; - a,) (a; - U3). 

From w'hat precedes it appears that by a proper choice 
amongst the letters Z, , m.y, in the homographic sub- 
stitution f{x) ma}' be reduced to a form 

in which the term in z'* is absent in the numerator. 


Now 


X—Cn 


ih-aolo)z+{7n^-ao7n^) ^ 
Lz-\- 777., 


and if we 77iake oxir first choice a7no77gsl the three dis])Osable ratios 
ly : 7)iy : 1 . 2 : 77 I 0 to he ly = aol. 2 , we shall have 

h 

— -r ’”2 A n 

^ k ^ —Nh ■ , t>- 

x—aQ=—j — ^ =7 — r^, ^.C. x^Uq-Y — — , say, 

" ZgZ-l-wia 

and the two quantities g, tj are still at our disposal. 

We now have 

, g Uq— / 

a;— ai = ao— Old-- ( z — >j- 

^ z— >; z— >) \ ao 


a:-c(2= 


OD Cln 


.«o- 


-a/ 
rj \ 00—02/ 


and 


Z— >7 \ Qq— I 


.. (oo— ai)(ao— O2)(ao-a3) 


x(z—r)-\ — )(z— I/d —^{z—ri-] — ). 

V (Xo—ajK aQ—a^/\ 00—03/ 
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In order to arrange that the term in in this numerator 
sliall be absent, we shall mahe the choice of a relation between »( 
and lUL, viz. that 

VUo-Qi « 0~“2 

and we still have one choice left amongst the constants at our 
disposal. 

Moreover, since dx= — fidzKz — rjf, we have 

dx —fx dz 

s/f{x) \/aoAi(ao-ai)(ao“«2)(«o~03) 


X 


1 



(z n-^ ^ ^ 

V ag— aj/ 

A 2 i]-\- ) 

\ Gq ^‘2: 

\>' a \ ) 

V «o~a3^ 


Let us now mahe our final choice amongst the d%S 20 osdble trans- 
formation constants, such that 

tJ- = ■l«o(ao - ai)(ao— «2) («o — “a)- 
Then, since f[x)=aQ{x— ao){x— af)[x~ af)[x~ af), we have 

J_y'(a;) = (a; _aj(a;— a.2)(® -a3)+terms containing (»— uq) ; 


whence 
1 




• .. = 1 


Oc 
Again, 

^ I" (®) = Qi) + (aJ - «o) «2) + (3^ — oo) (=^“" «3) 

° +(a^-ai)(a;-a2) + (a; — ai)(a:— og) 

-{-{x a^{x Og) , 

whence 


2!r/'>»)= 

(«o— a2)(«o' 

- 03 ) + («o~« 3 ) («o— «i) + («o~ aj («o“a 

and 

since 

— 0 \ 




3 ' 

Oi Oq— Og Oq— Og/ 

this 

gives 

n=\- 

}/'(„„) f2» , i.e. ,=*/"(a<,). 






2); 
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and 


Thus n and rj are now found, viz. 
dx —dz 


- 7 ==- 7 ===> where (/.„ remain to be expressed. 
Jf{x) J^z^-g^z-g^ ^ " fj. . . 

And seeing that the relation a^^ao+^ZT infinite 

value to z when a;=ao, we have 


P dx 


dz 


a^Jfix)' h J^z^-g^z- 


-9z 


Oi, f/ 3 ); 


. and if this integral be called u, we have z=f{u). 


1451. If <’ 1 , Co, Cg be the roots of 4:z^—g^z~g^=0, we have 

61 + 63+63=0, 6163 +(? 3 e 3 + 63^1=—-^, 61^363=15. 


Moreover, regarding 4z^ — ^7-2^~.^3 form assumed by 

the transformed quartic function {Uq, u,, a^, a,j, a^)(x, yf, viz. 
0.z'‘+4ai'2^+G.0.22+4<X3'2+a/, we have «/=!, ct.^'= — \y 2 > 

so that r=gz, J'=9z- 
Also we have 

9- ~_9-( ,1,1 


ei=>?- 


Oq — Ui 3\ao— Oi Uq — Og Oq— U g 


= j2^o[ — 2(ao — a2)(«o— a3) + («o-«i)(ao— “ 3 ) 

+ (ao— ai)(ao— 03 )], 


[(«o— «2)(«3~«i)~(«o'“a3)(ai— 03 )]. 

Similarly 


[(«o“ “3) (“i “ "2) — (“o” «i) (“2 ~ « 3 )]> 


'12 


^ 3 = § [(«0 — « i ) ( 02 — 03 ) — ( oq — 02)( a 3 — Oi )], 

thus expressing the roots of the cubic 42 -*— ^. 32 — ^ 3=0 in 
terms of the roots of the quartic Q= 0 ; and therefore g^, g^ 
or what is the same thing, I' and J', are now known in terms 
of Uq , tti , U 3 , ctg and (Tq. 

We shall now for convenience drop the accents from I and 
J as being no longer necessary, and these letters will therefore 
be for the future understood to refer to the new form of the 
quartic function 0. 2^+42®+ 6. 02^ — Iz — J, and henceforth use 
1 and J, as in the previous chapter, instead of the letters 
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and g.^ respectively as may be desirable, and the accents 
can be restored whenever we wish to institute a comparison 
with tlie corresponding symbols belonging to the original 
quartic Q. 

1452. Our transformation is now complete, and we have 


u 


ao 


dx 


ri; 


dz 


\/(ao. tti. «'2> VY \/4:Z^—Iz~J 

* r\z, I, j). 




h Ji{z-e^){z-e^){z-e.^) 
tlie transformation to effect the reduction being 

1453. To find the Legendrian Moduli, the Roots of ^=0 being 
known. 

Tlie transformation formula may be written 


Z = 7} 

we have also ^1 = 1 ; 


X Oq 
«! — «o ’ 


and 


1 . 6 . 






fj- x—M, 


x—ao aj — ao Oq— O i.r — oq 
„ „ _«o /'(oo) oi . 

4 C-I — . ) 

4 ag—Uj X — ao 

_(Jo /'(ap) x~a., ^«o ./'(ao ) ^ 

4 Uq O-gX Qq 


similarly z—e.,=-.'' - - z—6.,= 


4 ag 02 X Ug' 

Also the Legendrian moduli Ic, k' may be readily expressed 
in terms of og, a^, a.,, a^. For since (Art. 1414) 

(^’2 ^3)/ (^1 k " = (Cj <'2)/(^i ^3)’ 


we have 


1 

1 

00—03 

00 — 02 

1 

1 

00—03 

Oo — Oi 

1 

1 

O0-O2 

Oq-Oi. 

1 

1 

Oq — O3 

Oo — Oj 


{oo, Oj, a^, Qa), 
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1454. Cubic to find the Legendrian Moduli, available when the 
Roots of Q = 0 are unknown. 

I’i e may obtain an equation for the determination of the 
moduli Jc and h' for tlie case in \vhich none of tlie roots of 
Q=0 are known and are not readily obtainable. 

Since /i." = (e 2 ^ 3 ) and /c“=l — we have 

L Cj e.y-{-k ') 

and 

whence 

Co (\_ _ Jc^c^ — e-oJ 






and 


n/-(1 + /?)(1 + /?2)(/?2 -/c2 )’ 


yua Lvc-r ^- 


J 


12(1- Ic^k'^) A' - 4 ( 2 + Ic^k'^) (/c'2 - B) • 

Writihifr Z-2//2_p __Z!___0-7 P—27,P_ 

g f' 4(l-P)3-2'(2+Pf(l-4P) 27?^’ 

,3 27 V p/’ 


whence 


P . 


(1-P)= 


7(«o«4-4aia3+3a2==)=^ 


and jg is an absolute invariant, free from the modulus of 
transformation, viz. 

^o> CI 2 

) Cl 2, Cl^ 

(X2, Clg, Cl^ 

when expres.sed in terms of tlie coefficients of the quartic Q. 

This cubic for P may be solved by Cardan’s method, and 
thus the product /c^/P can be found; and as k^-}-Jp—l, both 
k and k' can be found. 

1455. Illustrative Examples. 

Ex. 1. Consider the integral we / ■ 

+ 1 — b.v 

Here there are obvious roots of f{x)=0, viz. x=0 and x= - 1, 

/'(.-r) = 12.T3 + 51.r2+18ar -5, /"(.r) = 36.r2+ 102^^+18. 

Taking the root x= - 1 as ao, 

/'(-1)=16, /"(-1)=-48, ,*=J/(-1) = 4, r , = ^ r {- l )=- 2 . 
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Hence the proper reduction formula is 


a , 4 

z — rj ^ 


s-2 

2+2 


Tlien f{.v) = .r (x + 1 ) (Sx^ + 14x - 5) = x (x + 1 ) (x + 5 ) (3x - 1 ) 

= 64 ( 2 - 2 )( 2 - 1)(2 + 3)/(2 + 2 )', 

and d,v= - ‘kdzl{z + 2)" ; 

dz 


dx 


dz 


" Jf{x) V4 ( 2 -2) ( 2 - 1 ) (2 + 3) J4^-28z + 2i 

Also x= - 1 gives 2 = oo ; 

/•“ dz 


= = p-i( 2 , 28, -24) and 2 = {,'3(!t)- 


sJAz‘-28z+24 

111 this case ei = 2 , 62 =!, 63 = — 3, = ^ 


an(»75)=V6f±|. 

Ex. 2. Take the same example, and start with the I’oot .r=0. 
Here ao = 0, /'(0)=-5, /"(0) = 18, p=-5/4, p = 3/4, 
x= -5/(42 -3), c?x= 20 42/(42-3)2, 

/(x) = 1600(z - 2)(2 - 1 ) (2 + 3)/(42 - 3)^ 

dz 


Jo f (x) J- 


V/(x) 7-® V422 - 282 + 24 ’ 




f * ^'-[”1^=?“' 

i- n/422-282 + 24 Va 


-282 + 24 


-2..-/ 




^y422-282 + 24 

Hence z = f{2oyj_-xt) = fi,u), as before. 

Ex. 3. Examine the same integral with the substitution x = 5 ^ 

4s2 — 5 


s2-l 


Then dx= 


40s 4s 


(5-s2) 


.■.U2’ 


l_ f‘ 

Jo 


.r+ 1 = 
ds 


452 

5-5 


.2 ) 


x+5 = 


20 

5-s'‘ 


.2’ 


3x-l = 4 


5 - 52 ■ 


— • 5 = sn (TiN/S) ; mod. 

. 4 


Hence u V(1 - 52)(1 - Js^) 

which atrrees with the former result (Ex. 1), in which 


^/5’ 


I 4s2 _,,52-1 
p(«)=-3 + ^-r, and + + r ,_52 
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1 456. Transformation for the Case of Unreal Values of the c’s. 
So far Cj, have been considered real. Now suppose 
real and to be complementary imaginaries. Take the 


{x 6 ^ {x Cg) 


X- 


where is at 




■2e,2 


x — e. 


hyperbolic transformation 2/~»h" 
our choice. Since 6^ + 60+63 = 0, we have 

ai2+ 6.a. + 6363 ^ 

7 — f/, = i ^=a;+2e,- 

^ ^ x~e^ ^ 

Let us choose 1;;^ = — 26 ^, i.e. choose the hyperbola so that the 
oblique asymptote passes through the origin. Then the graph 
of this transformation is a hyperbola with asymptotes x = e-^, 
y = x and centre (Cj, ej. Let V2)> (^3> %) be the points at 
which the tangent is parallel to the .ar-axis. These points are 
the ends of a diameter, and tj^= 2 ey— — »;i+>;.2+»73=b. 

fX?/ 

Moreover, and which are the roots of must be 

repeated roots of the equations y=>]o 2/=>?3 respectively, 


i.e. 


and ^ 


x—e. 


x — e. 


whilst^, which is 1 — , must take tlie form 
XL^ \pX' } 

dy (^’ ^d) 

dx (x— 6^)2 


Clearly the values of ^2> ^3 are 
Thus ^ 


1 


\/4(x— e^)(x— e 2 )(i 6 — 63 ) 
dy(:x-e^f 

I J{x-e^){y -r,^) \/{x-e^){y-r,^) Jmx-e^f{y-)i^) 

= f dy ^ 

J \/4(y — i7i)(y— »; 2 )(y— »?3) 


(» — ^2) (® “ ^3) V 4 (X— 6j ) (X— 62) (X — 63) 
(x— e,)2 dy 


in which ;;^+;;2+'73=0. 

The nature of the transformation graph, in which the 
branches of the hyperbola cannot cut the line y — tji, since 
and 63 are imaginary, and which must therefore lie in the com- 
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parfcments between the asymptotes as shown in Fig. 427, 
establishes the fact tliat are essentially real quantities ; 

y—ils and y = t ]2 maximum and minimum oi’dinates of 



the graph, and the line y=>;j=— 2ei is a line parallel to the 
.T-axis at a distance twice as far below that axis as the centre 
is above it. 


14r)7. Analytical Examination of the same Transformation, 

If tlie roots of any cubic rto.r* + 3 (Ti.r* + 3y2.r+a3 = 0 be a^, aj, 03, we 
have oro‘'(a2 - a3)-(a3 - ai)‘'*(ai - 0.2)*= - 27 ao'A, where A is the discriminant, 

A = 00 *^ 3 ^ “ G(To'^i«2<’f3 + “ 3aj^ai^, 

(Burnside and Panton, Th. of Bq., p. 83 .) 
and the roots are all real or one real and two imaginary, according as 
A is or +". 


In the case of the cubic 4.r'’-/.r- J = 0, with roots Bj, 62, 63, we have 
Oo = 4, a, = 0, a,= -lI,a,= -J; A = 4V= + 4 . 4( -?,/)’=- if(P- 27J^), 
and (62 - 631^(63 - - 63)^= (P - ' 21 P ). 

The roots are then all real or one real and two imaginary, according as 
P-21P is +" or In the case we are considering, viz. one real, say 

e^, and two imaginary, viz. e2=p + iq, - iq, p and q being real, and 

Bi = - 2p, so that 61 + 62 + 63 = 0, we liave 

P - 27 = 16 (2ig)= OiJ' + = - 64g2 ( V + g2)2 = _ 


But when we transform by the equation ■y=x + 



where 


m = B^Bs + 2 b , 2 = 5p2 + g,2 = + ”, 

we have ^2 = ®i + iJ, ^3 = ^1“^) ■>72 = Ci + 2i?, rj3 = ei-2R, t;i=- 2 bj; 
and in the new cubic, — I'y — J' = 0, we have 

_ 27J'2 = 16(7,2 - r]zh-nz-ri,mx " 7,2)^ = 16(4i?)2(3e, - 2Rf{ - 3e, - 2Rf 
= 256ii:2 (9b,2 - AR'^f = 256 (5^72 + qi) ( 1 6p2 _ 4 q^f = + ”. 


Hence all the roots of the new cubic are real. 
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Integrate 
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u 




dx 


Jx* - 1 2.1-^ + 54i-" - 1 OO.r + 57 
Here x= 1 is an obvious root of fix) — 0, 

/'(.?;)= 4r3- 36.^2 +108.r- 100, /'(!)= -24, t 
/"(.r)=12.r2-72.r+108, /"(1) = 48; J 

/x=l/'(l)=-6, 7, = ,V/"(1) = 2. 

0 

The transformation formula is .r=tto4 — —= 1 -. 

2-7/ 2-2 

We also have 

/(.?;) = {x - 1 ) (.t-3 - 1 Ix^ + 43.»' - 57) = (.r - 1 ) (.r - 3) [(.r - 4 )2 + 3] ; 

hence two roots for x, and therefore also for 2 , in the transformed equation 
will be imaginary. 

The transformation is 

-(7^ < » • 


also dx = 


6 dz 


; whence 


n dx f 

JX Jz 


dz 


^ /(•*-■) *^42^ + 4 


= <p-\z, 0, -4). 


Transform further by the rule of Art. 1456. 

1 Cl Cl 2^ — 2+1 2“ + 2 + 3 3 

e,= -l, 7/i=-2ei = 2, + = = — , 

Therefore 7/2 = 2 \/ 3 -], 7/3=— 2 n^ 3-1 and t/i + 572 + >73 = 0 i 


y-V2 = 


(2-V^3 + 1)2 


z+l 


I 2/-V3 = 


r dz f 

us I , -- = I 

Jz ,^/A^3 iA •'!/ 


dy 


(2 + V 3 + I)- . 
2+1 

(2+1)'^ 


z \/42^-|-4 'i' (e+ 1)^ — 3 y/ 4 {z+iy{^ — rji) 


=f 


dy 


2+1 


-v sf{z+l)(j/-7j2)'J{z+\){y-r]j) V4(y-77i) 


=r-= 

•'y 

=r 

Jv r 


dt/ 


r-i: 


dy 


'>^4(y-77,)(y-772)(y- 773) -n v'4(y-2)(y2 + 2y-ll) 

r = rKy, 60, -88). 


•'ylV4(7/3- 15^+22) 

In order of magnitude the values of the 77’s are 

772 = 2 n / 3 - 1 , 7/1 = 2 , 773 =- 2 \/ 3 - 1 ; 

whence 


7.2 _ 3 + 2V3 _ 4 + 2«>/3 ^ 5.1112 75'>_ 
4n/3 ~ 8 


Thus ?/ = (9(7/) = 2 + 4\/3 mod. sin 75° : whence we can express 

. and in terms of ». 
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We have 


^ (^0 “i~ 2 V 3 + 1 


and 




2 s/3 




y + l + 2s/3 

= J_ cn-i /2 (7 - 5.y - JZjl - .r) (3 
2 'il 3 V 2 ( 7 - 5:r + .^2) + ^3 ( 1 - .1’ ) ( 3 - . f ) 


1459. Reduction to the Legendbian Form. 

We next turn to the other method of reduction referred to 


in Art. 1448, which endeavours to express directly in the 
, . „ f clx 


Legendrian form 


La= 


7(l-a;2)(l-/cV) 


, {k^ < 1 ). 


1460. Preliminary Geometrical Considerations. 

It will be convenient to consider the expression Q made 
homogeneous by the introduction of the proper power of y 
where necessary, and written with binomial coefficients, as 

Q s aoa-^+ + 6a^x^y^+ + c^42/^ 

and to imagine it to have been factorised into two quadratic 
factors witli real coefficients, as 

Q=(aa;^+ 2kxyA- hy^) {a'x'^+2k'xy+b'y^). 

Consider tlie two concentric conics wliose equations are 
ax^-\-2kxy-\-hy‘^—F, a'x^-\-2h'xyArh'y'^=G\ 

F and G being at our choice, we may select them so as to 
give real intersections P, Q, R, S, which will always be 
possible if one of tlie conics be an ellipse. Then it is plain 
that PQRS is a parallelogram concentric with the conics, and 
that as PQ, QR form a pair of supplemental chords of both 
conics, the lines tlirough the centre drawn parallel to the 
sides of the parallelogram form a common pair of conjugate 
diameters, viz. OX, OY It is therefore possible by a change 
of axes, to the axes OX, OY, to remove the term in XY in 
each of the two conics simultaneously by the same linear 
transformation, viz. (rr=XA+/>ir, y=\'X-]r lYY), say; X, fi, 
X'j IX being all real when one of the two conics is an ellipse, 
or when both of them are ellipses ; and the conics becoming 

AX^+BY^=F, A'X^+B'Y^=G, 
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Q can thus be reduced to the form 

Q'={AX^+BY^)(A'X^-\-B'Y% 

or, as we may write it, 

Q'^A,X^+6A,X^Y^+AJ\ 

We may obviously make a further reduction by putting 

thus reducing the quartic Q to the 

canonical form 



If both conics be hyperbolae, the common conjugate diameters 
may be imaginary lines. But in any case their equations are 


X 


2 


h, 

h', 


xy, 2/ 
— li, a 
-h', a 


= 0 . 


(Smith, Conic Sections, p. 196.) 


We may, however, readily avoid an imaginary transforma- 
tion. For, as has been seen, the only case in which it could 
occur would be that in which both conics are hyperbolae, as in 
the case shown in Fig. 4-29, where there are no real inter- 
sections. In this case the factors of Q are all linear. Call 
them (1), (2), (3), (4). Then, instead of taking the hyperbolae 

(1) (2)=jP, (8)(4)—-G, we might take the hyperbolae (1) (4) =F, 

(2) (3)=(? (Fig. 430), and with a proper choice of F and G v^e 
can ensure real intersections and real common conjugate axes 
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to which we can refer the system. We infer therefore from 
these considerations that it is always possible to remove from 



Q the terms containing a^y and xy^ simultaneously by a real 
linear transformation. 

1461. If in tlie transformation formulae 

3J=XA y=X A -j-yu Y, 

we write ix'Y=rj, the formulae take the simpler shape 

a;=Xi^+/Xi> 7 , y = It follow.s, therefore, that it is always 

possible, by a real substitution a;=(p+gz)/(l+z), to reduce 
Q from the general quartic form 

Q + Qa^^-\- 4 !a^x + 0-4 , 

to the form Q={A^z^-{-B^){A^z^-\-B^)/{l-^zY 
and since dx={q—p) dz/{l+zY, we have 
dx_,^ 

■J(A,z^+B,}(A,z‘+£,)’ 

and the values of p, q are in all cases real. 

1462. Outline of the Process of Transformation. 

As the whole discussion is necessarily somewhat lengthy, 
we may with advantage stop for a moment to outline what is 
to be done. 
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I. It has been shown that when we can always, by 

the transformation x—(p-\-qz)/{l-\-z), remove odd powers 
of the variable from the radical, p and g being real. 

It remains to show how the necessary values of p and q are 
to be found. 

II. We shall show that the same transformation will also 
reduce the inteofral to the desired form in the case when 

III. That by a further transformation 

z^^ = {A + Bs^-)/{C+D8^), 

or, which is the .same thing, 2-=(J. + .S sin^0)/(C'+D sin^d), 
the form now arrived at can be still further reduced so that 

becomes a constant multiple of 


f 


1; 


ds 


f-r==~. 
J\/l — /.f-^sin^d 


s/(1--s2)(1_/.2s2) 

The ratios A: B:C : D are at our choice. 

CM (Jx 

IV. That starting with the integral where M,N 

are rational integral algebraic functions of x, we obtain after 
the transformation a;=(2? + g'z)/(l + 3) a result of form 


r dz 

J J i^A-^z^ A Bd{A 2^^ A B^} 


and that whilst 




2\/r(z2) dz 




can be reduced by 


earlier rules, the portion J- 


(j) (z^) dz 


can 


be 


\J{A,z-AB,){A^z^AB,) 
expressed by means of Legendre’s Integrals, and that there- 

r dx 

fore bv these means 1 can in all cases be reduced to a 

system of algebraic, logarithmic, circular or hyperbolic 
functions together with one or more of the three standard 
Legendrian forms F, E or U. _ 

Hence, as in Art. 318, the integral where 

A, B, G, D are rational algebraic functions of x, and Q is now 
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a rational quartic expression, can be reduced to the sum of 
a similar set of terms by aid of the elliptic functions now 
described. 

1463. I. First consider aQ=f=Q and imagine Q to be factorised 
into two quadratic factors with real coefficients, as 

Q = tto + 2Xa;d- 2X'a; + /m'). 

Then putting x={p-\-qz)/{l-\-z), 

4- 2Xa: + /X = [(^3 + 52 ) 2 + 2X (p + gs) ( 1 + 2 ) + M ( 1 + z)^] /( 1 + 2 :)^ 

= H{z^ + 2fz+g)/{l-jrzf, where JI=q^+2Xq-\-im, 

and — = ^ — 0 

H 2^^ + Mp + q)+i^ g)2+2Xg)+At‘ 

Similarly, + 2\'x ij.'—H.'(z^-\- 2f'z -}- g')/( 1 + zf, 

where H', f, g' are the same functions of p, q, X', p.', as H, f, g 
are of p, q, X, p. 

Hence Q^a^HH '{z^ + 2fz + g) (z^ + 2 / 2 + g')/( 1 + z)i 

We shall be able to make / and /' zero by taking p and g 
so that 

j3g+X(p+g)+ya=0 and g3g+X'(g)-i-?)+/w'=0, 

P9 _ v+q _ ^ - p-q 

Xp' — x'p p — p X ' — X \/{p — p'y^ — 4(x^ — x){Xp' — X' p) 

Now {p — p'Y — 4(X'— X)(X/x' — XV) 

=(m + 2XX')"- 4 (^ - X2) - X'2) = K\ say. 

So 23 + g=(/>i— ;u')/(X'— X) and p—q^K/{X'—X), whence 
p and q are found. 

This completely determines the necessary transformation, 
and we shall show that K is real ; so that in all cases 
p and g are real. 

The form of Q is now reduced to 

(3sa„ HH'(z^ +g) {z'+ff'Wl + 

Also dz={q—p)dzl{\-{-zY. 

dx q—p dz 

JQ Ja^HH' J{z'^-^g){z^-\-g') 


Therefore 
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1464. Next, to examine the Reality of K. 

(i) When the roots of Q=0 are all imaginary, X“ <C and 

h. “ < ft'. 

Let /jt=X“+/ 5 ", Then 

2 XXT- 4 (m- X 2 ) (/- X' 2 ) 

= (X 2 +p 2 +X' 2 +p' 2 - 2 XX') 2 -Vp '2 

= [(X - x'r- + (p - pT] . [(X - x')h (p + p'n 

and is essentially positive. Hence K is real and p, q both real.' 

(ii) When Q=0 has two real roots and two imaginary, 
— and X'^— p' have opposite signs, and 

A=^(p+p'-2XXr-4(p-X2)(p'-X'2) 

= (p + p'— 2XX')'+ a positive quantity 
Hence K is real, and therefore also a, q are both real. 

(iii) When the roots of (3=0 are all real, say oj, a^, 
arranged in descending order of magnitude, we may take 

2X= — (ai + Q 2 ), p = aiao, 2X'= — (ugd- 04 ), p' = a^a^: 

A 2 =(p + p-2XX?-4(p-X2)(p'-X'2) 

= [040, + + “2) («3 + Oj)]' 

— I [40102— (04+ Qo)^] . [40304 - (03+ a ^ f ] 

= (ai-a4)(02-03)(04-a3)(02-04), 

which is again positive, and therefore A, qi, q are all real. 

In the case f—f, we may put z+/=u. 

Then and the required 

form is taken without further reduction. 

1465. 11. Case when ao=0. 

In this case Q=‘^apc^-\-(Sapi?-\-^apc-\-a^. 

The case 04=0 need not be considered, as the integral would 
then reduce to a standard form. 

One factor of Q must now be real. Let e be the real root of 
Q- 0 . 

Then Q=ia^{x— e){x^-\-2Xx+ p), say. Then, putting 
a;==( 2 )+ 5 'z)/(l + z), as before, 

x — e — {{p — e)-\-{q—e)z]{\-\- z)l{ 1 + z)^ = A' (z® + 2 /'z + ^')/( 1 + 2 :)® 
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say, and x^-\-2\x-\- /ii=H {z^-\-2fz-\-g)/{l-{-zf, as before. Tlien 
proceeding as in Ai’t. 1463, 

H'=q-e, 2Hr=P+q~^e, H'g'=p-e; 

and making f=f'=0, ^+y= 2 e and pj+X( 35 +g')+/a =0 
Therefore p-\-q=2e, pq=—2eX— fx, whence 

p-q=2j{e+Xf-^lj.-X^. 

Thus, (i) if the factors of a;^+2Aa:+^ be imaginary, 
< //, p—q is real, and tlierefore p, q are both real ; 

(ii) if the factors of a;^+ 2 Xa;+// be real, let the roots of 
Q = 0 be Cg) S 3 , arranged in descending order of magnitude. 

6 [ g 

Then we may take €=e^, X= — 


which is real, since and p, q are real in this case 

also. And the rest of Art. 1463 still applies, and the reduction 
to the Legendrian form is effected as before, Q becoming 

iajm'iz^+g){z^+g')/{l + zY 
dx _ q—p dz 

vp+JP+F)’^ 

1466. We have therefore in all cases reduced the differential 


and 


dx 


to one of the forms -O- 


dz 


= , where C may be 


taken a real constant function of Oq, a^, a^, a^, of known 
value and a, ^ both real. For if or Jifa-yHH' be of 

unreal form, we may replace them by or J 

carrying the negative sign into tlie other radical. 

The ca.se V— (2;^+a^)(z^+/3^) is obviou.sly unreal and need 
not be discussed, as we are now dealing with real functions. 


1467. III. We have therefore only to consider the reduction 
of tlie five cases : 

(1) ^/+(z2_„2)(22_^2). (2) 

(3) (4) 


(5) V+(z2-l-a2)(2"+/8"). 
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T'.e final substitutions to reduce these five cases are all of 
t iic form £“ = (^ + jB sin2O)/(C'+Z)sin“0), where the values of 
the ratios A :B:C -.D are to be suitably chosen. We consider 
r.ach case in detail. 

l U'jS. Case (1), V{ 22 — a2)(z2— j8“) ; This is unreal if 

r" lies between and /3^. 

(i) a>/3>z. Put 0 = ^sin 0, Z:=/3/a. 

r r j6c os 6 do 

n/(z"— / 3‘^) ^Jo V(a2— /3“sin20)co.s20 
If d6 1 
aJo \/l — Psin^0 a 

Hence z^/Ssn au : mod. /3/a. 

(ii) 2>a>/3. Put 2 =a cosec 0, ^ = (3/a. 

If® — o cosec 0 c ot 0 if 0 

cosec^O—ft^) 

=- - am~^ 0 . 


V- 


dz _ 1 f — Q cose 

' J 2 “Jo s/col^ 0 ( ^5 


= 1 \ 

a Jo n /1 — 

Hence z=alsn au; mod. /3/a. 

A,„ ._r rf" 

' J. v'(£'— a=)(2*-/3') 


/c^sin^d a 

de 


=.1 ( r _ r ) = J (/v- am- 10 ), 

aVJo Jo w 1 — n 


where If is the complete elliptic integral. 

Hence z = a/sn(7f — a?<.') = a dn(ar<')/cn (ai/'). 

1469. Case (2), a^> This is un- 

real if 2 ^ does nol lie between a- and /3^. 

Put 22=a2-(a2-/?2).sin20, i.c. a^co.s^d -t-/3^Rin2 0- 
Then a‘^-z^={a^- j^‘^)fi\n^e, z^- I3^={a^- /^^)cofi'^0, 


u 


_ •“ cZ2 _1 f 

2 C - 17 ? -a 2 ) ( 22 -^ 2 ) a J 0 


V_{ 22 _a 2 )( 22 -^ 2 ) 
^2 


Va^— (a^ — /S^)sin20’ 

(70 1 

\/l — /^^sin^0 a 


am~^ 0 , 


where 1:/^=- — 7c'^= ^ 
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Hence 

0^=a^cn2(aM)4-/3^sn®(aM), i.e. z= a dn (au), mod. a/i — 


1470. Case (3), This is unreal unless 

> /3^. Put z=/3sec 6. 

_ p dz j”® iS sec 9 tan 9 d9 

J p>J{z^-{-a^){z^—^'^) Jo \/jS^tan2 0(j8^sec^0+a^) 

» = I r (b=-^] 

a^cosfe V a*+/8V' 


=-f 

aJi 




" ^ in 

. =^= - am“^d. 

0 \/l — A;2sin^d a 


Hence z=/3/cn(^-y 


1471. Case (4), %/— (z^+a2)(z^— This is unreal unless 
z^ < Putz— j8cos0. 


,^r 

**2 n/ — (z 2 + a'^)(z 2 — Je \// 32 ,sin 2 0 (a 2 +/ 32 (.os 2 0 ) 

= }- r =^-ani~^ 6 ^ (jc^— \ 

N/a 2 +/ 3 ^Jo n /1 — A:^sin 20 /S ’ \ a^+iS^/ 


p -/3sin 0r7d 

i6^) Je \// 3 ^sin 2 0 (a^ 4-/32 c( 


Hence z=ficn(~\ mod. JL . 

\kj Va 2+^2 


1472 . Case ( 5 ), \/(z 24 u 2 )(z 2 _|_^ 2 j . Putz=( 8 tan 0 . 

r -T 

"“Jo 4 ^ 2 ) (^ 2 ^ ^ 2 ) J ^ V^^sm' 2 0 :f 72 ^s 2 0 

_1 P d9 

a Jo \/l — A:2sin2d 

Plence z=^tn{au) ^mod. 

For convenience of reference we exhibit these cases in 
tabular form : 




1473 . Table of Substitutions, Etc. 
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In all cases the substitutions are cases of z- = {A + B sm'^ 0)1 {C + D sin- 6). 
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1474. The More Greneral Case 

Here M, N are any rational algebraic functions of x, and 
Q, as before, =(ao> l)^-' 

By a proper choice of p, q, the transformation 

x={p-j-qz)/{l+z) 

has removed terms of odd degree from Q'. MjN becomes a 
rational algebraic function of z separable into two parts, the 
one an even, the other an odd function of z, expressible as 

M/N^p (z^) + (2^). 


M dx 

N'W 


By putting z^=^y the second integral is immediately reduced 
to a form integrable by earlier rules. 

We have therefore only to consider the first integral. 

Now 0 ( 2 ^) is itself separable into two parts, the first in- 
tegral, the second fractional, and is expressible as 


0 ( 22 ) = 2 X 22"-}- 2 


X^ 

[fx-]rvz^Y' . 


r 2 ^ ^ r dz • 

But both - 7 =d 2 and 7 = can, by integration by 

J V Q J (u “b I'Z^Y V Q 


(ix+vz^yjq 


parts, or the use of reduction formulae, be connected with 


the inteorals 

o 



dz 


(Arts. 271 to 274). 


Accordingly all functions of form 




are of the forms specified, can be reduced to a series of 
known integrals, together with one or more of the integrals 



dx 

v/(l-a;2)(l-F^)’ 



x^dx 

7(i-®2)(i_PPJ’ 



dx 

(l-}-r?a;2) V(l— x2)(l — A:2a;2) 
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Tlie second of these, viz. 


^ 1 r ,, 


--JJ X (first integral) — ^ 


1 P l-k^x^ 


IP de 1 f« , ^ 

J. TTTFlpg -F J. 

CM dx 

Therefore any such integration J ^Jq can be effectecl 

by aid of the three standard Legendrian forms 

F{6, k), E{e, k), n(0, k, n ) ; A; < 1. (See Art. 371.) 

The same is true of the moi-e jreneral form 


J C+D..I 


discussed in Art. 1443. 


1475. The Case when the Factorisation of Q is unknown. 

To effect tlie foregoing reduction, a knowledge of the 
factorisation of the quartic Q has been presupposed. When 
there is a preliminary difficulty in this factorisation, M^e may 
still obtain the desired fox'm by a use of the invariants I and 
J. Suppose the quartic made homogeneous b}'’ the intro- 
duction of a suitable power of y, and expressed as 

^ = a 0 -h 4a^ y -f (iffa ^ "k “^^3 ^2/^ + y ^ 

= (Go, fli, Ga- «4)(3^. 2/)^ 
and let it be reduced by the linear transformation 
x=l^X-\-miY, y=l^X-\-m^Y 
to the form Q'=(go', Gj', a.{, a^', a/)(X, Y)^. 

Let viz. the modulus of the transformation. 

Then xdy—ydx=A[XdY—YdX) 

J xdy—ydx ^XdY—YdX 

tJ/Tl Q — 7=- — / — — ■ ) 

vg Vg' 

i.e. writing x/y=xt, XIY=U, 

du . dU 


®2’ ®^3> 


/(Go', o/, a/, g/, ai){U, 1)^ 


wliere 


'LU+m' 
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Also 

I—a^a^— 4jai J =aQa^a^-\- 2ay —a^ 

are connected with I', J', the same functions of the accented 
letters, by the relations r=A*I, J'=A®J, whence 
in which we have an absolute invariant free from the co- 
efficients of the transformation formulae. 

Supposing the ratios to have been so chosen as 

to make and ag'=0, as has been shown to be possible, 

with real values of these ratios, Q' takes the form 

-f a/, 

which can now be supposed expressed as 

ooW+p)iU^+q)> 

and we have to show that p, q can be found in terms of the 
original coefficients a^, a^, a^, a^, a^. 

We have 




(7o'=Oo', a^=0, Qa^=aQ{pPq), a^=(), 

a a • (:P + ?)^ [{p + ?)^ + 12^?], 


ai=(iopq. 


J'=a, 


0 • ^ ip+q) • aopq-%- (p+i)\.^^p^i-ip+qy~'\ > 


P Z'3 

• — — - - = 27 


whence 


P-27J^ 
4.27 . P 


or putting p = pq, 


[(?>+#+ 12pg]^ 

{p+qf[^^pq-{p+qfT 

_ pq{p-qY . 

[(?+#+ 12m?’ 


p{p-lY _P-27P_ 1 
+ ■ 4.27/3 “IGA’ 


27 P 

where A= P—27P ’ ^ known function of the 

original coefficients. This is a sextic equation to find p, viz. 
the ratio of p:q. 


1476. Solution of the Sextic. 

The equation is obviously of the reciprocal class, and therefore its 
solution may be reduced to that of a cubic, and the cubic may be solved 
by Cardan’s method. 

— i\4 

Writing the equation as = put (pl-p-hy. = ^. 
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6 


'riien p + p ^ + 14=16 and the equation becomes 

Now adopting Cardan’s method, put ^ = p + then 


i^ + C^ + {3r,C-E)(yj + 0 + J^ = 0 ; 

and taking 

1 

+ ^+Z'=0, a quadratic for p. 

Hence i] and f can be found, and therefore also d. Suppose By a, real 
root of this equation, then p^ - p~^ — ijsJBy - 1, and therefore 
p4 + p- i = 2-y di + 3/s/ - 1 . 

Thus 'yp = (2 + s/^y, +3)/\/d,-l and p = (7 + dj + 4\/y7+R)/(0i - 1). 
Then a value of the ratio p:q has been found, say Py -.q^, where py, qy 
are specificallj' known numbers, so tliat plP\ = (ll<ly = s, say, u'hich remains 
to he found. 

Thus 




A 


dU 


n/(«o, ay, 02, 031 04)(«, 1)^ '^Oo s!{U--^Pys){V‘^ + qyS) 

Putting U=sUU', we have 

du A >J7dU’ 

s/(oo, ay, 02, 03, a4)(M, 1)< ^KU"^+Pi){U"^ + qy)' 

Fi nally , A = •>/ j = + 1 = a/ (py^ + 1 ipyqy + qy^)\ 

vvlience —:= — a/ ^ ' ^ hioion, which completes 

the determination of p and q. We therefore have 

f 

)i~ V 12/ i 


/ 




n/(oo, O], 02, 03, a^)(u, 1)^ 


^(U-^+PyHU'^ + qy) 


1477. Cayley points out that if one of the roots of the sextic for p be 

ns ,.1 • c £ (p'‘^ + 14p + 1)^ (tt^+14a+l)^ , 

p = a = fj^, the equation is of the form - — — ■ . , . - = ..y - , and 

p{p-lr a(a-iy 

that the solutions of the equation may be written 

pj 1 n+f^y n+^py 

' ’ /l^’ U+/3/’ Vi + i/3/’ 

which the reader may verify. [Elliptic Functions, p. 320.] 


1478. When a reduction to the form 

f dU ^ f dU 

J fay,'W + 6ay,'m + ai'~J fao'(U‘^ + p)(U'^ + q) 
has been effected, then in case p and q are both real, i.e. daP>aa'af this 
factorisation will suffice. But in a case when p and q are imaginary, 
i.e. 9o2'2<ao'«4', we put U = k\/{l + T)I{1 — T), and we observe that af 04' 
could not be opposite signs, for if so 9a2^^>«o'’«4'- 
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We shall choose A= which will be real. We have 

V ao 

dT 


dU = X- 


and 


{I + 7’)^(I- 70^ 


ao'i7^ + 6a2'C/-’ + < = [ao'A.^(l + 7’)H6a2'A2(l - r2) + a/(l - 7’)2]/(l - Tf 
= 2 [(a/ - r + {«/ + 3t^/A-2)]/( ^-Tf 

Vao'a/ + 3a2 


and 


= 2 (Va„V-3a/)] [ 7 . 2 ^ + 3< -| _ ^,^ 2 ^ 

l- “0 -j L- Veto ^14 - 3^2 


dU 


dT 


^a,'W + Qa.{W + a,' .72 [Vao V - Sa/]^ J(1 _ 7^2) f 7T2 + 

' 'J Go - '^a.^ ' 

M'hich is now of real form, since aoa^>Qan‘^ for the case considered. 
1479 . Illustrative Example. 

It will be instructive to consider one case from several points of view. 

p dx 

u= I ■ 

Jn . 


Take - _ ■ , - 

3 v.r"^ — 5.6-- + 4.r + 6 

{a) First let us I’educe it to the Legendrian form. 

.r^ - 5.r- + 4.r + 6 = (a' — 3) (.r^ - 2.r - 2). 

Put .v = (jO + 72)/(l+2), cLv={q -j>)dzl{\+zf. 

x-2 = [{p-’3) + {q-3)z]{l+z)l{\+z)\ (See Art. 1465.) 

X“ — 2,1' — 2 = [(73 + qz)“ —2(p + qz)(] +z) — 2(1 +^)"]/(l +^)". 

Put f) - 3 + 7 -3 = 0, 737- (71 + 7) - 2 = 0, t.e. p + 7 = 6, .737 = 8. 

Take the solution 73 = 4, 7=2. 

Then 

,r - 3 = ( 1 - 22)/( 1 + 2)2, .^.2 _ 2.r - 2 = 2 (3 - z^)i{ 1 + 2)2, dz= - 2dzl{ 1 + 2)2. 
Also .r = 3 gives 2=1; 

• dz _ J2[e de 
Vsi. V(T^2y(i^P)- y^L 

= N/'((/C-sn~'2), K being the real quarter-period, mod. l/\/3 ; 

2 = sn ( A - 3{\/f ) = cn (H's/=})/dn 

1-2 dn ?t\^3/2-cn ?«n/3/2 j , iz, 

i.e. .r-3 = :p— - = - jd= 7=4=, mod. l/\/3. 

J+2 dn?fN/^ + cn M V3/2 

(b) Next let us reduce to the Weierstrassian form. 
x^-5x- + 4x + Q being already a cubic expression, it is only necessary to 
remove the term involving the square of the variiible. Put .r = 2 + ^; 
03 = 3 gives 2 = (^. 

(.r-3)[(.r-l)2-3]=](42'2-A-i2 + ^Yr), / = 4^, ./=-%«/; 

• ■■-[' (T r\ 2rf2 


Vl — ^sin2 0 


(2 = sin 6*) 


:=2 wi- 2J«-1(2), 
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nd 




4x/;3 


w, =- 


K 


K 


£ 1-63 (s'l+l)^ 
(Art. 1414), 


/c'- = tan‘'*15°, 


s!^ + n^3 

1 not hdng the same as K in solution (a), the modulus being a different one. 


siff(F:-v/2 + v/3|)= — 


2 + s /3 


2 4- \/3 


cn^{7icos 15°) 


§ + n/ 3 + ^- (,r-3) + (2 + s/3) ’ 
^ (Art. 1352), 


and 


dtff(Meosl5°) (x-3)tan 15°+1 

i^o_dn2(^icosl5°) , _ ,,^sn2(ttcosl5°) 

’ cn^(ttcosl5°) cn2(Mcosl5°)’ 


’.c. — 3 = tan 15° tn^(«cos 15°) ; mod. s/3(v^3 — 1). 

(c) The results arrived at by these two processes are of different form, 
the moduli being different. 

Take the integral ' 


Put 


1 -sin 0 
1 + sin i) 


al / - 7 ==^^= occurring in the Legendrian reduction. 
.'t ^ sin^6^ 

= (2 + \/3)cot-</), so that when 0 = ?, = 

/t 2i 


rp, . A 1- cot 15 cot^cb „ 2\/cotl5 cot <i 

Then sin 6'= 7 - — ttts — cos 6' = 7 --; — — 7 ^, 

l+cotl5 cot^ip l + cotl5 cot^(f) 

, „ _ 2 n/ cot 15° cosec^ (f>d 4 > 

1 + cot 15°cot‘‘^(;() ’ 


and 


1 ^ ■ 2fl_^ l + 4cotl5°cot2<^+cot°15°cot‘’c^ 

J--sin U-- (l + cotl5°cot‘‘‘^)'^ 


Hence 


2 cot^ 15°. cosec'* <j> 

3 (1 + cot 15° cot^<^)^ 

s/6 


(- 


/2 fs de 

Y 3-'”: s/l — Jsin“0 VS-'^ s' 


cos 30° 
cos^l5° 

d4, 


/cot 1 5° v/l — sin^ V cos 15' 


V cos 15° / 


cos 15.',;, 


p d(j) 

■L s''l-A‘‘^si 


sin^c/> cos 15 
s/cos 30° ^ 


^ [/!f-am“^^]. 


Thus c/) = am (J2^-«cos 15°), fmod. i 

V, cos 1 5 / 

, . , , „ 1 cn {” cos 15°) , \/cos 30° 

whence sin 9 = sn (A - it cos 15 )= ,, , , mod.- 


dn (?t cos 15°)’ 


cos 15° 


cos <l) = cn{K — u cos 15°) = tan 15° 7 ^ (Art. 1352). 

dn(?{cosl5) 


Hence cot c/) = tan 15° tn(MC0sl5°), 
and .r- 3 = cot 15° cot-^ = tan 15° tn*(MCOS 15°), 
which is the same result as that obtained in solution (b). 
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1480. Landen’s Transformation. 

From the above example it appears that the reduction of 
an elliptic integral to the Legendrian form is not unique. 

The transformations 


a!= 3 -|- | ' , ^ and a:= 3 +cot 15 ° cot^ 0 

both succeeded in such a reduction, but the moduli in the 
two cases were different. 

For the general theory of such transformations the reader 
is referred tofCayley {E. Functions) or Greenhill {E. Functions). 

One well-known transformation, however, must be noticed 
before leaving the matter, viz. that due to Landen. 

Taking two variables d, , connected by the equation 
sin (20^— d2)=/i sin d2. so that 6 ^ and 6 ^ vanish together, 
we have c.ot{W^ — 6 .^){^dd.^—de^)=coid^cie ^ ; whence 

, 2sitid.2dd^ _ dO^ 

.sin2di cos (201—02) Vl— M^sin^ 0 ^ 

Also .sin 201 . cot 02— cos 20 i=,«, cot 02=(/i-|-cos 20 i)/sin 20 i ; 
cosec^ 02=(1 -|-/>i^-k2,u cos 20i)/sin2 20i 

and = ( 1 -{- « )2 h si n^ 0 

sin2 0„ V (1 I 


l-f/x 


fZdi 


Vi- 


(T+ ,5, 


P — 

Jo v/1- 


(Z09 




^ sin^ 0, 


= 'R, say ; 


u=am ^(09, ;u)=:j— |— am-^fdi. 


1 -f-// 

or, what is the same thing, 

! + /«.. - j 2 n//x \ 




sin 01— sn — ^ ^inod. j ; sin02=snit, (mod. ,a), 

or putting a;i=sin0i, X2=smd^, 


u- 


to 

11 

2 

dxi 

Jo \'il — X^^)(l — jU.^X 2 ^) 

’1+/^ 

V(1 »=.'){! ^tZf] 
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so that //) = :r4 — sn-’-fa:,, and therefore 

1+/X \ i + yU/ 


'll is expressible in either of tliese ways as an inverse elliptic 
function. 

O / 1 

M 


2 \ /j. ^ , 1 — i 


Writing X for and X'- ^ —-- , i.e. ^,q j^ave 

i + yu i + 

1-X' 


- — 1 d“ A , fj.- 


and the connection between and 


1 + /i ' ' ^ 1 d~A 

is obtained from the initial formula 

sin (2d^-(92)=yU sin 6.,, viz. 2 a;,^\/l-a;i“\/l-a: 2 ^ - (1 - 2 .t/)x 2 — yu.'r 2 , 

.r., 2rr,s/l — m , n o i 

Therefore 

sn X) + ^ i_x2,t^2’ 1 + X'J 


This is known as Landen’s Transformation. 

For many such results and other transformations, see 
Greenhill, E.F., pp. 55, 5(i, and Chapter X. Greenhill gives 
a very elegant interpretation of the above transformation 
with reference to the motion of a pendulum (pages 318, 
319, E.F.). 

In such transformations, when F{9 , k) becomes il/F(d,,, /o'), 
F representing the first Legendrian Integral, M is technically 
known as the “ Multiplier,” and the relation between k and Jc 
is known as the “ Modular Equation.” Thus, in the foregoing 
case the midtiplier is + the modular equation is 

X(yU + l)=2v/,«. 


1481. 
Ex. 1. 


Illustrative Examples. 


Reduce v 


=/t 

•/ VII- 


dx 


vii -1 v/.r* + 8,r^ + 20.r2 + 56.r — 20 


to standard Legendrian form. 

We liave U = .r* + 8.v^ + 20x2 — 20 = {.v“ + 2x + 10) (.r^ + 6.r — 2). 

Here, with the notation of Art. 1463, A = l, /x=10 ; A' = 3, /x'= -2, 


i.e. 


py + (p + g) + 10 = 0,\ giving 23 + g'=6, ] 
pq + 3(p + q)-2 = 0,) pq=-l6,) 


p = 8, 1 

y=-2,J 


and 


p + qz 8 — 2z 
1 +2 1 +? 
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^2 + 2a’ + 10 = 10 (9 + 02)/(i + 0)2, a;2 + 6.^’ - 2 = 10 ( 1 1 - z^)l{ l + zf, 
dx= — \Qdzj{\ +2)2 ; 
dx _ dz 

which is Case 4, Art. 1473. Put z=\l\\ cos 6. 

dx \/ll sin 6d0 __1 dO 

-JU \/ll sin2t/(20- II sin2t^) 2*75 >/l — ^-Jsin2^y 

and the limits for x corresponding to 0 and 6 for 6, are Vll — 3 to .r. 

. 1 dd I 

therefore v = — 7= ■ , ===== — 7= A y, I) 

2v/5io N/l-lJsin26l 2v/5 V ^0 J 

1 8 ““ “I? 

and 2v -J 5 = cn~^ — 1 = • ^ (mod.^s/55). 

V 1 I ^“T 

Ex. 2. Examine the same integral without factorisation. With the 
notation of Art. 1475, 

C/y=I, = 2, ^4 

7 = aQ«4-4aja3 + 3rt2^= — "1|-, 

J= OQa.^a^ + 2 airt 203 “ ^0^3^ ~ ® 4 ®i^ - 

32.5MI 

108/2 “ 2C 372 '' 

Hence, following the notation of Arts. 1475, 1476, our equation for 0 is 


To simplify, let 




•• ^ ■'32.11V 52 V’ ■ 99 99 


of which an obvious root is i = -1. 


1 ,, 16x74 


9 11 


Hence a'ld p + - + 14 = ^^, f.e. p= - or 


Therefore 




Then A = '\/^(92-14.9.11 + ll2) = v/s, 

A f -JJdU' f 

" «J AW^-9)(U"'‘+J1) J \/(U^ 


,, -JsdU' r dU' 

^ «J N/(IF2_9)(c/'i4.ii) J n/(C/'2-9)(C7'2 + 11) ' 

Let U' = 3-secd’. Then x=‘Jn -3 gives Q = 0, U' = 3, 0' = O ; 

«- 3 sec 6’ tan O’dff' _ I d& _ 1 ^ 

Jo \/9 tan20'(9 sec2^ +11) 2^/9 Jo \/l — ^-Jsin2f^ 2^5 ’ 


Jo v9 tan20'(9 sec2^ + 11) 2V5. 
which agrees with the result of Ex. 1. 
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£?:. .'3. Consider the integral «= [Legendre, Exerciccs, p. 56], 

Tin's does not become infinite in the vicinitj' of .r=:0 ('Art. 348). 

Rut .<•=(! +2T-, dx= -32(1 ■hz'-y^dz, \-.E-=^{^ + 2 ,z‘^ + z‘-)z-!{\+z-Y ; 

o r dz 
u=3 , =■ 

A n/24 + 32‘^+3 

The factorisation of the desired form {U'^ + p){U'^ + q) is 
(22 + :^-)(2'-< + 

Therefore p and q are complex. Following Art. 1478, put 


3 + i\f3\/ 3-t^3\ 


r ^‘•“vrrr^d-r)’ 

and 2 = CO give.s T= 1, and 

^4 + + 3 = [(6 - 3 n /3) r 2 + (6 + 3 n /3)]/( \- Tf -, 

f‘ V3dT l-T 


u 


= 3/' 


fl-T^\-T) J3 


3^ 


f dT 

'Jt n/(1_7’2)(7' 


'2 sin 15° Jr %/(! - 7’2){7’2 + cot215°) 


34 ^ 


3 

3'^ 


- - _i2^-V3 3^ 

= -^cn — cn * -p:= — cn ^ 

2 2 z2 + ^/s 2 


X 


•f -Vs-i 


■■^ + \/3-l 


t.e. 


3 ^ _ ll -2\/2 a -^ C 0 S ]5° , .q • ir »\ 

«=— cn , (mod. sin 15 ). 

^ l + 2V2.r^sinl5° 
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PROBLEMS. 

1. Find the values of I and J for the quartic function 

— + 1/^, 

and show that 4A3-/A-J = 0. Form also the Hessian of the 
quartic, and the discriminant. 

2. Examine the modification in the reduction to Weierstrassian 
form which accrues from the quartic Q having one root zero, 
i e. flj = 0. Show that in this case 


«i = 


and that 

3. If 
and 


12 U <X 3 aj' ^0 12 U 3 «1 «2 

a.a^ag /II 2 \ 

^3 ~ ^0 — To — ( * ) ’ 

“ 12 Vaj aj ag/ 

,0 l/«2-l/«3 

l/«,-l/ag- 

<jy = {x - a,?/) {x - a.,7/) {x - a^lj) {x - a^lj), 

P = a„-a^^ (? = «3-tt|) if = 

P = ctj — ( 1 ^ , Q = a., ~ ii ~ ®3 ~ > 


show that / = ^ (P2P'2 + (?2(3'2 + 7f2i?'2), 


24 
J= - 


and 


^ iQQ' - i?i?')(ifif' - PP'){PP' - QQ'), 


A = /3 - 27 P-^Q^-IPP'^-Q'^-K^ 

250 


Also, if <S'j = 2aj, 5o = 2aja2, S 3 = 2uja2a3, = shoW that 

i=^ (125,-3^^53 + 5./), 


12, -35,, 250 

-35,, 25o, -353 

25o, -353, 125, 


4. If 4) = x'^ + G\x-i/- + jp and the Hessian ii=Y^' 
show that ii - k4> is a perfect square if A' = A, - i(A + 1) or - J(A - 1). 

5. Show that (c, 76, - 120) = — ^ su”’^ - 2^^ mod. 

^ ’ 2s/2 s/z + 5’ 2s/2 

6. Show that (s', 28, - 24) = -^ dn~^ ; mod. 

7. Show that p-^(sr, 36, 0) = -^cn-^ ^ ; mod. -^. 
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iveduce tlio in 


integral ?i= f 

Ji v/ - 70;c^ + ■2d3x^ - 327x^~ + 179a: - bo 


tn '’iVeier.strassian form, and show that u = 

^ \;c - 1 


Show also 


tliat it can be expi'essed in a Legendrian form with a modulus 
. . ' 1 , /. . .X- - I 


vi;:. » = -F sn~i 

76 V /x-o 

9. Show that if ej>e^>e^ and e^ + e^ + e^^O, the substitution 

Ci - r., 


^ = ^3 + - 


will convert the Weierstrassian Integral 


I 


dz 


]z J4:{z - e^){z—e^}{z - e.^) 
into the Legendrian form 


7c 


J dx 

7(1 -x^){l-kKx^)’ 


Q 

and conversely that the substitution x= ? 

1 O ’ ^ ~ ^3 

will convert the standard Legendrian form into the Weierstrassian. 


where k- — — — 

- Cg 


10. Reduce 


r 


dz 


J 


z - 9) 


,P 


to the Legendrian form 
dx 


76 Jo 7(1 - .'c 2 )(l -\x^) 

and show with the usual notation that 

ir=ajj76, K-iK' = f»o\&, —iK' = u)^j3. 


11. Show that 


i; 


dz 


: = sn ^ - — 


Jz \Jz{z'^ - 4) \lz+2 

dx 

12. In the standard Legendrian form 1 ■ 

Jo 7(1 - •'c^) I 


discuss 

2)(1 - k'^x'^) 

the degenerate forms assumed when ^- = 0 and when ^: = 1 , and 
state to what forms sn“’a;, cn“^x, dnscand tn x ultimately degenerate 
in these cases. 


13. Discuss the integration of the degenerate cases of 

I" dx 

j7(a: - a)(a: - (i){x-y){x - S)’ 

(i) when a = /3, (ii) when a = (i = y^ (iii) when a = /3 = y = S. 

14. Discuss the integration of the degenerate cases of 

p dz U^>e.^>e^, I 

Jz 74(2 ^-Cj)(^-^ 2)('^~^3)* lci + 62 + 63 = 0/' 

(i) when 62 = 63, (ii) when 61 = 62, (iii) when 61 = 62 = 63. 
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15. Express both in Weierstrassian and in Legendrian notation 

the integration ^ 

Jt s//^ + - 8 

16. Make use of the substitution a:^ + ar^ = 2< ^ to reduce the 

Cx /7 

inte<^ral u= to the form of an elliptic integral, and reduce 

JoVl+fl;“ 

it to the standard Weierstrassian form. 

17. Use the substitution P = (\ + x + x'^)/{l -x)^ in the integration 


Ji(1-.t3)“ 


and show that t 




18. Show that if 


(2<x<2-2), 

Je - 2)(53: - ll)(ll;r - 21)(3x - 7) 


1 9. Show that the solutions of the sextic equation 


(^2 + i4p + l)3 (/is + 14^4 + 1)3 

PiP-iy ~ 



[Caylk.y.] 


ri ^ ... 

20. Transform the integral u= I — into one in which z is 

Jo(l-a;«)« 

the variable by the relation 4.r®(l - .r'’) =z*^, and the result by putting 
c- = 1/(1 +i/) ; and lastly, by the further transformation 

y = v/3 tai4' ; 

( 3* \ TT ■ o 

— uj = ^, (mod. sin 15°). 

Hence show that « = 1 •927622... , and verify this otherwise. 

[Bertrand, I.C., p. 687.] 


21, Show by Landen’s Transformation 2 sin (2^ ~ ^) = sin 6 that 

p (10 _4 p d<p 

Jo s/1 - T sin‘^0 sJo,,/! -^sin^^ 
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Express by means of the Weierstrassiaii elliptic functions 
pp/), (r{u) the results of the following integrations ; 


(i) 


z d- 


Z 


iz f" 

-T' 


dz 




, ( 2 <^); 


f” z^dz 

iii) {2<z)- 


(iii 

(V) 


dx 


(.i;- 1 )(.^- 2)s/a;3 - 5.T- + 4X + 6’ ^ ^ ’ 

xdx 

r. {x<l). 


s/a:^ - 12 .t^ + 54x 2- lOOx + bl 

23. Express by Weierstrassian functions the second Legendrian 

standard form | v'^l - E’sin^^rZ^. 

Jo 

24. Express bj' "Weierstrassian functions the third Legendrian 
standard fon 


rm 


dx 


0 (1 -«2x2)N/(i _x2)(l -A:V’)’ 


25. If « = Wl 1 


1 ’-= 

j 0 s/(a;^ + a; 


dx 


. , prove that 


/(a;2 + X + 1 ) (33;2 + .a- + 1 ) ’ 
a: (s/1 1 cn « - sn «) = 2 sn m, (mod. Jj\). [Ox. II. P. , 1913.] 


26. If« 


="J: 


dx 


27. If u 


= 1 : 


■ ‘ -V prove that 

s/ll05a:^-904a;3-210.a2 + 8 x+r 

.x(3cnw-2dn«) = dnM, (mod. 1/5). [Ox. II. P., 1915.] 

dx 

0 (1 + x^ - 2x'^Y- 


express x as a single-valued function 


of u by help of (i) Jacobi’s functions, (ii) Weierstrass’ functions. 

[Math. Trip. II., 1914.] 

Prove that Xs/3 dn (mvS) =sn (u\/3), (mod. •J'2J3). 

28. Show that the integral 

Cx . 

{(x - a,) (x - ttg) (a: - (* 3 ) (x - 04 )} ^ (fx 

Jo, 

is transformed to the integral 

2 {{a, - a,)(a, - {(1 kY)}-^dy 

Jo 

by the relations 1 / = {a^ - (x - a^)l{a^ - aj) (x - a 4 ), 

B = (ag - rtj) (ftg - a^)j[a^ - a^) [a^ - a^), 

and obtain an expression for the general A'alue of the former integral. 

[Math. Trip. II., 1913.] 
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29. A heavy particle attached to a fixed point by a light thread 
of length a oscillates under the action of gravity in a vertical plane. 
Show that the height of the particle above the lowest point of its 
path at time I from the lowest position is 

2a sin- ^ ^mod. sin-^, 
where 2a is the whole angle of swing. 


30. Show that the potential of a uniform thin ring at any point is 


4'y)Hrt 


f. 


dr 


where y is the constant of gravitation, m the mass per unit length, 
a the radius of the ring, r the distance of the point from a point of 
the ring, and the least and greatest values of r. Prove also 

that the potential may be expressed in the form 8ym ^ K, where 

9'j + r^ 

K is the complete elliptic integral of the first kind with modulus 
(’2 - ’■i )/(''2 + ''ll- [Ox. II. P., 1914.] 


31. A heavy elastic string which is uniform when unstretched is 
passed through a smooth semicircular tube which is held in a vertical 
plane with its vertex upwards. The radius of the tube is r. The 
modulus of the elastic string is equal to the weight of a length r of 
the unstretched string. It is observed that the two equal portions 
which hang vei'ticall}' outside the tube aic each equal in length to 
the radius. .Show that the unstretched length of the portion which 
lies within the tulje is 


4r 

n/5 


dn“' 



[O.X. II. P., 1915]. 


32. Assuming that the law of central attractive force under which 

an orbit u—f{9) can be descril)ed is given by Plhhfi = u + -^, show 

that if a particle describes an orbit ?- = ccn 6s,''i under the action of 
a central attraction fiiP, the modulus of the elliptic function is 3”^. 

[O.X. II. P., 1913.] 

33. A particle of unit mass is projected horizontally with velocity 
u, and moves under gravity in a resisting medium such that the 
path is a portion of a circle of radius «. .Show that the motion will 

cease after a time /^^dn“^ 2 (mod. 2 -). 


[Ox. II. P., 1913.] 
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34. Show that the area A bounded by the y-axis, the asymptote 
x=l and the curve {x - 1) (a: - 3) {(* - 4)^ + 3} = 1 is 

1 ,14-3s/3 

. cn~i — 


4/3 


13 


(mod. sin 75°). 


35. If A be the area in the positive quadrant bounded by the 

cui’ve 2y^x{x- + ix+l) = i, the coordinate axes and an abscissa x, 
show that Ajcn A, (mod. tan 7r/6). 

36. A ring is generated by the motion of a circle such that its 
plane passes through the centre of an ellipse and a perpendicular to 
the plane of the ellipse through the centre, and the centre of the 
circle lies on the ellipse. Show that the volume of the ring is 
iirKbc^, where h is the semi-axis minor of the ellipse, K the complete 
elliptic integral of the first kind with its modulus equal to the 
eccentricity of the ellipse and c {<b) the radius of the circle. 

[C.S., 1895.] 

37. Prove that the equation of the osculating plane at any point 
of the curve .r = a sn ■Ji, y = bcnu, z = cdn u, (mod. k), is 


- A:^(l - k^) sn^u - f cn^M -|--dn®w= I - k^. 

a ' ' ‘b c 

[Ox. II. P., 1902.] 

38. An elliptic wire of semi-axes a and b moves so that its plane 
is always parallel to a fixed plane while its centre describes in a 
perpendicular plane a circle of radius c which is greater than either 
a or b, and the minor axis is perpendicular to the latter plane. 
Prove that the ring surface formed by the circumference of the 
wire cuts itself in two hyperbolic edges, and that its volume is 

y^'{(c' + a»)£-(c*-a=)/f), 

where K and E are the complete elliptic integrals of the first and 
second kinds with modulus ajc. [Math. Trip. 188C.] 

39. If the modulus k and the amplitude </> of the elliptic integral 
F {cf), k) be given by A; = cos tt/I 2, cos ^ = 2 - ^/3, then will 

F{4>, k) = {J^V{r)}j{?,Kv{^,)]. 

[J. C. Malet, E.T., 9677.] 
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CALCULUS OF VARIATIONS. (Section I.) 

1482. To ascertain the greatest or least values of which a 
given function is susceptible under specific conditions, it has 
been found necessary in the Differential Calculus to allow it 
to groiv, and then to find the magnitude attained when the 
rate of growth stops. And methods have been formulated 
by which this rate of variation can be ascertained and tests 
constructed for the discrimination of maxima values from 
minima values and from other stationary values which the 
method may discover. 

The functions considered in the Differential Calculus have 
all been expressed directly or indirectly in terms of a set of 
one or more independent variables not usually involving signs 
of integration, and if any dependent variables have occurred 
in the functions under discussion their connection with the 
independent ones has always been specified and known. 

We now have a problem of different nature. We are to 
consider the maximum or minimum value of a function 
usually expressed by an integration, in which the integrand 
contains not only an independent variable or set of inde- 
pendent variables, but also one or more dependent variables 
and their differential coefficients, for which the relationship 
between the dependent ones with the independent ones is not 
specified, but remains to be discovered, in order that a stationary 
value of the integral may result under any conditions with 
regard to the limits of the integration which may be imposed. 

1483. Preliminary Ideas as to the Mode of Procedure. 

As before, it will be necessary to allow the function to grow 
and to ascertain the rate of its growth under the imposed 
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conditions when the variables it contains are made to vary 
in an arbitrary and independent manner consistent with 
the retention of the continuity of tlie function and consistent 
with the imposed conditions. 

W.e shall first take the case of one independent variable 
only, viz. x, and we shall .suppose that the form of the relation- 
ship between x and the dependent variable y is required 
which shall be such that the integral with respect to a: of a 

-givm function F of x, y, viz. j Fc^x, acquires a 

stationary value. For amongst the stationary values the 
maxima and minima values lie. To fix the ideas we may 
regard x and y as tlie Cartesian coordinates of a point. And 
here it will be observed that y is to be regarded as a function 
of X, but that the form of this functional connecting relation 
is unknown a.nd is to be the subject of investigation. 

The form of F is supposed known. The limits of tlie 
integration may be regarded as being from a point P, (xq, yo), 
to a point Pj,(a;^, y^, which will be referred to as the terminal 
points or terminals, and which may be specified either as 
fixed points, or as points which lie on specijic loci. 

It is then our object to discover the relationship between 

X and y which will compass the object of making Jf dx assume 
a stationary value with such terminal conditions. 

1484. for instance, if we require to find the shortest path in the plane 
x-y from the given line x+y = 2a to the circle x'^ + 7 / = a% we have to 

make Jds, or what is the same thing J assume a minimum 

value, where the things at our choice are (i) the positions of the terminal 
points on their respective loci, (ii) the nature of the path from one 
terminal to the other. And the solution we should expect will be that 
there is a linear relation y = mx-i-n between x and y, and that the values 
of m and n will be such that the line cuts both the terminal loci at right 
angles ; which we shall presently find to be the case. 

1486. The Symbol 6 of Arbitrary Variation. 

When a known and definite relation exists between x and y, 
y—fi^)) 3-nd when we pass from a definite point Pj^, (x, y), 
on the graph to an adjacent point Pg, {x-\-dx, y+dy), travelling 
along the curve, there is a relation between the differentials dx, dy, 
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viz. dy=f'{x) dx, to the first order of infinitesimals, where/' {x) 
represents the differential coefficient oif{x) with regard to x. 

We may, however, assign quite arbitrary independent 
infinitesimal variations to x and y, and thus pass from the 
point to a point Q.^, not necessarily upon the curve y=f {x), 
but indefinitely close to P^, and we shall denote such inde- 
pendent and unconnected arbitrary variations by Sx and Sy. 
Thus, in Fig. 431, P-JP^P being the graph of y=f{x) and Pi^^i, 
PjiV,, perpendiculars upon the axis and P^SR a parallel 
to the a;-axis cutting and P2N2 S and R respectively, 

we have dx=NyNo, dy=RP^, Sx=NiM^, Sy—SQ^. 



1486. Arbitrary Variation of a Path. 

If every point of the P-path be thus treated and the 
variations of the several P-points are such as to give a series 
of ^-points ivJiich lie upon a- continuous curve, Ave may regard 
the P-path as being deformed in an arbitrary manner from 
point to point into an indefinitely close Q-path, and the 
arbitrariness in the deformation is such that the deformation 
at Pj from P^ to Q, does not in any way fix the laAv by Avhich 
the position of Pg is deformed into the position Q^, the only 
restriction upon tlie removals of the various points Py P^, ... P 
upon the P-path to the corresponding points Q^, ... Q upon 
the Q-path being that each such removal shall be through an 
infinitesimal distance, and that the aggregate of the Q-points 
shall form a continuous curve. This deformation of the 
P-path, Avhatever that path may be, Avhether f{x) be a function 
of known form or not, is therefore entirely, point by point, 
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at our choice along the whole path of P, with the exception 
of the terminals, which in any particular case may have 
definite loci assigned to them, where there will be definite 
relations between the terminal values of Sx and Sy at each 
end, but the variations at one terminal being quite inde- 
pendent of those at the other. 

The processes of the Calculus of Variations are essentially 
conducted by means of the consideration of such arbitrary 
difierential variations as the Sx, Sy here defined. 


1487. Results of the Differential Calculus which do not 
involve the nature of the connection between the variables 
occurring remain the same with the one set of variations dx, 

dy, ... as with the other Sx, Sy Thus, if F be a function 

of any set of variables x.^, x^ x^, ... , say, V = <p(x.^, x^, x^, ...), 
and if these variables receive two sets of variations. 


(dx^, dx.^, dx^,...) and (^^j, Sx^, Sx^....), 
then, if dV and SV be to the first order the corresponding 
changes in V, we have, whether the variables be connected 
in any way or not. 


3 ^ 




d<p 


dx„ 


and 




1488. (5 and d Commutative. 

AVe shall now prove that d{Sx)=S{dx). 

Let AA.^^ be any curve y=<j>{x), and let P, Pj be contiguous 


/B, 



points upon it, viz. {x, y) and (x-\-dx, y-\-dy) respectively. 
Let the curve AA-^ be deformed to a contiguous curve PP^ 
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SO that the arbitrary point to point deformation displaces 
P to Q, Py to Qp etc. Let tlie ordinates NP, Pl-^P-i, MQ, 
be drawn, and PST parallel to the a:-axis cutting the ordinates 
of Q and P^ at S and T, and let PTJ, the tangent at P, cut the 
ordinate of Q at U , and let V be the point in which the ordinate 
of Q cuts the curve AA^. Then NN..^=dx, NM=Sx. The 
change in NM due to a change from x to x-\~clx is d(NM), 
i.e. d{Sx). But d(NM)=N^M^-NM=MM^-PN^, which is 
the arbitrary change in NN^ due to the deformation of the 
curve, and is therefore S{dx). Hence d{Sx)—S{dx). 

1489. It follows that 8d{(f.v) = d8(dx) = dd{8x), etc., and generally 
V=d’^8d^~^ F; and so on. (See Lacroix, Calc. Diff., ii., p. 658.) 


1490. S Commutative with regard to the Sign of Integration. 
Let dx. Then dz—V dx, and d6z=8dz=8(V dx). 

Therefore integrating oz=j 5 (F(^.r). 

Thatis (?j*Fdx=|5{F dx). 


1191. The Quantity ft). 

, UQ=SQ—SU=Sy—y'Sx, where y' stands for or 

the tangent of tlie slope of the curve at P. We sl)all call this 
quantity < 0 . It is the amount by which Q is raised by the 
variation Sy above the tangent line at P, and the distance UV 
is a second-order infinitesimal. Thus, to the first order, co or 
Sy — y'Sx is the amount by which Q is raised above the curve 
2 /= 0 (.x’) at the point V. 



1492. Differential Coefficients of x. 


Supposing y = (l,{x), 


consider the variation in where 

dx 


X and y are arbitrarily changed to a;-j-5a; and y-\-8y respec- 
tively. Wc have at once 


^dy d{y A- Sy) dy _ /dy d Sy\ ^ 
d.v (.x’-h^a;) dx \dx^ dx J\ dx / dx 


A 

dx 




to the first order of infinitesimals. 
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Hence 

//ft ^ft /^o //ft ^/ft / n \ / 

l,/-y"Sx=-^Jy-y ^Sx-y Sx=^^{Sy-y fa)=^=a,, say. 
Similarly, Sy"—y'"Sx=w', Sy"'—y"’Sx=w"'', and so on. 

1493. Geometrical Proof. 

Let ri=f{x) be a curve such that j 'i}dx=y, i.e. y represents the area 

bounded by the curve AP (Fig. 433), the ordinates .IZ, PA", viz. X = a 
and X=x, and the a;-axis. 

Let the curve APPj be displaced by an arbitrary inhnitesimal point to 
point deformation to the curve BQQi, A going to B, P to Q, Pj to etc. 



O L ll N M N, M, 

Fig. 433. 


Let {x, 7]), (x + §x, rj + Sri), {x + dx, rj + dr]) be the coordinates of P, Q, Pj 
respectively, and draw the ordinates AL, BL', etc., and PP, P^H^ parallel 
to the x-axis. 

Then 

y=\ r]dx=a,Tea LNPA ; Sy=sf 7/c?.r=area Z'P<2P-area LNPA, 

J a Ja 

and 

d(Sy) — d (area L'MQB) - d (area LNPA ) = area MM^Q^ Q - area A"A^,PjP. ( 1 ) 
Also T] 8a: = area NMRP to the first order ; 

.'. d(7;8a:)=area PiiI/i(SP, -area Pil/P/’. (2) 

Hence d{8y) — d{T] Sa:) = area MMiQ^Q-area M^MiSPi 

— area iVA'^,PiP+area iVi/'PP=area BSQiQ, 

i.e. — 

and to the first order RQ = Sr] — r]'8x ; and 

MAfi = PiVi + NiMi-NM=dx+8{x+dx)-8x=dx + 8 dx. 
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So that to the second order, area RSQiQ = {8r] — r]' Sx)dx ; 

j ’jda: - 17 Sa:J = 877 — 77' &c, and ri=y', 7]'=^" 

8y' —y" 8x=^oi. 

This geometrical proof appears to be due to the late Dr. E. J. Eouth. 


1494. Notation. 


We shall use accents to denote differentiations with regard 
to the independent variable x, and when accents become 
inconvenient by their number, we shall replace them as 

elsewhere by an index in brackets. Thus 

We shall represent by V any known function of x, y, y\ 
y'\ • • • 1 2/'”’ 5 the independent variable being x, and y g, function 
of x of unknown form, and therefore, also, its several 
differential coefficients being of unknown form. 

For the present it is also assumed that V is independent 
of the limits of integration. We shall adopt the notation and 
follow the method of De Morgan {Diff. and Int. Calc., p. 449, 
etc.). In this notation Capitals denote partial differentiations 
of V. Thus 


^ dV _ dV ,, dV 



etc., 


the suffixes indicating the particular differential coefficient 
of y with regard to which the partial differentiation of F is 
effected. Also accents will be used in these cases also to 
denote total differentiations with regard to x. Thus 


Y"'=— etc 

"-axA-dy")' 


Lagrange, to whom this Calculus is in the first place due, 
uses a different notation, convenient when no differential 
coefficients of y beyond the second order occur, but not so 
convenient otherwise. In Lagrange’s notation stands for y', 
q for y", etc., and 


N= 




etc. 
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1495. Variation of J V dx. 

Supposing V=(p{x, y, y\ y", ... where the relationship 
of y and x is unassigned and held in abeyance, remaining to 
be chosen to suit circumstances which may arise, let us take 
AA-^ (Fig. 434) as the graph of a supposititious case of such 

/B, 



relationship, and let us suppose it subjected to a point to point 
deformation to a contiguous position of the kind described. 
Then we shall find the consequent variation in the integral 

dx, where the integration is taken from one terminal 

point A to another terminal point A.^^, which, like other points 
on the curve, may be subject to small variations of position, 
which may, however, in these terminal cases be partially pre- 
scribed by the terminal circumstances, A going to B, P to Q, 
P^ to Qp etc. Then, since 8 is commutative Avith regard to an 
integral sign, 

(5(F cfa:)=j'(5F fZa:+F(? dx)= 


Su=S^V tZa;=j' 



= 8V dx-\-\y 8x'\ — \8xdV= V 8x -j- {8V dx—dV 8x), 

ft ft) — ^ 0 • 


the integral being taken throughout the Avhole length of the 


curve from A to A^, and the square brackets 


— 

: 

— 


or 


- - 

0 

- - 




round 


the integrated portion indicating that the included portion is 
to be taken between the same limits, viz. {xq, y^ the coordi- 
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nates of A to {x^, y^) the coordinates of A^. Now to the first 
order, 

SV=X Sx-\- y <5^ + • • • 4" 5^(n) 

and dV —X dx-\-y dy -\-X ’ dy'-\- Y„ dy" + . . . + Yjn) d?/*"' ; 

SV dx—dV Sx= Y (Sy—y'Sx) dx-\- Y,{Sy'—y" Sx) dx 

+ Y„ {Sy" — y'" 8x)dx-\--.. 
= { Fo) + 7, 0 )'+ Y„ 0 )"+ . . . + r(„)a)(">} dx 

to the second order. 

Hence to the first order 


^ f V dx=\ V SxT+ pi Y<o + Y, (o'+ Y„ (o" + . . . + 7(„,a)'’‘>} dx. 
J L. Jxo J Xrt 


1496. The integrand admits of a considerable amount of 
integration. We have 


Yw dx — 


^Y,-co'dx = 


Y„ w"dx 


Y,„co'"dx= 


1 7(1) dx, 
7 , 0 ) — ^Ylwdx, 

Yt.w ~y;,o^ + ^Y::wdx, 

y,„(o"-y;„x'+y::,x - ^Y;:;wdx, 


j7,„,(o'">drr=7,„,(o<"-i>-7;,o)'"-2'+...+(_l)"-i7fc-’'o) + (-l)”j 7 |„> 

Now make a further abbreviation, and write 

K^Y ^7- 7;+7,:'- 7, 7S, 

7 ^ 7, - 7,: + 7: 1 )"-i 7',:,- ^ 

Y„= 7, — 7,^, + ... +(— 1)"-2 7{")”^’, etc. ; we then have 

7, 0 )+ 7„a) +7,"0)”7... -(- 7(„)0)*”~^*1 -|~J Ywdx, 

-'Xo .To 

which may be written for short as 

8^V dx^H^-H^-{-^Kwdx or [Bi^+^Kuidx, 

which gives the variation of the integral to the first order. 

Terms of the second and higher orders of the variation are 
not needed for the present. We shall recur to a consideration 
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of such terms later wlien we come to formulate an analytical 
test for the discrimination between maxima and minima 
values. But in a large number of cases the nature of the 
stationary result found will be obvious from the circumstances 
of the problem without any formal analytical discriminatory 
test. 

1497. We shall now count up the number of first-order 
variations involved at the terminals. Written at full length 
• to exhibit all these variations, we have, to tlie first order, 

nii 

Ydx 

=[V Sx+Y,{Sy-y' Sx)+Y„{Sy'-y" + 

-{VSx+Y,(Sy-y'Sx)+Y„(Sy'-ri^)+-+yM(^V^"-"-V'’"Sx)'] 

+ [ Y(Sy-y' Sx)dx, 

•’Xo 

the sufiixes to the square brackets having tlieir usual signifi- 
cance. There are in each square bracket w+l variations, viz. 

Sx, Sy, Sy', ... these are not necessarily all inde- 

pendent. 

(i) If the terminals be fixed we have four equations of 
condition, viz. Sx=0 and Sy=0 at each end, and n—1 arbitrary 
variations are left in each bracket, viz. Sy, Sy”, Sy'‘‘^~'^\ 
depending upon the direction of the tangent to the path, the 
curvature, etc., at each terminal. 

(ii) If the terminals be not fixed but constrained to lie upon 
assigned curves, say y=XQi^)> y=Xii^)> ^^^^n Syo=Xo{^o) 

Sy 1= Xi i^i) ^hat two conditions are imposed and two 

variations, viz. Syo and Syi, cease to be arbitrary, which leaves 
n independent arbitrary terminal variations in each bracket. 

(iii) Other terminal stipulations may be made. For instance, 
if the end Xg, y^ is to be fixed, and also the direction of de- 
parture from that point and the curvature at that point also 
fixed, this will entail Sxq= 0, Syo=0, Syo'=0, Syg'—-0, and the 
number of arbitrary variations left in that bracket is 7i— 3. 
Similarly, any specific data may be assigned for the other 
extremity. 

Thus, on the whole, there are in the two brackets 2ri--|-2 
terminal variations. Every imposed terminal condition ex- 
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pressible by one equation, such as Xq=ci, =c, etc., which is 
to hold at a terminal, reduces the number of independent 
terminal variations by unity. Hence, if there be p equations 
of condition, there are 2nd- 2 — P independent terminal varia- 
tions. E.g. if the terminal {x^, be given, and the abscissa 
of Xy, and the direction and curvature of the direction of 
approach to (x^, be given, there are 5 equations of condition 
and 2n — 3 independent terminal variations. 

1498. In the remaining part of the total variation, viz. 

I Ku) dx or {&y — y' dx, 

there are an indnite number of variations, each pair Sx, Sy 
indicating the displacement of a point (x, y) of the curve to 
be found to a h 3 ’potlietical adjacent position. The function 

Y or K is a linear function of the total differential coefficients 
with regard to x of the partial differential coefficients of V, 
standing for Y— 17-)- T,''— l)"y{"J. 

In general Y;,,, itself contains y'"’, and therefore in general 

Y contains a term !/••''', Hence, if Y be equated to zero, as we 
shall see will be necessaiy in a search for a stationary value of 

Jfc/.t, Y=0 is in general a differential equation of order 2w, 

i.e. of double the order of the highest order differential 
coefficient occurring in F. The solution of such a differential 
equation will contain 2n arbitrary constants. This is less b}’’ 
2 than the number of terminal conditions -f the number of 
independent terminal variations, which is 2(n-)-l). 

1499. Conditions for a Stationary Value of jFc/a?. 

The same line of argument as that employed in the Differential 
Calculns (Art. 496), in searching for the maxima and minima 
values of a function of several variables, will now apply in a 

search for the stationary values of 1 Vdx. It follows that 

Ja-o 

the first order terms of the variation of this integral, viz. 

r*i 

coK dx, must vanish, and further that the coefficients 
Jlo 
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of the several independent arbitrary variations contained in it 
must separately vanish. 

Now one system of choices of these independent variations 
will be that in which all variations at each terminal are fixed 
so that H is made zero at each end. Therefore we must have 

in all cases 1 K{Sy — y'Sx)dx—0. Moreover, as 6y — y'Sx is 

arbitrary at eveiy point of the path, it follows that K must 
vanish as a primary condition. Hence tlie aggregate of 'the 
terms in must also vanish in any case. And further, 
since it has been seen that if the number of prescribed 
terminal conditions be p, the number of independent terminal 
variations is 2n-{-2—p, thei’e will be 2n+2 — p relations arising 
from equating to zero the coefficients of tliese independent 
terminal variations. 

It has been seen that the solution of the differential equation 
K~0 contains in general 2w arbitrary constants (Art. 1498). 

It then appears that as the conditions for a stationary 

value of V dx, we liave 

*’®o 

( 1 ) y or 1^=0, the solution containing 2n ai'bitrary constants, 

(2) 2n+2— ^ independent equations arising from [/^]’=0, 

(3) p terminal equations. 

Thus we have 2?i+2 terminal ecpiations in all to find the 
2n constants, which fix the nature of the path and two other 
quantities, usually the ab.scissae of the terminals. The pro- 
blem is therefore in general completely determinate, as will 
be seen when we come to di.scuss examples of the method. 

1500. Cases of Integrability of K=0. 

The chief difficulty in this problem lies in the solution of 
the differential equation 7ir=0, and often this cannot be 
obtained. 

(1) There is one case in which at least a first integration 
can be effected in general terms, viz. when V does not ex- 
plicitl}’’ contain x] i.e. V=<p{y, y, y ", ... ?/'"*). 

For now 

dV 

Z=0 and + 
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But 



^ dx= F, F:.,y"->'+ ... +(- i)"-'yi;r”i/'+(- 1)” jFg!/'* 


Hence F= ( Y,y + Y,.y“+ Y,..y"+... + F,., !/'”>) +0, 
for tlie coefficient of ?/' in the integrand of tlie unintegrated 
part is K, whicli vanishes. 

(2) Another case of integrability (to a first integral) of the 

equation is obvious, viz. when V does not contain y, so 

that Y does not appear. For K=0 tlien becomes 

Y',— Y"+ YZ— ... =0, of which a first integral is 
Y, — Y'„ + — . . . = const., i.c. Y, = G'. 

(3) If V contains neither x nor y explicitly, we have also 

V=.C'y' ^C + Y,.y"+ Y.„y"' + . . . + Y, 

1501. A very Common Case. 

If V=(}>{y, y'), in whicli x does not explicitly occur, and 
no differential coefficients of y beyond the first, we have 
V=Y,y'-\-C, with the condition Y (5a; + Y, (%—?/' at 
each terminal, i.c. 

[C <5a:+ Y,(52 /]o= 0 and [C (5a;+ Y,5?/]j=0. 

(1) If the terminal points be fixed, the terminal conditions 
are identically satisfied, and the two constants which will be 
present in the final integration of V=Y,y' -{-C will be de- 
termined by making the curve obtained pass through the 
specified points, who.se coordinates are in that case known. 

(2) If the terminal points are to lie on specific loci 

we have Syo=^Xoi^o)^^o> Syi = Xi(^i)^^i> 

and therefore 

[C-f Y,Xo'(a:o)]o=0 and [C+ Y,x/(a;i)]i=0. 
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And supposing y=F{x, G, O'), tlie solution of the equation 
/iL=0, the substitutions of this value of y in the above 
equations, together with the equations 

Xo{^o)=F{x„ 0, O'), G, C'), 

suffice to determine the values of the two constants of the 
differential equation and the abscissae of the terminals of the 
path. (See Art. 1499.) 


1502. Illustrative Examples. 

1 . Let us apply the rule to find the nature of the shortest distance between 
two given points {xq, i/q), (.r, , y,), the result to be expected being of course 
obvious. (See Art. 1484.) 

Here = +y''^dx' is to be a minimum. 

We liave 


F=s/ 14-/^ Z = 0, r = 0, Y,=y'/JT+f\ V=Y,y' + C. 

Thus 'Jl+y'~z= 1 + y''-* 4- 0, i.e. Vl +^'^= 1/(7 or ^' = const. = w, say. 

Then y=mx+n, m and n to be determined so tliat the straight-line 
path indicated shall pass through tlie terminals, i.e. 


y, 

1 

•’-'o) yo) 

1 

yi) 

1 


2. Suppose we require the shortest distance from the curve y=\fix) to the 
curve y = yj (.r). 

Then, in addition to the above, we have terminal conditions at each 
end, viz. FS.r-P F,(S//-7/ 5.z-) = 0, i.e. 0 ^.v+y'C hy = 0 or l-fy'|^=0 at 

each end, i.e. the straight line is to cut the terminal curves at right 
angles at each end 

Also the equations 

l+mXo'(-'^o) = 0, l+mxi'{x^i) = 0, 7».ro-f9i= Xo(-^o), + « = Xi(^i) 

determine the four quantities m, n, Xg, .r,. 

It will be noted that maxima as well as minima distances are 
included in the solution. The discrimination depends upon the nature 
of the terminal curves, but in particular cases the nature of the result 
will usually be obvious without formal test. 


3. Let us enquire next the nature of the curve for which, with specific ter- 
minal conditions, dx attains a minimum value. fLacroix, Calc. D.. 

,>.704.] 

Here V = y"\ Z = 7 = 7 , = 0, 7 „ = 2^", 7 ,„ = 0, etc. 

Z=0 gives 




X 




^.,4 = 0 or y=Cg + 0,^-\-C,-^+0,^ (1) 
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The terminal variation conditions are for each end 


F6.r+(r,- 7;,)(S^-/Sx)+ Y„i^>/-7/"8.v) = 0 (2) 


If we impose the condition that the curve is to pass through (0, 0), 
(a, 0) and its tangent to make with the a’-axis angles tan“^a, tan-^a' at 
these points, equation (2) is satisfied and 


0 = Ge, 0 = Gi - + Co— I pCj — , , ar-Ci, a — Cj q-Coa + Cj 2 I , 


whence Co = 0, Ci = a, (72= — 2(2a + a')/a, (73=6(a + a'')/a^ ; 

and we have y = ax-{2a-\-a')x-ja + (a-\-o.')x^jd-. 

If a'=— a, this becomes the parabola ay = ax{a — x), in which case 
y” = — 2a/a, and is constant throughout the curve. 

4. In the case of a head sliding freety on a smooth wire in a vertical plane 
under the action of gravity, to find the form of the wire so that the time of 
descent from one point of the wire to another is the least possible. This cuYve 
is called a brachistochrone. 

The energ}’ equation is iP=2gi/, where ?/ is the vertical distance of the 
bead at time t from the horizontal line of zero velocit 3 \ This gives 

, > f* > 

\/ 2g J nA?/ s' 2^ J vy 

Avliich is to be a niinimnni. 


Line of zero velocity 



Heie 

F=v/r+77N/y, X = 0, r=-N/r+p/2/, Y,=y'/sGyJl+y'l 
V=Y,y' + G gives Gs/y'Jl+y’-=l ; or, writing 
y = tani/r and G=\l\^2a, 

y = 2a or 2a—y = 2asin^fi, (1) 

which indicates an arc of a cycloid with cusps on y = 0, i.e. on the line of 
zero velocit}^ {D.G., Art. 395.) 
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At each terminal V F, (% — ?/' Sa;) = 0, i.e. 

OSx+Y, S^=0 or &r+/S»/ = 0 (2) 


(i) If the terminal points be fixed, equation (2) is identically satisfied. 
Equation (1) is only a first integral, but sufficient to determine the 
nature of the curve. 


To proceed with it, ^ = tan^^' 


=v 


2ra — ?/ 


and putting y=a(l + cos 0), we have 

d:v= —a(l + co3 if)dd, i.e. ,‘v — 0'=—a(6+3md). 


So the equations of the curve are 

.r=<7'-a(0+sin 6),\ 
y— a(l+cos^). / 

Moreover, as 2' = «(l+cos0) and also =«(! +cos 2i/'), we have 6 = 2\p. 
If the curve is to pass through (.r#, t/o) and {.Vj, y-^), both supposed fixed, 
we have two equations to determine C' and a, i.e. the position of the 
cusp and the magnitude of the curve. 

If the bead is to start from rest at (.rp, y^) this point must lie on the 
line of zero velocity, i.e, yo — Q, and this point is then a cusp of the cycloid. 

But if the end fixed, and the other end (.r),?/]) is a point only 

known to lie on a definite locus y = x(-^)> S-^’o = ^2/o = 0, 8;/i = x 
and the terminal equation at (.r,, yj) gives 8.v+y' 8y = 0 at that point, i.e. 

y' -], and the path cutsy=xC^) orthogonally, and the same is true 

if (.ri, yi) be fixed and {.To, ;/(,) lies on a fixed locus y=\{x), viz. the path 
must be such as to cut orthogonally the line from which it starts. 

If both ends are to lie on fixed curves, viz. y = XoG^)) .’/ = XiG^')) have 

the conditions y' = - 1 at each end, and therefore each terminal curve 

bsV 

is to be cut orthogonally. 

If, for instance, the terminal curves be (1) the line of zero velocity, 
(2) a vertical line at a distance b from the starting point, the starting 
point is the cusp of the cycloid, and 
the other terminal is the vertex. 

The value of a is then found from 
the equation h = Tra, i.e. a = blir, and 
the constant G is Jirj’i.b. It will 
be noted that the starting velocity 
from (To,yo) on tl'o first curve must 
be that due to a fall to that point 
from the line of zero velocity, i.e. 
v/2yyo. Paths starting from any 
other given horizontal line, and 
therefore with the same velocity, and describing paths in the least time 
to a given curve cut the curve at right angles, but not the straight line, 
except in the case when the line is the line of zero velocity itself. 
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The problem just discussed is the celebrated problem of John Bernoulli 
which gave rise to the Calculus of Variations. It was proposed in the 
Acta Eriiditorum, 1696 (see Cajori, Hist, of Math., p. 234). The general 
problem of brachistochronism for any conservative system of forces will 
be considered later (Arts. 1537 to 1544). 

5. Talcing two given points A, B as terminals to find a curve connecting 
them such that the area hounded by the arc AB, the radii of curvature at A 
and B and the intercepted arc of the evolute is least. [De Morgan.] 

If 1 

Here ^ I pds = - | rr-^d.v is to be a minimum. 

2 J ' 2 J y 

F = (l+y'2)%", Z=7 = 0, r, = 4/(l+y'0/y", 7„=-(l+yW'^ 
and F=2(7iy + 2(7,+ Y„f gives lfi^y"^fly" = G^y'^G., ; 

or, putting y' — t&nf, p = Gi sin f + G ^cos \p = Asia {\p-\-B), say. 

The curve is therefore a cycloid. 

The terminal conditions are F(5.r+ 7, (Sy-?/'Sa:) + 7„{Sy-;/'S.r)=0 at 
each end, and since 8.r = 8y = 0 at each end, this leduces to 7„S?/' = 0 at 
each end. 

Also Y„=Y„— —{\+y'‘^fly"^, and the values of Sy' at each end are 
arbitrary. Hence y" must be oo at each end, and the radii of curvature 

must therefore vanish. The ter- 
minals must therefore be cusps of 
the cycloid. 

If a condition be added that these 
are consecutive cusps the cycloid is 
then determinate, the length of the 
chord AB being given, say I, the 
radius of the rolling cii'cle must be 
Ij-Irr. If the cusps be not neces- 
sarily consecutive the area might 
be that contained between a set of 
sucli cycloidal arcs as shown in 
Fig. 438, and their cycloidal evo- 
lutes, and it will be obvious that 
if the number of these arcs be infinite, the area thus bounded becomes 
ultimately zero, the radius of the rolling circle having become infinitesi- 
mally small. 



Fig. 433. 


If the terminals A, B be not fixed but constrained to move on given 
curves, there is a relation between 8.v and 8y at each end, but the values of 
8y' are still independent and arbitrary ; therefore 7„ still vanishes at 
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each end, which are cusps of the cycloidal path, which may or may not 
be consecutive ; and other relations also arise by equating to zero the 
coefficients of 8.v for each end after substitution of the terminal conditions 
which give 8y in terms of Sx. 


1503. The Case when V depends upon the Terminals. 

If V contains the coordinates Xq, and of tlie ter- 

minals and differential coefficients of y^ and y^, in addition to 
3.', y, y\ etc., ie. 

V=(f>{x, y, y', y'\ ... , x^, x^, y^, y^, y^, y(, •••). 

the variation will include terms in addition to those of 
xirt. 1495, and now 


SV — 8x-\-Y Sy Y , Sy -!-••• 


^^^o+^Sx,-Y^Syo+:^Sy,-\-^,Syo+.^., 


dx,-^ ■ ' dy,^^ ' dy, 

and these additional terms in the variation (jJfc^o: give rise to 




dx -\- ... , 


the variations Sxg, 6Xj^, Sy^, etc., not being functions of x 
but only of the limiting values of x, and the integrations 
being from Xg to x^ as before. These extra terms are all to be 
added to the terminal variation portion of the total variation 

^jF(fa:. The differential equation will be unaltered, and the 

general value of y in terms of x thence derived may be sub- 
stituted in the several additional integrals above, and their 
values may then be found and treated as part of the ter- 
minal variation [H], 


1504. Relative Maxima and Minima. Lagrange’s Rule. 

Many problems occur in which is to be made 

a maximum or a minimum with the condition that at the 
same time a second integral JlFc^x is to acquire a given value 
a, where W, like V, is also a function of x, y, y', y", etc. For 
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instance, we might require the curve joining two specified 
points, such that with the a;-axis and the terminal ordinates 
a maximum area is to he enclosed whilst the length of the arc 
between the terminals is given. 

Lagrange solves this relative species of maxima and minima 
problems by making T'^-l-XT'F)c7a;=0 unconditionally, where 
X is some constant to he determined. 

For clearly tliis gives ^ j*Lrfa;-l-X^ j'TFc/a::=0, i.e. 

vanishes for all such relations between y and x as make JlF rfx 

any constant quantity. Now, upon .solving this unconditional 
problem in the way described in the preceding articles, we shall 
get a relation involving X as well as the constants of integra- 
tion, say y=(p{X, X, Cj, C^, C^, ...). Then substituting for yin 

JlFf/.r and integrating, we are to make such a choice of X as 

will give the integral Wdx the stipulated value a. 

We then have «ijFc?a:-|-X (in = 0, i.e. S^Vdx—0, and the 

variation of J Vdx is zero, and the integral has a stationary 

value for such a relation between x and y as gives to j'wc/rc 

the prescribed constant value a. 'Idie constants of integration 
are to be determined as de.scribed before from the terminal 
conditions. 

LOO.'). Illustrative Examples. 

1. To two points A, B given in position, whose distance apart is 2c, an 
inextensihte thread is attached by its ends, whose length is ^ca cosec a. To 
examine in what curve the thread must he arranged so that the area enclosed 
by the thread and the chord AB shall be as great as possible. 

Taking the niid-point of AB as origin and OA as ,r-a.\is, we are to 

make ^ Jpds a ma.xiinuni with a condition Jds = 2ca coscc a. 

By Lagrange’s rule we are to make «= (p + 2X)ds = :i maximum, i.e. 
in Cartesians 


u 


— J(y — •vy' + 2X dl +y''^)d.v is to be a maximum. 
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Here V=y- xy' X=-y', Y=l, V,= - x+2Xy'l\/l+y'^, 
Y„ = 0, etc. Along the path we are to have 


Y=Y-Y'=i) or 1=-1 + -2X-^^^ 


Hence 


'dx s/n-/2’ 




\/l+y‘ 


sj)^ — (x — af' 



Thus the thread must lie on a circular arc of radius dk A. of which AB 
is a chord. Therefore the centre lies upon the y-axis and a = 0. 

A 

Let D be the centre a.udi ADO = Then A = ± c cosec /S, and the length 
of the arc = 2(7r — ^)ccosec^, which is to be 2cacoseca ; whence 
/3 = 7r — a, A=±ccoseca and 6= ± A cos /?= — c cot o. 

The equation of the arc is therefore ar‘^+(y + ccota)^=(;^cosec^a. 

In the limiting case when c = 0, a=7r, and if r be the radius 


Ltccota = Ltrcosa=—r and L^c2(cosec“a-cot2a) = c^ = 0, 
and the equation becomes a^+y^=2ry, where 
2-xr=l, the length of the thread. The thread 
then forms a complete circle x^-\-y'^=-lylTr. 

Incidentally this shows that the closed 
curve of given perimeter and greatest area is 
a circle. The process is the same if we 
require the curve of least perimeter with a 
given area, which is therefore also a circle. 

Note also that if the length of the thread 
exceeds ttc, the curve will cut the ordinates 
drawn at A and B and lie partly outside 



them. For this reason we did not express the area as Jydx, for in 

that case the limits — c to +c for x would not contain the whole area 
hounded, but only so much of it as lies between the ordinates at A and 
B, and there would be the difficulty of assigning such limits for the 
integration as would give the whole area. 



624 


CHAPTER XXXIV. 


A Case of Discontinuity. 

If the condition be superimposed that the thread in the above example 
is not allowed to extend heyond the ordinates at A and B, we should prefer 

to begin by expressing the area as /: yd.v. But when l>Trc a discon- 
tinuity will be introduced by the imposition of the new condition. AVe 
still have the condition -fy'^da;= the given length = ^. Hence 

‘^)dx 

is to be an unconditional maximum, where A. is a constant to be 
determined. 

Here + X = 0, r=l, r, = Xy'lJl+y'^ r„ = 0, etc.; 

.-. ■i/ + X'Jl+y"^ = \ 6 is a constant (1) 

Hence 

^ . .-h-y i.e. -iM=^M==d.v and {x-ay + (y-by = X^. 

sJl+y'^ 

So long as Z :f> TTC this w’ill lead to the same solution as before. But 
the arc is now, by the new condition, precluded from, lying outside the 
ordinates at A and B, and therefore, for the case where A > ire, w-e must 
re-examine the problem. Now, it has been assumed in the reduction of 
equation (1) and in integrating, that y' is finite throughout. 

But equation (1) can be satisfied by 
making y' infinite, which indicates that 
part of the boundary of the area may be 
a straight line perpendicular to AB. 
Examine next the limiting conditions along 
the ordinates AL, BM at the extremities 
of the chord ; 8.r is to be zero, but 6y is 
arbitrary. Now, for the terms involving 
the terminal variations 

7,(8y-/S^)]=0, 

and if the thread be arranged as AL and BM, straight portions, with an 
arc of a circle LM, which satisfies equation (1), we have at A, L, M, B, 
i.e. at the terminals and at the points where the thread leaves the 
ordinates, 8a;=0 ; whilst at A and B, 8y is also zero. This reduces 
the conditions to [ Y, 8y] = 0. 

That is ( F, Sy at A - Y, 8y at L) for the line .4 A -f ( F, 8y at A - F, Sy at M) 
for the circular arc +{Y,Sy at M— Y,8y at B) for the line MB=0, and 
8y at L is independent of Sy at M. 

Hence Y, for the line AL at L= Y, for the circle at L 



and 


F, for the line BM at M= Y, for the circle at M. 


} 
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Butin each case YJX = ■ . • becomes 1 for the lines, y' being infinite. 

, /! != ^ for the circle also, both at L and at M. Therefore 

y' = 00 for the circle at L and i/, and the circle touches both the ordinates. 
The area in question is therefore that of a rectangle surmounted by a 
semicircle, and is such that 1 = AL-\- MB+\irAB, which gives the lengths 
of the straight portions as — when I > ire. 

2. The ends of a uniform, heavy chain of given length I slide freely upon two 
smooth curves which lie in the same vertical plane. Let us investigate its 
form on the supposition from the energy condition of stability tliat the 
centroid of the arc will assume the lowest possible position. 

Let the chain assume a position such as indicated hy A B in Fig. 442, 
the terminal curves being y = fQ{x), y=f{x). We assume it as obvious 



that the chain will hang in the vertical plane of the terminal curves. 
Take any horizontal line in that plane as a;-axis. For the position of 

this ^-axis shown in the figure we are to make jy ds j jds a minimum 

with condition Jds = l. Therefore, by Lagrange’s rule we are to make 

J (y + h.)’Jl+y'''^dx a minimum. 


The equation V= Y,y' + C gives (?/ + A)n/1 +y'^ = {y + A)//'7n^1 +y"^ + C, 

i.e. y + X~G\!\+y'‘^=Csec\f/, where y'' = tani/'. This is enough to 
indicate that the chain is to lie in the arc of a certain catenary curve. 
Proceeding further with the integration. 


Cdy 


sl{y + kf-G^ 


= dx, i.e. 


y + X_ 


G 


= cosh 


x+G' 
G ’ 
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where C' is a new constant. The catenary is therefore one with it. 
vertex at (-C', -A + C) and with parameter C. 

As to the terminals, we are to have [ I B.t+ 1 5.r)] = 0. 

Blit 8y, =/,'(.»•,) 6j/n=/o'(a:o)5.ro, so that only two of the four 

variations at the terminals are independent, and we have C5.r+Q/Sy = () 


at each end, i.c. l+.y'^ = 0 therefore each of the 

terminal curves is cut at right angles by the curve of the chain. 

The seven quantities .r^, .Vo, --^i. ^i. <?' ^ determinable from 

the seven equations 

.yo=./o(-'Co). .yi=./i('^i). ■— c ’ ^-^-cosh ^ , 


.r„ + C' 


/o'(x) sinh — = - 1, 




= - 1 , 


. .r„+C' ^ . , a:, + 6" , 

(7sinh C/sinh-!-^^; — =c. 


3. A vessel which is in the form of a surface of revolution with parallel 
circular ends of given diameters is just filled with an inelastic fluid. The 

capacity of the vessel is given and the whole 
fluid is made to revolve about the axis at a 
definite angular velocity w. It is required 
to find the shape of the vessel so that the 
“ whole pressure" upon the curved surface 
is a minimum, neglecting the effect of 
gravity. 

Take the origin at tKe centre of one 
end and the axis of figure as .r-axis. Let 
the radii of the ends be a and h and 
the length of the axis a'l. Taking the 
density as unity the hydrostatic pressure 
equation gives dp=ii)‘‘y dy, where p is the 
pressure at any point; whence jD = iw2_y2, 
for p vanishes along the axis by the 
condition of the vessel being just full. 

Now, the quantity known as “whole pressure” is gi' 
where S is an element of surface. 



by jp dS, 


Thus 




■\-y'^dx is to be a minimum with condition 


J 7 ry^dx = a given quantity. 


Hence J (y^\ll+y'‘-^ + Xy^)dx is to be an unconditional minimum. 


So if\fl+^ + h.y^=y^y'^/'Jl+y'‘^-TO, i.e. ^lf\+y'‘^ + Xy‘^=C, and for 
the terminals [ FS.r + F,(Sy-y'&r)] = 0, and at the end through the 
origin 8x and Sy both vanish, whilst at the other end Sy = 0, for the radius 
is fixed, i.e. C8x=0, and therefore as S.r is not necessarily zeio, (7=0. 
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Then F=y/^/(l+/^) + A./, F,=y(3/^+/')/(l +/')^ ; whence 
Xif - 


= C, i.c. Xif- - 2^ siii^ xp cos \p= G. 


( 1 ) 


(!+/“)"■ 

For the terminals [FS 2 :+ F,(S?/ — ?/&)]=: 0, 2 .e. [CSa:+ F,S^] = 0. 

The origin being taken at the centre 
of the flat base (Fig. 446), and the base 
being given, we have 8x and 8?/ both zero 
for the terminal of the generating curve 
which lies on the y-axis. Also G8x+ Y, 8ij 
must vanish at the other terminal. Re- 
jecting the supposition of a discontinuous 
flat-nosed surface, this other terminal 
must be on the .r-axis and 8t/ = 0. But 8x 
is arbitrary. Hence C=0. Rejecting 
also the solution of an end-on straight line 
experiencing zero resistance, we have 
2 

y = ^ sin"’ xpcos xp. 



- ^— 5 - • ^(3sin‘'^i/'-4sin'*i/')= -jsinSxp 
sin xp X ^ 


and = ^ cos 3i/'-f const., 

which indicates that the generating curve is ])art of a threo-cusped 
hypocycloid, and the values of A and the constant may be found from 
the given data. 


1506. The Case where Vdx is a Perfect Differential. 

We have assumed so far that j V dx is not directly integrable. If 

however this be so, the function is free from an integral sign and merely 
depends upon the terminal values of .r, y and the diflerential coefficients, 
and is independent of the path of integration from the one terminal to 
the other. We are therefore not much concerned with this case. Such 

a case would occur if, for instance, V = for then 

X- 



Vdx = 




1507. Tests of Integrahility. 

Our method of procedure, however, yields a test of integrahility. For 
supposing V to be the differential coefficient of some function of form 
F{.r, y, /, ...y'"-"}, 

F (^=8 [F{.r, y, y', 

and assuming the variation to be one which does not affect the terminal 
values of the variables, this vanishes independently of any assigned 
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V 

relation between x and y. That is, the relation Y = 0 is identically 
satisfied. And the converse is also true, and the condition is sufhcient 
as well as necessary. 

For the demonstration of this converse the student may be referred 
to Todhunter, Inf. Calc., p. 365. 


1508. Two or more Dependent Variables. 

Let F be a function of one independent va.riable x and two 
or more dependent variables y, z with their differential 
coefficients with regard to x, and suppose we are to search 
for the nature of this dependence which will give a stationary- 


value J ^ 

( / // \ 

X, /,'*** ). We may proceed to find the 

first order variation of the integral exactly as before, but it is 
necessary to extend our notation. 

^■^_v ^'^-.7 

dx 

Sx, ^w=5z(’')-z<"+" Sx, 


Let 




Then, just as before, the first order variation of | Fda; is 

4 ^<^=[^^"+ 5 + 1 :/+ 

=[//]+! (T„+Z0rf*, 


()!)• 


a result similar to tliat of Art. 1496. 

Obviously, a similar form will hold however many dependent 
variables there may be. 


1509. The Subsequent Procedure. 

As in the case of one dependent variable, in a search for 

the forms of the functions y and z which will give j" Fda; a 

stationary value, we are to put Ft?a:=0, and now two cases 
arise, viz. 

(i) When y and z are independent functional forms ; 

(ii) when they are connected by an equation Z=0. 
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(i) In the first case, t]=Sy—y'Sx and ^=Sz—z'Sx are inde- 
pendent variations, and we get 7=0 and Z=0 separately, 
which form two differential equations to determine y and z 
in terms of x. 

(ii) In the second case, and ^ are not independent varia- 
tions, but we have y>j-{-Z^=0, together with X=0. 

We shall consider these cases in detail. 

1510. Case I. y and % independent. 

Here 

y^Y-y;-}-Y;;-...=o, z=z-z;+z;;-...=o. 

Besides these equatioms, in the event of F not explicitly 
containing x, we have, as in Art. 1500, 

And further special cases arise. For instance, if y and z 
are also absent from F, we have 

y;-y:-i-...=o and z;-z,:+...=o, 

whence Y, = C^ and 

.-. V=C,y'+C,z'+C+Y„y"+...-\-Z„z"+...; 

and similarly in other case.s. 

Also, if other dependent variables be present, a corresponding 
modification of these results will obviously hold. 

loll. Case II. The Case when the Path lies on a Specified 
Surface. 

Before considering Case II. in detail, viz. y and z inde- 
pendent, we may point out one very useful case which 
follows immediately from what has been said, viz. the case 
where the equation L=0 is a relation between x, y and z 
alone. This equation is that of a surface on which the path 
to be discovered must necessarily lie. And the case is useful 
for the very large class of problems dealing with maxima or 
minima conditions for lines drawn upon a given surface. 

In addition to y^^-f Z^=0, we have 

Lxdx-\-Lydy-\^Lyiz=Q and Lx8x-\-Ly8y-\-LzSz=Q. 

Multiplying the first by Sxfdx and subtracting, we have 
Mdience, eliminating ,7 and f, YILy=ZIL^ and 
A=0 for all such cases. 
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1512. Next suppose the equation of condition to contain 
X, y, z and differential coefficients of y and z with regard to x, 


Lagrange adopts a method similar to that of Art. 1504, 
and makes 

5 J(F+Xi/) c?a;=0 without condition, (1) 

where he regards X as a function of x only. 

It is clear that this will make ^ J F da; vanish for all such 

values of the variables as make L=0, which is what we require. 
Now 


(5 J XLdx=^{Ldx. SX-{-X dx . SL -\-XL . d 8x) 


=[XLda;]+J 


X{SLdx—dL da:)4-j' L{SX dx—SxdX). 


The first term is a function of the variables and variations 
at the terminals only, and vanishes witla L. 

Tlie third term is the only one in wliich variations of X 
appear. And it will be noticed tliat if X be regarded as a 
function of x only, say X=x(®)> then since dX = -^'{x)dx and 
SX=x{x) Sx, we have ^X dx—SxclX=0, so that the suppositions 
(i) i = 0, (ii) X=x{x) produce in that term the same result. 

Therefore, in finding the variation (i|(F+XL)da: without 

condition, it is unnecessary to consider variations of X when 
we consider X to be a function of x alone. The variation 


of I XL dx therefore produces in the unintegrated part of 
(5 j (F -{-XL) dx, the additional term | X 


1513. Regarding X therefore as a function of x alone, and 
writing F + XL instead of F, let us put 

[r]=|-(7+M), [T,]^ ® (7+x£), etc., 
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the square brackets indicating that the substitution of V+\L 
for V has been made therein. Tln^ ^ 

iV+\L)dx=\p^]Sx^^2,-\^Jr[Z>r'] r+---i 

and as the variation is unconditional, we have i, and f inde- 
pendent and [y]=0j 


1(V+\L)-^^^,{V+\L)+^, AV-\-\L) ... 0 


d 




dx "dy 
d ?> 


dx^ 'by' 
d^ b 




3zV' ' 'Tx^'''' ''-’'dx^bz‘ 

i.e. X being a function of x alone, 


_ bL d /- bL\ d^ / bL\_ 

^ ^ 3;/ dx by') dx^ V by") 


■3y 

- bL d/.bL\ ^ 


xg,)-...=0, 


and 

{j/if ct a/ \ • «■» w ' -r - - 

which, with L=0, 

give three equations to determine y, z and X as functions of x. 

1514. It will be observed that the tei'ms after the first 
in the first and second of these equations, are those Avhich 
accrue from the treatment of the term 

|x (sL-^Sx)dx 

in the variaton of ^XLdx, after the manner of Art. 1496. 

We may note further that when L does not contain diffei- 
ential coefficients of y or z with respect to x, these equations 
reduce to Z+XL^=0, i = 0, 

and therefore give again the result of Art. 1511, viz. 

YILy=ZlL, and A=0. 


1515. Illustuative Examples. 

1. As an example of Case I. of Art. 1509, lei us find the shortest distance 
from the surface F(x, y,z) = 0 to the surface f(x, y,z) = 0 without any further 
condition as to the path. Tliia should obviously be a straight line cutting 
both surfaces perpendicularly. 
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We are to make = j‘>/l+2/''‘‘+z'‘‘‘d.r a minimum, with specific ter- 
minal conditions. Here 


F=v/l+/H/2, X = 0, Y = 0, Y,= 




Z = 0, 


Z,= , , Y=-~Y„ Y,= Y„ 

I + + z"^ d-1^ 

The equations 7 = 0, Z = 0 give 

d>/ 




dz 


Y, = C„ Z, = G„ i.e,f = C„ J = G„ 


ds 


and therefore 

That is, the tangent to the path is in a constant direction, and the path 
itself is a straight line. 

At the terminals we have 

[FS.r-fF,(Sy-/&r)-f^,(Sz-^'S.r)] = 0, f.e. = 

and the variations at one end are independent of those at the other, 
t.e. ^x+y' ^ + z' hz must be zero at each end, i.e. 

ds ds •’ ds 

at each end. But the variations 8x, 8y, 8z must refer to displacements in 
the tangent planes of the terminal surfaces, for which 

Fx8x+F^8y + F^8z = 0 and fx8x+fy8y +ft8z = 0. 

Hence the path sought must cut each surface orthogonally. 

2. As an example of Case II. of Art. 1509, examine by aid of these 
equations Lagrange’s first rule, Art. 1504, where we have to find a function y 

such that 8j Vdx=0 under condition jw dx= a constant a. 

Putting z = j W dx, we may write this as L = z' - Tr = 0. 

Then we make sj {F+X(z'— W)}dx=0, A being a function of x alone. 
We have F+|^ A(z' - IF)-^ A(z'- TF) + ... = 0 


and 

But 




dW 


^■= 0 , ^X(z'-W)=0, ^,X(z'-W) = X. 

Hence these equations become 

-.._{Af4^(Ap:)....}.o .. -g=0. 
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The second shows that A does not contain x, and is a constant ; and 
the first may then be written 

i.e. [r]=o, 

where [T] refers to the operation 

V3(/ dx'dy' dx^'dy" 

upon F -Air, regarding A as a constant, which is the rule of Art. 1504. 

I * b 0^77 

3. Consider the stationary value of I dx. Comparison of the two 

Jo y' 

cases. [Ohm. Todluinter, Hist., p. 35.] 

Let 2= J ydx. Tlien z'=y, z” =y'. We may either 

(i) consider I -7-, d.r unconditionally, 

/■6 2 

or (ii) 1 -7 d.r, with condition 2' -y = 0. 

Ja y 

(i) Here F = ^, Z = 0, 2 = 1, 2, = 0, Zn=-~y 

Z Ar Zf 

Tlie equation F = 2,2' + 2„2" + (7 gives V = {Z,- Z'„)z' + Z„z'' ■\-C, i.e. 



a first integral of the equation to find z as a function of .r. 

(ii) Or make [r] = 0, [2] = 0, with condition L = z' -y = 0 , 
d 

I— . I-A = u. 

y 


\y 

Eliminating y and A, we have 


I ( z \ . I d\ ^ ^ 


— = — ( — 
d.i-\z''- 


.( 2 ) 


If (1) be differentiated to eliminate C, we find a result identical with 
(2), and equation (1) is a first integral of equation (2). The first method 
has therefore carried us one step onward in the integration, whilst the 
second has produced the original dilferential equation itself. 


1516. If s (or t) denote tlie independent variable, and x, y, 
z, viz. tlie Cartesian or other coordinates, be the dependent 
variables, it will be desirable to alter our notation a little in 
confonnit}'- with such requirements. 

We take the case of three dependent variables. It will 
make no difference in the investigation however many there 
ma}'' be. Accents will denote differentiations with regard to 
the independent variable. 
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Let 


X, X, X , 

y'^ y"> ••• |. 

2, Z , 2",..., 


and we shall write 


0'-/3F\ 

35 “ ’ 3a; ’ 3s’- V32‘”V“^<”>’ 

^(r)^^3;(r)_3.(7-+l)^5^ ,/r)^ ^yr)_yr+l) ^<’‘> = (52<’'> — 2<’'+l>ds, 

z=z-z;+z:-..., x=x-z'+x;:-..., etc., ' 

with similar meanings for Y, Y,, etc., Z, Z,, etc. 

Then we have, to the first ordei*, 

^ j7ds = [F<5.9+(X^+Xf +...)+( Y,,;+Y:,v'+...) 

■h(^' ^+2" •••)]+ 

=[H]+J'(Z^+ Y;/-{-Z^) ds, say, as in earlier cases. 


1517. As before, if it be desired to discover the functional 

forms of X, y, z which will be required to give Jf^s a 

stationary value, we have to make the above first order 
variation vanish. 

There are two cases to consider, (i) when x, y, z are inde- 
pendent of each other; (ii) when some relation L = 0, or 
some set of such relations exists between them. 


1518. In Case (i), in the absence of any such relation, the 
arbitrary variations from point to point of the path, >/, 
are independent of each other, and we have 

Z=0, Y=0, Z=0, 

three differential equations, whose orders ai-e, in general, 
double the order of the highest respective differential co- 
efficients contained in F, and whose solutions severally con- 
tain the same number of arbitrary constants as their order. 
Secondly, there are as many equations arising from [H] = 0, 
by equating to zero the independent terminal variations therein 
contained, as there are independent terminal variations. 
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Also, as in Art. 1500 (i), if V does not contain s explicitly, 
so that ^=0, we have 

V=(Zx'+Z,x"+...)+(Z^' + Y>^^"+‘-) 

Other special cases may arise. For example, if 
7=^(cc, y, z, X, y', z'), 

the independent variable being absent, we have 

7=Xa;'+r,y'+Z,z'+C'. 

If V=<^(x', y', z', X, y", z"), we have 

V={X,-X:,)x'+X„x"-{-{Y,- Y:,)y'+ Y„y" 

+ {Z,-Z:,)z'+Z„z"+C] 

and also x,-x:,=^c„ y,-y:,=c.„ z,-z:,=g„ 

viz. the solutions of X'n^O, etc., 

so that 7= (7+ 6>'H- ay'+ C.,zXX„x"X Y., y"+Z„ z" ; 

and so on with other cases. 


1519. In Case (ii), when there is a connecting equation L=0, 
we make {V XXL) ds=0, according to Lagrange’s rule, and 
consider X a function of s only. 

= 0 , 


mi Y dL d / dL\ d“ I VI. 
Then Z+A-. + 


which, with the two similar equations in y and z and the 
connecting equation L = 0, give four equations from which 
X, y, z, X are to be determined as functions of s. 

When L contains onl}'- x, y and z, so that L — 0 is the equa- 
tion of a surface on which the path lies, these equations reduce to 
A-(-XLj:=0, Y XXLy—0, Z-|-XZ/2=0, 
i.e. X jLx—Y jLy—ZIL^, with A=(). 

These equations could be derived otherwise, as in Art. 1511 ; 
for we have 

LxSxXLySyXL 2 Sz=^ and LxdxXliydyXLzdz=0', 
and, since ^=Sx—x'Ss, t]=Sy — y'6s, ^=Sz—z'Ss, 
we get Lx^XLyj]XL 2 ^= 0 , 

an equation which constitutes a linear relation amongst the 
otherwise arbitrary variations ij, which involve the four 
variations Ss, Sx, Sy, Sz. 
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We also have X^-{-Yr]-{-Z^—Q. Let one of these variations 
be taken such that ^^0, then XILx=YILy. Similarly taking 
another variation in which >]=0, then XjLx=ZJL 2 . Thus we get 
XILx=Y ILy—ZjLz, with jL= 0, as before. 

1520. When z and its differential coefficients are absent 
from V and L, -we obtain over again the relations of Art. 1511, 
viz. XjLx=Y jLy and L=0. 

1.521. In any case, where we are to make JfcZs a maximum 

or a minimum and s is an arc of the path and x, y, z, Cartesian 
coordinates of a point upon it, we have the relation 
X=a;'2+i/2+2'2-l=0, 

and we may make 1)| cZs an uncon- 

ditional maximum or minimum. Here has been written 
instead of X for later convenience. If F be a function of 
X, y, z alone, not containing s explicitly, we have 

[U=f. [U=|, [Z]=^. 

[X]=Xa;', lY.]=\y', [Z,]=^^', [Z]=^-^(Xa:'), 


[FJ=etc., [Z]=etc., 


and 

[F] = [X]a)'-}-[r,]2/'+[2'K+C, 

ie. 

r+\{.x’-+y‘^+z'^-\)=\{x'^+y'^+z-‘)+C, 

i.e. 

F=X-kO 

1522. 

Again the terminal equations give 


[[F]^s-f[X]^-f[F,],-f-[Z,]^]==0. 

i.e. [{ 

F -f ^ {x''^ -\-y'^-\-z'^—V)^8s-Y'Kx\8x—x'Ss) 


+ X 1 /V 2 / ~ y' +'\z{Sz—z' 6s) 

or 

[(F— X) 6s-}-X (x'Sx-l-y'6y-i-z'6z)]=0, 

or 

[C 5s -f- X {x Sx -j — h )1 ~ 0, 

i.e. 

G{6s.^—6sQ)-{-\\{x'Sx-\-y'6y-\-z'6z) =0, 

L Jo 



638 


CHAPTER XXXIV. 


-]i 

and therefore (7(^6'^— 6 .Sq)= 0 and \{x Sx-\-y' 8y-\-z 8z) ^=0, 

for the terminal variations of s are independent of the terminal 
variations of x, y, z. 

In isoperimetric problems, i.e. those concerned with an arc 
of specific length, — vanishes; but in other cases 
and SSq are not necessarily equal, and then C=0. Thus, 
for isoperimetric cases, F=X+(7, and the value of C is to 
be determined by the length of the arc ; for non-isoperi- 
metric cases with an undefined length of arc C=0 and 

F=A. 

In either case, provided A be not such as to vanish at either 
terminal, we must have x' Sx-\-y' Sy -{-z Sz=0 at each terminal. 
That is, if the terminals are to be on specific terminal curves 
the path must cut each orthogonally. But if the terminals be 
fixed points this expression will vanish identically by virtue 
of the vanishing of Sx, Sy, Sz. 

Since in non-isometric problems F=A, we may write 

j ds as 


at once. (See Williamson, I.C., Art. 296.) 

1523. If F be any function of x, y, z alone, and is to 

be made of stationary value for curves to be discovered lying 
upon a given surface <-/)(a:, y, z)=0, and with fixed terminals 

or fixed terminal curves, we have 5j'Fds=0, and we may 

treat the variation ah initio as follows. 


We have J((5Fds + F(i(5.9)=0. 


But SV =V ^Sx-\-V ySy -{-Y z8z,daid d8s=xdSx-{-y'd8y-\-zd8z, 
so that 


V ds=^{(VxSx-[-Yy8y-\- Fj ^ 2 :) ds-YY {x'd 8xYy'd8y-\- 8z ) } 

= [ F {x'Sx -Yy'Sy -\-z8z)] 
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So that we must have \y{x'Sx+y'Sy-{-z'6z)] = 0, as the 
terminal condition and 

(f.-I F.') &=0 

along the path. 

We also have 0a;(5a:-{-^j,^^+9!>z<52=O, a linear connection 
between the otherwise arbitrary point to point variations 
Sx, Sy, Sz. Hence 

^ 5s 

+ X02^5z = O. 

Now, two of the variations are arbitrary, and X is at our 
choice. y 

yy-^-yy' 

Take ^2=0, and choose Sx not equal to 0 and X= — 

i>y 

d 

Then it follows that Fa,— ^Fa?'— X0a.=O ; and similarly we 
may show, by taking ^a;=0, that V^- ^Vz'-\(p,=^0. 


Thus 


F.-|(F*') F,-|(Fj,') F,-;^(F.') 


The terminal condition [y{x'Sx-\-y'8y-[-z'8z)]=Q shows that, 
provided F be not zero at the terminals, the path must cut 
each of the terminal curves orthogonally. 


IMPORTANT APPLICATIONS. 

1524. Geodesics. 

To find the shortest line, or geodesic, on a given surface 
2/> ^)=0. from one given terminal curve to another drawn 
upon the surface. 

Here u—^ds, i.e. V='Jx^-\-y'^-]- z'^. 

Then Z=0, 

Vx'2+y'2 + z'2 
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Thus, by Art. 1519, i.e. the osculating 

plane at each point of the curve must contain the normal to 
the surface at that point. _ 

The terminal condition is [y(5s+X^+r^>;+.^/^]=0, 
i.e. [5s + a;'(<5a: — x'Ss) + y'{Sy — y'Ss) + z{Sz — z'5s)] = 0, 

i.e. \x Sx-\-y Sy -\-z 8^=^. 

Now fix one end, then xSx-\- y'8y-{-z'Sz—Q at the other end, 
so that the line sought must cut the terminal curve at that 
end orthogonally. Similarly for the otlier end of the path. 
Thus the path must be such that 

(1) the osculating plane at each point contains the normal 

to the surface at that point ; 

(2) it must cut both terminal curves orthogonally. 

152.0. We might, without quoting the general theorem of Art. 1519, 
proceed as follows, a course which is usu.ally preferable. 

Since we are to make 8 J n/ ds- + dj/~ + dz^ = 0, we have 
(dxd8x + dyd^y-\-dzd8z_^ 

J 'V ’ 

[.r'Sx +/Sy+z'Sz]-J(.v"8x+/'Sy-hz"8z)d5 = 0; 
and along the path we'have 

.r" 8 .r + ?/' 8 y+s "82 = 0 , with condition (f),:8.v+(f)y8^ + 4>z8z = 0, 
i.e. {.v" - Ac/,,) 8.v+(7j" - A(/,,,) 8 y + (z" - Ac/,,) 82 = 0. 

Now of the three 8.v, Sy, 8 z, two are independent, say 8 y and 8 z. 

Let 82 = 0 , and take 8y^0 ; A is at our choice ; take it = .r'7^x- Then 
y" = Ac/,j,, Thus and similarly =z"l(jy^. 

We also have the terminal condition .r' 8 .r+y' 8 y + 2'82 = 0 at each end, 
and the path cuts the terminal curves orthogonally. 

1526. Geodesic on a Surface of Revolution. 

Let the surface be, say, x^-\-y^=f{z), the z-axis being the 
axis of I’evolution. Then x"/x=y''ly, i.e. xy" — yx"=0, or 
xy' — yx =const.=h , say. Referring to cylindrical coordinates 
ip, 4>, z), p‘^y)'^h, i.e. psinx=Jh where y is the angle between 
the path and a meridian at any point of the curve. This is 
the leading property of such geodesics. 

1527. Geodesics on a Quadric. 

For geodesics upon an ellipsoid we have the relation 
pc/ = const., where p is the perpendicular on the tangent plane 
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to the ellipsoid at any point on the curve and d is the semi- 
diameter parallel to the tangent to the curve at that point. 
For proof of this and for the general properties of geodesics- 
on a quadric, see Smith, Solid Geom., ch. xii. 

1528 . Required the nature of the projection upon the z-plane of geodesics 
upon the helicoidal surface z = atan~^ylx. 

Here <^=.rsin2/a-y cos2/a = 0 , ^^ = sin2/a, ^y=-cos2/a. 

The geodesic equations give x"lsm^=p" j^ — cos^, i.e. xx''+yy'’ = 0 ‘, 

■ changing to cylindricals x = pcos 6, y=psm 6, z=ad, ds- = dp^ + p-d6^ + dz'^. 
Then indicating differentiations with regard to 0 by suffixes, and those 
with regard to s by accents, sf^ = pf^ + p^ + a^, i.e. SiS^ — pipz+ppi. 

Now p^=x^+i/^, pp' =xx' -Vyy' . 

Hence pp"+p'^=xx"+yy"+x'’‘+y'^=x'^ + y'^=p'^ + p^d '^ ; 

whence />2sF - = pSiS 

i.e. {p2-p)W+P^ + (^'‘)=^Pi(piP2+PPi) or pi{p^ + a^)~2ppi‘==p(p^ + a^). 


Letp=acot Xi then /3i= -acosec*x 






ay' •• dy\dyj 


sin xcos X ; 


dd 


\dyj 


■sin*x + p, Avhere 4r-> is a constant > 1 ; 


1 _ 


.. and Y=amff-l-a\ where a is a second arbitrary 

* -s/l-ik^sin^x ^ 

constant. Hence the projection of the geodesics on the 2-plane has an 
equation of the form r=a ctn^^-Pa^, mod. A;, Ic and a being constants 

depending upon the position of the terminals. 

The reader will have no difficulty in showing that if ^ be the angle 
which the tangent at any point of the geodesic makes with the generator 
at this point, and i/r the angle the normal to the surface makes with the 
axis of the helicoid, then sin (f) =A;sin x}/ ; and hence that if A1A2A3 ... be 
any closed geodesic polygon drawn upon the surface, and ff),., be the 
angles which A^A^i, A^Af.^.l make with the generator through A^, then 
n sin ^,. = n sin 

1529. Suppose we are to obtain the stationary value of 
^\jE-\-2Fy'-\-Gy'^ dx, 

where E, F, G are hnoim functions of the variables x and y. 

Here 7 

where suflBxes denote partial diflFerentiations. 
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The differential equation to be satisfied is Y=Y—Y',—0, 

E„-\-2F„y'^G„y'^_ d F+Gy’ 

27 dx V 

After differentiation and considerable reduction, this leads 
to an equation 

A + By'+Cy^+Dy'^-{-2{F^-EG)y''=0, ( 1 ) 

where A—EEy — 2EFx-\-FEx, B—SFEy 2EGx 2FFx-\-GEx, 

C=-SFGx+'2GEy+2FFy-EGy, D=-GGx+2GFy-FGy, 

for the terms in y'^, y'v", y'^v" cancel o\it. 

The equation (1) is incapable of general solution, but many 
cases arise in which at least a first integration may be effected, 
and sometimes the complete integration. 

1530. (i) For instance, if E, F and G be constants, A = B = C=D = 0, 
and the solution is that of y" = 0, he. a straight line. 

(ii) If E=G-L- M where L is a function of x alone and Jlf a function 
of y alone, and if F = 0, 

A = (L-jM){-3I,), B=-(L-3I)L,, 
C={L-iM)i-3Iy), D= -{L-3I)L„ 


and equation (1) becomes 

2 (L - 31) / + ( 1 +>/'-) (31, +y'LA = 0 

2y'/ Lx - 3I,>/ . Lx(l +/■) _ ^ 
r+p" L-3I L-il/ ’ 

i.e. [log (1 +;/'*)- log (L-il/)] + Lx = 0 ; 

or putting = + = '^’lienee i ^^ + Lx = 0. 


Hence a first integi'al is 


L-il 


— A, i.e, y’ 


31 

k-L' 


i.e. 


clc 

TjT^h 


/ 


dy 

Vi/ L a 


+ const., a second integral, 


for by supposition L is a function of .v alone and 31 a function of y alone, 
so that the variables are "separable” in such cases. 


1531. The case of Art. 1529 is an important one, for it will 
be remembered tliat if the coordinates of a point upon a surface 
be expressed in terms of two parameters u and v, the element of 
arc may be expressed in the form ds^=E du^-\-'2iF dudv-\-G dv^. 
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• • 

Hence the determination of a geodesic upon the surface 
depends upon the possibility of integrating the differential 
equation (1). 


1532. The direct investigation of the geodesic may be sometimes 
effected by a transformation. For example, if the square of the linear 

(1 —v") du^ + (\ —u'^)clv~ + ^uvdudv 


element on a surface be given by ds^—- 


1 


ir — v‘ 


let us take a third variable w such that u^-\-v'^ + w"= I, whence 


udu->tvdv-\-wdw=0. 

Then ds^ = + w-) dtd + («- + «>’) dv"^ + 2uv diidv) jw^ 

= {(it du + v dv)^ + to- (du^ + dv-)}lw^ = dtd + dv- + div-, 
so s = Js,^du^ + dv^-{-dw^, with condition td + v^ + w^=l. 

That is, the arc of the curve on the original surface is the same length 
as the corre.sponding arc of a corresponding curve on the unit sphere 
in a system of rectangular coordinates v, v, w. And the geode.sics on 
the sphere are given by the great circles, i.e. by equations of the form 
au+bv+cw + 0 ; hence the geodesics on the original surface are given by 
ait + ^u + cVl -■u--'y- = 0, where a, b, c are constants. 


1533. Principle of Least Action. 

Suppose a particle of mass m to be in motion under the action of any 
conservative system of forces and either to be moving freely or tinder com- 
pulsion to remain on a smooth surface from any one point to any other 
point. Then, if v be the velocity at any time t, and ds an element of the 

path, we shall show that the integral m J vds has a stationary value. 

The quantity A defined as m j vds is called the Action, or the 

Characteristic Function, by Sir W. R. Hamilton, and the principle is 
known as the Principle of Least Action. 


1534. If X, Y, Z be the force components per unit mass, R the normal 
pressure exerted by the surface, if any pressure exist, and A, /x, v the 
direction cosines of the normal, the ordinary equations of motion are 

.■r = A-f-RA, y~Y-{-Rii, 'z = Z-\-Rv, 


and the energy equation is 
f 

I 2 ^ dy-\-Zdz) = mx{x, y, z) s;: 


m 


ly. 


for the expression Xdx-\-Y dy-\-Zdz satisfies the condition of integrability, 
since the forces form a conservative .system, i.e. are such as occur in 
nature. 

Hence, we have 


v8v^X Y 8y-^Z8z, 
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But we also have ds'^ = dx'^-\-dy^+dz^, so that sd^s=xd^x-^y d^y-\-zd^z, 
and the variation in A, i.e. 8A=inS j vds = m j (Svds+vdSs) 


= m j {(X8.C+Y Sy + Z8z)dt+xd8.v+ydSy+id8z} 

= jn[x8.v+y 8y+zdz]+m j {{X — .f)8.v + (Y — y)8y + (Z — 'z) 5z} 
= m[.r S.r+ 1 / Sy+ 28 z] -m j R{X8x+fi8y + v8z)dt, 


dt 


and since the direction defined by A, /x, v,i.e. the normal to tlie surface, is 
necessarily perpendicular to an}' displacement 8x, 8i/, 8z on the surface, 
X8x + /i8y i-i'8z vanishes, as also does each of the terminal values of 
x 8 x + y 8 y + z 82 . 

So that the variation of A is zero and the “ action ” has a stationary 
value. Conversely, if we assume that if J vds has a stationary value, we 
can establish the genei'al equations of motion of the particle. 


ir)35. It follows of course that if X, Y, Z be all zero, i.e. if the particle 
be in motion on a smooth surface under the action of no forces except 
those due to the constraint of the surface, then v is constant, as shown by 

the energy equation, and j vds being of stationary value, so also is j ds. 

That is, the particle searches out for itself and travels along a geodesic 
on the surface. (See Tait and Steele, Dyn. of a Particle, Art. 233, also 
Routh, Dyn. of a Particle.) 

153G. Path of a Ray of Light in a Heterogeneous Medium. 
lF/(c/i a ray of light travels in a medhnn of variable refractive index y 

from one ■point to another, it does so m such a manner as to make Jpds a 

minimum. It is required to deduce the equations of the path of the ray. 

This case is similar to the one just discussed. 

Wo have 5 ^ (ids = Q, i.e. j {8p.ds + nd8s) = 0, 

and dsd8s=dxd8x + dyd8y + dzd8z; 

j {5/i ds+p(x'd8.v+y'd8y + z'd8z) } = 0, 

and 8ix=Hj8.v+p„8y+p,8z. 

Hence [/i-v' 8.v + py' 8y + fiz' 8z] 

and since the ray is to pass from one definite point to another, the 
integrated portion vanishes at each terminal, and the variations 8x, 
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6y, 62 under tlie integral sign being arbitrary from point to point, 
we must have also 

c'^_ d f dx\ d / dy\ 3/x_ d / dz\ 

"dx dsy ds)' 'dy dsy dsj’ 'dz dsy ds)' 

which form the differential equations of the path of the ray. 


1537. Brachistochronism. The General Problem. 

A particle is in motion under the action of a given conservative system of 
forces. It is required to find the path along which it must he constrained to 
move so as to accomplish that path from one given point to another, or from 
one given surface to another, in the shortest time. Such constrained paths 
are called Brachistochrones. The case of brachistochronism under the 
action of gravity has already been considered. 

Let y, 2) be the potential energy of the force system, m being the 

mass of the particle. 

Then the energy equation gives ^v‘^ + <ji{x, y, 2) = const. 

The force-components per unit mass are — being the 

rates of decrease of potential energy. By varying v, we have 


u 8t) -h </>i S2; -1- S?/ -h 82 = 0. 

Also dsdSs=dxd8x+dy dSy+dzdSz, i.e. d8s~x'd8x+y' d8y+z'd8z. 

Now we are to make t= f — a minimum. 

J V 

So 

Therefore j 4- )j-+ j -f )j-ds=0, 

and 8x, Sy, Sz are arbitrary all along the path and independent of each 
other, and of the variations at the terminals. Hence 

r »'S»+y8y+o'8o -|^0 !(<)=% K'-V# 

L u J ds\v J ds\v/ w ds\vj v^ 


1538. The Terminal Conditions. 

If the terminals be fixed points, the expression in square brackets 
vanishes identically at each end of the path. 

If the path start from a fixed point (a-’o, y^, zf) and terminate at the 
surface F{x, y, z) = 0 , then 8x, 8y, 8z vanish at the starting point, and 
provided the velocity be not infinite at the other terminal x'8x+y'8y+z'8z 
must vanish there ; that is, the path must cut the surface F{x, y, z) = 0 
orthogonally, for the only admissible variations 8x, 8y, 8z at this end are 
such as lie on the surface. 

If the path start from a point Xq, Zg, which is only defined as lying 
upon a surface Fg(x, y, 2) =0, a similar result will hold, provided that the 
whole energy of the system be a given quantity, and that Fg = ^ be an 
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equipotentiiil surface of the force systeui. If the surface Fq = 0 were not 
an equipoLential surface, terms depending on S-Tq, Sj/q, Szq would make their 
appearance in the integral, and such terms if existent would have to be 
included with the rest of the terminal terms. 

If the motion terminate at a given curve instead of at a given surface, 
the terminal conditions may be discussed in a similar manner. 


= 0 , 


1539. The Normal Pressure in the Case of Brachistochronous 
Description. 

From the general equations written 

v-.v" - vv'x' — <|>i =0, etc., 
we have, by eliminating and vv\ 

■r", <p^ 

y\ 

SO that the resultant force at any point lies in the osculating plane of 
the curve. 

Moreover, multiplying the equations v-.r" -vv'x' -(p;,=0, etc, by 
px", pT/", pz" respectively, p being the radius of absolute curvature, 
we have by addition v-lp = (pj px" + (fiypi/" + (f>.pz" = -iV, whore N is the 
normal force component. 

If, however, R bo the pressure per unit mass upon the curve, the 
normal resolution gives the equation v-/p = iV+/f. 

Hence = - 2/V. That is, the pressure upon the curve is equal to twice 
the normal component of the forces, and acts in the opposite direction. 

Now for a free path under a conservative system of forces for which 
the components in the direction of the tangent and principal normal are 
T and N', there being no component in the direction of the binormal, we 


have 


V dv 




—T ‘i>'d - = N', whilst for the same path to be brachistochronous 

under frictionless constraint under the action of a corresponding set of 

V dv 

forces whose components are T, N, 0, we have -^ — T and —= -N 
(be. =N + if where i?= -2N). P 


1540. Hence we have Townsend’s theorem : “If for the same velocity 
of description any curve, plane or twisted, be at once a free path for one 
conservative system of forces and a brachistochronous path under fric- 
tionless constraint for another conservative system of forces, the resultants 
of the two force sj^stems must at every point of the curve be reflexions 
of each other as regards both magnitude and direction with lespect to the 
cuiTent tangent at the point.” 


1541. The principal cases are : 

{a) When the motion is under a single force in a given direction. 
(6) When the force tends to or from a flxed point. 
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1542. Case (a). Force in a Given Direction. 

Take the y-axis parallel to this direction. Let m be the mass of the 
particle, mF(y) the potential energy. The force to increase ;/, being the rate 
of decrease of potential energy, is -niF'(y). The pressure on the curve 
i.s R = 277iF'(y)cos^, xp being the inclination of the tangent to the .r-axis. 



Let;/ = abe the line of zero velocity; then we have lv'^ + Fiy) = F{a), 
and v-/p = F'(y) cos \p. 


Hence 


p cos xp 


= F'{y) = 


vdv 

~ly' 


\ dv dy 1 ^ , dxp 

vTs~~Ts' '^c^~ 


whence = cos xp, where « is the value of v when \p = 0. 

Also the y-xp equation of the brachistochrone is I tr cos- xp = F {xt) - F (y). 
It is convenient to use the angle i, the angle between the ordinate and 

the current tangent, in place of xp, and i = ^ - xp. 


Then the law of force necessary for brachiscochronisni is given by 
u~ d . 

P = — ^(sin-t), per unit inas.s, repulsive from the .z’-axis, with a line of 

zero velocity found by the vanishing of i. Also the pressure upon the 
curve is R = 2mF'{y)cosxp= —2mPcosxp towards the centre of curvature. 


1543. Case (b). Central Force. 

Take the origin at the centre of force. Let 7nF(r) be the potential 
energy. The radial force from the origin is —mF^r) and R=2mF'{r)siu(p, 
where (p is the angle between the tangent and the radius vector. Let a 
be the radius of the circle of zero velocity. 

Then + F (r) = F (a) and v"/p= - F'{r)sm (j>. 


p sin 


= -nr)=^w> 


1 dv_ dp 
'' V dr rdr 


r 

v' 


1 dp 
p dr 


Hence 
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Therefore r/p = const. = 7i, say. Whence the pedal equation of the 

'h? dv^ 

brachistochrone is +F{r) = F{a), and the law of force is P = 

Ji OJT 

repulsive from the origin, with a circle of zero velocity whose radius is to 
be obtained by the vanishing of p. 



The pressure on the curve towards the centre of curvature is 
- 2niF'(r) sin (f> = 2mP sin </> = 2mP^. 


1544. Comparison of Analogous Results. 

It is worth wliilc for the student to note that 
(a) For parallel forces: 

(i) for a free path jvds=min., r cos = n (a constant) ; 

/ ds 

— =inin., r/cos )/' = «. 

{}>) For central forces : 

(i) for free path 


Jvds= win., vp = h (constant) ; 

(ii) for brachistochrone =min., vlp = h. 

Compare the following laws of central force for various circumstances : 

(o) Farticle in free motion vv = h 

p^ dr 

(b) Particle in brachistochronous motion P = h~p^, 

dr 

(c) Equilibrium of inextensible string P = —.,~, 

p^ dr 


vjp = h. 
Tp = h. 


(d) Equilibrium of e.xtensiblc string ^ + A Tp = h 

p- dr p^ dr ^ 


1545. Energy Condition for an Equilibrating System. 

If V be the potential energy of .a field of force in which any system of 
material particles has assumed a position of equilibrium, it is known that 
the configurations of stability and instability are those of minimum or 
maximum values of V. 

Cases in which a stationary value of V occurs without a true maximum 
or minimum give neutral equilibrium, in which there may be stability 
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for some displacements, instability for others. The Calculus of Variations 
supplies a very powerful instrument for the discussion of such problems. 


1 546. Ex. An inelastic string of uniform density and length I is attached to 
two fixed points A and B. Find the condition that it disposes itself in a 
curve of specified shape under the action of a central force in a field of 
potential V. 

Let m be the mass per unit length. Then the potential energy of the 
whole string is fmVds, and for stability we are to make f (V + X) ds a 


minimum, V being a function of r alone. Then, with the usual nota'tion 

of polars, r 

Sj(V+X)\/r^+r^dd = 0 ; 


(F + A)N/r'> + r '2 = (F+X-)-74^, + C' or 

vr'-^+r ^ 


F + A 

\/r-^ + r'2 


C 

r2' 


Hence 


F + A = 


C ds C 
r* do r sin <^’ 


•( 1 ) 


being the angle between the tangent and the radius vector, i.e. 



P 

G being a constant. 

This gives the law of potential of the field of force. 

Thus P (viz. the repulsive force from the pole) = — ^ (2) 

F being supposed a known function of r, we now have a relation from 
(1) in terms of r, 6, A, G, and another constant which will be introduced 
Avhen we have integrated equation (1) to get that relation into the r, 6 
form. Two of the equations to determine the three constants will be 
obtained by making the curve pass through the terminal points ; the 
other is provided by making 

J \^r^+r'^d0 — l. 


If T be the tension, a resolution along the normal gives 

= P d3s\n<p = P ds . - , 

P ^ r 

i.e. Tp=P .^''-^=0, i.e. T=F+A. 

^ r dp ' 

That Tp is constant is also obvious by taking moments about the 
centre of force for any portion of the string. (See Art. 1544.) 

Talcing the more general case of a string of length I, attached to two given 
points A, B, and of variable line-density p, which is a function of s, the arcual 
distance of any point from A, and constrained to lie upon a given smooth 
surface f{x, y, z)=0, and in a field of force of which the potential is V, 
now a function of x, y, z, we are to make 

u = j[p7-h Xf(x, y, z) + +y' 2 +z'2-i )] ds, 
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a minimum, A and /x being functions of s alone, to be determined so that 
= 1 and that/(.?', y, z) = 0. 

The terminals being fixed, we vary .r, y, z alone, keeping s constant. 
Then Su=j p(V,Sx+ +) + X(f^Sx’+ + ) + Sx+ +'jjds. 

The terms of the third group may be integrated by parts. 

^S.r)ds = [/xx'8.t-]- J {^(/x-rO S.xj ds, etc. 

Hence, for a minimum, we have 

pFx+A/.-^(/x.r') = 0, 


with two similar equations. 

These three equations, combined with .r'-+ + =1 and f(.v, y, z) — 0, are 
sulhcient to determine A, /x, .r, y, z in terms of s. 


PROBLEMS. 


1. Given tliat (.i\, Vj), _?/o) Jtre two points movable in a plane, 
and such that their distance apart is alwa3's equal to a definite 
constant a, what must be the circumstances of the motion in 
order that we shall always have 

aq S.iq + x.^Sx., + y, 8//, + y„ Si/^ = 0 1 

[Dr, Morgan', D.C., p. 455.] 



Prove that to the first order the variation of the integral 
y, p)(lx, with constant limits, is Joj j 


8// - j) Sx and p = 


dj 

(Lv 


Determine a curve joining the origin to the point {a, 1) for which 

the integral \ ( p- + n- 1 /-) d x has a minimum value. 

J ^ ' [Math. Trip., 1896.] 

3. Prove that the shortest time path between two curves which 
lie in one plane when the velocity varies as the distance from a line 
in that plane, is the ai'c of a circle cutting the curves orthogonally, 
and having its centre on the line. [Coi,lkgfs 7, 1893.] 


4. Find the relation between y and p in a curve which makes 

+y-’(Z.c a ma.ximum. Obtain the polar equation of the curve 

whose pole will generate this b}’^ rolling on a straight line. 

[Colleges, 1877.] 
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5. A particle is moving under the action of a force perpendicular 
to and proportional to the distance from the line of zero velocity. 
Show that the brachistochrone is a circle. [Townsend.] 


6. Find the law of force parallel to the y-axis for which each of 
the -following curves is brachistochronous, stating in each case the 
line of zero velocity and the pressure upon the curve : 


Curve. .r-axis. 

1. Circle, diameter. 

3. Parabola, axis. 

5. Tractrix, directrix. 


7. Evolute of directrix. 
Catenary, 

9. Eect. Hyp., asymptote. 


Curve. 

2. Parabola, 

4. Catenary, 

6. Evolute of Para- 
bola, 

8. Four-cusped hypo- 
cycloid, 

10. Bifocal conic, 


a;-axis. 

directrix. 

directrix;. 

axis. 

line of oppo- 
site cusps, 
axis. 

[Townsend.] 


7. Find the law of central force for which each of the following 
curves is brachistochronous, stating whether the force is attractive 
or repulsive, the radius of the circle of zero velocity, and the pressure 


on the curve in each case : 


Curve. 

Pole. 

1. Parabola, 

focus. 

3. Cardioide, 

pole. 

5. Lemiscate of 

node. 

Bernoulli, 


7. 7’“ = a” cos nO, 

pole. 

9. Epi- or hypo- 

cent, of fixed 

cycloid, 

circle. 

11. Central Conic, 

centre. 


Curve. Pole. 

2. Equiang. Spiral, pole. 

4. Circle, point on 

circumf. 

6. Rect. Hyp., centre. 

8. Invol. of Circle, centre. 

10. Reciprocal Spiral, pole. 

12. Central Conic, focus. 


[Townsend.] 


8. Show that the curve of quickest descent under gravity from a 
given point to a given vertical straight line is a complete semi- 
cycloid with cusp at the given point. 

9. Determine the minimum value of | d.r, having given that 

7/n=l and f 

Jo2/i 

where yg, y-^ are the values of y at the lower and upper limits 

respectively, and y^ is subject to variation. 

[St. John’s, 1883; Todhunter, Hist, of Calc. Far.] 
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10. Find the equation of a curve such that the area between it 

and the a:-axis has a given value, whilst the area of the surface of 
revolution, bounded by it when revolving about the x axis, is a 
minimum. [Oxf. II. P., 1880.] 

11. A piece of string of given length in the plane of the curve 
ax'^ = y^, has its two ends movable on the two branches of the curve ; 
find the form of the string when the area between the string and 
the curve is a maximum, and when that is the case prove that the 
string at each of its ends is at right angles to the curve. 

[St. John’s, 1889.] 

12. A surface of revolution has a given area, and its generating 

curve intersects the axis in given points ; determine the form of 
the surface so that its volume may be greatest. [y, 1899.] 

13. Show how to connect two fixed points by a curve of given 
length, so that the area bounded by the curve, the ordinates of the 
fixed points and the axis of abscissae shall be a minimum. 

[Math. Trip., 1887.] 

14. Find the curve in which at every point 

is a maximum or a minimum. Interpret this problem geometrically. 

[Lacroi.x, Calc. Diff., II., p. 689.] 


15. Prove by means of the Calculus of Variations that the minimum 

value of p(a - is 0/i - yo)"(« - •'?:])(« - “ ^o)) "'here 

are the values of y corresponding respectively to the initial 

and final values of x, and supposing that does not become 
infinite between the limits. jj p jggg ^ 

16. Find what functions of x, satisfying the conditions y = 0, when 


X = 0 and when x = /, make 


J (^) stationar}^ in value when 
[Math. Trip., 1876.] 


JO ' — ' 

1 y'^dx is given. [Math. Trip., 1876.] 

Jo 

17. Show that tlie equation in polar coordinates to the plane 

fds , . • • 

curve of given length, for which j — is a maximum or minimum, 
f J ^ 


is of one of the forms 


a 

r 



a 

r 


cosh 7n{6 - a) - Jl +m^. 

[Oxf. II. P., 1890.] 
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18. A lamina of given mass is symmetrical with respect to an 
axis, and its density at any point varies as the square of the abscissa 
measured from one end of its axis ; if the attraction upon a particle 
at that point of the axis be a maximum, prove that the lamina is 

V 32m 

g^cos0, where m is the given mass 

and cr the density at unit distance along the axis, assuming the law 
of attraction to be that of the inverse square of the distance. 

[Math. Trip., 1875.] 

19. A curve passing through the point whose polar coordinates 

are aj acos“^e, is such that taken along the arc of 

the cqrve between the initial line and the given point, is a minimum. 
Prove' that, provided that 2?'“’- - a~^ is always finite and greater than 
zero, the required curve cuts the initial line at right angles in two 
points, the sum of whose distances from the origin is 2a ; and find 
the equation of the curve. [Oxr. 11. P., 1903.] 

Interpret the result dynamically. 

20. If ^’Jk + fj-p^dx has a maximum or minimum, and A, /x are 

independent of p and of any higher differential coefficients, and the 
differential equation resulting is satisfied by y = aa: + & for all 
constant values of a and h, prove that A and /x must be mere 
constants. [Oxf. II. P., 1918.] 


21. A swimmer who can swim at a given rate v starts from the 
bank of a wide straight river, and the strength of the current 
varies directly as the distance from the bank. He wishes to get 
as far down the river as he can in a given time T. Show that 
he must start from the bank at an angle whose tangent is 
proportional to T. Show also that the tangents of the angles 
his direction of swimming makes with the bank at equal intervals 
of time are in arithmetical progression, and that at the end of the 
time T he is swimming directly down stream. If the a:-axis be 
taken along the river bank, py the velocity of the stream and a his 
initial angle with the bank, show that he is ultimately swimming 


n.a 


at a distance 2v sec^^ j p cos a from the bank. 


22. An oval curve of given length rolls on a straight line ; find 
its form when the area traced out in one revolution by a given 
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point on the plane of the eurve is a minimum, the boundaries of 
the area being the curve traced out by the moving point, the given 
straight line and two perpendiculars upon it from the extremities of 
the curve. [Math. Trip., 1870.] 

23. If the velocity of a carriage along a road be proportional to 

the cube of the cosine of the inclination of the road to the horizon, 
determine the path of quickest ascent from the bottom to the top of 
a hemispherical hill, and show that it consists of the spherical curve 
described by a point of a great circle which rolls on a small circle 
described about the pole with a radius tt/G, together with an arc of 
a great circle. How is the di.sconti unity introduced into this 
problem! [Math. Trip., 1873.] 

24. If ?-2 = a'2+ ;/2 and prove, assuming such results 

of theoiy as ma}’ be convenient, that the curves along which from 

point to point \rds is a maximum or minimum are rectangular 
hyperbolae. [Oxf. II. P., 188C.] 

25. Find the curve of given length joining two fixed points, 
which is such that the distance of the centroid of the arc from the 
chord connecting the two points may be the greatest possible. 

[Oxf. II. P., 1887.] 

2C). A variable curve of given length Jias one extremity 

at a fixed point (3«, a) and the other on a fixed line .r = 2n. Show 
that when the area enclosed liy the curve, the axis of x and the 
lines x = 2a, x — Sa, is a maximum the curve is one-eighth of a circle. 

[Oxf. II. P., 1888.] 


27. On the surface of an ellipsoid a curve is drawn which 
intersects at a constant angle all the geodesics passing through a 
given umbilic. Prove that its total length from umbilic to umbilic 
is I sec a, where I is the geodesic distance between that umbilic and 
the opposite one. [Math. Trip. I., 1888.] 


28. Find the form of the function p, in order that 

may be a maximum, subject to the condition that 
constant, and interpret the result geometrically. 



[O.XF. II. P., 1889.] 

29. A man swims from a jjoint on the bank of a straight river to 
a point in mid-stream, with a constant velocity relative to the water. 
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Prove that, in order that the passage may occupy the shortest time, 
his actual course must be straight if the strength of the current is 
constant, but that if the strength of the current is proportional to 
the distance from the bank the path must have for its equation 


,j = c^ {cb + xf-b-‘ - f + 


62 


+ ^ cosh“i — ^ cosh“i c, 

where the starting point is the origin, the bank is the axis of y, 
h the distance from the bank where the velocity of the stream is equal 
to that of the man relative to the water, and c is a constant. How 
is c obtained'? [Colleges, 1896.] 


30. Apply the principle of energ}' to determine the equation of 

equilibrium of an incxtensiblc string under the action of a central 
force, its ends being fixed. [St. John’s, 1881.] 

31. A heavy particle moves on the surface of a smooth circular 
cone with a vertical axis and vertex upwards. Find the brachisto- 
chrone from a fixed point on the surface to a fixed generating line. 

[St. John’s, 1881.] 

32. Show that the curve, such that Jr” ds between two fixed points 

in the plane of the curve may be a minimum, is ? "+^ = o”+^sec(?i-l- \ )9. 

[Thin. Coll., 1881.] 

33. A man -walks up a uniform incline from a given point to reach 
a given height. His velocity varies as the sine of the angle between 
his path and the line of greatest slope on the incline. If he exhausts 
himself at a rate proportional to the product of the wdiole height 
ascended, and the square of the cosine of the inclination of his path 
to the line of greatest slope, show that he -will get to the required 
height with least exertion along a curve -whose equation is 

y^ — ax^. [St. John’s Coll., 1883.] 

34. Prove that the minimum value of ^{xydxdy)^ between the 

limits x = a, y = h and x = a', y = h' is equal to - b‘^)K 

35. A curve is drav/n on the surface x{y + z) = a'^ such that 

• . . . ,, , /ds\2 c"* 2*^ + ft-* 

j ^ IS a maximum or a minimum; prove that =-^ 

c being an arbitrary constant. [St. John’s Coll., 1882.] 
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36. Show that the surface, whose superficial" area is given and 
which encloses the greatest possible volume between il^self and a 
given plane, has the sum of its curvatures at every point constant. 

[Math. Trip., 1888.] 

37. Geodesics are drawn upon the surface formed by the revolution 
of the curve a: = 2fisecit, y = a(sec « tan - cosh“^ seen) about the 
y-axis. Show that the projections of these geodesics upon a plane 
perpendicular to the axis of revolution are of the forms of the 
inverses with regard to the origin of a certain Cotes’s spiral. 

38. Show that if S, H be two fixed points at distance apart 2a, 
and 0 the mid-point of SII, the law of repulsive force from 0 under 
which the curve SP . lIP — c^ can be described in a brachistochronous 
manner is one varying as {OP'^ +d'') {30P^ - d'^)IOP^ where -1- d^ = c^, 
Sliow also that the normal pressure upon the curve varies as 

{OP^ +d^f{ZOP^ - d^)jOP\ 


39. Find the variation, to the first order, of the integral 

y, z)ds 

taken along an arc of a curve traced on a surface d>(x, y, z) = 0 
between two given points of the surface ; and show that if the 
integral have a maximum or minimum value the curve is found from 
the diflercntial equat'ons 



dF^ 

Idcl, 



dF- 


_ds \ ds J 

dx_ 

1 dx 

L*' 

/ ds) 

'^y . 

/ ^y L 



dzjl dz 


The line joining the centre of curvature at any point P of the 
above curve to the centre of curvature of the corresponding normal 
section of the surface meets the tangent plane at P in G ] GT is 
perpendicular to GP, and PT is the tangent at P to that curve of 
the family </> = 0, V— const, which passes through P. Show that 
dV_ 

ds ' [Math. Trip., 1897.] 


F 


40. A heavy particle moves on a smooth surface of revolution 
z=f{s/x^ + y'^), the axis of which is A'crtical and vertex upwards. 
Find the brachistochrone from a fixed point on the surface at a 
depth c below the vertex to a given meridian, and prove that the 
brachistochrone cuts the given meridian at right angles, and that 
the area swept over by the radius vector on a horizontal plane is 
proportional to the Action. If the brachistochrone be from the 
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fixed point to the curve defined by the equations z=f[sjx^ + y% 
= prove that, if r and 6 be cylindrical coordinates, the lower 
end of the brachistochrone is given by the equations 

?• sin d + /(r) = 2c, 


[si„ «+/(.)? = cos'»[l + 


[St. John’s Coll., 1884.] 


41. Show that is an 'exact 

difterential. 

42. Show that the conditions that 1 \ Vdxdx is integrable per se, 

where y, y\ ■•■y^'"), are 

'dy dx 'by dx- by" dx^ by" ‘ 


and 


by' dx by" ^ dx- by'" 


...= 0 . 

[Todhdnter, I.C., p. 369.] 

43. Show that the conditions that Jlj* F dx dx dx is integrable ^er se 

are those of Question 42, together with 

, bF . .d bF , , d;^ bF , .d^ bF 
^"^by" dxby"'^'"'^ dx^by^'" ^ dx^ 

and generally, that F is integrable n times ^icr sc, provided that each 
of the functions F, xF, x-F, ... x’'“*Fbe so integrable once. 

[Todhunter, I.O., p. .369.] 


44. Show how to find the relation between x and y which will 
make the expression 1 f{x, y, Xj, ^j, x^, y^, p, p.^, p^) dx a maximum 

Jxo 

or a minimum, it being given thatXj, yj are connected by an equation, 
and that Xg, y^ are also connected by an equation. 

A curve of given length I is drawn in the plane x, y so that one end 

is on the axis of the parabola x^ = ^ay and the other end on the arc 

of the parabola. If the figure revolves- round the tangent at the 

vertex of the parabola, show that when the surface generated by the 

curve is the greatest possible the form of the curve is that of a 

portion of the catenary 

, , 2a .2a . , 2a 

I cosh -y + a cosech -j- - y .sinh -y = 

[Math. Trip., 1886.] 


I cosh (% sinh ^ 
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45. It is required to find a smooth guiding curve for a particle 
moving under gravity from rest, such that the hmizonial space 
described in time t is the greatest possible. Show that the curve 
must be a cycloid, and that the space is gfjTr. 

[Math. Trip. II., 1914.] 


46. Uniform elastic wire is held bent by proper forces between 
two points A and B so that the area between the wire and AB 
being given, the work expended in bending the wire may be the 
least possible. Show that the curvature at any point varies as 
where AB = 2a and r is the distance of the point from the 
middle point of AB. Show also that if the wire be bent completely 
round to satisfy the same conditions, the form of the wire will he 
given by r^ = c^cos 36. [Math. Trip., 1878.] 

[It may be assumed that the work done in bending the wire is 


measured 


1 


47. A right cone is capable of revolving freely round its axis, 
which is vertical. A groove is to be cut in the surface of the cone 
such that a particle of mass m sliding down the groove without 
initial velocity from a given point may in the shortest time reach 
a given point in the horizontal plane through the base of the cone ; 
show that the differential equation of the particle’s path projected 
on the horizontal plane is 




(r-7'o)c 


- 1 


sin -a. 


where a is the semi-vertical angle of the cone and mk- its moment 
of inertia about its axis. [Math. Trip. III., 1885.] 


48. A curve is drawn to touch two fixed straight lines at the 
fixed points B and Q. The area included by its pedal with respect 
to a fixed point 0 and the perpendiculars from 0 to the fixed 
tangents is a minimum, whilst the area included between the curve 
and the straight lines OP, OQ is constant. fShow that the curve 
is part of an epi- or hypo-cycloid. 


49. If a point move in a jilane with velocity always proportional 
to the curvature of its path, sho_w that the brachistochrone of 
continuous curvature between any two given points is a complete 
cycloid. 

Prove that in the ordinary gravitation brachistochrone (which is 
also a cycloid), the velocity is inversely as the curvature of the 
path, and state the connexion between the two results. 


[Math. Trip., 1875.] 
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50. Prove that the curve of a uniform chain of given length 
joining two fixed points is given by an equation of the form 

}/ = h sn K-, when the moment of inertia of the chain about a given 

(t 

fixed line, in a plane with the two given points, is a maximum ; 

cc 

and by an equation of the form ycnK-=b, when the moment of 

ct 

inertia is a minimum, the given straight line being taken as the 
,r-axis. [Math. Trip. III., 1884.] 


51. Use the method of the Calculus of Variations to show that 
the general equation of the geodesics on a right circular cone, whose 
equation in polar coordinates is 0 = a, is r cos (((/)- /3) sin a} = 
where j3 and a are arbitrary constants. [Oxf. II. P., 1914.] 


52. Prove that the polar equation of the projection of a geodesic on 
acatenoid formed by the revolution of a catenaiy about its directrix 
upon a plane perpendicular to the directrix is of one of the forms 


U’ 


= const , 


rsn 0 = const.. 


r tanh 6 = const., 


and distinguish the cases. 

[Math. Trip. III. 1884, II. 1913; Grkf.nhill, E . F ., p. 96.] 


53. Prove that if, from any point of a surface, geodesic lines of 
equal length be drawn in all directions, the curve which is the 
locus of their extremities cuts all the geodesics at right angles 


54. Prove that on the surface of revolution determined by the 
equations 


s = aZ: cos w cos y = ak cos (o sin (f>, 



- k'^sm-wdtu, 


the equation of a geodesic line is tan m = A sin k{(f> + fS). 

Prove also that the locus of the extremities of geodesic lines of 
length ^-a drawn from the point at which w = and </j = 0 is 

cos k((> + tan w tan fi = 0. 

[Math. Tkip., 1896.] 


55. Prove that the projection of a geodesic on a surface of 
revolution on a plane perpendicular to the axis is in polar 
coordinates == a-^cn"^ fi9 + (S-^sn-/i6, if the meridian curve of the 
surface is the roulette of the focus of an ellipse rolling upon the 
axis, a and /3 denoting the greatest and least values of the focal 
distances. 
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Show that if the geodesic cuts the meridian plane at its maximum 
distance at an angle 7, then 

/X = /3 cot 7/(a + (3), (3%- = tan^y. 

[Math. Trip. III., 1885.] 

56. The line element of a certain surface is expressed in terms of 
parameters 74 and v by the equation 

= {(fZi4)2 + (dvf - {u civ - V duf]l{\ - 

Prove that the equations of the geodesics on the surface are of 

the form au + hv + c = 0, where a, &, c are constants. 

[Math. Trip. II., 1920.] 

57. Prove that a surface for which 

ds"^ = {dx^ + df - {x dy - y dxf)l{l -x^- y’^f 
has its geodesics represented by straight lines on the plane of x-y 
and its geodesic circles by conics having double contact with 
x’--\-y- -1=0, and the geodesic distance /> between (.Tq, y^ and (a:, y) 
being given by 

( 1 - --^o- - z/o') (1 - " y"") = (1 - - yy^f- 

Prove also that the specific curvature is constant and equal to - 1. 

[Math. Trip. IT., 1919.] 

58. Show that the conditions that the parametric curves may be 
geodesics on the surface of Avhich the line element is given by 
ds'- = Edu^-{-'iFdv.dv^Gdv'^ are respectively that {Edn + Fdv)lJE 
and {Fdu + Gdv)lslG must be complete differentials. Show also 
that if these conditions be satisfied, the specific curvature at a 

point of the surface is p "'^lere V^^EG-F^ and w is the 

angle between the parametric curves at the point. 

[Math. Trip. IL, 1919.] 



CHAPTER XXXIV. {Continued). Section IL 

DOUBLE INTEGRALS, ETC. CULVERWELL’S 
METHOD OF DISCRIMINATION. 


154:7. Double Integrals. The Case of two Independent 
Variables. 

Suppose there are two independent variables and a depen- 
dent one z which is a function of x and y, but of unspecified 
form. Let {f, q), {r, s, t), {u, v, w, m), etc., be the partial 
differential coefficients of z with regard to x and y, of the 
first, second, third, etc., orders. That is, 

02 02 0^2 0^2 , 0^2 0^2 , 
^~0.r’ ^“0!/’ ’’“0ai2’ ^-dxdy’ ^~dy^'^ 

We shall also use capital letters with the following signi- 
fication, viz. : 


^~dx’ dy’ 02’ 0p’ ^~dq' 

and the notation 


As—, etc., 


- ^ 
~ 0a; 


Qy — 


-d.Q 


'dy 


dtnrx 


02. A 


dx- 


etc., 


the dots being intended as a reminder to the reader that the 
letters x and y not only occur explicitly in the several subjects 
of partial differentiation, but also implicitly through the 
presence of z and its partial differential coefficients. 


1548. 


We propose to discuss the variation of 



where F is a function oi x, y, z) j), q\ r, s,t\ u, v, w, m; etc., 
and the integration ranges over the region bounded by a 
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given contour in the x-y plane. Moreover, we shall assume 
that y and the several differential coefficients occurring remain 
finite, continuous, and single valued at all points of the region 
bounded, and at all points lying upon its contour. 

For each point x, y we shall suppose an infinitesimally 
small variation of position arbitrary from point to point and 
denoted as before by Sx, Sy. 

Now X and y being independent, Sx ought not to vary m 
consequence of changes in y, nor should Sy vary in consequence of 

changes in x. We should thei’efore have 

For convenience in the analysis, tlien, we shall suppose the 
variation Sx in x to be the same for all points which lie on 
the same ordinate in the x-y plane, and similarly the variation 
Sy in y to be the same for points which lie on the same line 
parallel to the rc-axis. The variations being quite at our choice 
from point to point, we are entitled to do this. In othei 
words, we shall assume Sx and Sy to be respectively inde- 
pendent of y and x. And this supposition in no way limits 
the results arrived at. 'i'he supposition that Sx and Sy might 
be functions of both x and y is discussed by Poisson (Mem. dc 
I’Instiiul, T. xii.), and the investigation there given leads to 
precisely the same result as that obtained by the supposition 
here made. [See Do Morgan, D. and I.C., p. 464.] 


1649. Preliminary Considerations. 

If any function V) varied by changing x to a+fo, 
we have, as in Art. 1492, 




■=s'^ = —Jx- 


'dx 


i.e. Sxx—x^x ^^—Xxv i^x—x=c s^—X'j ^y'> 


Thus, if we write w for Sz—j) Sx—q Sy, we have 
Sp—rSx—sSy = o3x, Sq—sSx—tSy=(ny; Sr—uSx—vSy=o}xx, 
Ss — V Sx — wSy=(iOxir, St — to Sx—in Sy~(Xyy\ etc. 
equations similar to those of Art. 1492 for one independent 
variable. 


♦Lacroix, G.D. ct T. ii., p. 679. 
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A^ain, to tlie first order, 

('V —X ox-{-Y oy+Z oz-^P oj)-\-Q 6q-^R or-~S os ol~ .. 

H-: -YXjT) +Pr +Qs -{-Pu -|-(Sr -rT\v-\-.. 

dx 

-— = Y +Zq +Ps -\-Ql -\-Rv +r?» -f-.. 

to tlie first order. 


1 ooO. Variation of 


Vdxdy. 


Let tlie region of integration be bounded b}^ an}^ specific 
closed contour, consisting either of one closed curve or of a 
.sy.steni of arcs of different curves in the x-y plane, each of 



.such arcs being itself subject to variation. Let the region in 
question be such as shown in Fig. 449. We have 


Vjdy=j'j'5(F dxdy)=^^SY (7a;rfy+ JJ Vd 

^^7dSxd,j=\\_\vi^dx']^dy. 


T 

Now 


IntePTi 


rating ^ Q-dQsQiQi defined by con- 
tiguous lines MQcQ^, parallel to the .Tt-axis, v'e have 

[ySxU,-[VSxUQ-]^^ Sx)dx, 


and this is to be integrated with regard to y to add up the 
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results for all such strips. Let da- be an element of the arc of 
the contour ; then 

I {[F &].« -[F j {[f tog],., 

for, if we integrate with regard to a travelling in the positive 
or counter-clockwise direction, the value of dy in passing from 
to Q2 is of opposite sign to that of dy in passing from Q3 to 

Q^. Thus, this integration yields j (f do- taken round 

the perimeter. Hence, double integration referring to integra- 
tion for the wliole area bounded by the contour, and single 
integration to that taken in a positive direction round the 
perimeter, 

^jvdSxdy=\(v 

In the same way, with IJf dxdSy, Ave have 


\vddy^\ 


V^-P^dy 
d y 


for a strip defined by the contiguous lines NP^P^, 

P^P^, parallel to the y-axis, which is 

[F 5 ;/].t P - [F^i/].., - J Sy ) dy. 

and this is to be integrated with regard to x to add up the 
results for all such strips ; then 


+ 




da 


J{[Fi!/)..p,-[F5#].t,,)&=-J([F«J/g 

= —^^VSy^'^da round the perimeter. 

Hence 

Therefore the total result of the variation is to the first order 

— -j'F(^6a;^— ^dcr, round the perimeter, 

-f- T(s)yy-\- ,..)dxdy, 


over the area. 



VARIATION OF A DOUBLE INTEGRAL. 666 

W' 

1551. In proceeding further it will be sufficient for our 
purposes to limit the discussion to the case where 

'V=cji{x, y,z-, p,q; r, s, t), 

containing no partial differential coefficients of z of higher 
order than the second. For this will include all cases likely 
to be useful, and in any case if higher order differential 
coefficients should occur the process to be followed would be 
the same. 

Now, by Arts. 471 and 472, writing o) for U, 


-d.P -d.Q 

0)1 h 


dx 


(Pw:r+ Qu)y)dx cZy = — j j, 

id j'j'(Aa)a.x+Na)a;y-|" JJ' 



O) 


^dx 


dc 


CO, COy 

T T 


+ )S^a 


(d^.R 

d'^.S \ 

32 _ p 

\ dx^ ^ 

dx dy 

dlf. 

YM 

R, R. 

ft), ft)x 

+)Sc 


^dx dy 

-la 


da, 


where in each case the line integral is taken in the positive 
direction round the contour of the region. 


Thus we have 5 j j Vdx d,y = [^] + j jifo) dx dy, 


where K=Z 


3.P d.Q,'d‘^.R 
dx^ 


dx 


-d\S ^dKT 


and 


dy dx^ dx dy dy^ 


+ 


1[{ 


ft), Wy 

T T 




R, 


ft), ft). 




da. 


da. 


The terms of the group H depend solely upon the variations 
at the boundary of the contour. The terms in the surface 
integral are multiplied by the variation w, i.e. by Sz—pSx—qSy, 
which varies arbitrarily from point to point of the area 
bounded by the contour. 


1552. Conditions for a Stationary Value. 

As in the case of one independent variable, if the functional 

relation of z wdth x and y is to be determined so that \ \Vdxdy 

is to have a stationary value, i.e. so that s\\Vdxdy = 0, we 

must have in the first place K=0, viz. a differential equation 



666 


CHAPTER XXXIV. 


between z, x and y ; and in addition the coefficients of the 
several independent variations in the limit terms [^] must 
also vanish. 

1553. The Differential Equation. 

For the case considered, viz. F=0(x, z ; p, g' ; t,s, t), the 
equation K—0 is a partial differential equation, in general 
of the fourth oi’der. 

Forsyth {Diff. Eq., Cli. X.) discusses the solution of some 
forms of Partial Differential Equations of the second and 
higher order, but so far, even in the case of partial differential 
equations of the second order, it is only possible to perform 
the integration in special cases. 

3'he chief methods available are in tlie cases in which the 
equation takes the form 

(a) Ar^Bs-\-Ct= U 1 where A, B, G, D, U are 

or (/3) yl 7 ’+ 5 s + C'i-f — C7,J functions of a:,y, 2 , p and g, 

for which we liave the methods of Monge and of Ampfere 
(Forsyth, Arts. 232, 265). 

These methods, however, are purely tentative and may fail. 

(y) We have also an important metliod known as the 
Principle of Duality, which amounts to reciprocation with 
regard to a quadric, usually taken as an elliptic paraboloid 
(Forsyth, Arts. 197 and 242). 

(S) For equations of form A — {rt—s^)'^B, where A is a 
function of p, q, r, s, t, homogeneous with regard to r, s and t ; 
and B a function of x, y, z, p, q, remaining finite when rt=s^, 
we have Poisson’s method, which begins with the assumption 
of a functional relation between p and q, and which thereby 
limits any solution to be found in tliat way to developable 
surfaces satisfying the equation. 

(e) We have the case where the differential equation is of 
the class “ linear with constant coefficients.” 

(^) There are also various miscellaneous methods applicable 
in particular cases. 

The solution of the equation K=() is therefore in any but 
very simple cases, in the present state of knowledge of the 
mode of treatment of Partial Differential Equations, an 
insuperable barrier. 
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When r, s, t are absent and V^(j>(x, y, z, p, q), we have 
d.P d.Q 


K^Z 


and K=Q is in general an equation of the 


'dx 'by 

second order, and if it be of one of the forms enumerated a 
solution may perhaps be effected. 

Ex. It is required to discover the class of surfaces Joriuliich / \ ^ q^)dx dy 

has a stationary value. 

Here V = p- + q^, Z=0, F = 2p, Q = 2q; and X = 0 becomes ^ + ^ = 0, 
wlience 2 = Ffx + ly) + Fo(.v - «/). ^ 


1.554. It will be seen, however, that in some cases, even 
when the solution of the equation K — 0 in general terms 
is impossible, important geometrical properties of the class 
of surfaces satisfying it may nevertheless be deduced. 


1555. If V be of form V^A-j-Br-\-2Cs+Dt-\-E(rt — s^), the 
capitals A, B, C, D, R being functions of x, y, z, p, q, it will be 
found by ordinary differentiation that the function K is an 
expression of the same type. Thus K=0 becomes in this 
case an equation of the nature to which the tentative processes 
of Monge or Ampere may be applied. 


1556. The Boundary Conditions. 

Taking the case V=<p(x, y, z; p, q; r,s, t), we have 



+ 


( 0 , 

T.T, 


+jSrf.}^+ 


\dy 

+ ^<•> 1 / r I 
(o, (jOx \ I ttcrJ 


d, 


0-, 


which is to vanish wdien taken round the contour of the 
region. 

There will be as many equations resulting from this as 
there are independent boundary variations amongst the 
three Sx, Sy, Sz, and this will depend upon the nature of 
the boundary. 

Take the case r, s, t absent, i.e. V=q>{x, y, z; p, q). 

Then Sx+u,P)^-{V Sy+coQ)p^dcr, 

where co—Sz—p Sx — q Sy. 



668 


CHAPTER XXXIV. 


1557. The ordinary cases occurring in geometrical applica- 
tions are : 

(i) When the boundary is altogether unspecified. 

(ii) When the surface to be discovered is to pass through a 
given plane curve fixed in space. 

(iii) When the surface is to be bounded by a curve which 
lies on a given surface but is otherwise unspecified. 

(iv) When in the latter case that given surface is a plane, 
to wliich the z-plane may be taken as parallel. 

Take tlie case F=0(a:, y, 2 ; f, q) and consider tliese cases. 

(i) Boundary unspecified. Here Sx, S}j, Sz are all inde- 
pendent at the boundaiy. Hence 





that is, P — Q ^ = 0 and F=0 are to hold at all points of 

the boundary for which all conditions are unassigned. 

(ii) Boundary a given fixed curve in a plane parallel to the 
x-y plane. 

Here z is incapable of variation at all points of the 
boundary, i.e. 6z — 0. Also at all points of the boundary, 

Sx dx’ ' do- do- 

Hence P^- — Q^ — Q for all points of the fixed boundaiy. 

(iii) If the boundary of the surface sought is to be on a 
fixed surface, (j){x, y, z) — 0, but to be otherwise unspecified, 

we have (j^xSx-\-ij),jSy-\-d)zSz=(\ i.e. Sz= — ^ Sx — ^ Sy \ Sx, Sy 
being independent variations. ^ 

Hence 




do- 
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and therefore 



Remembering also that dz=pdx-\-qdij at all points of the 
surface to be discovered, and that q)xdx-\-(j)ydy-\~(p 2 dz =0 along 
the boundary, we have i<px+P<{>z) dx-\-{(l)y-\-qq>z) dy=0 along 
the boundary, i.e. dx/{(f)y+q<p 2 )=^ — dyj{(l)^-\-p(f),). 

Hence the equations obtained above become 


{P{(/>x-hp^z) '\-Qii>y-i-^^z)}{<f>x-]rP4>z)—y (0x+P0^) 02—0 

and {P{</>x-\-p<f>z)-\-Q{(py-\-q^z)}{<l>ii-\-q<Pz)—y{(f>y-^y<Pz) 

i.e. they each reduce to V(pz=P{<px-\-p<pz)-\-Q{<py-\-<l(pz), or 
{V—Pp—Qq)<pz—P<px'i-Q(/>yy which is to hold at all points of 
the bounding line upon the given surface. 

(iv) When the surface is merely a plane 3= const., 

<j>X=0, <py — 0, <pZ~^) 

and the condition becomes V—Pp—Qq=0, which is to hold 
at all points of the bounding line which lies on the given 
plane. 


1558. Relative Maxima and Minima. 

In the case where a maximum or minimum value of 

is sought conditionally upon a second surface 

integral ^=11 Wdxdy retaining a definite value a, the same 

process applies as already employed in the case of a single 
independent variable (Art. 1504), viz. to make 

jj(7+XF)cfa;% 

an unconditional maximum or minimum. For it is obvious 
that if u is to be a maximum or minimum, w+Xa is a 


maximum or minimum 


,i.e. ^^{J+'KW)dxdy is so also. 



670 


CHAPTER XXXIV. 


1559 . Surfaces of Maximum or Minimum Area ; Bubbles. 

Apply the theorems now established, to obtain the condition that 

Jh Jrp^ + q^dxdy shall have a stationary value. That is, we are to 

find the nature of a surface which, whilst satisfying certain bounding 
conditions which may be subsequently imposed, is to have a maximum 
or minimum curved area. 


Here X-r = Z^0, « = 

The equation K = Q gives + 

r p{‘pr + qs) ^ i_ qips + qt) _ q 

(i+p-+(?'0^ (i+:p2+r)^ (i+p’+f/)^ 

i.c. ( 1 +p- + q-){r + 0 =p-r + 2pgs + q% 

or (1 +79-)f-2p(7s + (l +g-) r = 0. 

This is <a second order partial diflercntial equation to determine z as 
a function of x and y. Without proceeding to its solution, it will be 
noticed that since the equation giving the principal radii of curvature 
at any point of a surface z=/(.r, y) is 

{rt - s-)p- - v^l + +P')^ ~ 2pqs + {l +i 7 ")r}p + (l +^?- + </')’ = 0, 

this equation reduces for such surfaces as we are searching for to 

r=(i+p-+(?W-’-0- 

I’he roots are equal and of opposite sign. And if p,, p., be the roots, 

o, 4-p„ = 0, or what is the same tiling, — + — = 0, i.e, the sum of the 

P\ Pi 

principal curvatures is zero, and the surface is an anticlastic one with 
this peculiarity. Moreover, this is the condition of equilibrium (stable 
or unstable) of possible shapes of soap-bubble films with equal pre.ssures 
on opposite sides of the film. For the hydrostatic equation for that 


difference of nressure is where t is the surface tension. And 

P P 

it will be recalled that a number of known suz faces satisfy this condition 
cand are possible forms for soaji-bubble films, e.g. the catenoid formed by 
the I'evolution of a catenary about its directri.x ; and this is the only 
possible form if it is to be also a surface of revolution. The helicoidal 
surface and the surfaces e' = cosy/ sec .i', sin 2 = sinh .r sinh y are shown by 
Catalan to satisfy the .same diflercntial equation {Journal de I’Ecolc 
Polylechniq^ie, 185G). See Besant, Hydromech., p. 217, who refers to 
Darboux, Theorie GtntraU de Surfaces, T. i., Liv. iii., for a full discussion 
of minima surfaces. 

Since the Potential Energy of a soap-bubble film is JrdS, where r is 

the surface tension and a constant, it will be evident that if the potential 
energy is to be a minimum the surface is to bo a minimum. 
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If the pressure on opposite sides of the film be not the same, we have 

1 1 7? 

--I — , = and the mean curvature is constant but not in this case zero. 
p p r 

1560. If the boundary is to be on the surface y, 2 ) = 0, the equation 

(V -Pp-Qq)<li^ = P(l}x + Q(t>!, of Art. 1557 (iii) gives + indicat- 

ing that the minimum surface is to cut ^(.r, y, z) = 0 orthogonal!}' at all 
points of the bounding curve. 

1561. Let us next find the conditions that must hold when, for a 

given volume expre.ssed j j zdxdy, we have a surface of maximum or 

minimum area. 

We are then to make j J(\/l +p^ + q''‘ + Az) dxdy an unconditional 
maximum or minimum. Here 

V=^l\+p^ + q--^Xz, Z = k, x=y=o, f = f,, Q=-==J=^-, 

’ ’ \/\+p- + q^ J]+p^ + q'^ 

3 P 3 0 

and K=Z-^^ similarly to the work in the last case, 

. {\-irp'^)t-'ipqs-ir{\ + q''-)r 

{l+p-^ + q-^f- 

so that in this case we have A, a constant, which is the case of 

Pt P2 

3oap-bubbIe films in equilibrium, w'ith a constant difference of pressure 
on opposite sides, such as might be maintained by closing the ends in 
the case of a film in the form of a surface of revolution and maintaining 
a constant air pressure in the interior, so that, provided the temperatui'e 
remains constant, the volume also remains constant. 

It may be noted that a sphere and a right circular cylinder are surfaces 
rt'hich satisfy this differential equation, but that neither of them satisfy 
that of Art. 1559. 

1562. Case of a Surface of Eevolution. 

This case may be discussed in an elementary way by making J ^rryds 

a minimum whilst; J m/dx is constant ; i.c. 8 +y'^ + Xy^)dx = 0. 

Here V = y + Xy\ X=0, Y,=^yy'/^/T+^, 

wlience y \/T+y^- + A/ =yy''^l'Jl+y'^ +G or y/vT+y- = 0- Xy\ 

One of the radii of curvature (p') of the surface is equal (in magnitude) 

to the normal (?i) = Wl +y"X Thus, i = ^-A. 

For the other, we have 


dx C . d‘x fC .\dit 
1 d^x Jdy G 

~p^ 


and 
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whence --i=2A.; and if p' be measured in the same direction as p, 

P ^ I I 

p'= —n, so that -+—, = 2A= const. ; the same result as before. 

P P 



Fig. 450. 


1563. It is convenient in many cases to choose a less 
general variation. 

Let us take Sx and Sy both zero, hut vary z and the partial 
differential coefficients of z. We shall then have 

(jO = Sz, tOx — Spi — a)xy — — 

With this variation the limiting terms [H], when r, s, i are 
absent, reduce to 

[H]=^^Sz[p^-Q^£)do- (Art 1556); 

and for the very important case frequently occurring in 
geometrical application.s, in which the region to he con.sidered 
is bounded b}'- a fixed closed curve in the plane of x-y, wm 
have ^2=0 at every point of the bounding curve, so that [H] 
vanishes identically. 

The partial differential equation Jf=0 will, when solved, 
usually give z as a functional form containing x and y, and, 
in the case cited of a fixed boundary, the functional form 
occurring in the solution will have to be so chosen that the 
surface obtained passes through the bounding curve. 

1564. Ex. Find whether a developable surface can be found ivhich passes 

through the circle z=0, x-+y-=a", and for which j j^l+p-+q^dxdy has a 
stationary value. 

The partial differential equation to be satisfied is 
(l+p-)t-2pqs-i-{l-{-q-)r^0. 
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If the surface is to be developable, we must take q=f{p). 

This will give [l + {f(p)V]-^pf(p)f'(p) + (l+pyj'(p)V = 0, 
i.e. {/(?)-!?/'»= or f(p)=pf'(p) + 'J-l-{f'(p)}^ 
which is of Clairaut’s form (see I.C. for Beginners, p. 230), with a 
sjl.ition f{p) = Ap + \l A'\ i.e. Ap-q— -J- 1 -A‘^. 

Applying Lagrange’s method to this (Forsyth, B. Eq., Art. 184), 
dx dg dz 

whence x-irAy=B, z-7j^ -\- A‘- = <\>{B), 

i.e. z=y'J - 1 - A'^A-<^{xA- Ay) is the functional solution sought. 

If we take cf) to be zero and A to be J -I, we have a solution of our 
problem, viz. z=0. The circular disc bounded by .v-+y'^ = u^ is the develop- 
able surface which has a minimum area, and the principal curvatures 
of the plane surface are both zero, so that all the conditions are satisfied. 

1565 . Consider the stationary value of JJc/tZS, where dS is an 

element of the surface represented by a supposititious relation be- 
tween X, y and z, and suppose that there is an accompanying 

condition that [^W dxdy—a, talcing U and W to be functions of 
X, y, z alone. 

Here r= C/Vl A IF, -hy?" +g'‘^ + A 


P^U- 


P Q _ ^ 

^l+p’ + q^' \/l+p^ + q^ 


3. /’ fdU , 317 \ 
3.r \3a’ 'dz^J 


P 


(1 +i>^+g^)- 


j+U 


d.Q fdU , 317 \ 
3.7 ~\'^y^'dzV 


■U 


(1-fpHgT 

t 


-U 


p(pr+qs) 
{l+p^- + q^f 
q{ps + qt ) _ 

(l+p2 + g2)4- (l+^2 + g2)i (H-p2 + g2)5 


-u 


'S.ence K = Z- = 0 becomes 

o.v oy 


3C7 

32 


t.e. 


{l+p^ + q^‘^ + \'^{l+p'^ + q^f-(~ + ^p)pC+p'^ + q~) 

-(^ + ^q)q{l+p^ + q-^)-U{{\+p'^)t- 2pqs -f (1 -P = 0, 

= 17 [(1 -t-y)2) < - 2y>gs -P (1 + g")?-] ; 
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If I, m, n be the direction cosines of the normal to the supposititious 
surface z = say, viz. — — — C 

^ — p —([ 1 

^~\/r+pT^’ ^Jl+p^-Yq-' 'Jl+p'^ + q^ 

1 1 1 f,'dU , W ^ ‘^U\,X ^ 

and when j j UdS is unconditionally stationary, 

1 1 I r,?)U , dU , dU\ 

If the surface in either c;iso is to terminate in a line on any surface 
iP(.K,i/,z) = 0, the bounding condition {V - Pp - Qq)\l^z - r^z + Q'Py become.s 

( r; + A U\/ 1 + p- + (7-) (pi/', + gi/'.v) or P'/'x + g>/'y-'/'r=- y 

and in the unconditional case piipz-\-q4'v ~ surfaces then cut 

orthogonally at each point of such bounding line or lines. 

IhGG. A Method of Discrimination when the Limits are fixed. 

If we consider the case of fixed limits of integration for such an integral 

as v = Jj'jr+p- + q- dx di/, say from i/=Pn to d=2/\> •^=•^0 to 

.v = .r^, the discrimination between maxima and ininima may be conducted 
as follows, taking such a variation as described in Art. ITjOB. 

Supijose r becomes z + 8 ; and p, q respectively p+])p and g+ 8 g. Then 
V becomes + {p + 8 p)” + (? + tqf-. 'J’his wo must expand to terms of 
the second order, and we have 

, — r,r, 1 2 p 87 J 4- 2 g 87 + Sp- + 6g- 1 ( 27 ) S;j+27 67)" "] 

5 ,r_ pSp + qS q ^ ^p- + 8q" + {pSq-q8p)" 

( 1 + p~ + q-} 2(1 I- P' + 9') ' 

Hence the second order variation in Sr is 

1 r I^p^+8f + {p8q_-q 8pl 

‘^JJ (1+pH7-)= 

which being essentially po.sitive for all variations, the solution of Art. 151)9 
gives a true minimum solution. 


15G7. Taking the case of Art. 15G1, the second order terms in 8 Tare 
those in n/i +(p+Sp)- + (7 + S 7 )- + A(i + 8r), f.c. the same as the above, and 
arc essentially positive. AVe therefore find a true minimum in this case 
also. Wo turn, however, to a more detailed consideration of the second 
order terms in the general case. 



CULVERWELL’S METHOD OF DISCRIMINATION. 675 

1568. Culverwell’s Method of Discrimination between Maxima 
and Minima Values. Reconsideration of the Variations to be given. 

In estimating the variation of 

w= Vclx, where F=0{x, y, y', y", ... 

we have so far given to eacli letter, inclusive of x, an arbitrary- 
change, so that the point x, y is displaced to x-\-Sx, y + Sy, 
and the direction of the path, its curvature and higher order 
peculiarities, indicated by y, y" and higher order differential 
coefficients, have also undergone arbitrary variations and 
become y'-\-Sy', y" -\rSy", etc. 

Many writers prefer to keep x unaltered, and to vary y and 
its differential coefficients alone (see Art. 1563). 

Considerable simplification results in taking 8x to be zero. 
For then we have 00 = Sy, <o=Sy', co" = Sy", etc., instead of the 
more cumbrous expressions Sy—y'Sx, Sy'—y"6x, Sy"—y"'8x, etc., 
for which they respectively stand. But there is this dis- 
advantage, that -when in an investigation Sx has once been 
taken to be zero it cannot be restored at a later stage, whilst 
if we retain the variation of x from the beginning we can at 
any time make it zero. And in dealing with the terminal 
conditions, these terminals are not in general compelled to 
move upon lines parallel to they-axis, but may lie on specific 
curves in which Sx necessarily varies with Sy, and it has 
therefore been so far convenient to retain command of the 
variation of x as well as over those of the other letters. 

1569. To make ^a;=0 throughout clearly means that the 
deformation chosen of the hypothetical curve which represents 
a relation between y and x, is one which is obtained by an 
arbitrary point to point variation of each ordinate. That is, 
each point is displaced parallel to the y-axis, through an 
arbitrary small distance with coTi sequent alterations in the 
values of the differential coefficients of y, which depend upon 
the particular variations arbitrarily assigned from point to 
point to the ordinates. That is, taking y=^(a;) to be a 
supposititious relation between x and y, which we are to test 
as to the possibility of its giving a stationary value to 

[v dx between the limits x—x^ and x=Xy, then y=p((a;)+e0(a:). 
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where e is an infinitesimal constant not containing x, and 6(x) 
is an arbitrary function of x understood to be finite for the 
whole range of integration, would be the equation of a 
contiguous curve to y=^{x), and such that the variation 
of y at any point is Sy^ed(x). We shall write y and Q for 
y(cc) and Q{x) respectively for short; and we shall take 6 to 
have been chosen so that neither it nor any of its differential 
coefficients up to the becomes infinite or discontinuous, 

but that they each remain either zero or finite throughout the 
whole range of integration. Then as e is taken independent of x, 
Sy'^tQ’, Sy" = ee", Sy'"=ee"', ... and 

But with regard to the last of these, viz. we reserve 
to ourselves the right to make an abrupt change in the value 
we choose for it, provided such change be from one finite 
value to another finite value. With this supposition all the 
differentiations performed are valid operations, all the functions 
differentiated being finite and continuous real functions of x 
between the limits of the integration. 

1570. With such a system of increments, Y is changed to 
V-\-BY=(j}{x, y+eB, y'+eB', ... + 

and assuming F to be such that we may use Taylor’s Theorem, 

we have j. J 

F+^F=F+eAF+|-,A2F+ijE, 

where A = d — + ^ + • • • + and R is the “ Remainder ” 

dy ?iy 3! 

after three terms. This expansion involves the assumption 
that all the Partial Differential Coefficients of F of the first 
and second orders with regard to y, y', y", ... are finite 
and continuous functions for values of y, 7/, etc., within the 
ranges from y, y', etc., respectively to y+eB, y'+eB', etc., for 
all values of x which lie within the limits of integration of 

the integral Jf^o;, i.e. from x^ to Xi. 

Now a: being taken as not subject to variation, w'e have 

^|FcZa;-j<5FcZa;-ej(AF)c7a;+^j(A2F)c?a;+^Ji2(7a:, 

and by taking e sufficiently small each of the terms on the 
right-hand side may be made greater than the sum of all that 



CULVERWELL’S METHOD. 


677 


follow it. Hence, so long as j'(A does not vanish, the sign 
of (5 jFcZa; can be made to change by changing the sign of e. 
Therefore the primary condition for a maximum or a minimum 
value is that j'(AF)cZa; should vanish, the limits being the 
same as those of the integral ivdx. 


J 


Now AF: 


d— +d'— +0"— + -fdW ) 


where 6 itself is arbitrary. And this will be recognised as 
what the expression + of Art. 1495 

becomes upon putting therein. 

By integration by parts, as in Art. 1496, 


YBdx, 


|( A = [ y, 0 + F„9'+ . . . + - ■>] + j: 

the term VSx not now appearing in the limit terms, as ^x=0. 

Now let us take one variation between the two points 
(Xg, y^) and (Xj , y^) to be such that at each terminal the values 
of X, y, y', y", ... are the same for the varied curve 

y=-^-\-e6 as for the .supposititious curve y — x itself. That is, 
suppose the two curves to have contact of the (n — 1)*^’' order 
at the terminals. Then Sy, Sy', ... all vanish at the 

terminals, and therefore also 6 , O', 9", . . . all vanish at the 
terminals. 

Therefore, with this variation J(AF)dx= j*Fd cZx, and 0 being 
arbitrary from point to point along the path of integration, 


(AF)da; 


v/e must have Y— 0 as a necessary condition that 

should vanish. This is the differential equation before obtained, 
and its solution has been seen to be of the form 


y=F{x, Cl, C 2 , ... C 2 „), or shortly, y=F, say, 

in which we may suppose that the several constants occurring 
have been found as heretofore explained by aid of the terminal 
conditions existing, and their values inserted. This relation 

is that for which the integral J Vdx assumes a stationary value, 

and the graph is called a stationary curve. This value of y 
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and tliose of its differential coefficients may now be substituted 
in V. 


1571. The variation of tlie integral now reduces to 

rxi ,2 rxi 3 rxi 

(5 Vdx~\ Rdx, 

in which we are to consider a variation /rom the stationary 
curve, the supposititious curve 2/=x(^) h^-ving been discovered 
to be of the now known form y=F. 

As before, if we take e sufficiently small the sign of 

^ I {LW)dx governs the sign of the right-hand side of the 

" ! J .Trt 


equation, so that the variation S \ Vdx is positive or negative 


f- 


acco 


... 

rding as {AW)dx is positive or negative for all 
Jxo 

sufficiently small values of e of whatever sign. 

Cxi rxi 

Therefore if {A'^V)dx be positive, FcZx is increased by 

J are ^ Xq 

such a variation from the stationary curve, and if negative, 
decreased. It follows, therefore, that the stationary curve 


y=F gives a maximum or a minimum value to 1 Vdx 

Tti _ ^ 

according as I (A^F)cZa: is negative or positiv’e. We therefore 

J Xn 


have to examine the second order terms 


r‘(A-F)(^a;. 

•Ixo 


1572. In the following examination of the second order 
terms, we shall follow the method given by Mr. E. P. 
Culverwell in Vol. XXIII. of the Proc. of the Lond. Math. 
Soc., 1892. It is only possible to give here a very abridged 
account of the results arrived at in Mr. Culverwell’s researches, 
and his paper should be read carefully by the advanced 
student. Various modifications of his notation and procedure 
are necessarily adopted here to bring the discussion into line 
with previous work, but the main course of his work is 
adhered to. 


1573. Such a variation of a path y=x between two specific 
terminals P and Q, as has been described in Art. 1570, having 
contact of the (7^— 1)*^*' order with y = -^ nt the terminals, so 
that 0=0'=0"=...=0(«-J)=O at P, and at Q, is said to be a 
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“ fixed limit ” variation, and is a legitimate variation, provided 
the conditions for the existence and continuity of the several 
differential coefficients and the validity of Taylor’s Theorem 
are not violated. 


1574. “ Short Range ” Variation. 

Let APCQB be any path y—x, a-nd let PG'Q be a “fixed 
limit” variation of the portion PCQ. Let the abscissae of 
P and Q be and respectively and let ^ be ,the 

abscissa of an intermediate point G on the arc PGQ. Then 

^ ^0 

where w <fc p > 0, for by the condition of Art. 1573, 

If then the greatest numerical 
value of in the range to ^ 

be called p, which is by supposition 
finite, we have :}> {i—io)p> 

and therefore and if 

we take a very short range from P 
to Q, ^ 1—^0 niade as small 

as we please. Hence the numerical value of each of the 
quantities 6, Q', 6", ... 0^”^, may in such short range be 

regarded as indefinitely small in comparison with the next 
in order. Therefore 6, 6', 9", ... are all negligible in 

comparison with the last variation for a “short fixed 
limit ” varia-tion. 



Now 

. . ?iW 

variation reduces to 

Hence for this short variation, 


V, and for such a 




-dW 


and 0^") occurs with an even power, so that if retains 

one sign within these short limits from P to Q, s\ydx is 
positive or negative according as ^ ^ dx is positive or 
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negative throughout that range when e is taken sufficiently 
small. 

Now, considering the finite range from x=Xq to x=Xi, the 
integral I 'FcZo: could not have a maximum for this range unless 

J Xq 

^217 

—r-r^„dx remained negative throughout the whole range from 

r. ZW - ^ . 

x=Xq to a;=a;i, nor a minimum unless g remained posi- 
tive throughout the same range. For suppose that there he a 
small portion of the range from x^ to x^, say from to in 

which rrro has ceased to be negative and become positive. 

3(2/(’0)2 

We could then take a “ short i*ange fixed limit ” variation from 
P where .^=^ 0 - ^ where without an}’- variation at all 

for other parts of the stationary curve from x^ to x^. Then 
for this short range variation, 




3(2/(«))2^®+3] 


! ffi 

li dx, 


and for the rest of the range from x^ to x^ there is no variation ; 

therefore 5 'Vdx for the whole range is positive for such a 
Jxo 

variation, and the condition for a maximum'is that it shall 


be negative. Hence, unless 


dW 

3(2/(«)y 


; dx retains a negative sign 


I 


for the whole range from oIq to x■^, a maximum value of 
Vdx cannot occur. Similarly a minimum could not occur if 

ro 
o2T/ 

- , dx, starting with a positive value, became negative for 

part of the range. 

Hence, supposing that in the whole range from A{x=x^ to 
B{x = Xj), X increasing throughout, there is no point at which 

I {AW)dx vanishes, small short range variations such as that 
Ja-o 

just described from the point P to the point Q upon it can 

ZW 

be supposed to be made, and if in each of these retains 

the same sign, j Vdx will have a maximum or a minimum 

•J Xo 
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value according as that sign is negative or positive, remaining 
so throughout tlie whole range of integration. 


1575. It will be noted that in the above statement we have 
327 

written i^icluding the dx as a factor, because if in 

the case when in travelling from A io B we pass a point C 
at which the tangent to the path is parallel to the y-a.x\s, and 
X increases up to a certain amount, viz. the abscissa of G, and 
then decreases on approaching B, dx itself in such cases changes 

'dW 

sign. 


Hence also in such cases 


must for a maximum 


3(^(n))2 

or minimum also change sign at G in order to preserve an 

'dW 

invariable sign in throughout the path. 

We have now to consider the stipulation that there shall he 
no point between A and B, say with abscissa X, at which 




A'^F dx vanishes. 




1576. Conjugate Points on a Stationary Curve. 

Let A, Q be two points on a stationary path AGQB. 

Then, if Q be the first point along the arc for which it is 
possible to draw a contiguous fixed limit variation AG'Q, which 
is itself also stationary, the points A, Q are said to be ‘ conjugate ’ 
to each other. 

If both paths be stationai’y, we must have dx=t) to the 

first order along each, and therefore each must be a solution 
of the same diflferential equation 7=0. Therefore, if the 
curve AGQ have the equation y=F{x, Cj^, c^, ... C2„), the varia- 
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tioii AC'Q must liave an equation of the same form, and the 
corresponding ordinate may be written 

yA'^y F{x, Cj-f'fJCj, ••• ^^2n)> 


SO that 




o-og 


3c! 


Differentiating this (w— 1) times with regard to n, 




3c^ 


'^y' s 

■3c, 


^2n 


etc., 




3^ 

3c2n ^''2n- 


Now &y, Sy ', ... Sy^’'~^^ are to vanish at A{Xq, y^) and also at 
Q(x, y). Hence we obtain by elimination of (5cj^, Sc ^, ... ^Cg,, 
between the 2n equations arising, a determinant with 27i 
rows and columns, viz. 





3ci’ 

3 C 2 ’ 

3c2„ 

3_,y(n-n 

3y(>l-l) 

3_y(..-l) 

3ci 

36-2 

3c2„ 


(M)^ 

VS<^2n/o 



/3y’-'i\ 

V Bci 

/o’ 1 30-2 A’- 

\ 3c2n Jo 


in which the first n rows, without suffix, denote the values at Q, {x, y), 
and the second 7i rows, with suffix o, denote the values at A, (.ro,yo)' 

'this equation determines x in terms of x^. That is, it gives 
the various points Q on the first stationary curve ACQB, 
starting from A, to which it is possible to draw a contiguous 
fixed limit curve AC'Q, which is also stationary. And the 
first of the points Q which satisfies this condition is the point 
conjugate to A. 


1577. Now let a point P (abscissa Z) travel along the 
curve AB from A{Xq, y^) towards B{x^, y^), the curve being a 

stationary one for Jf^x. Then we have seen that for this 

curve to give a maximum value to the integral, it is a primary 
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necessary condition that 


-dW 




. /Zo? G]‘\r\nlri 




values of x from A to B. 

We shall show that as P travels along AB, the point con- 
jugate to A is also the first position of P for which 

f A^Fdx=0. 

j Xo 


Take a position of P very near A and connect AB by a 
“sliort range fixed limit” variation AQPDB having coritact 



of the (n— 1)'"'' order with the stationary curve at A and at P, 
and coinciding with it from P to B. Then, for this variation 


Cx 2 pV 3 PA' 

<5 ■ AM^c7x+|-, Rdx, 


02 F 


and over the short range Xq to X, A^Fis replaceable by 
which is of necessity negative, and therefore within this short 


range F dx is decreased by the variation whatever be the 

J Xo ^ 02 F 

sign of e when sufficiently small. Therefore negative 

is a sufficient condition that the stationary path should yield 


a maximnm 


value to J Vdx for this short range. 


Now let P travel onwards towards B. Then, A^ V being b}’’ 
supposition a finite and continuous function of x, it cannot 
change sign except by passing through a zero value. Suppose 
that A2F, which started from A as a negative quantity, retains 
that sign until P arrives at a point C on the stationary curve 
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AB, and that at C, A^F=0, and beyond G that becomes 

positive. Then ^A^Vdx from .4 to (7 is a negative quantity. 

Suppose now that P travels beyond (7 to a point D such that 

j'A^F=0 when the integration is from A to D, the positive 

values of the integrand which accrue beyond 0 having can- 
celled the aggregate of the negative values occurring before 
arrival at C. Take a “ fixed limit ” variation connecting 
A and D, viz. ARDB, having (ti— 1^'' order contact with the 
stationary curve ACDB at A and at D, and coinciding with 
it from D to B. Let X be now the abscissa of D. Then 
Cxi rx 2 fA' 3 fA 3 rx 

5 Vdx=s\ Vdx—^\ A^F<Za;-j-^ Rdx—r.- \ Rdx, 

and therefore vanishes to the second order of infinitesimals. 
Hence to that order 


j Vdx for the fixed limit variation ARDB 

=1* Vdx for the stationary path APDB. 

It will follow that ARDB is itself also a stationary path 
from A to D. 

For if any short portion of it, say LRM, were not of 
stationary character, we could connect RM by a stationary 
short-range fixed limit path LR'M, and therefore 


and 


j Vdx (for LR'M)>^Vdx (for LRM ) ; 

.'. I Vdx (for ALR'MDB) > j Vdx (for ALRMDB), 
> jFc/a; (for APDB), 


and this would necessitate 


J 


A^ V dx becoming positive between 


A and D, which is contrary to the hypothesis that D is the 
first point for which- the integral ceases to be negative. 
Therefore the variation ALRMD must itself be a stationary 
curve between A and D, and D is itself the point conjugate 
to A. 



CONJUGATE POINTS. 


685 


of I>, 1 V dx has a maximum value along APD for all values 

Jxq 

of X which are less than X. 

r® 

In the same way 1 V dx has a minimum value for all values 
Jxo 

of X which are C^X ii A^F be positive at starting from A. 

1.578. If, however, the conjugate point of A occurs before B 

is reached, 1 F dx, though stationary, will have neither a maxi- 

mum nor a minimum, as we shall now show. 

Take a short-range fixed limit variation FGH connecting 
two points, F on ALRMD, H on DB having (n— 1)*^'' order 
contact with these curves at the terminals F and H. Suppose 






Since A^F dx is negative so long as x <Z, viz. the abscissa 



this variation to have been selected a stationary curve. Then, 

dW . . .... 

since by hypothesis negative, this variation gives a 

maximum value for J F cZx for that range, and therefore 
^Vdx (for FGH) >| F dx (for FDH). 

Hence dx (for ARFGHB) >^Y dx (for ARFDB), 
and therefore dx (for APDB). 
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Hence F dx along APDB would not have a maximum 

J ^OT7 


value ; and it could not have a minimum value, for 


dW 


dx 


is negative. 

Therefore, if the conjugate point to A lies between A and B 
the stationary path AB gives neither a maximum vahie nor a 

minimum value for Jf da; for that range. 

We therefore have the following; test : 

T/ie stationary jjath AB having been determined, it will yield 

. . r B^F 

a maximum or a minimum value for J F dx, according as (. 0 ^ 2 ^^ 

is negative or 'positive from A to B, prorfded there be no point 
conjugate to A lying between A and B. But in case of such point 
being existent between A and B the stationary curve from A to B 
yields neither a maximum nor a minimum. 

02 F 

In the case when vanishes at a point between A 

and B, but does not change sign, we could take a short-range 
fixed limit variation, including the point in question, vanishing 

to the second order, and the sign of ^ F dx for this variation 

depends on third-order terms, and unless these also vanish for 

fXj 

the value of x at the point, the sign of 5 Vdx could be made 

Jj-o 

to change by changing the sign of e. Hence there would be 
neither a maximum nor a minimum for such a variation. But 


for other variations 
before. 


r 


Vdx has a maximum or a minimum as 


1579. Illustrative Examples. 

(i) Take the case of the integral J {y")-d.v of Art. 1502 ( 3 ). To find the 
point conjugate to the point Xg, yg on the stationary curve. 

The stationary curve isy = Co + c,.r + J-,C2.r- + ^^C3.r^. 

Here Sj/ = Sc(, + .r Sc, + 2-j.r-5c2 + g-|.r-'*8c3, 6y'=Sf] -t-.rSco+^i.r^Scs, and 

these are to vanish at {.Vg, jg) and at (.r, y). Hence the point conjugate 
to {.Vg, yg) is given by 
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1 , 

lr3 

.V, 

1 

2!'^ 

^x- 
2! ® ’ 

1 3 

31^0 

*^’o » 

2! “ 


1 , x, 
0 . 1 , 

I > ^0 5 

0. 1, 


Hence, in this case, there is no point on tlie stationary curve which is 
conjugate to any other. , 

02 J/ 

We also have V =y'"^ and .g— 77^ = 2, which, being positive, the stationary 


= 0, that is jV(.r-.2;o)'* = 0, 
and x=Xf^ is the only 
solution. 


curve gives a true minimum value to Ji/"^dx for any selected portion 
of the curve. 

(ii) In Ex. 1 of Art. 1502 , viz. the shortest distance between two 'points. 


T7_ /l-r-72 A-O' ^ ^ 

F— Vl+y , ,, -./o— 


.y 


1 


-3— /> -^—<9—0—/ — r - i, and is essentially 

3/ d?/'2 D/^/l+y'2 

positive. And there is obviously no point conjugate to any other on the 
locus y = Co + Ci.n, which is the solution of AF= 0 . The solution arrived 
at is therefore a true minimum solution, as is obvious of course from the 
nature of the case. 


1580. The Case of two or more Dependent Variables. 
Resuming the discussion in Art. 1508 for the case 


V ^7 ^ J ^ > 


y(n)| 

z'-) j ’ 


and taking as the fundamental variations of y and z, 

we have, upon putting ^x= 0 , 

r^ = Sy = e^d, r]=e-id', etc., 

^= 6 z--^e 2 f), ^"= 620 " etc., 


and taking 




(5 J F dx — ] 4- !*( F + Ze^(p) dx + ^ J (e^ + eg Fdx + ^ 

and the general forms of y and z are determinable from the 
differential equations F=0 and Z=0, and the constants 
involved obtainable from [^f ]=0 as before explained. And 



688 


CHAPTER XXXIV, 


the same theorems hold as in the case of one independent 
variable. But the second-order variation will in its highest 
differential coefficients become 


in which the integrand is of the form 


rei 2 (d(")) 2 + 2 se^ 62 d'”V->‘"'’+ ; 


and, as in D. C., Art. 497, the condition for an invariable sign 
is that rt—s^ shall be positive, and the sign in question will 
be that of r or of t, for since rt—s^ is to be positive, r and t must 
have the same sign. 


Thus it will be essential that 


02F 


dW f d^V Y 
S(2'"'>)2 1 3 (?/<”>) 0z<'"’i 


shall be positive, and for a maximum we must have 
negative, and for a minimum, positive. 


d^V 


1581. The case ri=s^ in general necessitates an examination 
of the terms of (ejA, -j-egA^l^F, which contain lower order 
differentials. This case is discussed by Mr. Culverwell in the 
paper cited above, to which the reader is referred. 

The method employed in the last article is clearly applicable 
if there be more dependent variables than two. Following 
the same method as before, the second-order variation takes a 
form similar to that discussed in Art. 502, DiJ-'. Calc., with an 
exactly similar result. 


1582. Relative Maxima and Idinima. 

It has been explained that when we are to search for the 
maximum or minimum value of v=^y dx, with condition 
w=^W dx= a, given constant, say a, we are to treat J( ^ ^ 
as an unconditional maximum or minimum, and we get 

6('y-l-Xw;)=(5j'(F -f A]F)dx=J(5F -f-X ^TF) dx 

= ej'(AF -f-X AIF) (/»-!- |^|(A^F-f-XA^IF) 
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■i* 

and with the same precautions as before with regard to choice 
of legitimate variations which will not violate conditions of 
continuity in the several differential coefficients, and which 
will ensure the validity of Taylor’s expansion, the terms of 
first order having been made to vanish as a primary condition 

for a maximum or minimum, we have j*(AF+X LW)dx --Q>, an 

equation already arrived at in Art. 1504 ; and then 

j(A2F+XAW) 

and the terms of the highest order in the integrand A^F H-XA^IF 
are all we require in the discrimination between maxima and 

'dW 'd^W 

;, and for a maxi- 


minima. 'i’hese terms are 


■X; 


0(yn))2 • 

mum this expression must be negative throughout the whole 
range of integration, and for a minimum, positive. In case of 
the existence of a point conjugate to (Xq. 2/o)> such as D of Art. 
1577 on the stationary path, with abscissa X, lying between 
the limits of integration, the variations chosen must be 




such as to make ^ W dx zero. For (see Fig. 455) beyond the 


point D the variation ^ W dx has been taken as zero. 

Jx 


Therefore X must be such that 1 W dx along the stationary 




fixed limit variation ALRD has the same value as 1 Wdx 


f' 


along the original stationary curve APCDB, for which in 
general the value of X is different. 

The equation to find the position of the conjugate point is 
therefore modified by the introduction of X. 

The equation of the stationary path is now of the form 
y=-^[x,'K, Cy, c^, ... Cgn). If, upon substitution of this value of 
y and its several difterential coefficients we get 


w= I 

• J*o 


Wdx^-F(x^, Xp X, Cp c.^, ... C2„)=a, 


upon variation of the constants we get the additional equation 


'dF , ?)F 


dF 


'dF 




dCgn 0, 


and the equations arising from the vanishing of Sy, Sy', 
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d^j ", ... at (cCq, 2/o) and at its conjugate, which are now 

altered by the presence of A to 

true at 

(»o. Vo) 
and its 
conjugate 

(®. y)- 

These 2w+l equations give, upon- the elimination of 
5A, ^Cj , ... 




to determine the position of a point [x, y) on the stationary 
path conjugate to (Xg, y^. 

If such a point occurs between the limits x—x^ and x=Xj 
on the stationary path, this path will give neither a maximum 
nor a minimum. 

1583, When V contains more than one dependent variable, 
and these dependent variables are connected by an equation 
L=Q), viz. the case discussed in Art. 1513, we proceed as there 
explained with the first-order variation to obtain the stationary 
solution. In passing to the second-order variation, we have 

^ j*A^( F-!-AA) c?x, where A=eiA^+e 2^2 (-A^rt. 1580), 

where ejd and are the fundamental variations of y and 
0 , and those of y*"’ and We shall suppose 




■A +^Sc, +-+^So,. =0, 

^ OC.2 ^ OCzn 


gy.-., ' 
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tliat the orders of the highest differentials occurring in V and 
I are the same. Then taking as before a short-range varia- 
tion, the variations 6, 6', 6 ", ... may be all neglected in 

comparison with and <j>, <j>', in comparison 

with The only terms of A^(F-t-XL) which need be 

retained are therefore 


where 0*"’ are not independent but connected by the equation 




(n)' 


SO that 


'dy 

( 32 ( K+XL) ( 3LV o 3^(k-hX/:) 3L ^ 

1 3 ( 2 /'"’)^ 32 <"> 3 ^"’ 

k-{-XZ/) / BL 

“■ W"’ 


dx 


must retain the same sign throughout tlie integration if a 
maximum or a minimum is to occur ; and tliat sign must be 
negative for a maximum, positive for a minimum. 

For details of the case in which the orders of the highest 
degree differentials in V and L are not the same, the reader is 
referred to Mr. Culverwmll’s paper [p. 252, L. Math. Soc. Proc., 


Vol. XXIII.]. 


1584. Bibliography. 

Readers wishing to pursue the subject of the Calculus of Variations 
further are referred to Todhunter’s History of the Progress of the Calculus 
of Variations during the nineteenth century and Researches in the Cahulua 
of Variations, and to the treatises on the subject by Jellett and Strauch. 
Professor Williamson, in Chapter XV. of his Integral Calculus, gives an 
account of the “Sign of Substitution” used by Sarrus in his Essay, 
Recherches sur le Calcul des Variations, and makes much use of the same. 
In his Chapter XVII. the student will find much useful information 
with regard to the bounding variations in the case of a double integral 
and a discussion of some cases which arise in the treatment of the partial 
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he referred to in R.S. Trans., 1887, and in Proc. of the Lond. Math. Soc., 
1891-2. Other writers are Moigno and Lindelof referred to by Dr. 
Williamson (I.C., p. 465), Lagrange (Th. des Fonct.), Lacroix (Calc. Int., 
pp. 655-724), Jacobi, Legendre (Mhn. de VAcad. des Sc., 1783), De Moi gan 
(D. and I. Calc., pp. 446-474), Poisson (3Iem. de I’InsLitut, T. XII.), Abbott 
(Calc, of Var.), Airy (Math. Tracts), Woodhouse (Isoperimetrical Problems). 



692 


CHAPTER XXXIV. 


PROBLEMS. 

1. Find the stationary value oi^Vdx, taken between definitely 

fixed limits, where + + and discuss its nature. 

[Lacroix, O.L, II., p. 72].] 

2. Mark out the range of limits on the parabola {x-{-af = icy 

between which the integral j* y ^ maximum, the range 

between which it is a minimum, and the range between which 
it is neither. [Math. Trip., 1890.] 

3. The integral y, p, q)dxdy is found to he stationary 

when taken over the surface z = d‘(x, y) ; show, by confining the 
actual variation of 2 to a small area on this surface, that the variation 
of the integral cannot always have the same sign within limits 
specified by a given curve through which the surface must pass, 

unless + + akvays retains the same sign 

within these limits, and deduce a criterion for discriminating maxima 
and minima. Show further that, for a true maximum or minimum, 
it must not he possible to draw a consecutive surface of stationary 
character which meets the original one in a closed curve within the 
given limits. Are these conditions sufficient as well as necessary 1 

[Math. Trip., 1890.] 



CHAPTER XXXV. Section I. 

FORMULAE OF LAGRANGE AND FOURIER. 

1585 . When a material particle is affected simultaneously 
by two harmonic oscillations, ajsin(nji-|-ai), ^2®^^ 
of the same period 2,r/w„ but their amplitudes a, and and 
their phases and ag being different, they compound into a 
single simple harmonic oscillation ..4 sin (Wji+a) of the same 
period but with amplitude and phase respectively 

v/ai2+ 2aia2 cos (a^ — a2)+a2^ and tan-i Qi+agSin 

COS Qj + Ug COS Qj ’ 

and any number of such simple harmonic motions may be 
compounded in the same way, provided they all have the same 
periodicity. 

Graphically the resultant motion may be represented by 
constructing the graphs of the several vibrations on the same 
plan and forming a new graph by the addition of their 
ordinates. And this always results in an ordinary “ curve 
of sines.” 

I086. But if the periodicity of the two or more funda- 
mental vibrations be different, as in 

sin (n^t+ oj), ctg sin Og), 

the above analytical process of composition breaks down but 
the graphical method still holds, the resulting graph, however, 
no longer being the simple curve of sines. 

Taking for instance as a simple case the graph of 

^ 1 . „ 1 . 1 

^y=sina:-^sin 3:r+psin5a;-^sin 7x+... , 

■where the periodicities of the constituent vibrations of y are respectively 
27r/l, 27r/3, 27r/5, etc., and their amplitudes 4/7rP, 4 / 7 r 32 , 4 / 7 r 52 , etc., we 
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have, from the first three terms only, a figure sliown for the extent .)•=(! 
to .r = 7r/2 in Fig. 456. And even for tliree terras of the series it will bp 



seen that the resultant graph is rapidly approximating to a broken 
system of portions of straight lines parallel to y = x and y= -x alter- 
nately, the breaks in the continuity occurring at x = Trj2, Sir 12, bivj2, etc.; 



Fig. 457. 


and the more terms we take the closer is the approximation to this 
discontinuous system of lines (Fig. 457). 

1587. The Building up of a Function for a Definite Eange by 
Means of Harmonic Elements. 

Let us examine then whether it be possible to build up a function of x 
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viz. f(.r), discontinuous as regards its differential coefficients at a,’ = 7 r/ 2 , 
3 rr/2, 57r/2, ... and equal to 

/tt ^ ^ 37r\ /^TT 57 r\ 

-2n- + .r, etc. 

Let us assume tentatively that it is expressible as a uniformly con- 

^=oo 

vergeiit series of the form /(.■c) = ao-f S (a^cosp.r-(-6psinpr), and let us 

J)=l 

attend to the portion ( -Tr<.v<w). 

Then (i) integrating from -tt to tt, 

(io.27r = J /{.v)d.v = J ( — TT — .)-)dr+ f .vd.v+j^ (tt — .v) d.v = 0. 

(ii) Multiply by costtx, and integrate from — tt to tt, 

OyJ cos~p.vd.v = j { - TT — .v) cos 2 U' d.v + J .v cos p.r d.v + J (tv — .v)co3px dx 

L p pi J-, L‘ p pi J_j 

+ r(;,_^)!i!^_£2i^T = 0; 

L p F -J 5 

.•. ap7r=0 and ap = 0. 

(iii) Multiply by sinjox, and integi'iote from -tt to tt, 

I. / ,;„o 7 „ r , , .COS MX siiiMxl ' f COS MX siiinx*!^ 

L P -If 

.7 4 . pvr . 

.. 6p7r=-5Sin^, 

whence p 2 

P, . 4 . pa- . 4 / . 1 . 1 . 1 . \ 

Ji-vj = 2, ^j^sin -^sinpx = -^sin x-psin 3x-f psin 5x- psin ix + ... j. 

If we write x-f 27i7r for x, each term of the series remains unaltered, 
and the result is therefore a periodic function with periodicity 27r, which 
is in conformity with the graph in Figs. 456 and 457. 

The series is manifestly convergent for all values of x. Hence we have 
expressed a discontinuous function of x which takes the value ( — l)"(x — na-) 

from ( 2 / 1 -1)|^ to ( 27 i-f 1)|^, 71 being integral, as a series of sines of odd 
multiples of x. 

1588. Functions consisting essentially of a set of simple 
harmonic terms are of constant occurrence in problems of 
Mechanical and Physical Science, e.g. in the vibration of a piano 
wire, the propagation of a signal along an electric cable, in 
problems on the flux of heat, or in the motion of a slide valve 
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whose mode of travel is actuated by a system of linkages, or 
by a cam driven by a uniformly revolving shaft. Primarily 
the natui’e of the problem in such ca.ses as the latter is that 
of the resolution of a compound motion known to be periodic, 
or of the function which expresses it, into its simple harmonic 
constituents. 

A graphical method of procedure is sometimes adopted in 
the anal^’^sis of such a given complex periodic vibration into 
its simple harmonic elements useful for the practical engineer. 
fSuch methods )nay be found described in treatises on advanced 
practical mathematics. The resolution may also be performed 
b}'- mechanical means.* 

7) = 00 

15!S9. A series of the form 2 {(tp cos px-{-hp sin px) 

CO 7* “ 1 

may be written as aQ-\-y^c,,sin {px-\- op), where Cp-=Up~-\-bp" 

1 

and tan (tp=aplhp, in which we have half as many simple 
harmonics as before, but the phases are dirlerent, 

That a single-valued tinite and continuous function is under 
certain circumstances, and for a certain range of the variable 
expressible by means of such a .scries is usually known as 
Fourier’s Theorem. 

]f)90. Extension of the Rules of Art. 1121. 

Taking ji, q and n as integer.^. 


I'Sflrr + a 1 

I cos px cos q.v (f.v = ^ {cos(2) + q)x + cos(p-q)x}dx 

• ^ ^ Jo. 

_ 1 r sin {j} + q)x sin {p - 7)ar“]-'i» + “ 

“2L p + q p-q 


. , Ip sin( 7 )+< 7 )x sin (73 

I sin pxsin = t 1 — 

Jo. ^ ^ 2L P+q p-q Ja 

j'2nn + a I rCnn + a 

COS- 2)xdx = 0 / ( 1 +COS 2 / 3 x)(/x 

I'Sflir+a ] p 7 llirH-a 

sin-pxdx =^l {} ~cos2px)(Ix 




rSflTT-f-a 


cos 


sqxdx=i, I 

Ja. 




{sin (73 +(7)x + sin (73 - q)x}dx 


ip coa( 73 -j-g)x cos (73 — (7)x“|-«'r+a 
■ O 


V + <1 


p-q 


—•a 


= 0, P4^q, 
= 0 , pf-q, 
= VTr, 

= 71 -, 

= 0, pi-q, 


j~nn + a 1 f2riw+a 1 p -|2iiir+a 

sin73xcos73xrfx = ij I sin 273 X(fx = ^ - cos 273 xJ =0. 


*Seo Castle’s Manual (pages 44S-4G-1) ; Modern Intth'iimenl-^, Messrs. Bell. 
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1591. We shall assume for the present that we are dealing 

with a function of x, f{x), which is single-valued, real, finite 

and continuous and integrable for a range of real values of x 

from x—a to x^a+^ir', or that if f{x) be unbounded as to 

the values of which it is capable in that range, that its 

integral for that range is absolutely convergent. Moreover, 

we shall assume that fix) is such that it is possible to find a 

00 

series of the form q (Ap cos px -j-JBp sin px) which 'is 

1 

uniformly convergent, converging to the value /(x) for each 
value of X within the given range, and that for such series 
term by term integration is a possible operation. Then the 
values of the several coefficients may be found as in the 
particular case of Art. 1587. For we have 


r2tr-|-<i jr2ir-f-a 

(i) f{x)dx—AQ I dx—^TrA ^ ; 

V (L v a. 

j'2jr-j-a |*27r-|'a 

(ii) f{x)Q,OB'pxdx=Ap\ cos^pxdx—7rAp; 

*/ a, V a, 

r2ir+a r2ir+a 

(iii) 1 f(x)sinpxdx=Bp\ sin^pxdx= 7 r-Bp. 

J a CL 


Before substituting the values of the several coefficients, 
write ^ for x in the several integrands. 

Then 

1 r2Tr-f-a 1 p = co f r2-w-\-a 

/(2:)=^J^ cosp^/(^)cZ^ 

r 2 n+a 'j 

-l-sin_pxj sin;p^/(^)d^| 

I f2Tr+a 1 p = m p2ir+a 

/(^) cosp 

In the cases a=0 and a= — tt, we have respectively 

I f2ir 1 P = «> f27r 

Jo .?jo (2’" > * > “)■ 

and 

S j f(i) cosp ii-x)d$, (tt >a;> - tt). 
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If we write ^ waiting 

f^^'^^Fir,), then f(^^F{y), and we have 

i?^( 2 /)=i jV(»;)d>j + F(v)cos^{7]-y)dv, {21 >y> 0 ), 

and 

= + {l>y>-^)- 

1692. This celebrated theorem was given by Fourier in 1822, 
in his Theorie Analyiique de la Chaleur. A particular case 
had been given previously by Lagrange (Anciens Mem. de 
VAcad. de Turin). See Thomson and Tait, Nat. Phil., p. 58. 

We lack space for a full discussion of the many difficulties 
which beset this theorem as to the propriety of integration 
“ term by term,” as to uniform convergence of the series, etc , 
but must refer the reader to other treatises expressly dealing 
with it, e.g. Professor Carslaw’s Introduction to the Theory of 
Fourier’s Series and Integrals. We only seek here to present 
to the student a practical working knowledge of the methods 
to be adopted. 


1593. The Cosine Series. 

If f{x) can be expanded as a convergent series of cosines 
alone, for values of x between 0 and tt, as 

CO 

J^(a;)=:^o+Aj^cosx+A 2 cos 2 a; +.43Cos3a; + ... =.40 + 2 ^ 2 ) cosa:. 


we have 


(tt > a; > 0), 


/(x)cos25a^dx=.4p| cos^pxdx^^irAp, and j^/(a;)d!x— ardo- 

Then 


/(a:)= - f f{i)di +- 2 cospa; [ f{$) cosp^ d^, (tt > a; > 0). 
ttJo tt 1 •'0 


1594. The Sine Series. 

Similarly, if /’a;) can be expanded as a convergent series of 
sines alone, for values of x between 0 and tt, as 

CO 

fix ) = sin a; + i^2 sin 2a; + .P3 sin 3 a; + 2 

(7r>a;>0), 
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Thus f{x)=~^smpx^f{^)sinp^di, {ir>x>0), 


theorem due to Lagrange. 


15.95. As before, writing 
Iiave in the one case, 


x='^^y, f(^y^=F{yl 


we 


2 “S&s/ j' J(,) eoaSf’dy, (i > a/ > 0) ; 

and in tlie other case, 

^iy) = j'Z sin^^drj, {l>y> 0). 


1596. It will be noted that in the determination of these 
several Fourier coeJfficients as above, viz. 

these coefficients are respectively the inea'in values of 
2/(»)cos^a;, 2f{x)smpx, and f{x) 
taken through the period 0 to tt. 

1597. A Bemarkable Limiting Form. 

As a preliminary to the further consideration of the results 
obtained for the expansion of f{x) as a Series of Simple 
Harmonic terms, let us examine the limit when a-^1 of the 

integral {^-x)+a^ ^ « 

not exceeding 2x, and /(^) being any finite function of ^ for 
which /(^) when existent is finite for all values of ^ within 
that I’ange. We see at once 

(i) that regarded as a function of ai, / is a periodic function 
with periodicity 2x, for if x be increased or decreased by any 
multiple of 2x, I will be unchanged, and therefore will have 
gone through the whole cycle of values of which it is capable 
as X increases through 2x ; 

(ii) that when a approaches unity as a limit the integrand 
vanishes unless the denominator vanishes at the same time, 
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i.e. unless ^—x, x±27r, x±4<7r, ... x±2mr, where n is an 
integer ; 

(iii) that in consequence of the last fact, the only cases 
when the integrand can have a sensible value being in the 
vicinity of one of the above values of x, we may confine our 
integration to such limits as will just include such vicinity ; 

(iv) that when or x^^mr, the denominator becomes 

(1— a)^, and therefore the integrand tends to an infinite value ; 
but its integral is not necessarily infinite ; 

(v) that if ^ increases through any small interval to 

then /(^) becomes where 0 is a 

positive proper fraction, provided /'(^) be existent and remains 
finite throughout the interval ^ to and therefore that in 

that case when h is an infinitesimal, /(f) only changes by an 
infinitesimal amount in the interval. 

(vi) Since a — /3 > 2ir, f in its march from to a can only 
pass through one of the values x,x±2'!r, x-±^'ir, ... , and it may 
not pass through any. But if a— /3=27r, it must either pass 
through one of these values or start from one and terminate at the 
next in order of magnitude. 

Suppose first that « — ^<27r, and consider one cycle of the 
values of I, x lying intermediate between /3 and /3 + 27r. 

First let 

ra ( rx-fi fa- 

Then ( r + + 

J/3 Jx-'I + 

are any two selected very small positive quantities. It has 
been seen that when a is ultimately =1, the first and third of 
these integrals vanish through containing the factor (1 — a) ia 
the numerator. Hence 

rx+fj 1 /f2 

i_2acos {i-x) + a^ 

and putting and remembering that /'(^), being finite 

by supposition, the change in /(f) is insensibly small between 
these close limits, we have 

1= f {x) Lta^ 1 j _ 1 _ 2a cos 0 + 

= 2/(x) Lta^i l^tan-^ tan ’ 


I ( ) where eo 
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= 2/(a;) 

= 2f{x) Lta^i |tan-i 


, since <p is very small, 

T^+tan-i-^|. 

1— a 1 — aj 


In proceeding to the limit, however small and eg may have 
been taken, 1 — a becomes, in its unlimited decrease to zero, a 
positive infinitesimal of higher order than either Fj or eg. 

Hence I converges to the limiting value 

2/(«)(|+|), or 2-jvf{x). 

Secondly, supposing x to lie beyond the limit a but <^ + 2-77, 
i.e. |8<a<ic</3+27r, then evidently Z = 0, for the denominator 
of the integrand never vanishes as ^ ranges from ^ to a. 
Thirdly, supposing x to lie at the upper limit, i.e. x—a, 

then J ( ) d^= (r d-J ^ ( ) d^, in Avhich the first integral 

vanishes as before and the second becomes 


=2f(x) ' f = 5 

In the same way if cc iie at the lower limit, i.e. x=^, we 
have similarly 

Fourthly, supposing a— /3=27r and ^C^xCia, we have, as 
before, Z=27r/(a;). But if x=^ or x=ii, the integrand becomes 
infinite at both ends of the range, and in either case we have 


/ = 2/(a) I + 2m J /(a) +/(/3) }. 


Finally, supposing that at any point x=c between a and 
/(^) becomes discontinuous, suddenly changing its value from 
/i(c) to / 2 (c) as ^ passes through the value c ; then 


/ rc+<z ro- \ 

l=Lta-^A +1 +1 )( 

'J ^ Je-ti J c+fj' 


e+t2 


f { )d^, as in the first case. 


J C-ei 


=i,^i2|/,(c)tan->jd?^+/i(c) tan-' 

= 2 {/iW • J+A(<') • f )=’'{/,(»)+/,(<')}• 
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This completes the investigation of one cycle of the changes in 
the value of 7 as aj increases from x=^ to cc=/3 + 27r. 

1698. Extension of Range of Integration. 

For a greater range of values of x the values found in the 
above cycle are merely repeated. For instance, in the next 
cycle, viz. to a:=/3+47r, putting x=27r+x', we have 

merely to replace f(x) in the above results by/(a;'), i.e. f[x—2-7r), 
and to make no other change. If x lies between x—-^-l-2nTr 
and cc=/ 3 + 2 (n+l) 7 r, we replace /(rr) by /(.r— 2w7r). 

We exhibit in Figs. 458 to 401 graphs of 

1 — 2a. cos (£—x)-i-a^ 

for the four cases a— (3<i27r, a — /3=27r, with no discontinuitj’’ 
and with a discontinuity. 

It will be noted that in the case of discontinuity in the 
ordinate of the grapli of the limiting value of this integi’al, 
the value at the change is represented by lialf the sum of the 
two immediately contiguous adjacent ordinates on either side 



Fig. 458. 
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Fig. 461. 


of the discontinuity. The graphs consist then of an infinite 
series of equal arcs or lines, together with an infinite series of 
isolated points. 


1599. Geometrical Examination of the above Results. 

^ 

Consider the nature of the curve t]= 


1 — 2a cos (^— a:) + 
referred to axes 0^, Otj, or, what is the same thing, 


1— a 


sec^ 


\-\-a (\ — ^ 2 ^" 

lTT7j ' 


-X 


where x is kept constant and. a positive and not greater than 
unity. 

The curve is obviously of periodic character, for ij is 
unaltered if we write ^± 2 u 7 r in place of n being an integer. 
The maximum and minimum ordinates occur ^vhen 


sin (^— »)=(), 

i.e. at the points ^=x, Tr+aj, 27r-\-x, Stt+cc, etc.; the first. 
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third, fifth, etc., giving the maxima, and the second, fourth, 
sixth, etc., the minima. 


These maxima and minima values are alternately 

1-a . . 

and and the range from one stationary point to the next 


is TT. Fig. 462 represents a cycle of the values of the 
ordinate. The remainder of the curve consists of repetition.s 
of the portion between any two successive maxima. 



As a increases to the vicinity of 1 the maxima increase 
ver}^ rapidly and tend to infinity, and the' minima become 
indefinitely small. 

The area bounded by anj’^ complete half-cycle, the x-axis 
and the terminal ordinates, extending from a maximum 
ordinate to the next minimum, is 


rx+v 


tan 


\1 — a, 




X+v 


= 2 tan 


\1 — a 




for any of the values of the parameter a. 

Thus, in Fig. 462, the area ANMBQA — 2Tr. 

Let PR be an ordinate with abscissa x-fe. The area of the 
ra:+t /I -ha e\ 

portion ANRP is 1 tj d^—2 tan“^ i- tan ^ ), and evident]3\ 

however small e may have been taken, when 1 — a, which is 
decreasing indefinitely, has become an infinitesimal of higher 
order than e, this converges to the value tt. Hence it appears 
that the descent of the curve on each side of a maximum 
ordinate is very rapid when a is nearly unity, and that between 
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two successive maxima the curve in that case flattens out into 
ultimate coincidence with the intercepted portion of the ^-axis, 
so that a point travelling along the curve travels along the 
^-axis up to immediate contiguity with a maximum ordinate, 
then 'travels to infinity along that ordinate, descends on the 
opposite side and then resumes its march along the ^-axis. 

Hence in integrating from any value to another limit 

f=a, in which the range from to a is < 27 r, the result will 
. be zero unless a maximum ordinate lies between the limits, 
and the result will he 27r if a maximum ordinate does lie 
between the limits. 

Also if ft— / 3 = 27 r, one maximum must lie between the limits, 
and the result will then be 27r, as is also the case when one 
maximum lies at ^=/3 and the next at the integral in 

that case becoming sensible at each limit. 

It becomes clear, then, that if two ordinates be drawn on 
opposite sides of a maximum ordinate and contiguous to it, 
the area bounded by these ordinates, the curve and the 
intercepted portion of the a;-axis tends to the limit 27 r when a 
is made sufficiently near unity, however closely the ordinates 
are made to approach the maximum ordinate. 

1600. Further, the presence of any finite factor /(^) in the 

integrand for which the integral takes the form 

will only affect the value of the integral when the value of 
r] is sensible, even if at any point ^=x between the limits /(^) 
be discontinuous and suddenly changes its value from/j(ic) to 
fi{x) at such point, provided that both ffix) and/ 2 (a;) be finite. 

So that I is zero when the range from /? to a does not 

include one of the maximum tj-valnes. In case a maximum 
of 7] does occur between the limits, say, between £=a;— and 
i=x-]-€ 2 , where and eg are very small, let A and B be 
respectively the greatest and least of the values of /(^) in 
this range. Then 

|V di > > |‘,B di, 

[ fif(i) d^ lies between 2TrA and 
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Now, if /(^) be single valued, finite and continuous, as 
passes from ^=x—€-^ to ^=:x-\-€ 2 , wliei'e ej and e„ are made 
infinitesimally small, the change in/(^) in passing from ^ to 
intermediate between these limits has been shown to ho 
infinitesimal, provided /'(£) he finite. That is, A and B are 
ultimately equal when 6j and to are taken sufficiently small. 

Therefore | f]f{^)d£=^27rf{x). 

But if whilst the range ^ to a includes one of the maxi- 
mum >;-values there he at the same point a discontinuity, /(^) 
changing from f^{x) to f^ix) as ^ passes through ^=x, we have 

r‘%/(#)df+ f .iM) 

JP Jp JX-Ci Jx Jx+C3 

= 0 + tt/i (x) -f tt/s (a;) + 0 = 7r{/i (x) (x)}. 

[See Donkin, Acoustics, pages 60-66.] 

1601. Consideration of Fourier’s Series from the Point of View 
of a Summation. Poisson’s Method of Investigation, mainly of 
Historical Interest. 

We may now turn to the consideration of the formulae of 
Art. 1591, from the point of view of a summation of the series, 
supposed to be uniformly convergent, 

r/«)'«#+22 (1) 

Jp P=iJb 

and endeavour to discover what such series represents in the 
various cases: (i) /3 <C ® <C a ; (ii) x=l3ovx=a; (iii) a; outside 
these limits; (iv) when/(^) presents discontinuities. 

Starting with the identity 

1 -f 2a cos 6 -\- 2a^ cos 20 -f 2a3 cos -f . . . = _ 

1 — 2a cos 6-\-a- 

in which the left-hand member preserves its uniform con- 
vergency for any range of values of 9 so long as | a | < 1, 
put 9^^~x, multiply by f(^) and integrate from ^=|8 to ^=a, 
where a — /3 :k 27r. 

We then get 

[ f(^) cosp (i—x)d^ 

JP p-i Jfi 

( 2 ) 
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If we then make a approach indefinitely near to unity, the 
left side tends indefinitely closely to the value of the series (1). 

The right-hand member of the equality (2) under the same 
circumstances tends to a limit which has been discussed in 
the previous articles. 

If we assume the uniform convergency of series (1) and 
that what is true within any infinitesimal distance of the 
limit, of hoioever high an order of smallness that distance 
may be, is true in the limit, we have 

cos? ^-x)di 


or 

or 

or 

or 


=f{x) \i a> x> ^ 

=|/(a) if x=a or J/(/3) if x=^\a-^<2Tr, 
= 0 if 2'7r-l-/3> a; > a J 


=/(a^) 

=i{/(a)+/(i8)} 


if 

if 


a>x> /3 
X~a or x=^ 



= 2-77. 


The assumption made in Poisson’s investigation in the 
words italicised will be avoided in the method of investigation 
adopted by Dirichlet and discussed later. 

In either case, if there be a discontinuity at x=c, where the 
value of f{x) changes abruptly from /^(c) to fi{c), both being 
finite, the value is i^{/i(c)-}-/ 2 (c)} for such value of x. 

If X lie outside the limits /3 and a, say between ^~\-2n7r 
and ^-t-2(?i-{-l)7r, f(x) in the above results is to be replaced 
t>y/(a:-2?i7r). 


1602, Important Cases. 

The most important cases are (i) /8=0, a=27r; (ii) /3= — w, 
a=7r ; (iii) /3=0, a=7r, and in these we have respectively 

(i) ^ 

=f{^) if 2-77 >■ cc >■ 0 ; 

or ~2{/(fi)+/(2'7r)} if x=0 or 277 or2?^77; 

or =f{x—2n'jr) if 2{n-\-l)'ir'^ x'^ 2mr. 

(“) S j_ fit) cos V it- ^t 

=fix) if 77 > a: > — 77 ; 

or ~h{fi — ‘77)-j-/{7r)} if x= — tt or tt or [2n-\-'i)'n- 

or =f{x~2n7r) if (27i-j-l)x > a: >• (2u— 1) 77 . 
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1 

2x _ 

f/(#)<*f+i2|/(f) 

cos 

V{i—x)di 


=f{^) 

if 

TT ^ a; ^ 0 ; 

or 

= 0 

if 

27r ^ ® ^ TT ; 

or 

=^/(0) 

if 

a)=0 or 277 tt; 

or 

=i/W 

if 

a)=7r or (277+l)7r; 

or 

^f{x—2mr) 

if 

(2n+l)7r > a;> 2777r; 

or 

= 0 

if 

2777r >• a; >■ (271— 1) tt. 


1603. The same results may be exhibited in another form 
with limits in terms of I instead of tt by changing the variables 

so that ^=7^- Then 

d^=jd,j and f{^)=f(^,j'^ = F{r)),s{iy. 

Then the result 

^ /(^) cos^ {i-^)di=f{x) 

a.1 al 

becomes ir(,) + ^ cosiy 

And the particular results (i), (ii), (iii) become, if we finally 
replace >j b}'’ y by a; and F hy f to preserve conformity in 
the notation, 

=A^) if 2l>x>0] 

=M/(0)+/(20} if a;=0, 21 or 2nl] 

or =f{x-2nl) if 2{n+l)l> x>2nL 

(ii) 

=/(a:) if l>x> — l] 

=H/( — 0+/(0} if — i or i or (271, + !)^ ; 
or. =f{x-2nl) if (27i + l)i > x >(27i-l)?. 

(iii) £/(«•«#+ \ |:|'/(a cos 2^ 

=f{x) if i>a;>0; 
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or =0 if 2^>a;>^; 

or =^/(0) if a:=0 or 2nl-, 

or =\f{l) if x = l or (27i + l)i; 

or =f{x—2nl) if (271+1)^ > a; > 2?i^ ; 

or =0 if 2nl'^ x'^ {2n—l)l. 

If, in Art. 1601, we had written ^-{-x for 6 instead of ^—x, 
equation (iii) above would have been replaced by 

=0 if i>x>0; 

or =hf{0) if a;=0; 

or =1/(0 if ^=^- 

Hence adding, 

= y{x) if 1>X>0-, 

or =1/(0) if a;=0; 

or =W) if a*=i; 

i.e. the formula holds inclusive of the values at the limits, viz. 

|-£/(^ ) cos ^ £/( i ) cos ^(If=f{x) 
from x—0iox=l inclusive. 

If we change the sign of x the left side is unaltered. The 
right side must then be written /(—a:). From x=l to x—2l, 

f 

putting x=2l—x', cos^^=cos^ (2i— a:')=cos^^ , and the 

result is/(x') or f{2l—x); and so on. So that the results are 
-Uo 0 1 0 to n i to 2J I 21 to 31 \ 31 to U \ U to 51 \ 

/(-®) ) ’ m i’mi-x) /’ f{x-2i) f’ f{u-x) yf(x-u) i ’ 

and so on, as illustrated in Fig. 463. 

1604. If we subtract the same integrals, we get 
y2sio^jy(^)sin2^f^^=/(a;) if Z>®>0; 

or =0 if a;=0 or 1. 

Hence in this case the values for a3=0 and x=l are excluded. 
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Moreover, a change in the sign of x changes the sign of the 
left side. Hence if x lie between — I and 0, we have 

1 2 ^ ) sin ^ di = -/( - a;). 

The graph of the several changes is exhibited in Fig. 464. 

1605. Graphical Representation of the Previous Results. 

Let <5^=1 j + / (^) cos for any value of x. 

Then if Z^.r^O, S—f(a^. 

(a) Consider 2Z^.r^Z. 

Put x = 2l — x'\ tlieii cos = cos • 

Tlien S=f(.v')=f{2l-x). 
ifi) Consider .3Z^.r5>2Z. 

Put .c = 2l + x" ; tlien cos = cos ^1^-. 

Then <?=/(.-/') =/(.r-2Z). 

(y) Consider 4Z^.r^3Z. 

Put x = 4l-x''' ■, then l^x"'^0, cos — = cos . 

Then S=f{x"')=f{4l-x). And so on. 

Also since a cliange of sign in x does not affect the value of S, the 
?/-axis is an axis of S3'ininetry of its grapli. 



-5/ -4/ -3/ -2/ -I O / 2l 3/ 4/ 5/ X 

Fig. 4G.3. 


The graph of i/ = S therefore consists of a succession of repetitions of the 
alternate arcs of y=/( -x) from -Z to 0, and of ?/=/(.r) from 0 to Z, coin- 
ciding with the graph of y=f{x) only from 0 to Z and with its image with 
respect to the y-axis from - Z to 0. 

1606. Let (5' = j2sin^^J sin^^^oZ^ for all vahies of x. 

Then if a.’ = 0, S' = 0; if l>x>0, S’=f(x) ; if x = l, S' = 0. 
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(a) Consider 2l>.v>l. 

T , , 7 / ^ • Pttx ■ Vttx' 

Put .v=2l-x then l>x >0, sm ^-= -sm— ^ — . 

Then 8'= -f{x')= -f(2l-x) ; and if a: = 2Z or I, 8' = 0. 

(/3) Con.sider ^l>x>2l. 

Put x = 2l + x'' ; then l>x">0, siri^^=sin . 

Then S' =fix")=f[x-2l ) ; and if x=3l or 2Z, S'=0. 

(y) Consider il>x>3l. 

Put x=4l-x"' ; then l>x"'>0, sin^^= -sin ^^^ • 

Then S'= -f(x"')= -f(4l-x ) ; and if x=4Z or 3Z, S' = 0. And so on 
Also S' changes sign with x. Tlierefore the ?/-axis is no longer an axis 
of symmetry, but the origin is a centre of symmetry for the graph of S'. 



Fig. 4C4. 


The graph of 3 / = (S' therefore consists of a succession of repetitions of 
the alternate arcs of y= from — Z to 0 and of y—S[x) from 0 to Z, 

coinciding with the -graph of y=f{x) only from 0 to Z, together with a 
series of isolated points on the .a?-axis equably distributed at distances =Z, 
starting with the origin. 

The effect of a disconiimdty in J{x) existing between 0 and Z would be 
similar to that shown in Fig. 461 at G in the segment from fi to a, %yith 
a corresponding change in eacli of the other segments in Fig. 464. 

1607. Let f($)<^^+jj‘^f($)co3^($-x)d$ for all values 

of X. 

Then if -Z, 8" = l{f(l)+f[-l}} ; if -l<v<l, S"=f{.r) ; if x = l, 

(a) Consider 3l>x>l. 

“DTr 7)'7r 

Put .r = 2 Z+a;' ; then -l<x'<l, cos'^(£-^) = cos-y- 

Then S"=f{x')=f{x-2l ) ; and if x=l or 3Z, S" = i{f(l)+f{-l)}. 
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(fS) Consider 5l>M>2l. 

Put .v=4l+.'v"-, then -l<.v"<l, cos^ = 

Then S"=f{x")=f{x-4l) ; and if x=‘3l or 5J, 8"=^{f{l)+f{-l)). 
And so on. 



Hence the graph of y=S" consists of a series of repetitions of thi 
portion of the graph of y=f(x) which lies between x= -I and .r=?, 
together with a series of isolated points whose abscissae are - 31, — I, I, 
31, etc., and ordinates +/(-!)} ; the graph of y = S" coinciding with 
that of y=f{x) itself only between ~l and 1. 

1603. Case of a Discontinuity. 

If a discontinuity in j{x) occurs between x= - I and x=l, say at x=c, 
where l>c> ~l, the function changing abruptly from /i(.r) to f^ix), say, 
both finite, the graph becomes that of Fig, 466, where the thick line shows 



the variation of tlie expression S" for different values of x and the dots, 
the values at —I, c, I, 2l+c, 31, etc. The graph of y = S" only coincides 
with that of y=fi{x) from — 1 to c, and with that of y=f 2 {x) from c to 1. 

1609. Another Form of the Result, 

Writing for ^ in the formula 

f + / M)<^os'^{^-x)d^=f{:);) between -1 and 1, 

o.. 

we have 

^f(-0<^$+j^J_^f(-0cos^(^+x)d^=f(x) between -1 and 1, 

or =H/(0‘l'/( ~0} il. 
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Hence 

1 ^ . pwx f‘ /(A -/( - A . Ptt^ jf. 

+ jEsin-^^J ■ - ^ -- — ^sin-^^ 

=/(j.’) if l>x>-l and =K/(0+/(“0} if x= ±l 

And the three integrals occurring between limits -I and I are each 
double of the integrals from 0 to 1. 

=f{x) if l>x> -I and =^{f(l)+f{-l)} if ^'= ±^- 

IGIO. It has been seen that a Fourier-Series 

CO 

Aq+'^Ap sin(^3a;+aj,) 

1 

is under certain very general conditions a proper analytical 
expression for an arbitrary function f{x) between specific 
values of the variable x. The function has been assumed 
single valued, real, continuous and either lying between 
certain finite limits, and integrable for the range, or if not so 
bounded its integral for that range is assumed absolutely 
convergent. The possibility of expansion has been assumed 
in the method of undetermined coefficients, and the possibility 
of integration of the series term by term when multiplied by 
f{x) throughout has also been assumed. With these assump- 
tions it appears that when such a solution can be found and 
the convergence of the re.sulting series is uniform, the solution 
is unique. 

1611. Applications. 

(1) Apply Art. 1595 to expand .v in a series of sines of multiples of x 
{■n-> x> 0). 

The formula is /(.r)=^ 2 f {l>x>0). But if 

I I C Jo V 

.r=0 or l,f{x) on the left side must be replaced by 0. 

Take 1 = tt. Then 




cos 


pH 
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- = 2( - 1)^+^ = ism2.^•+5sin 3.r — jsin 4x+ (A) 

for A^alues of ,v beiiveen 0 and. tt. And the left side must be replaced by 0 
if .r = 0 or tt. The expansion holds therefore from .r = 0 (inclusive) to 
.r = 7r (exclusive). 

A change in sign of x affects both sides. Hence if the theorem holds 
for any particular positive value of .r, it holds also for the corresponding 
negative value of .r. It therefore holds for all values of x from — ir to 
+ Tr both exclusive. 

If TT < a- < 27r, let x= 2t?-x\ ie. tt> x' > 0. 

/I / 1 . / 1 • / \ x' X-2-X 

Then the series = -I ysin.r - 2 Sin 2 .r +-sm3.r - ...1= ^ — . 

If 2Tr < X < Stt, let .r= 27r + .r''', i.e. tt > x" > 0. 

2 1 I ^ 27r 

Then the series =- sin .r^-^sin 2.f"’ + gSin 3.r" - ... = -^ = — ^ 

1 cc ^ 

If Stt < X < 47r, let .r=47r-.r'". Then the series = ~ 2^"' ~‘~~2 — ’ 

so on, and the graph of y = jsin.r — ^sin2.r+^sin 3.r — ... will consist of 

lines through 0, 27r, 47r, etc., parallel to 2_y = .r, with points on the .r-axis 
at TT, 371, fiTT, etc. 



Fig. 467. 

1G12. (2) Expand e'"' in a scries of sines of multiples of x, 0<.r<7r, and 
examine the series obtained. 

Taking e"-'=S-SnSin^a:, we have 

1 ' Jo ^ 

. 21- j-e-) ; 

^ TT L a- + p~ Jo Tva-+p- 

9 f 1 4-/1'”^ 1 1 I 

■ ::,i Sin.r + 2- ., - „ sin2.r+3 „ - . sin 3.r+ ... f (tt > .r > 0). 

TT a--i-2- a--t-3- ) 

But the series =0 at .r = 0 or x = ir. 

If 27 r > .r > TT, let x = 2ir-x', i.e. tt > x' > 0. Then the series becomes 

If 37 r > .r > 27r, let .r = 27r-f.r", i.e. it > x" > 0. Then the series 
becomes = and so on. Also at .r=0, tt, 27r, etc., the series 


IS zero. 
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Hence we have for the graph of 



( 1 + 6 ^^ 1 — 1 + 6 "^ 
larfp >i" 2 51^ »in 2»+ 3 + etc. 


a figure consisting of a series of arcs equal to that of the curve y = 
between 0 and tt, alternately above and below the a'-axis, the origin being 
a centre of symmetry, together with the points .^ = 0, iw, i 27 r, etc., on 
the .r-axis, any of which is a centre of symmetry for tlie whole graph 
(Fig. 4G8). 



1G13. (3) To find a function of x, viz. f {.%•), which shall he periodic with 
period 21, and shall he 

I . , ^ I .r2 I , A I . I , 

= -/;wa -Ito =-j from -- to +- ; =~from - to 1. 

Let f{x) = A^ + '^ApCOs'^^ , the cosine series being selected because 

negative values and positive values of x are to give the same result. 

-L L 

Then 21Aq= 1^'^ + j ^ ~dx-\- and 

I 4 ( I I 4 

whence Ap = -^ (cos'^-— sin^Y giving 
^ p’nA 2 pir 2 /’ ® ” 

/(a:) = ^ + — 2/1 “scos^^r iSin-^l 

6 TT- 1 \p^ 2 rvp^ 2 / 


^ cos da; ; 


y 


cos 


pirx 



^p‘ 2 7rp-> 2 / I 

and the graph is composed of equal arcs of 
a parabola and straight lines of length ^ 

which form prolongations of their latera recta, one cycle being exhibited 
in Fig. 469. 


Fig. 469. 


1614. Further Remarks. 

O' 

Any series containing only cosines of multiples of .r, as /io + 2 eospx, 
being unaffected by a change of sign of x, must have a graph for which 
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the y-axis is an axis of symmetry. Any series containing only sines of 

CO 

multiples of x, as 2 sin pa;, changes sign with x, and the origin is 

therefore a centre of symmetry of the graph. Therefore if it be required 
to construct a series which shall represent a discontinuous system of lines 
or arcs of curves for which neither kind of symmetry exists, it will he 
necessary to assume the most general form of Fourier Series, viz. 

CO CO 

Ao + '2Aj,co3px+'ZBpS{npx 
1 1 

as the representative form. 


1615. (4) Devise a series whose graph shall agree with 

y = cfrom 0 to a, from b to h + a,from. 26 to 26 + «, etc. \ and so on, 
and y= o' from a to h,from h + a to 1b, from Ib + a to 36, etc.,) (a< 6). 

Here there is no symmetry with regard to the origin or the y-axis. 
The period is 6. 

Assume /(.r) = do + SApCOs^^^+SZlpSin 

so that the series is unaltered when .v is increased by 6, 26, 36, etc. 
We have 

ra n n . 


A (.6= f ccl.v+ f c'clx = ca ■hc'(b ~ a) ; 

Jo Ja 

, 6 IpiTX , , Iprzx j 

Aj,- = j ccns-^ — n.f+ j c cos ~ ; 




. c-c' . Ipwa 

A„= sm-*-5 — ) 

^ wp b 

n -iz£.'vers?2E?. 
Ttp ® ® 6 ’ 


J., , , ,,a , c-c'^1 . 2p7ra Ipwx 

y =/(x) = (c - c )y + c H 2 - sin -Bj— cos -A-j— 


TT I p 0 0 

c — c' ^ 1 2p;ra . Ipwx 
H 2- vers — sin . 

TT ' 1 p 6 6 



c' 






/« 


• 

• 

• • 

• • 

• 

L 

t 1 1 . > 1 

o’ 


a 

i 


36 

.V 


Fig. 470. 


It will be seen that at the values .r=a or .r=6 the series becomes 
C 

virtue of the result 

|Sin0 + isin20 + isin30+... = ^^^^ (0 < 0 < 27r). 

The graph is represented in Fig. 470. 
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PROBLEMS. 

1. Show that from a; = 0 to a: = 7r exclusive 

TT 2 . _ 4 . 6 . „ 

- cos a; = — 5 sin 2a: + sin 4a: + sin 6a: + . . . 

4 1.0 3.5 5.7 

2n . ^ 

+ 77 i Twcs sin 2n.i: + . . . , 

(2n-l)(2n + l) ’ 

and examine what is the sum of the series for other values of x. 
Show by a graph the nature of the series for all values of x. 


« cti 1 - x ^ • 1 cos 2a: cos 4a: cos 6 . 1 : 

2 . Show that = 


0<x<Tr. 


Show by a graph the nature of the series for all values of x. Show 
also that this result may be derived from that of question 1 or vice 
versa. 

TT 1. 1 

3. Establish the result ^ = sin a: + g sin 3a: + ^ sin 5a: + . . . from 0 to 
TT exclusive. 


Draw a complete graph of y — 

4. Prove that (0 <a: < tt) 


,.7r„^ 1 ft cos a: ft cos 2a; 

“ “^"ft^TF” ft2 + 22 ft2 + 22 


/I ft cos a: ft cos 2a: 


sin X 2 sin 2a; 3 sin 3a; 

ft2+D^ a2 + 22 ^ a2 + 32 ^ 

5. Prove that (- TT < X < tt) 
sin X 




sin X 
ft2 + D 


2 sin 2x 3 sin 3x 
+ ■ 


ft2 + 22 


ft2 + 32 


7r sinh ax 
0) 0 


2 sin 2x 3 sin 3.x 
+ - 


2 sinhftTT ft2 + 12 a2 + 22 <12 + 32 


,... V cosh ftx 

(”) O 


1 ft cos X ft cos 2x ft cos 3x 


2 sinhftTT 2ft ft2+l2 < 1 ^ + 22 <12 + 32 


+ ... , 


i-d 


..... TT coshftfTT-x) 1 cosx cos 2x cos3x ,» • _ , 

<"'> Ta- smha. WTW + 'M* - 

6. Prove that, provided a be not an integer, and ( - tt < x < tt). 


TT sin ax sin x 2 sin 2x 3 sin 3x 4 sin 4x 


2 sin ftTT 12 — a2 22 -«2 32 -ft2 42 -ft2 


-TT + ... 


1 


7. Draw a graph of y =-- ^ + 2 


,cosp: 


• ^ COS 

8. Exhibit graphically the nature of the curve y = ^ for 

all values of x. ' 
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9. Deduce other series from Examples 1, 2, 3, 4, 5 by differentia- 
tion and by integration. 

10. Find a function of .r in a series of sines of multiples of x which 
shall be equal to Cj from 0 to a,, from (ij to a^, Cg from to Oj, 
and trace the graph for all values of x. 

11. Find a function of x which shall be equal to Cj from 0 to ffj, 

Cg from a^ to a„, Cg from a, to from Og to ffg -fUj, c, from «g + ((i 

to rtg + Ug) ^3 «3 + «2 to 2rt.9, and so on. Trace the graph 

completely. 

, 1 1 . 7nrx „ ,, 

12. Iracc the complete graph of -=>- vers sin for all 

real values of .r. 


13. Show tliat if f(}r) = x, a, tt-x in the respective intervals 
0 to a, a to TT — a and tt — a to tt, then 

TT ^ _ .^sin (2 j 9 -1- l)a sin (2p + l)x 

4./(^) = ^ ( 2 ^ ^ 1)0 . 

and give a geometrical interpretation. 

14. Provo that 


x{7r‘ - .r") sin X sin 2.'c sin 3.1: 


12 




2^ 


• , V 

g ..., (-7r<.r<7r), 


® SHI 

and examine the graph of y=^(- 1)^'“* for all values of x. 

1 V 

15. Show that 

/(»■)- 5 j'/(0rft‘+ |;'2/«)cos^^(£-x)rfe (0<.r<0; 

but that if.r = 0, this cxpre.ssion =i/(0), and \{x = }, \fQ)- 


16. Show that 

7 iij =/(-'*^). (0 < a: < /) ; 

or = i/(0), (x = 0); or =§/(/), (x = l). 

(^) 7 E f {0<x<l)- 

or =i/'(0), (.'r = 0); or = - i/(/), (.t: = /). 

[Todhunter, I . C ., p.. .306.] 

17. Assuming that f{x) can bo expanded in a Fourier’s series of 
sines and cosines of multiples of x in the interval 7r>.r> - tt, obtain 
a series of sines only •which shall represent the function in the 
interval 7r>.^> 0. 
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If /(a:) = 0, 1, 0 in the respective intervals (112 -b>x>0), 
{ll2 + b>x>II2-b) and (l>x>ll2 + b), prove that throughout the 
interval (I> rc> 0) 


4- 

«=0 


4 _ 1 )„ ^2n +l)Trb (271+1) 77X 

^2j2n+l I 1 • 


What are the values of the series when x has the values 1/2 - b and 

1/2 + b'l 


18. Show that 
2 
/ 


2^^ (2j0-l)7r 

> cos 

J.=l 


21 


^ f/(^) 

Jo 


cos ^ =/(•'")> (0 < --K < /) ; ' 


or 


iSs'" 

^ p = l 


(2p-\)7r 

21 


X 



= 0, (.r = I). 


(0<x^l); 


or =0, (x = 0). 

Apply these theorems in the case f(x) = x. 

[Todhuntee, I . C ., p. 307.] 
Exhibit by means of graphs the values of the above series for 
values of x beyond the limits 0 and 1. 

Also examine in each case the effect of a discontinuity at a point 
c between 0 and I in the value of the function /(^). 


1 9. Show that a function defined as equal to I when - 21 <x< -1 ■ 
= - X when -l<x<c0 ; =x when 0<x<l ; -I when l<x<2li 
can be represented by 


4 ^2S(2]]jVtP‘'°®(2w+ 0 j- 

[I.C.S., 1899.] 

20. Prove that the graph of the function /(3:) = -[ 

ttJo t 

consists of parts of the lines 4y= — 1, y = 0, 2y=l, together with 
four isolated points. [Math. Trip. II., 1916.] 


21. If the function defined by y — x?' from 0 to ^tt and by y = 0 
from ^TT to TT be represented by a series of sines of multiples of x, 
show that the coefficient of sin nx is 


/ 4 7r\ 1 2.1 4 

5 - 75- cos s 7l7r + -5 Sin -^niT 5 . 

2nJ 2 2 irn^ 

To what value does the series converge at the point x^^ttI Sketch 
the graph of the function represented by the series for values of x 
not restricted to lie between 0 and ir •, and also indicate the graph of 
the cosine series which represents the same function in the interval 

[Math. Trip. II., 1916.] 
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DIRICHLET’S INVESTIGATION. 


1616. Fourier’s Formulae. Dirichlet’s Investigation. 

If (p (x) be a single-valued finite and continuous function of x 
which remains ‘positive and either constant or continually decreas- 
ing throughout the whole range of integration from x=0 to x=h, 
where 0 < A > 7r/2, theyi loill 

This result is due to Fourier. Separating the integration 
range 0 to h into intervals 

~ L 2-7r , i\7r, n-K Wtt , ^ 

0 to - to — , ... (w— 1) — to — , — to h, 

0) CO ID U) CO CO 

where ^ is the greatest multiple of - contained in h, we have 

- r-- (rj-2)T 

f" Sin cox , (fwfa. fca fa) 

Jo +J: +-+J™ +I(.-H>. + - 


nn 

+[r +r' |^^0(x)d.T. ...(1) 

-I (n-1)"- JfwJ sinx ^ ' 


Now as X increases from r-n-Jco to (r+1) tt/w, cox increases by 
TT. Hence sin cox in this interval is of opposite sign to the 
value of sin cox in the next interval. But sin x and (p{x) retain 
the same sign. Hence the several terms in the above series 
are alternately positive and negative. (r+i)7r 

Again comparing corresponding elements in 1 ( )dx 

(r+2)7r yJL 

I u) *77* 

and , ,,, ( )dx, write x-\ — for x in the second, which then 
J'liilir CO 


becomes 


(r+l))r 


sm cox 


|n: sin(x+-^/w) 


(P{x-\-7r/co) dx. 
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And since x has increased to oj+tt/o), but is still -< 7r/2, 
s\n(x-\- 7 rl(D) is > sin cc, whilst ^(aJ + Tr/o)) > the element in 
the second integral is numerically less than the corresponding 
element in the first. 

Hence the several terms of (1) are {a) of alternate sign, (6) of 
decreasing numerical magnitude. 

Putting u)X=z, 


LL 


• 4 ; 


(r+l)7 


xj Sin wx 


fCr+D’r gin 2 


Sin X 


(f)(x)dx — ^ 7- (h(zl(D)dz' 




f(r+l)7rgjjj 2 


dz. 


(See Art. 1902.) 


Hence the sum oE the first r terms of (1) becomes 

^ (0) r f' + + . . . + [" 1 dz 0 (0) r "^dz^U (0) 

LJo Jtt J(r-l)>r-l" Jq z a 

when r is infinite. 

And for the remaining terms from 

(r+l)ir ng 

f to sin wx , , , , , f <“ ■ sin 0)33 , 

— : d>(x)dx to 1, d>{x)dx, 

Jnr since since ^ ' 


the interval of each is infinitesimally small, and the integrands 
are finite. Each integral is therefore infinitesimally small, 
they are of alternate sign and each numerically less than the 
preceding one. Hence their sum is less than the first of the 
group, which is itself infinitesimally small. 

Again, as to the final integral |nT 7 ^g^n^ ^ ^ 

O) 

integrated over an infinitesimal interval with a finite integrand? 
and therefore also vanishes. 

Thus we have 

Jo since ^ 

where 0 < ^ :i> ^ under the special conditions stated as 
to 0(a;). 

The method adopted in this proof is due to Dirichlet. It is 
given by Bertrand, Calc. Int., p. 228. 
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1617. If (f){x) becomes negative but not numerically greater 
than a definite positive constant C, remaining finite and 
continuous as before, then since is positive and 

decreasing, we have 

t"^y>i^)+O]dx=^[<l>{0) + G]l 

J Q bill tl/ 

But the theorem is also true for a function which remains 
constant and equal to C. Hence subtracting, 


LL 


p sir 

■".lo 


sin (t)X 


sin X 


(p{x)(lx=--J(p{0). 


This has therefore been now proved wliether ^(a;) be positive 
or negative, provided it is cither constant or decreasing .so 
lonsr as it remains finite and continuous between the limits. 


1618. Furtlicr, if (/j(.t) be an increasing function, — (/>(a:) is a 
decreasing function to which tlie theorem is applicable, and 
therefore 


whence 


J Q Oj I 1 fcl. « 


wliether <l>{x) be continually either increasing or decreasing 
between tlie limits. 


1619. Since the formula established is independent of h. 
taking p and q any two quantities between 0 and 7r/2, 
■we have 


Li^ 




sin X 

Hence if F{x) be any function of x, continuous and 
coincident with (j>{x) for the portion of 0(.r) between g and p, 


^ sin wx -r,, . J „ 

Li^^A -^F{x)dx=0, 
Jg sin.r 


and here it is supposed that from q to p, F{x) is always 
increasing or always decreasing, for it is coincident with 
q){x) throughout that interval. 
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1620. Existence of a Finite Number of Maxima and Minima. 
Suppose that there are a finite number of maxima and 
minima on the graph of y=<t>{x) between x=-.0 and x=h, 
sny at x=x^, x.^, ... Xn- Then when 




Now <p{x) is 

continually increasing or continually decreasing from 0 to 
continually decreasing or continually increasing from to x^, 
continually increasing or continually decreasing from x„ to x^ , 

etc. 


The first term therefore contributes -^(p(0). Each of the 

others contributes nothing by Art. 1619. So that if the 
number of maxima and minima be finite, the Fourier formula 
still holds good. 

1621. Existence of a Finite Number of Discontinuities. 

Finally, suppose a discontinuity in ^{x) occurs at a point 
x=:Xj^ (<^). where the function changes abruptly from <pixj) 
to ^{Xi), remaining finite and retaining the property 

possessed by (p{x) as to continual increase or decrease through- 
out the remainder of the range of integration. Then 





Thus each discontinuity introduces a zero term, and 
provided the number of such discontinuities be finite between 
0 and h, their aggregate contributes nothing to the integral.. 


1622. Generalised Restatement of the Theorem. 

We may now restate the theorem thus : 

Let (f){x) be any function of x with any finite number of 
discontinuities and any finite number of maxima and minima 
between x=t) and x=li, where h is positive, not infinitesimally 
small, and not greater than Tr/2 ; then 
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1623. Geometrical View of the Result. 

Drawing the graph of y—aincox/sinx, the curve has a large 
maximum, viz. co, at x=0; and crossing the cc-axis at a:=7r/o), 
2x/ft), Stt/w, etc., there are successive minima and maxima, 
tlieir positions being given by tan£oa;=£otana:. 

Since sin wk lies between ±1 and goes through a cycle of its 
numerical changes in each of the above intervals, whilst sin a; 

is increasing throughout the whole range from x=0 to 

the excursions of the graph to one side or the other of the 
a;-axis diminish in extent, and these subsidiary maxima and 
minima are relatively unimportant. The multiplication of 
the function by ^{x) alters the magnitude and position of 
the maxima and minima ordinates, but leaves the general 
characteristic appearance of the graph unchanged (Fig. 471). 



The geometrical interpretation of the formula of Art. 1622 
is then as follows : 

SlTl • 

Let the graph of y=<p(x)—. be drawn starting from 

Sin *c 

x—O and extending as far as x=h, and also the graph of 
y=z(p{x) extending as far as £c= 7 r/ 2 . Let the areas enclosed 
by the successive portions of the former bounded by tlie 
K-axis, and, for the principal maximum, by the y-axis, and 
lying alternately above and below the cc-axis be A-^, Ag, Ag, A^, 
etc., and let B be the area of the rectangle of which two 
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ndjacent sides are tlie initial ordinate of the second graph, 

TT 

viz. (piO) and the length then when co is indefinitely 
increased tends to the limit B. 



1624. Extension of Range of Integration. 


If the range of integration he extended beyond 7r/2, and h lies 
between titt and ('7i + l)7r, we may break up the whole range 
into sub-ranges of extent 7r/2 as far as nir, and we have 


Josmx^' Uo Jn,rJ sina;^' 

o * ** ' o 


In the second, third, ... 27i‘^'* integrals replace x successively 
TT— y, ir+y, 27r— y, ... mr—y. 

If we take w to be an odd integer, these become 


sinco(7r— y) 
I sin(7r-y) 


(l>{ir-y){-dy), 


i sinco(7r-fy) 
0 sin(7r+y) 


(p{Tr+y)dy, 


‘’sin (o(27r — y) 
'L sin (27r — y) 


(l>(27r-y){—dy), etc., 
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, f’"" sm tuX j ^ 

whence 1 • 

j g sin X 

= TT [i 0 (0) + </) (tt) + ^ (27r) + . . . + ^ ('^^ - 1 tt) + M]. 

f'‘ sin (ox , , . j 

As regards the final term sinx 

(a) if h lies between mr and ')3x+7r/2, inclusive of tlie 

latter, put x=mr + y and h=n 7 r+h', where h' :!> -^ • The final 
integral then becomes in the limit 


P' sin ft) (uTT+y) 
Jo sin {n-TT+y) 




(nTT+y) dy 


=--LL 


sin wx 
, sin a: 


(p{mr+x)dx='^cj>(mr)-, 


{h) and if h lies between 'n7rH-7r/2 and (n+^ljw, the integral 
may be written "+L+-) 

putting x^oiTT+y in the first and (ai + l Jtt— y m the second, the 

first becomes ^<'/)(u 7 r). as has been seen, and the second becomes 
A 


'('‘+>)"-'‘ sin ft){(7i-bl)7r— ?/} 
3 sin {(it + ljTT— '!/} 


,^{(n.+l)7r-y}(-<^y) 


TT 



where h'={n + l) 7 r—h, which is positive and :b Therefore 
this limit vanishes by Art. 1619. Hence in either case the 

contribution of the final integral is ^^(aiTr). But if h=o}-77 
the contribution is zero. 
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Hence in the limit when co is indefinitely increased, 

Hsinwa: . . , _ f^sinwa;^ / . 

sinx 0(7r-a:) 


+2:) + 0(27r— x)4-...+^('n7r— x)}dx+f dx 

J }i77 fein X 

= ^[•'/'(O) + 20(7r) + 20(27r) -{-... + 2(^6 {( 7 ?,— l)7r} +20(/i7r)]. 


But if k=n7r tlie last term in the square bracket is to 'be 

(/)(ri7r). 

This therefore is the extended form of Fourier’s formula 
for a range 0 to h, where /i lies between n- and (?i + l) 7 r, and 
0 ) is an indefinitely large odd integer witli tlie same conditions 
for ^(.x) as before stated. 

If w became infinite as an even integer, the signs would be 
alternately + and — . 

If there be discontinuities in the value of (]>{x) in the range 
0 to h, and if the starting values of 0(x) as x begins each of 

its marches 0 to I" to ^ to ~ to etc., be 

respectively ffx), fo{x), f^ix), f{x), etc., the formula must 
be amended to 


2 { .A (0) +/2(7r) H/aC-Tr) {'lir) +M'2>7r) +/c(37r) d-/^ (.S tt) 

"b ••• +./ 2 M (a7r)d-y 2?t + l (aTr)}, 

when w becomes infinite as an odd integer and the number 
of discontinuities between 0 and h is supposed finite. 

1625. If a and b be two positive quantities, a'^ h and 

m7r<a< (77r + l)7r, 'Utt < 6 < (w + l)7r, then 

” lo "sinx ^ = T!- [2 0 (0) -f- 0 (tt) + 0 (27r) + . . . + 0 (mTr)] 

= 'n-E,n, say, 
and 

“ lo "sin.x dx = 7r[i(/> (0) + 0 + 0 + • • • + 0 

= 7rEn, say. 

Tlien LL^, ^:c)dx= ,r(£',„ - K). 
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If a—h :}> 27r, so tliat a:}> (')^^-l)7^+2x, i.e. :}> (7i-l-3)7r, the 
limit is '7r[0{(ii + l)7r} + tt} , > 0). 

If TT, then a -<] Stt, and the limit is 7r[0(7r) + 0(27r)]. 
Still supposing a and h both positive, and 

a'^h and m-n- <C a {vi-\-l)7r, n-rr <ih <i{n-{-l)7r, 

consider 1* </)(x)dx: write x=—y. Then the 

Jo sinx ^ ' 

integral becomes 

Jo olll // 

-[-•••+ 0( — = — ’JrE_n , say. 


Similarl}^ 
Thus we have 


‘sin wx 
sin X 


<j) (x) dx = — TT E_ 




Lt 

Li 


SI" 'T- t ! 


i: 


sin X 

sin lox 
sill X 


r/, (.r ) r/a; = f - f V' (^■) 

LJo Jo J ^ 


m > 1! 


In the case 0 < 6 < n < tt, 

0 (X) ,/,t = ^ [ J ,/, (()) - J ,/, (0)] = 0, 


Lt 

Li 


r ^ '/• (x) rfx = , [ - J ,/, (0) - J (0)] = - x</, (0), 




i.e. if the limits be of the same sign the result is zero; if th-’ 
limits be of opposite signs the result is 7r0(O) or — 7r^(0), 
according as the upper limit is positive or negative. 
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1626. Application to the Evaluation of Fourier’s Series. 

Taking the identity 

therein 6—^--x=2y, 2n+l=ft>; multiply by /(^) and in- 
tegrate with regard to £ from ^ to a, where «— ^> 2 ' 7 r. 
We have 

a—X 

7(^)f?^+2S|/(^)cos jj(^-a;)c7,^=2j^^^^^/(.'r+ 2y)dy ; 

“2~ 

and increasing n without limit, and 

a—X 

2 

For the right-hand side we have the following cases ; 

Case. Upper Limit. Lower Limit Rc.sult. 


a>x> /3 

+ 

— 

7r/(®) ' 

/3-f-27r>a:>-ai>/S 

— 

— 

0 


-27r + 

+ 

0 

o:=fi 

+ 

0 

f/(/3) 

x=a 

0 

— 

Ifw 

Dividing by tt, we 

therefore have, if a 

— /3 < 27r 


a — /3 <C Stt. 


^ Goa ])(^-x)d^=fix) a':>x> ^ 

=2/(«) 

=i-/(/3) if a;=/3 

=0 if a > /0 ]> a ]> a — 27r 
or 27r + |S > a; > a > jQ. j 

Again, if a— / 3 = 27 r, we have as before for the limit, irf{x), if 
a I> ® > /3. But if x—^ the limit becomes 

[/(2:+2 . 0)-f/(x-l-27r)] 


= l[m+f(.a)V, 
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and if x=a, the limit becomes 

f f{x^ 2y)dy=Lt^^^ [ f(x—2z)dz 

=1 [fix-2 . 0)+fix- 2,r)]=| [fianmi. 
and dividing by tt, we therefore have, if a— |8=27r, 

if a>a:>/3 

= |[/(a)+/(^)] if x=a or /3. 

And these results are the same as those obtained otherwise in 
Art. 1601. It will be noted that this method of procedure is 
free from the objection of assuming that what is true within 
an immeasurably small distance of the limit is true in the 
limit. (See Art. 1601.) 

For values of x which lie beyond /3+27r in the one direction 
or a— 27r in the other, we may proceed exactly as before in 
Articles 1601, 1602, etc. 


1627. Cauchy’s Identity. 

Taking the identity used in Art. 1626, and putting 
6 — 2^ and = 

we liave 


I" (l + 2cos2^ + 2cos4^ + ... + 2cos2n^)e-“'fV7^= I" - — 
r“ \/7r 

But J e— “’f’ cos 2r^ 0 ?^ = — e and by Art. 1625 the limit of the 


right-hand side, wlien n is indefinitely increased, =?( 1 -f )• 


Hence 


n/tt 

2^r 


l+22e 




1 +2Ze-’’’^’‘^’}', 
1 


and writing a = <z/7r=l/6, 


N'a ^ 1 -f- 2 = n/6 ( 1 + , 

a curious and remarkable result due to Cauchy. 

Series of the character here involved occur in the theory of Theta 
Functions, where 0(?t) may be defined by the equation 

0(w) = l —2q cos 2 ar-p 29 ^ cos4a: — 2g'®cos6a7-p... , 

K' 

— TTU 

where q — e ^ and ^= 2 ^’ ^ their usual significations as 

used in Elliptic Integrals. 
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sin 

162S. To prove ; — (f){x)dx=~ ^(0). 

J Q 0(j li 

Tliis limiting form follows at once by writing 

X 


<}y{xy- 


sina; 


\jr{x). 


For we then have, if 0 < 7i > ^ , 
sintoa: ^ ^ 

-^^(U — >■«) I 

Jo ^ 

=|V-(0)=2l^(0), 

under the same conditions as regards \f/-{x) as stated in Arts. 
161G to 1622. 

And further, when h has a larger range, be 3 ’ond ■^, as in 
Art. 1624, we have as the limit, 

I { V/ (0) + 2V. (,r) + 2 x/. (27r) + 2 Vr (Stt) + . . . } . 

But V^(7r)=‘^V'(^)=0. V>'(27r)-^^0(27r) = O, etc., 

TT Ztt 

.SO that whatever the range of integration provided h be 
positive and not an infinitesimal, we have 

P sin wx , . , w 
AA->:o <j>{x)dx=-^((>{0). 

J Q X / 

In the same way the result .still holds good if (/>(x) presents 
a finite number of finite discontinuities, none of which are 
infinitesimally near x=0. 

1G29. Graphical Illustration. 

Since f = H putting 

and writing </)(-•>;) = i/' ( 7 /), 

Z<u-^co f 1 /' (rj) dr) = 1 /^( 0 ) ; 

Jo rj ^ 

and the letter denoting the function V" being immaterial, we may replace 
it again by V, so that 


i: 


sin coX 
0 sinx 


\lr{x)dx 
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Also if a;=0 the limit vanishes and there is a discontinuity. Hence the 
gi-apliof 

is that shown in Fig. 473 consisting of two straight lines parallel to the 
:r-axis, with an isolated point at the origin. 


y=^<PC‘>) 


y = -'^<jy(o)- 


J' 




x' O 


y 



Fig. 473. 


1630. Let a, (i be any two positive quantities. 

Then 

Therefore ■' ^ — 0, (a>/3>0). 

Similarly Ltu-^v> ^ d^ = 0. 

Again Liu->m 

and 

Hence when the limits are of the same sign, the result =0. When of 

opposite sign, the result is db'jr^(O), the sign being that of the upper limit. 

(Compare Art. 1625.) 

/■“ . , rsin^u“l“ sinwf 

Again cos ^ ^ i 

.-. cos(^w)d«|cf^ = L<a)->» 

t.c. j'* j cos cfw= ±|</>(0), the sign being that of A 
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fa. fVi 

riu ther, <p{^) cos ^ud^du 

Jp Jo 

f ^($){ [ cos($u)dujd^=LL^^ ^ 

=0, if a, /i are of the same sign, 

= ±a-<^(0), according as a is positive or negative when /3 is of 
the opposite sign. 


1631. Graphical Illustration. 

Taking a>/3>0 and ^ — = 




=0 1 . = 5 ‘/>(^) 
r>a>/3 J 


or 


= 7r</>(.r) 

if a>.v>P 


or 


if a>x' = (3 


or 


= 0 1 

if a>[3>.v j 


Tlic values of this integral may be shown graphically by the heavj' 
linos and the two isolated points in Fig. 474, in which the dotted line 
is the graph of y='7r^(.r)- 



Obvious modifications will occur if a or [i or both of them bo negative 
or if a < 13. 


1632. Still supposing that a and ft are both positive and a.>f3, and 
putting ^+X’=ii, we have 


= 0 1 nr 


= Tr<p{-x) 


V or 2^' ' 2'''' h or n" ' 


if —P>x= - a 


TT 


h or . 


-0 


if -P>-a>x J 



734 


CHAPTER XXXV. 


And the graph of tliis integral is shown by the heavy lines and the 
two isolated points in Fig. 475, and is an image with regard to the y-axis 
of the graph of Fig. 474. 



1633. Various Deductions. 

n co 

cosn(^—x) 

0 


=LL 


and 


n: 




sin co(^—x) 




whose values 
liave been 
found above, 


cos w(£+2c) <p{i) d^du 

we have by addition and subtraction, if x be positive, 

n oo pa rco 

cos K ^ cos uxd^du=j J <p{^) sm sin uxd^d 

=-4^(«) 

if x^a > ^ 

<P(^) 


.u 


= 0 

if a: > u > /3 


or 


or 

if a > a:> (8 


TT 

or 4 

if a > X—/3 
and if x be negative, 

/•a 


or 


0 


if a > /3 > a: 


n oo ra rco 

0(^)cosw|^coswa:d^dM=— 1 sinu^ sinux d^dii 

=0 \ 
if X > — /3 > — a j 


lor 

if — y 8 > a; > — a 


or 4 

if a:= — 8> — a j 


or I 

if — 18 >■ x= — a J 


or 


if 


=0 1 
-l3> — a>x 
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1634. If /3=0 and a = oo and a; be >• 0, 

ptjo px) poo 

0(^)cosw^cost/a; 1 (h(^) sin sin vxd^du 

Jo Jo Jo Jo 

TT 

and if a; be <; 0, 

p» poo poo poo 

(p(i) cos cos 'i(xd^du= — \ 0(£)sint/^sin 
Jo Jo Jo Jo 

These results are all obvious on compounding the two 
graplis, Figs. 474 and 475. 

Wlien x=0 the second integral in each case vanislies. 

1635. Since the products cos cos i/a; and sin i/^ sin i/a; are 
both even functions of i/, they are not affected b}^ a change 
of sign of u. Hence the integration of either of them with 
respect to u from — co to oo yields double the result of tliat 
from 0 to 00 ; therefore if x be po.sitive, 

pa pw ra p» 

Jp J 9f)(^)cosi/^cosi/a;(i'^(^it=J j </>(^) sin i/^ sin i/a; /f£(^?i 

TT TV 

—0, n 0(/3), 7r0(a;), H-^(a) or 0 in the several cases, 
A A 

and if a; be negative, 

n v5 pa p» 

0(f)cosi/^cosi/x(?^fZi/ = — J J (p {^) sin V ^ sinuxd^ du 

= 0, ■h-0(/3), ■7r(p(—x), ^ ^ (a) or 0 in- the corresponding cases. 
A A 

1636. If ^—0 and a=», we have 

pM pco poo poo 

j J <p{^) COS COS vxd^du=j J (p{^) sin simix d^du 


= Tr<l>{x), {x 


pw poo poo poo 

1 (h{^) cos ui cos vxd^ du— — \ 1 (l){^)sinu^simixd^ di< 

Jo J -» Jo J 


= Tr(j>{-x), {x — 
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1637. Fourier’s Formula. 

Put — and write \fr for (p. Then, as x is or — 
ro r” ro r” 

J J ■'/^(~»/)cos?o;coswa;dI};dlM= J \fr{ — t])smnt]smitxd7jn 

= Tr\f/-(x) or Tr\lr{ — x), as x is +''® or —'’I 

Let — = and write ^ for tj. Then, as x is +'® or — ", 

ro r” ro r® 

1 1 (P(^) cos cos vx du=^\ 1 <p {^) sin sin uxd^dn 

J-coJ— CO J— ooj-eo 

= 7r(p( — x) or ■jr<p{x), as x is +'’® or — ...(.‘j 
Hence from equations 1, 2 and 3, whether x be or — ", 

r r 

(f>(^)cosn^ cositxd^du = '!r{(p{x)-\-(l){—x)} 

J — CO J - 30 
^20 

and d){^) sinu^ sim(xd^du = Tr{d>{x) — d){ — x)} 

J -M J -CO ^ 

By addition, 

^30 ^CO 

1 1 (l>{i)co3u(^—x)d^du—2Tr6{x), 

J - 00 J - CO 

which is Fourier’s Formula. 

1638. For 4-'® values of x it follows that the graph of 

pVD ^30 

2/=J <f>{i)cosu{^-x)d^du 

only differs from that of y = <p{x), in that all the ordinates 
of the latter are increased in the ratio 27r : 1. 

Similarly for — " values of x. 

1639. A Remarkable Application {Bertrand, Calc. Lit., p. 238). 

/•30 r30 ^ 

If in the formula I ) ^ C03 cos «.r tfw = - ^ (.r) or 

Jo Jo 2 2 

as X is +" or we put ^(^)=e““f, where a is +" ; and since 

Jo 

, /■“ COSUX , TT IT ^ 

we have I — e or 5 - e , according as x is +’ 

JO “T W ^Ct ZCL 


or - 


(Art. 1048). 
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PROBLEMS. 


\ . Find in a series a function of period 4a which shall be equal to 
(i -I y. from a; = - 2a to a; = 0, and equal to a-x from a; = 0 to a: = 2a. 

[Trin. Coll., 1881.] 

2. Expand x^ in a series of cosines of multiples of x between tt 
and - S-. What will the series so obtained represent for other values 
of x1 

3. Find a series of sines which shall be equal to Jcx from a: = 0 to 
■x = I!2, and equal to h (I- x) from x = lj2 to x = I, 

Find also a series of cosines to answer the same description. 

[Ox. 11. P., 1900.] 

4. Expand x(Tr-x) in a series of sines. [Ox. II. P., 1900.] 


5. Find a series of sines which shall represent nkx/l from x = 0 
to x = ljn-, k from x = Z/7i to x = (n-l)lj7i; and nk(l-x)(l from 
x = (n-l)lln to x = l. [Colleges, 1878.] 


6. Trace the locus of the equation 




~ 1)” . nira . mrx 
— ~ sin sin . 

2c 2c 


[St. John’s, 1884.] 

7. A function of x is equal to x^ for values of x between x = 0 and 
x=lj2, and vanishes when x is between Ij'l and Z; express the 
function by a series of sines, and also by a series of cosines of 
multiples of irxjl. Draw figures showing the functions represented 
by the two series respectively for all values of x not restricted to lie 
between 0 and 1. What are the suras of the series for the value 


a;=Z/21 


[7. 1899.] 


8. Show that 

log cosec X = log 2 + cos 2x + 4 cos 4x + ^ cos G.x + . . . + - cos 27ia; + . . . , 

(9<x<Tr), 

and deduce therefrom 



sin.xdx = ^log|^; 


TT 



cos 27KC log sin x dx = 


TT 

4n.‘ 


9. Prove that 



represents a series of circles of radius c with their centres on the 
K-axis at distances 2d apart, and also the portions of the axis exterior 
to the circles, one circle having its centre at the origin. [y, 1893.] 
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10. Find a series of cosines of multiples of irxjl whicli shall repre- 
sent a function which is equal to x^jia for values of x betAveen 0 and 
1/2, and is equal to (1 - xfj^a when x is between 1/2 and 1. 

What does the series represent for values of x not lying betAveen 
0 and 11 [Colleges, 1892.] 


11. Find a Fourier series to be equal to betAveen x= ±c, and 
trace the locus „ 9 , _f?_ ( - I)*"-! 


C TT -4^ 




6 


. 2,.2 


TT^I 


Sin 


ir-rx 


12. ShoAv by evaluation of the integral that 

2 f“ . fh . sin qb - sin qa\ 

- I sin gx ■{ - -f tan a -2 r a? 

ttJo 2 

is the ordinate of a broken line running parallel to the axis of x 
from a; = 0 to a: = a and from a; = 6 to a; = 00 , and inclined to the axis 
of X at an angle a, betAveen x = (i and x = h. [Math. Trip., 1883.] 

13. If f(x)~'ZAnsmmrx/l and /'(») = .So + ^ .Bn cos iwai/l for all 
values of x between 0 and 1, prove that, provided f{x) be continuous 
from a: = 0 to a; = 1, 

Write doAvn the corresponding formula if f{x) be discontinuous 
for the value a: = a< AA'hich lies betAveen 0 and 1. ^ [Colleges, 1896.] 


14. Prove that the locus represented by 


71=0) 


2 


( - 1)"-* 


sin nx sin ny = 0 


is tAvo systems of lines at right angles dividing the coordinate plane 
into squares of area tt^. [Math. Trip., 1895.] 


15. ShoAv that the equation 

y = I a: - |cos ^ (.T -I- y) -f ^2 cos ^ + .y) + p cos ^ (® -t y) + etc. J 

represents a staircase formed of straight lines of length a, starting 

from the origin and parallel, alternately, to the axes of y and x. 

[St. John’s Coll., 1881.] 


16. If /(^) be a finite function of 0 Avith the period 27r, shoAv hoAV 
to find a function Avhich, in the space betAveen tAVO concentrie circles, 

Wu .,1 

is a finite and continuous solution of the equation ^ + 
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trie value f{d) at the point of the outer circle whose polar coordinate 
ii; d, and the value zero at every point of the inner circle. 

[Math. Trip., 1896.] 

[After transformation to polars, 

CO 00 

- K = ^0 + 2 cos ^ sin nB 

1 1 

may be taken as the solution of this equation.] 


17. If y be defined as coincident with y — 'x, from ® = 0 to x = Trl2 ; 
y = 7r/2 from .'c = 7r/2 to a: = 37r/2; y = 2Tr-x from a; = 871/ 2 to x='27r, 

00 

and be represented by a Fourier series of form 2/ = ^0 + S ^j)Cos^.t, 
show that 


Stt 2 ^ cos (2p - I)* 


8 (2^-1)“'' ^ 


1 " 
4s 


cos (471 - 2).'!; 


and draw a graph of this series when x is not restricted to lie between 
0 and 2?!. 


18. Prove that the series 


1 f' /(^) +./( - v) 

/Jo 2 



rnrx f' f{v) +/( - v) 

I jo 2 


mrv , 
cos -j- do 



sm 


mrx f{v) -f{-v) 

/Jo 2 ■ 


sin 


mrv 

~T 


dv 


is equal to f{x) between the limits x = + / and x= - I ] and trace the 
curve represented by the series for values of x outside these limits. 

[Math. Trip., 1885.] 


19. Find by Fourier’s method a function of x which shall be equal 
to -f 1 from X = 0 to x = a, and equal to - 1 from x = a to x = 2o, and 
so on alternately. 


20. Two uniform plates of the same substance and thickness a are 
in contact. The outside surface of one is impervious to heat, and 
that of the other is kept at zero temperature. It can be shown that 
if one slips over the surface of the other with constant velocity v, the 
friction per unit of area being F, then at any time t the temperatures 
of the two plates are given by 


(2n+l)V»C»f 




X + 'ZA 2 „ 4 -i 6 


(2n+I)V»C°t» 

16 a*c* 


cos(2ii + 1)2[|, 


COS I 
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respectively, at a distance x from the impervious surface, Avhere /, 
C, c are certain constants. Show that, if when t = 0, 6 is zero every- 
where, the coefficients A^n+i are given by 

= “ { (2..+ l)j '° (2» + 1) J- 

[Math. Trip. III., 1884.] 

21. Deduce from the result 1 e~^'cos2bxdx=^^ir^e-^', or other- 
wise obtain the result 


- (•>^+“)= 4- e - - 2a)* + e - (x+2a)' + etc. 

f^ , o ~a' 27r.T i-n-X - GttX \ 

= — (l + 2e " cos h 2c “ cos h 2c cos 

(I \ a a a J 

[Math. Trip., 18S7.] 

22. Prove that the equation 

7r2 1 j 12 2 

^ = - cos ^ {x -h y) cos 2 (a: - //) -1- cos ^ (a: + y) cos ^ (x - y) 


1 3, , 3, , 

-pcos-(x-f-y) cos 2 (a:-y) + ... 


represents a series of circles of radius tt, and trace them. 

[Math. Trip., 188.5.] 

23. Show that if all effects of atmosphere be neglected, then the 
intensity of daylight at a given place at t o’clock true solar time at 
an equino.v will be 


1 

tt/ 2 J 

r 1 7r< 

1 2TTt 1 


_^ + 2 

^"^12 + ?] 

11.3°°^ 6 


-^cos-^- ... JJ 


where / is the intensity at noon. Examine the values of the above 
expression when (i) t = 0, (ii) t = 6, (iii) ^ = 1 2. [Math. Trip., 1884.] 

24. Prove that if 


^00 

= <f>{x) sin pxdx, 

Jo 

then will Vir ^ (^i) = v/2 f f(x) sin pxdx. ^ 

Jo ^ [Math. Trip., 1884.] 

25. Show that, if Ei{x)= f ^—dx, then 

J -00 a: 

1 f” 

- 1 { Ei{- qx) - Ei (qx) } si n ^a: dx 

1 f” 

= - J {ei^ Ei( - qx) + e"9^ Ei (qx) } cos pxdx ^ . 

[Math. Trip., 1884.] 
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26. Find two harmonic series, each of which shall be equal to 

hxja from x = 0 to x = a, one containing only harmonic functions of 
the form sm^iirxja and the other those of the form coszVs/a, where 
i is any integer. Trace the complete curve given by the harmonic 
series in each case. [Math. Trip., 1876.] 

27. Sum the series wicos ^ cos 3^ + i77i® cos 5^ - ... ad inf., 
m being < 1, and prove that it always has the same sign as mcos 6. 

Trace the curve 


r = a(cos a cos 6 - ^ cos 3a cos 3^ + ^ cos 5a cos 56 — 

[Math. Trip., 1878.] 

28. Express the doubly infinite series 


ni = ao n = oo 


2 S (-ir+” 


cos mx cos ny 


m=i »=i mn{rrf- + n?) 

in the form of a singly infinite series of cosines of multiples of y. 

[S.H. Problems, 1878.] 

Exhibit the result in the form 
S {<^(w) + ^log2}cosh; 

- ^^2 log ^ ^ n{x-u) log cos I (fit j (-l)^cosny _ 

29. Deduce Fourier’s formula 


: nx 


1 ^00 pOO 

2({){x) = -\ I cos u(^-x)d^ dll 

^ J - » J — CO 
ula 

s’ HI) (( - X) d(. 


from the formula 


p=i 

[Poisson. See Todhonter, I.C., Art. 332.] 


30. Examine the limiting form of the curve 


y 


=ir 


COSW 


'(v-x).v dv^ 


when h, being positive, tends to a zero limit. 


31. Prove the two formulae 


[De Morgan, D.C., p. 629.] 


2 f" r” 

/(a:) = — I cos XU du ! f(t) cos ut dt ; 

Jo 

2 f ^ 

f{x) = -\ sin KM (fit 1 f{t) sin utdt, 

Jo Jo 

and point out the distinction between the two expressions for f{x). 

[St. John’s Coll., 1881.] 
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32. Show that for all values of x between - b and b, 

ir(a;) _ i?’( _ x) = 1 1 sin xu du j** ^ F{y) sin uy dy. 


[St. John’s Coll., 1881.] 


33. If a uniform horizontal bar, both of whose ends are fixed, be 
so displaced horizontally in the direction of its length that initially 
one half is uniformly extended and the other uniformly compressed, 
and then let go, prove that the displacement y of any particle x at 
any time t will be 


871 ! 

^2 2-1 




21 being the length of the bar, the middle point being the origin and 
nl the displacement of the middle point. 

[The equation determining these vibrations may be assumed to 

be and a suitable form of solution of this equation is 

dt~ flT- 

7 / = 2 Cm cos mx cos mai. 

Or more generally, for an equation of type ^2 ^ 

of the form 

A + Bx + Ct -{■ Dx‘ -h Ext + FF + 2L sin {n(al - a:) + a} 

+ 2il/sin {n{at + x) + fS) 


with certain conditions. (See Forsyth, D. hynaiions.) We are to 
have 7 / = 0 for all values of t when x= ±J ; and if 1 = 0, y — nQ-^x) 
from a: = 0 to x = l, and y = 7i(/ + a:) from .t= - / to a: = 0.] 


34. A stream of uniform depth and of uniform width 2a flows 
slowly through a bridge consisting of two equal arches resting on a 
rectangular pier of width 26, the bridge being so broad that under 
it the water moves uniformly with velocity U. Show that after the 
stream has passed through the bridge the velocity potential of the 
motion is 


^7 = 


a-brr 2aU^l . iTrb i'^y - 
17 x + — ir->;-.sin — cos 


7r‘ 


Z -7 72 ' 
1 


the axis of x being in the forward direction of the stream and the 
origin at the middle point of the pier. [Math. Tair., 1878.1 


[The equation for 4> is ^ + ^ 2 " ~ 

— = — - U when X is infinite, 
ox a 


and we are to have 
^ = U when a: = 0, 

O.f 



FOURIER’S THEOREM, 


743 


except from y= - h toy = h, where ^ = 0 J ^ ® when y = ±a, 

and a suitable solution of the equation is 

(f} = jQX-{-^AiCos — e «. 

I ® j 

35. Show that T'3 = 2/'5 ^ sin (2^:? + l)a;sin (2p + l)y repre- 

sents the four sloping faces of a regular pyramid built upon a 
horizontal square base of side tt units, two sides coinciding with ,the 
• axes of coordinates, the height of the pyramid being ir/2 units. 

[Todhuntkr, I.C., p. 304.] 

36. A membrane is uniformly stretched upon a square frame to 
which it is attached along the edges. The centre is displaced slightly 
through a small distance k perpendicularly to the frame, the form 
being that of four planes passing through the edges of the square 
and a common point above the centre. The side of the square is a. 
The constraint is then removed. The equation to determine the 

subsequent vibrations is solution suitable 


, and a solution suitable 


for such a case as the above may be assumed to be 


W = '2An, r cos jt sill 


7t7r(a; + a) rir{y + a) 


the origin being taken at the centre of the square and the axes 
parallel to its sides, t being the time measured from the instant of the 
removal of the constraint, and ?i and ?• being integers. Also it will be 
noted that x= ±a and y= ±a will each give w = 0 for all values of t. 
Prove (i) = c^Tr^{n^ + r% (ii) that 7i. and ?• are odd, 

(iii) r = 0 if 7i=jtr, (iv) 

and 

„ = V _! si., 3i,. <•-*-’ cos (K + 1 ) ii . 

7r2^(27+l)^ 2a 2a a^.2 

37. The fixed boundary of a membrane is a square, and the centie 
of the membrane is displaced perpendicularly through a small space 
k, the membrane being made to take the form of two portions of 
intersecting circular cylinders. Taking the same general form of 
solution as before of the equation for the vil)rations when the con- 
straints are suddenly destroyed, prove that n and r are odd integers, 

and that 128/i: /7J.2 + 7-2 ^ . mr . r7r\ 

An r = -T7-2 ^ Sin — Sin 5 

’ TT^{vr-r^Y\ nr 2 2/ 


7r'>(7t2- 7-2)2 V ^ 
^ Sk ^ A \ 


[Math. Trip. III., 1886.] 
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38. Ohm’s Equation for the flux of electric current in a wire of 
section to, conductivity k, and electrostatic capacity per unit length 

c,is— = giving the potential V in terms of t the time and 

X the distance of a point on the wire from a given origin on the wire. 

Assuming as a solution of this equation -j + ^Ae~P^ sin (qx + B), 

where a is the constant potential for all values of t at the battery 
end of the wire and x is measured from the earth end, I being the 
length of the Avire and A, B arbitrary constants, shoAv that 

2/.-M ll'ir*. 




sm 


virx 


I 


and if when / = 0, r=0 for all values of x from 0 to I, show that 

2kb> hVV 


ax 2a cos 7nr -■ 

F = — + — X e ‘ 

I IT n 


sm 


mrx 

T' 
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MEAN VALUES. 

le+O. We next exliibit the application of the principles of the 
Inteo^ral Calculus to the calculation of mean values. This suh- 

o 

ject and that of Chances to he considered in the follov^ing chapter 
are wide, and the devices and artifices numerous. The general 
principles and theorems are however hut few, and the problems 
arising depend for the most part directly upon the fundamental 
definitions. A considerable number of illustrative examples 
are appended to illustrate the more important modes of 
procedure in the application of the Calculus, and also in the 
evasion of the necessity in .some cases for absolute integration. 
Many of these are fully worked out ; others are left for the 
reader to complete the details of the integration when it is 
not necessary to supply them ; for it is in the formation of 
the proper expressions to integrate and in the assignment 
of the correct limits that difficulties arise rather than in the 
subsequent mechanical process of evaluation. 

1641. Def. The quantity — (ai+« 2 + + defined as 

Ofh 

the Mean Value of the n quantities <Xj, a^,... supposed all 
of the same kind, n being a finite number. 

This is the quantity known arithmetically as the “ arithmetic 

mean” or average value. It may be written as —2(a), and 
denoted by ii/(a). 

1642. Combination of Means of Several Groups. 

If there be several groups of quantities of the same kind, 
viz. (aj, a^, ... af), {b^, b^, ... hf), {c^, c^, ... c,.), ... of respective 

745 
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numbers p, q, r, etc., and M(a), M(b), M(c), ... the respective 
means of the groups, then the mean M of the wliole set is 

2 {(i) 4- 2 (h) + 2 (c) -f- • • • yil'/ {a)-\-qJ\I {h)-{-rAf{c)-{- ... Y.'pM (/ 1 ) 

~ 2y + q-hr-h... ~~ 2) + g+r+... “ 

wliich is tlie same formula as that for the ordinate of the 
centroid of weights p, q, r, ... placed at points whose ordinates 
are M{(t), M(b), M{r), etc. 

1643. Mean Values of Products two and two, etc. 

Let there be a group of n quantities of the same kind. 

Then (2a)“_2a^ 22a/f, _ 1 

n n n 1) 


Hence 

Similarly 


{^^(a)}^ = 1 Mia?) + M{ara,). 


(2a)'* Sa-** 32rt|2a2 3 2a^ 2a 2 2a^ — 2) 2aja2a3 

~~77:a 'i TH ^ ~Tt TT “TT IT “5* “2 * TTy i -i \ /.. 


n n n n 




f.e. + ^b /(a,a,as). 

Wo may note that when n is indefinitely large, the mean of tlie products 
of pairs is the square of the mean of all quantities ; and the mean of the 
products three at a time is the cube of the mean of them all. 

These rules determine the mean values of the products, two at a time 
and three at a time respectively in terms of the means of the original 
quantities, of their squares and of their cubes. 

1644. Extension of the Conception of a Mean. 

If the number of the quantities a^, a^, etc., be very large, 

and their sum very large, the fraction ” 2a tends to take the 

form 00 /oo . In this case suppose the several quantities 
ttj, «,> t'O be the equidi.stant ordinates of a continuous 
curve y = (j){x) corresponding to abscissae 

x—a, a-\-h, a-\-2h, ... a-\-{n—l)h—b, say. 

Then the mean is 

... + 0 (a +71— 1//.)}, 

ih 

n 

which may be written as ^h(l){a-\-{r—l)h]/'I,h, which 

1 

when n is indefinitely increased takes the form 

I (p{x)dxj{b — a). 
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It is assumed here that the several quantities Uj, a^, ... 
are such that no two consecutive ones differ by a finite 
difference when n is indefinitely great, but that the curve 
y^(j,{x) is one in which there is a continuous change of 
tlie nrdinates between the limits considered. Otherwise the 
integral expression would be meaningless. 

1 G45. Geometrical Meaning of the “ Mean Ordinate.” 

It follows that the value of the mean ordinate, taken for 
equidistant and indefinitely close ordinates, is represented by 
the area bounded by the curve, the rr-axis and the terminal 
ordinates divided by the projection of the curve upon the x-axis. 

That is the mean ordinate PN of a curve P^Qi, between the 
initial and final ordinates N^P-^, is such that the area 

P^N^M^Q-^PP-^ is equal to that of the rectangle where 

FG is drawn through P parallel to the x-axis (Fig. 476). So 
that as much of the area of this figure lies between PG 
and the curve as lies between PF and the curve. 



1646. The Case when the Quantities are Functions of Several 
Variables. Nature of the Distribution. 

If the quantities Uj, a^, a^, ... be functions of several 
variables, first say of two, x and y, let us consider ttj, a^, ... to 
be the z-ordinates of a surface z=(f>{x, y). Let the plane 
x-y be imagined ruled by lines 8x apart parallel to the 
y axis, and by lines 8y apart parallel to the aj-axis. Let one 
ordinate 0 , viz. (f){x, y), be erected at the corner x, y nearest 
the origin of the elementary rectangle 8x, Sy, and let the same 
be done at each of the corners nearest the origin of the 
remaining net-work of elementary rectangles. Then we shall 
understand by the “ mean value ” of z the limit of the fraction 
whose numerator is the sum of all these ordinates and whose 
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denominator is their number, or, what is the same thing, 


j|sc?a;c?2/ ^^dxd'if, i.e. the volume bounded by the x-y plane, 

the surface z=^{x, y), and cylindrical surface bounding the 
portion of the surface considered, whose generators are parallel 
to the 5 ;-axis, divided by the projection of that portion upon 
the x-y plane. It will be observed that the number of these 

ordinates is measured by area of the 

projection described. 

And if there be three independent variables, so that 
u=^(x, y, z), we shall understand in the same way that by 

the “mean value” of u is ^^^u dx dy dzj^^^dxdy dz, 

and the number of cases is measured by 


similarly if there be a greater number of independent variables. 
And as before it will be noted that it is assumed that no two 
contiguous quantities of the group considered differ by a finite 
difference when their number is infinitely great. That is 
to say, that unless some other distribution of the various 
quantities a^, a^, etc., is expres.sly notified, the distribution 
in the case of two independent variables is that in which 
there is one ordinate to each of the elementary areas SxSy, 
which go to fill up the area on the x-y plane which may be 
bounded by the prescribed limits of the summation ; and that 
for three independent variables the region through which 
the summation is to be effected is divided into equal volume 


elements SxSy Sz, and that this summation is to be taken for 
one value of u, viz. ^(x, y, -z), for each element of volume 
Sx Sy Sz. 


1647. Other Systems of Variables. 

Of course the elements of area and of volume expressed in 
the Cartesian manner as SxSy, or as Sx Sy Sz respectively, may 
be replaced at will by the corresponding expressions rSOSr 
or r^ sin 9 SO S^ Sr, if work in polar coordinates be indicated 
as more convenient for the problem under consideration, or 
by the corresponding elements for any other system of 
coordinates. 
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And if there be more independent variables than three, so 
that we fail to interpret the summation by geometry of two 
or of three dimensions, we shall still understand the mean of 
the function u^(j}{Xy, x^, x^, ... a;,,) to be 


Jlj" ... ^udxidx^ ... ... Jdajjdixg ... dxn, 


and the number of cases to be mea.sured by 


Jj" ... ^dx-y dx ^ ... dxn 


when the limits have been properly ascidbed so as to effect 
the summations in the numerator and denominator for all 


values of the independent variables included in the compass 
of the summation to which the “ mean value ” refers. 


1648. Nature of Various Distributions. 

It will be manifest that in the case of a distribution of an 
infinite number of quantities such as the ordinates of a curve 
or of a surface, and whose mean is required, and which have 
so far been taken as equally distributed along the a:-axis in 
the one case or over the x-y plane in the other, if this equable 
distribution ceases to hold good it wall be necessary to form a 
clear conception of the nature of the distribution which is to 
be adopted. It will make this 
matter obvious if we take a simple 
example. 

Consider the problem of finding 
the mean value of all focal radii 
vectores of an ellipse. Usually we 
should understand this to mean 
that ii A,B,G,D, ... be indefinitely 
close points on the circumference and S the focus from which 
the radii vectores are draw'n, then the mean is to be taken 
for all the radii vectores such that the successive angles ASB, 
BSG, GSD, etc., are all equal infinitesimal angles 60. In which 
case, r being the radius vector for an angle 0, the mean value 

rdO 

But it might be that the successive arcs AB, BG, GD, ... are 
to be taken as equal, or that the successive areals are all equal. 
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or that the successive points A, B, G, D, ... are defined by an 
equable distribution of the feet of their ordinates upon the 
x-axis, or otlier conceivable distributions may be adopted. 
'J’he mean values in these cases are respectively 


^rdsj JcZs, ^r.r^ddj dd. 



and the several results are obviously not the same. 


1649. “ Density ” of a Distribution. General Remarks. 

It will appear therefore that in each case the nature of the 
distribution, or, as it may be called, the “Density,” must be 
carefully defined. This is of primary importance. 

When tlie distribution is one in which the angles between 
the successive radii vectores are equal infinitesimal angles, as 
in the case cited, they may be described as equally distributed 
about the origin from which they are drawn. This is the 
usual case. 

In tlxe same waj?-, in three dimensions, when a distribution 
of radii vectores drawn from an origin to a surface is said to 
be “equable,” we shall understand this to mean that a unit 
sphere having been drawn with centre at the origin, and its 
surface having been divided into equal elementary areas, one, 
or the same number of radii vectores, passes through each of 
these elementary areas. The mean value of r will then be 


JJr. sin dddd^y^JJsin or where Sw 


IS 


the 


elementary solid angle subtended at the origin by each element 
of the surface. 

If the surface itself be divided into equal elementary areas 
8S, and the same number of radii vectores pass through each 
such element, the distribution may be called an “ equable 


surface distribution,” and the mean value will be 



If radii vectores be drawn from the origin to points within 
the region bounded by a given surface, it is usually under- 
stood that they are drawn to equal elements of volume, 
The mean is then 


JIJ*^ • sin Q do drj sin 6 dO dip dr. 
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IC'iO. Illustrative Examples. 

1. Find the mean distance of points on the circumference of the ellipse 
from a focus, the density of the distribution being defined as one in which 
successive pairs of points subtend equal angles at the focus. 

Taking the equation as +e cos we have, b being the senii- 

iiiinor a.vis, 

^rdO 2lJJ (l+ecosff)-^d0 


M(r)-- 


f 


d6 


27r 


7r->yi— V^]+e 2 /Jq it 2 


2. Find the mean inverse distance of points within an ellipse from the 
focus, the distribution being an equable areal one. 


Heie 


M 


fl’-.rded,- 

If 


If Mr /: 


Area 


Area rrab a 


I r dd dr 

a, b being tlie semi-axes. 

3. Find the mean distance of a point within an ellipse from a focus. 


Here M{r) = 


fh 


[Colleges o, 1886 and 1879.] 


rdSdr 


r r 

Jo orrab Jo 


If 

Zrvab 

2P 


Zirab 


rdSdr 


Zrrab 


d9 


Zrrab Jo (l-kecos(y)^ 


— -[ {l-ecosu)^du (Art. 196) 
. p2\7 Jo 


(l-e2)7 


1 2 + 6^ I 

2 2j Za^{l-e^r " 3’ 


(l-e'T 

4. Find the mean distance of points within an ellipse from the centre. 

[Colleges a, 1886.] 

Here, measuring 6 from the minor axis, 


I sin^0 coA^O 


+5^ and 


do 


_ 462 f 
ZrraJo 


dQ 


4ft2 


° (l-e2sin2 0)^ 


° {a'^cos'^6 + b”nin^6JF 

IT 

-^-2 Tci - sin2 0)^dff (Art. 391 (1)) 

1 C Jo 


X (Perimeter of Ellipse) (Art. 567). 

5. Find the mean of the distances from one of the foci of a prolate spheroid 
to points within the surface. [Wolstunholme, A'dar. 7’iwe,‘;.] 

Taking lr~^ = \ 4-ccos 6 as the generating ellipse, 


[ f fr.r^siaffddd^dr . 

MmJJJ ?IL I f 

^ '' Volume Vol. 4 Jo 


sin0 , «/o , 2 , 

j dO = etc. = T (3 + cr)- 


0 (l-fecos0)' 
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6 A 'particle describes an ellipse about a centre of force in the focus S. 

. . / e2\ 

Show that its mean distance from S with regard to time is ayi+-^y [R.P.] 

If t be the time, then r2^=con3t.=A, for equal sectorial areas are 
described m equal times. 


Hence M{r) 


frdt fr^dd rr^dO 

= i J- =a( 1 +1) (by Ex. 3). 

jdt jr^de ^ 


7. Find the mean value of r ^ with regard to time under the same circum- 


stances. 


ilf(r-2) = 


Jdt jr-dd 


27r 


'2. Area ab 


8. Show that the mean distance of points tvithin a square from one of the 
angular points is to a side of the square in the ratio {j2-i-log {\l2-\-l)} to 3. 

Take OA, 00, sides of the square OABG, as coordinate axes. We may 
confine our attention to points within the triangle OAB without altering 
the result. Let a bo a side of the square. OP = r. Then (Eig. 478) 


T fa BBC 0 


M(r) = 


/:/. 


r"dd dr 


ia2 


■■^aj sec20rf0=^ {\/2 + log('>y2 + l)}. 




Fig. 479. 


9 Find the mean distance of a point within a rectangle from the centre. 

[Ox. II. P., 1885.] 

Taking 2a, 2b, 2d as the sides and diagonal, and axes parallel to the 
sides through the centre (I’ig. 479), 

I r.rdddr ] 

staTsU <f^'ede+l 


J Jr dd dr 

f+iog^} 

6 b {.a a ° a ) 6 a {.b b b J 


d , d-^-b b^ , d-i-a 
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This is also' obviously the result for the raean distance of a point 
’^'itliin a rectangle of sides otj h and diagonal d from one of the angular 
points. 

10. Find the mean distance of points on a spherical surface from a fixed 
point 0 on the surface for an equable surface distribution of radii vectores. 

Here M(r) = JrdsjJdS, where dS is an element of the surface, and 
with the notation indicated in Fig. 480, 

TT 

/•V fin 

M (r) = I 2a cos & . 2add . asm2 & = 167ro3/i27ra2 = 4a;/3. 


11. Find the same mean for a distribution of radii vectores equably drawn 
in all directions from 0. 


Here 


M{r) = 


J rd<a 
/• 

^ d(si 


1 p fin 

2a C03 O.ain 9 ddd(f) = a. 



Fig. 480. 



12. Triangles are drawn on a given base a, and with a given vertical angle 
a. Find the average area. [SanjAna, Educ. Times.} 

Let A be the vertex, BG the base=a, 0 the circumcentre, OA=B, 
making an angle 6 with a perpendicular to the base. Then iZ=«/2sin a. 

The perpendicular from A upon BC = R{co3 9 + co3 a), and if the mean 
be for an equable distribution of positions of OA, (Fig. 481), 


M(AABC) = iaBp 


d9 


(cos 9 + cos a)dd j ^ 

1 aR r ■ n. n aV 1 . 1 \ 

= H .sinfcl + ycoso I 'H )• 

ZTT — aL Jo 4 \tan a TT — a/ 


13. (o) A person is left a triangular piece of ground whose perimeter only 
is known ; show that he may fairly calculate that the area is to that of a circle 
whose radius is the known perimeter as 1 : 105, sides of all possible lengths 
being equally likely to occur. [Math. Tripos.] 
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(6) A straight line of length a is broken into three parts at random. If the 
three parts can he formed into a triangle, find its mean area. 

[St. John’s Coll., 1881.] 

(a) and (6) are the same problem. 

Let OA be the line, P, Q the random points of division, P being the 
nearer to 0, OP=x, OQ=y, OA = a. Then 

+ M(A)=j jAdxdy^ j jdxdy. 


O 


X 


P Q A 

Fig. 482. 


The limits of integration are to be such that 
(i) •v + (y-.v) <^(a-y)] (ii) (y-.v) + (a-y) Ai.v, (iii) (a - y) x (y - .r), 

‘''-fid + So the limits are, for .r, to 

for y,^ to a. Now putting |-.r=M, a-y — b, 


Therefore writing y = ~ + z, 
A 


nb'^ TT , , „ 

-g =5(«-y)'. 


a 

I- 


Also 


ffdzdy = J^ {a-y)dy = ^; 


rra^ 


8x las 


TTCl* 1 

.'. Af(A) = — — — of the area of a circle whose ra,di)is is a. 


1651. The Mean Inverse Distance considered as a Potential 
Function. 

In problems on the mean value of the inverse distance 
between pairs of points, much labour of integration may 
often be avoided if it be recognised that such problems are in 
fact problems on the mutual potential of two gravitating 
systems of material particles. 

The potential at any point P of a system of gravitating 
particles of masses Wj, m^, m^, etc., at distances r^, r^, etc., 
from P is defined as 'Zmjr. 

The Mutual Potential of two gravitating systems of masses 
of two separate groups {m^, m(, m ", ...) and (mg, m^, m/', ...) 




MEAN VALUES. 


755 


is defined as where r■^^ represents the distance 

between and m^, etc. 

But if the particles he particles of the same group, the 
mutual potential is [See Routh, Attractions, p. 29.] 


1652. Theorems in Potential required for the Problems to be 
considered. 

In tlie case of a spherical shell of mass M, the potential at 
an external point at a distance r from the centre is Mjr. But 
at an internal point it is Mja, where a is the radius. 

In the case of a solid sphere, the potential at an external 
point at a distance r from the centre is again Mjr ; at an in- 
ternal point r^), M being in each case the mass and 

O 


p the uniform volume density. 

The potential of a thin rod AB at any point P is 

m log cot \PAB cot ^PBA, 
m being the mass per unit length = mass/length. 

These integrals are all well known, and are useful in the 
present class of problem. Many other cases will he found in 
Routh’s Attractions. 


1653. Suppose we are to find the mean of the inverse distance 
betiveen two points P and Q, of which P lies on a spherical surface 
of centre C and radius a, and Q lies in any other region R which 
lies entirely without the shell. 

Let, dS be an element of the spherical surface, dR an ele- 



Suppose the surface and volume densities to be unity, and 
\%iPQ=p. Then 


M 



_ 1 
~S.R 

1 f „ dR _ 1 

^'STRr’CQ^R 



of shell at Q) dR 
. potential of J? at G. 



756 


CHAPTER XXXVI. 


If any portion of R lies within the shell, let Ri and R^ 
be the masses of the portions lying respectively within and 
without the shell ; Q and Q' two points of the region R, the 
one outside, the other inside the shell. Then 

{{d8.dR {{dS.dR„ ^ {{dS.dR^ 

PQ' 

=S . potential of Rg at C +;S . 



Fig. 484. 


Hence M {potential of R^ at 

(See a Theorem due to Gauss ; Routh, Attractions, Art. 70.) 

If R lies entirely inside S, Rg—O, Ri=R and M 

1654. Examples. 

1. Find the mcnn inverse distance between a point P which lies on a 
spherical surface of radius a, and a point Q which lies on a circular disc of 
radius b, whose plane passes through the centre of the sphere, and the disc 
lying (i) entirely ivithout the spherical surface, (ii) entirely within. 




Fig. 485. 


(i) Let 0 be the centre of the sphere, p the distance between a pair of 
the points. Tlien we have 



=^p- potential of disc at 0. 
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If cstbe distlnce between the centres, this may be expressed as 
1 /■ 2 »- b(b — cco3 6)d9 

[M^th. Tkip., 1884.] 

h=-. 

or as ^ 

(ii)' If the disc lie entirely within the spherical shell, we have at once 

-C-)4- 

2 Find the mean inverse distance of two points P and Q, one witUn a 
sphere of centre A and radius a, the other within a sphere of centre B and 
radius I, the centres being at a distance c apart (c > a + b). 



If V, V' be the respective volumes, PQ=p, 

'dVdV' I ^potential of V at Q) dV' f- 


"G)" 


!!'■ 


PQ 

VV' 


AQ 


dV' 


TF 


VV' 


=F / ■ JB~\' 


1G55. A Useful Artifice.- 

Let represent the mean value of any function of the 
distance between two points, one fixed on the boundary of any 
region, the other free to traverse the region. Let be the 
mean of the same function when each point may traverse the 
region. Then either of these quantities may be deduced from 
the other. 

Let A be the area, or F the volume of the region, according 

as it be of two or of three dimensions. 

Let R stand for ^ or F as the case may be. Construct a 
parallel curve or surface by taking a length dn (a constant) 
upon each outward drawn normal, thus making an annulus 
or shell round the original region. (Fig- 487.) 

By this increase of the region R, is increased by the 
cases in which one or other of the points lies in this shell, oi 
by both lying in the shell. 
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The number of cases to be examined in finding is 
measured by W. 

The s^m of the cases is measured by MJB?. 

The increase in tliis sum due to the increase of the normals 

d 

from n to n-j-dn is dn. 

Again, the number of cases added by taking one end of the 
line on the shell and the other free to traverse the region it 
encloses, is measured by R.Sdn, where S is the perimeter 
(or the surface, as the ease may be) of the region. The same 
is true if the second end lies in the shell and the first is free 
to traverse the bounded region, whilst if both ends lie on the 
shell the number of added cases is measured by {S dn)^. 

Hence ~ dn=2M^ . R . 8dn+M^{8 dnf\ 

and as the second term on the right is a second-order infini- 
tesimal, we have in the limit when dn is indefinitely small, 

^ {MJE)=2M.yB.S, by which equation the value of either 

Mj or Mg can be deduced when the other has been found. 
This artifice is useful for circular areas or spherical regions, 
and may be used in other cases. 


o 


Fig. 487. Fig. 488. 




1656. Illustrativk Examples. 

1. (i) Show that the mean distance of points within a circle from a fixed 
point in the circumference, viz. M^, is 32o/9;r, a being the radius. 

(ii) Show that the mean distance between any two points within the circle, 
viz. M^, =128a/457r, [St. John’s Coll., 1885.] 

Let 0 be the fixed point on the circumference and Ox the diameter 
through 0. r, 9 the coordinates of any point P. (Fig. 488.) 


(i) 


Mi = M{OP) = 


jjr^dO dr ^ jj(2a cos 9f dO 


/ /'■ ^ J\2a o.« d9 


2 

2 „ 3 32a 

3'^“l Gtt ’ 
2'2 
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(ii) Again 
and Mz vanishes with a. 


d{{TTa'^)'^M^='2. .ira? . 2ira da. Tra'* c?a, 


0 128 . 
Tr^a^M2 = -^ira^ 
45 


and 


128a 

dhTT 


2. ti) Find Mi, the mean distance of a point on the surface of a sphere of 
radius a from internal points. 

(ii) Find il/j, the mean distance between two points within a sphere of 
radius a. 

/// r . r^ sin 6 do d(f) dr ^ 

(i) Mi= ^ 

r^ sin OdOd<p dr 

(ii) d{(-j7ra*)*Af2} = 2 . ^ira^ . drra^ da , 
and M.J vanishes with a ; 

(^7ra^yM2 = §i7r-a‘ and iifa = M«- 


27r 


7 


cos'* 0sin 6dd = ^ 
0 


3. Mean distance of points within a sphere of radius a and centre C from 
a given external point 0 ; OC—c. 

Let OQQ’ he a chord through an internal point P, whose coordinates are 
r, 0 with reference to 0 as origin, and let (f> be the azimuthal angle of the 
plane OOP. Then 

= / /r38in0d0#dr=^.^['‘""“V§'^- Wsin0d0. 



Let QQ' = 2z ; then 

z^=a? — c^sin^ 0, zdz= — c^sin 6 cos 0d0= - J {OQ + OQ')c sin OdO, 
and the limits for z are from a to 0. 

nr, V 3 2zdz 3 r2 j , , 2 2 \'^T . 1 “* 


4. Mean distance of points upon the surface of the sphere from a point 0 
loithout the sphere. 

The number of cases in which P can traverse the whole sphere is 
measured by Therefore the sum of such cases is ^ira^\ c + g — J. 
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The change effected in this by increasing a to a+da is 

i’)<i«=4ra*(o+i 

The number of these introduced cases is to the first order the 

new cases being those of the points on the shell. Hence the mean 

required 

5. J’tTid the mean distance of all points P within a sphere of radius a and 
centre 0 from a fixed internal point 0 ; OG = c. 

Here MtflP ) = :^ ///^* ^ 4^* ■ T / ^ 

Let QOQ' be the chord through P, AOA' a diameter and BOB' the 

perpendicular chord, AOQ—d, A'OQ' =d'- We may replace [r‘] sin 0 
by 0§‘sin 0 + 0^'^ sin O' and integrate with regard to 0 { = 0’) from 0 to 

— ; for having integrated for <f} from 0 to 2tt, all elements will be thus 

summed. Now OQ“+OQ'-=2{a^+c^) — 4^c^sin~ 6, and 

OQ* + OQ'* = (4 (a» + c*y - 2 (a* - c*)*} - 16c* (a* + c*) sin* 0 + 1 6c* sin* 0. 



Hence 

o r 22 4 2 1 3 1 c* 1 c* 

When c=a this becomes 6a/5. 

6. Deduce from the last result the mean distance leiween two random points 
within a sphere. 

Taking C for pole and r-j, Oi, <t>i as the coordinates of 0, the sum of the 
cases with a given point 0 for an extremity is 

g-n-a +2 ^ 

Multiplying by r sin 0 j, dOid<pi dr ^ and integrating through the sphere, 
we have 

Mean value required = • 3 * 2*r • 2 . . -3 + ^ . 3- - ^ • y J , 

as otherwise in Ex. 2. 
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7. Find the mean distance of a given point 0 within a sphere from points 
on the surface. 

The sum of tho cases of distances of internal points from 0 being as in 
the last example, 7r(a*+§c*a*- is increased by '!r(4:a^ + ^c”a)da by 
increasing the radius to a + da. The number of added cases is to the first 
order- measured by Aird* da. Therefore the mean of distances of points 
on the surface from the given internal point 0 is 

7r^4(Z^ + g + ^ . 

8. Find the mean distance of points between the surfaces of two concentric 
spheres of radii a^, from an external point P at a distance c from the 
centre 0. 



Fig. 491. 


Taking Q any point of the shell distant x from the centre, the mean 
1 

value of PQ is c + - — , and tho number of cases between the spheres of 
radii x, x+dx is ^nx^dx. The sum of the cases for this thin shell is 
therefore 47ra;’ etc + g ; .'. for the shell of finite thickness, 

/"W («+!!’).;=: 


M{PQ) = 


} 


’^TTX^ dx 


■ = c + - 


1 


5c aj® — Oi® 


9. Find the mean distance of points within a sphere of radius a and 
centre 0 from points within an external concentric spherical shell of 
internal and external radii a^ and a^. (Fig. 492.) 

Let P and Q be two such points, Q lying within the shell, OQ=x. For 

a given position of Q, M{PQ)z=x+~ The number of cases is measured 

o X 

h} g TTCt , and their sum by - na^ • Now let Q traverse the shell. 

Let dV be an element of its volume. Then 


UPQ) 




II 


TTd?dV 


fa2 

/ ^ 

Jai 


4Trx^dx 


3 

4 a/-ai3'^ 


3 aF — cf‘ 

*— = ^ . 

10 
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In the particular cases stated below, we have 


(i) ai = ao, + g — ; 

(iii) m4 ; 


(ii) a, = a2 = «, 


(iv) (Xj =a2 and a=0, J/=a, ; 


Wa, = «,J/=^-' (v,)a, = . = 0,^=y. 



Fig. 41)2. Fig. 493. 


10. Find the mean distance of a point P which lies behveen the surfaces of 
a spherical shell of inner and outer radii ai and Cj from a point Q, which 
lies between the surfaces of a concentric spherical shell whose inner and outer 
radii are b^ and b^ (b^ > > Oj > Oj). (Fig. 493.) 

Let 0 be the centre, 0Q=.v. For a fixed position of Q, 




a 


5 

i 


a 


■3’ 

1 


and the nuniher of such cases is measured by and their 

r ~ 1 ct ^ ^”1 

sum by i7r(a2* - o,^) .v+- ^3 ^3 \ = F{x), say. Hence when Q is 

L_ C/2 — CZj J 

free to traverse the outer shell, we have 


AH1‘Q) = 


j ^rrx^dx X ^ir{a.? — «j^) 


3 6..*— hi* 3 02* — Oj® bz^ — bi^ 
~ 4 hj* — hi* ^10 02“ ~ ~ ' 


11. Mean distance of points Q tvithin a sphere of radius a, from points P 
on the surface of a second of radius b external to the former. 

A and B being the respective centres and P a given point on the 
surface of the second sphere, the mean of distances from P of points 
1 a* 

within the first =r+f — , where AP=r. 

5 r 
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4/1 a^\ 

Hence the sum of the cases is measured by ^ + g *“ j Hence w’ 


are to find for the second sphere 




^dS 



Now j r dS = i-irb^ X mean distance of points on the second sphere 

/ 1 b^\ 

from = 47ri‘'( c + - — 1 

and J^= potential of a shell of unit density at the point A = -~ > 


47r6^| 


mean value required = < 


1 b^\ Airb^ 

■ T 


( 1 


Ai?b^ 


16* la* 

■“^+37 + 5 7 - 


12. Mean distance of two points Q and P, one on each of two spherical 
surfaces of radii a and h, each outside the other. 

A and B being the centres, r=AP^ the mean of the distances on the 



1 Ct^ 

surface of the first sphere from 7^=r + - — , and the sum of the cases is 
f 1 oP‘\ 

measured by 47ra*M'4-- — J. Hence, we have to find for the second sphere 


j Arra^ 

,/ 1 a^\ 

V "^3 rj 

-J 


^dS 

r 

/ 

Aira^dS 


N 3 

T~ 


1 ^ led 

■3 c c ■ 
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13. 1/ each of the points in Case 12-5c allowed to traverse the interior of Us 
ovm sphere. 


M(PQ) = 




taken through the second sphere 


f4 1 1 ArrlPX /4 ,, \ a} \ 

“is’’'’ A‘’+6 7j+s‘'”V}/3’’^=‘’+6 7+5 7- 

14. Mean distance between points P and Q, P lying anywhere within a 
sphere of centre A and radius a, Q within a sphere of centre B and radius h, 
enclosed entirely by the first. 

Let AB=c, BP=r. First fix P. Then 

(i) if P lie without the smaller sphere 
1 6 ® 

J/(P§) = r + g— , and the number of 

such cases is measured by ; 

(ii) if P lie within the smaller sphere 

^(7’0=|h + ^-^’^,the number of 
cases being, as before, measured by 

The sums of the cases are therefore 



s 


and 


-rrb^ 
3 




206 ®/ 


These are to be summed for all positions of P. In the second expression, 
P necessarily lies in the smaller sphere and in the first expression the 
integral through the shell is the difference of the integrals taken through 
the two spheres. 

The first therefore yields /~^)’ element 

of volume. 


,^,r4 ,/3« Ic® 1 cn 6® 2 , „-l 4 ,3r4 36^6® . ,, 

U™ AT+2 7-20 W+6 ■ 3’<®“ ’ O-r'' U’*’ -T+s” 

The second yields 


Adding and dividing by ^7ra®x^7r6®, the mean value required is 
2a 20a® 10a 10 a® 140 a®' 


3a c® 

■J + — 


When c=0 and a = b this reduces to §fa, the result Ex. 2. 
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Mean distance PQ, where P and Q lie, one within a sphere of centre A 
unct radius a, and the other within a sphere of centre B and radius b, the 
spheres intersecting, where AB=c (> a). 

Let Br=r. Fix P. Then, (Fig. 497), 

(i) if P lies -without the 6-sphere, the sum of the cases is measured by 



(ii) if P lies (at P') within the 6-sphere, the sum of the cases is measured 
4 /3 1 r® r* \ 

by + 2 where r is now BP’. 




We have now to sum 
and 


j + Ffor the a-sphere, omitting the lens. 


and after addition to divide by tlie measure of the whole number of 
compound cases, viz. f^rra ^ . ^7r6L 

Now the integration of any function <l>{r) of the distance r of a point 
P from an external point B, can be conducted through the region enclosed 
by the lens as follows : 

Let V, V' be the vertices of the lens (Fig. 498). Then if x be distance 
from V of the common plane section of the sphere of radius a and 
centre A with the sphere of centre B and radius r, we have 

r^A-c^-a^ c*-(r-c)\ 
x = r-r , 


and if r increases to r + dr, the volume of the lens increases by 


27rr- 


■{r~cy 

■^c 


dr, 


this being the volume of the added layer. 

Every point of this layer is at the same distance r from B. Hence the 

integration of f>{r) through the lens is J<p(r)^{a^ — (r — c)^rdr with 
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limits c-a to 6; and for the rest of the a-sphere with limits from h 
to c+«. And we have 


J r" d F= ^ {(a^ - c^) + 2cr - r^} dr 


‘1 


Hence 


The integrals {^7-1 [/o^ are interesting from another point 
of view, and reduce as follows : 

r/_jT^"= ’^(c + rt-Z))2(2a+6-c), and is the potential at B of the 
^ meniscus FCG taken as of uniform unit 

volume density. 

T/oT (a + /j-c)2[(a + 6 + c)"-4(a2_a& + 62)], and is the volume 

° of the double-convex lens. 

1657. Mean Square of Distance between Two Points. 

Let P and P' be random points in the respective regions 
R and R', which may be one-, two- or tliree-dimensional. Let 

G, G' be the respective 
centroids of these regions 
for a uniform mass-dis- 
tribution, and tire line, 
surface or volume den- 
sity, as the case may be, 
be taken as unity. Let 
H and H' be the moments of inertia with regard to the respec- 
tive centroids, viz. HmGP^ and 'Zm'GP'^. Then taking R, R' as 
the lengths, areas or volumes of the regions, as the case may be, 
lM(p^)=GG'-^+H/R+n'lR'. 

For M(p2) = jjpp'2(7i2 dR'j^^dR dR', 

and ^PFHR'=R'. PG'^+H ' ; 

(Lagrange’s Theorem, Routh, A. St., I.. 436.) 

|jpP'2rfP'di?=j(i2'. PG'^+H')dR= E'{R . GG'^-\-H)-^H'.R; 
also M{p‘^)=GG'^-\rHIR-]-H'IR'. 




Fig. 490. 
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The values of H and H' are known for many elementary 
cases. 

Cor. I. Centroids coincident, GG'= 0 , M(p^)—HIR-{-H'IR'. 
Cor. II. (i) Regions identical, M{p'^)— 2 HIR. 

(ii) If the region be a plane lamina, 

jg’/J?=sq. of radius of gyration=F ; /. M(p^)=2F. 


1658. Examples. 

1. For two ellipses, semi-axes (a, b) and {a\ b'), lying in the same plane, 
c the distance between the centres, jl/'(p^)={a'^-h6^-t-a'--f6'2)/4-t-c2. 

2. If R and R’ be the same square of side «, = a^/3. 

3. If R and R' be the same sphere of radius a, within which each point 
may move, M{p“) = Qd^lb. 

4. If R and R' be the same sphere of radius o, on the surface of which 
each point may move, M(p-) = 2aK 

b. If P moves on the surface of a sphere, and 1^ on a diametral plane, 

J/(p2) = 3a2/2. 

6. If P moves on the surface of a sphere, and F on a great circle, 

il/'(p2) = 2a2. 

7. If Pand P' move one on each of two straight lines of lengths 2a, 2b, 
whose centres are a distance c apart, M{p") — c^ + [,a- + h-)lZ. 

If the lines be identical, M{p-) = 2a^lS, 

with the same result if not identical, but with the same centre and of the 
same length. 


1659. If one of the two points bo fixed, say P', and P traverses a 
region R, then taking P' as origin 0. Then 


= j OP^dR j ldR= C)6’2 + HIR. 


1660. Examples. 

1. If 0 be the centre of a square of side 2a which P may traverse, 

J/(p*) = 2a.2/3. 

2. If 0 be a point at distance c from the centre of a circle of radius a in 
any position which P may traverse, A/(p^) = c^-fa'^/2. 

3. If 0 be the centre of an ellipsoid of semi-axes a, b, c, throughout 
which the free point may travel, M(p^)={d^+b'^ + c^)l5. 

If 0 be the extremity of the a-axis, M{p^)=a^ + {d^ +b'^ + 0^)15. 

4. If P lies on the circumference of a semicircle and P' on the diameter, 
of length 2a, 




a‘' 


I i" ~ 
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Otherwise ; — with the notation of Fig. 500, 

J j {a‘^ — 2axcQ3d + x^)ddd.v ^ 




rr 

Jo J-a 


dQdx 






Fig. 501. 

5. If P lies on the circumference of a circle, and on one side of a given 
diameter AB and P" on the opposite semi-circumference, (?(?' = 4a/T ; 

. „ „ ( 2 4a2\ 2a2 

•• ^^(/5')=^ + 2(^a^-^j = ^(7rH4). 

Otherwise : — If 0 be the centre, AGP =6, A0Q=fp, (Fig. 501), 

il/(p2)= r r sin- ^^d9d(}J T (" ded4>=^ T (" {I -cos(e + <p)) dOd 
Jo Jo 4 / Jo Jo Jo Jo 

— etc. = 2(«^(7r^-f 4)/7r“. 


1661. Mean Power of Distance between two points P and Q. 

Examples. 

1. Let AB he n given straight line of length a ; P and Q two random 
points upon AB, P being the one more distant from A ; AP=x, AQ=y. 

= I" j' (* - ■/)"■*•«■ ■».»/ 1“ l‘ d.-c d,j = .r ds 

1 = - - -- f x'''^^dx j { xdx=2a"1{n + \){n + 2). 

+ 1 jo /jo 

2. If P lies on the circumference of a circle, and Q be at a fixed point 
0 of the circumference, G the centre, (Fig. 502), 

TT TT 

Jf(0P') = 2[ OP". 2acZ0/circumf. = - {2a)’*f co3’'0d0 = - —K,; 

Jo TT Jo IT 

^ (n-l)(7l-3) ... 2 ,, (71-1)... 1 TT , . 

where if,= , o — (’* odd) or (n even). 

* 71(71-2). ..3 ' 71... 2 2 
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;i, If F lie within the circle, and $ be at 0, (Fig. 503), 

TT 

/■'S' /■2a cos 0 Qn+3„n 

M{ OP”) = 21 I r". ?• d6 dr /urea = , — 

.'o jo (7i + 2)7r 


^2, 


v'licre. 




Fig. 502. 


Fig. 503. 


4. If P and Q both lie within a circle of radius a, M{PQ’') may be 
inferred from the last result. Let if be the result required. The 
number of cases is measured by Trd^xira^ and their sum is measured by 
If the radius be increased to a + da, the increase in the sum 

=-^^(MTrh*)da. This increase is brought about by the addition of the 
cases in which P or Q or both lie on the annulus, and is 

2 . 2n-a da . wa2 A’j + 2 wc do . 27ra da . Z] , 

the first factor 2 being inserted because either P ov Q may lie on the 
annulus, and the second term arises for the case in which both lie on the 
annulus, but is a second-order infinitesimal. 

Hence, 31 vanishing with a, no constant of integration is required, and 




31^: 


2"+5a" Ko 


’(n;f 2)(n-f4) tt ' 

[The result was given by the Eev. T. C. Simmons, Educ. Times, 7943, 
p. 120, vol. xliii., a different proof being adopted.] 

5. If P lies on the surface of a sphere of radius a and Q is at a fixed 
point 0 of the surface, then, {n > 0), 

TT 

3!{OP^) = -^^^j^ (2a cos 0)”27r(2a8in 9cos 6) 2ad0=2(2a)"/(n-f2). 


6. If P and Q are both free to move on the surface of the sphere and 
n> 1, 3I{PQ^)= j j rHSdsj j j d8dS= etc. = 2(2a)”/(n + 2). 

[This result might be inferred from Ex. 5.] 

(. If P lies within the sphere and Q is at a fixed point 0 on the surface, 
if (OP” ) = 12 (2a)”/(?i -f 3) (n -f 4). 
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8. If P lies within the sphere and Q be at the centre 0, 

J(/((7P”) = 3a«/(?i + 3). [St. John’s Coll., 1883.] 

9. If both P and Q lie within the sphere, proceed as in Ex. 4. 

Then M{PQ^) = . 3^a»l(n + 3)(7i+ 4) (n + 6). 

10. If one point lie within the sphere and the other lie at a fixed point 
0 without the sphere, let OQQ' be a chord through P, G the centre, 

COQ = 0, a the radius, CO=c, OP=r, 

3I{OP^}=j I j . r^sin e de di^ dr/vol. ^ f {OQ'-+^ - Og"+=) sin d d‘i 

and OQ, OQ' are the roots of p2_2cpcos 0 + c^-a2=O. 

For the evaluation of this integral it is convenient to take QQ' as the 
variable when n is odd and 6 as the variable when n is even. There are 
two algebraical identities useful in such cases. Let rj-l-r 2 =s, ri-r 2 =(i, 


rir2=P- 

Then, by putting into Partial Fractions expanding both 

sides in inverse powers of x, and equating coefficients of llx”'+\ 


'- Tn ” 


r-i - To 


. = sm-i _ (m - 2) 4 


(m-3)(m-4) 

1.2 


tpi _ ^ 




If 771 be odd, the indices of s are all even. Substituting for its vain-' 
and expanding each term, the series all terminate, and we obtain 

r m _ ra”* = d'” 4 7?id'”-^p V 2^ ~ dP-^p^ 4 'A 

If in be even. 




ds 


1- = s’" - {in - 2) s^-^p 4 


(777 -3) (771-4)^^, 


1.2 


:Tn— 6^2 


m — 4 . .. 

= (d“44p) ^ -(777- 2) (d^ 4 4^7) ^ p — r-g [d'^ + ^p) ^ p---- 


> 11-2 

2 


m— 6 
2 " 


whence, expanding as before, the series all terminate and, in even, 

= sd |d '"-2 4 (777 - 2) + d^'-^p^ 4 • • • j 

(i) Suppose, for instance, 77 = 3 , 777=6. Let QQ'=x, 

31 {OP^) = ^ j (t-i® - rj®) sin 0 dd 

= l^/5.7; (. 7 ;* 4 4p.f’' 4 3p2) sin 6 dO (from B). 
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.\!'0 

■='-2 'cns6’, .>-= = 4(a2_c2sm2 0), p=c~-a\ .vdx= -ic^sinO cos9 dd ; 

v 'lf.ncc 5. sin 0 dd— -.vdxj2c, 

and il/((9P^)= r (.v^ + 4p.i-* + 3pV)dx = c^ + la^c + ^ 

oarcj 2 a 5 35 c 

(ii) Suppose n = 4, m=T, 

:d ( sin 9 do 

(.f’ + 7p.v^ + 1 ip^v^ + Ip-x) %m9'd9. 

-sill -* 

Let /.= I ^.i/siii 9 d9. Put P=.r’'cos 9, x dx— — 4c-sin 9 cos 9 d9, 

' .'0 

dP , , T ■ n A r ■>■ a T (2ar 4r ^ 

_= etc. = -(r+l).r''sin 0-4i)r.i-r 2sin 0 ; .•. = - — ^>7^2- 

Using tliis reduction formula, we nia}' .show that 

7; + ~ph + Up‘I^+ IpU 1 = + ^(2a)'>j) + ^(2a)’p2^ 

and finally M{OP^) = c^ + 2aH‘'-+-hP. 

11. Find the mean value of x~’^ for all points on a spherical surface with 
centre at the origin and radius a, the distribution being for cqxial surface 
elements. 

1 fp" 

= I (acos 0)^^” . 27rrt sin 0 . ff f/0 = jr — — -. 

' 47ra-Jo ' ' 27r+l 

i 7 (.r^"+i) js evidently zero. For the values of .r“"+^ for which x is 

negative, cancel the corresponding ones for which .x is positive. 

12. Find the mean value of {Ix+my+nz)"^ taken over the same spherical 
surface. 

Changing the axes so that lx + my+nz=0 becomes the new y-z plane, 
lx-]- -1- =Zs'^P+ +, and 

il7[ (lx + my + nz) = (I- + + 7i^)^ a"^l(2p + 1 )• 



13. Find M(.v”'Py^'^z"‘-'') over the same spherical surface. 

Let p-{-q + r=k. 

= coef. P^mPin^'^ in (P + ??i2 + n=)fc . J T^f^dS 
= coef. in . 4ira^’‘+^l{2k-\-l) 


lc\ 4Tra^* _ 
p\q\r\ 2& + 1 ’ 


.-. M(x^Py^<iz^^) 


k\ (2j9)!{2g)!(2r)! a2(p+?+U 

p\q\r\ 2p-\-2q + 2r + l 
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14. Find 31 taken over the surface of an ellipsoid of superficial 

area A, semi-axes a, b, c, xvhere P is the central perpendicular on a tangeni 
plane, the distribution being for equal elements of area. 


= 2 J Px^^y^’^z^^'dS. 


Then writing ^=|, 


B' 


lpdS=lf,.Rd,r. 


where da- is the corresponding surface element on the sphere ^^ + 7;^+^= A-, 
we have as the mean value required 

1 a^-^b-'^c^'- abc r.,„ i! (2j>)! (2g)! (2r)! 47r 

A R‘r>+2<]+2r • PS • -^j t V i o- ^2/;)! pjglrl 2 fc+l A 

where p-hq-i-r = k. (See Routh, Big. Dyn., pp. 7 and 8.) 


16G2. Mean Areas and Volumes. 

Examples. 

1. Find the mean value of the areas of all triangles which can be found ly 
taking at random three points on the circumference of a circle of radius B. 

A A 

Let 0 bo the centre, ARC a specimen of the triangles ; AOB = 9, BOC=<^. 



Wo may fix A. (j> varies from 0 to 27r- 9, and 9 from 0 to 27r. Then 


f2Tr r2n — 0 

, I I {sin 0 + sin</)-sin(0-f 
* Jo Jo 


3I{/^ABC) = ^ 


= etc. = 3i?V2-. 


fZn fZn—e 

I / d9d(l> 

Jo Jo 

2. Find the mean of the areas of all acute-angled triangles inscribablc as 


in Ex. 1. 

Hei'o 9 <Tr, (f> <Tr, 27r- 9-(p <rr. The limits are therefore ^=0 to tt, 
</) = TT - 0 to TT, and the mean —ZB^Itr. 


3. Find the mean area of all right-angled triangles inscribed as before. 
Take A as the right angle. Then ^=t 7 and the mean =2B^j-!r, and 

there are the same number of cases with the same sums if B or (7 be th ' 
right angle. Hence the mean =2B^lir. 

4. Find the mean area of all obtuse-angled triangles inscribed as above. 
Let A be the obtuse angle. Here 9 <7r, fp> tt, 2ir— 9 — <p <Tr. Then 

the limits for 9 are 0 and tt, and for (f), tt and 27r - 9, and the mean =B'^lv. 
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Find the mean area of all triangles formed hy joining three random 
points on a sphere of radius a. [Math. Trip., 1883.] 

Let 0 be the centre. Consider first all the circular sections normal to 
a given direction OA. Let P be any point on this circle, PN a perpen- 

dicular on OA. AOP=x- Then the mean area of all triangles inscribed 
in this circle =3a‘^sin2x/27r, and the number of such triangles is measured 
by 2Tr- (Ex. 1). Therefore the mean for all triangles perpendicular to the 

line OA for equal increments of x is Jj—^^^^x/n- = 3ay4n, and the 

mean is obviously the same for all directions of 0.4, since the number of cases 
and the sum of the cases is the same for each direction of OA. (Fig. 507.) 
A distribution of different nature, e.g. for equal increments of x, would 

1 f 3NP^ 

give a different result, viz. ^ a -x — dx = a^lTr. 

ZO.’J — rt aTT 




G. Find the mean value of the volume of a tetrahedron whose angular points are 
four random points on a sphere of radius a. (Fig. 508.) [Math. Trip., 1883.] 
Without affecting the problem, we may take a set of bases fixed in 
direction, say normal to a given radius OA. Let one of the bases be on 
the circular section through the ordinate PN. Then, as the vertex of the 
tetrahedron travels in a circular section parallel to the base and through 
a second ordinate P’N', the volume remains constant. Therefore the 
mean volume of the tetrahedron, with vertices on the plane through P'N' 
and bases on the plane through PN 

LetAOP=x., ^0P' = X2. 

The measure NN' of the perpendicular height of the tetrahedron changes 
sign as N' passes through N. To avoid negative signs for the volumes of 
tetrahedra with vertices on opposite sides of their respective bases, we 
separate the integration into two parts. The expression for the mean 
volume required is then 


r V riT 1 3 AP^ 

Ic 27 r C0SX2)dXidx2+ j 

['J 

r^ii sAP^ 

3- 27r cosxi)dxidx2 

.1 

i) 

f 

0 


which, after integration, gives IGa^fiTrL 
The distribution here taken is for equal increments of Xi and X 2 - 
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jj Pj IR he random points on the three sides BG, CA, AB of <: 

triangle, find the mean values of the triangles AQR, BRP, CPQ, PQIi- 

^ [R. Chartres, Bduc. Timi^] 

Let a:,, ajg ; j/j, y.^; Sj, Z 2 be tlie respectiv. 
parts into wliicli the sides are divided at P, 
the area of the triangle ABO, 

b rc 

dy2dz^ = ~. 



A1{AQR)= j^J^^Ady.dz, 


Similarly 


M{BRP)=M(OPQ)=^. 


1663. Miscellaneous Mean Values. 

Examples. 

1. The value of a diamond being proportional to the sguare of its weight, 
prove that, if a diamond he broken into three pieces, the mean value of the 
three pieces together is half the value of the whole diamond. [M. Trip., 1875.] 

Let X, y, z be the weights of the portions, W that of the whole. Then 
we have to find the mean value of a:^+ 1 /^+ 2 ^ where a; + i/ + z= TV. Refer- 



ring to Cartesian coordinates, x-\-y-^z= TV is the equation of a plane. I' 
dcr be an element of area of the intercepted triangle, the mean value is 


J do-j J do- = (mom. of in. with respect to the origin)/arer 

= ^ (the sum of the moments of in. about the axes)/area. 

Let 3.4 be the area of the triangle. Then, concentrating A at 
mid-point (Routh, Rig. Dyn., Art. 35), 

Mean value = ^ • 3[^(f J + ^(y) +A {(f) +(f ) }] j^A^l fP. 


eaci 
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2 . It is required to find the mean value of the inverse distances of points 
on a circle of radius a, from points on a fixed diameter AB. 

Let P be a point on the arc, Q a point on the diameter, 0 the centre. 

pbB=e, POA = d'=ir-6, PAB=<^i, PBA = cp„ PQ = p, OQ = x. 

Then 9 = 2<(>i, 6’ = (Fig. 511.) 

/ o. 

— is the potential at P of a material line AB of unit line 

-a p 

density = log cot ^ cot ^ (Art. 1652). 

A Jt 


= ^ {/o ^0S<^0t^de+ f logcot|?cf0} 


TT tr TT 

2* ‘‘’f’- +r‘°S f } =l„ ['os I 

= As\liTa. (Art. 1074.) 



Fig. 511. 



Fig, 512. 


3. 0 15 a fixed point on the circumference of the base of a hemisphere 
with centre G. P and Q are random points on the surface ; find the meah value 
of the angle between the planes OOP, OGQ. (Fig. 512.) [Caius Coll., 1877.] 

Let AOA'O' be the base of the hemisphere, and B its vertex, G the 
centre, GA, GB, GO being taken as the rectangular coordinate axes. Let 
<pi and ^2 be the azimuthal angles of the two planes OGP, OGQ, P being 
taken as the point on the plane with the greater azimuthal angle. Then 
if the distribution of the points P, Q be one for equal elements of area, 
the mean required is 


fTT l‘7r fTT ^(jii 

lo Jo Jo I (‘/’i~'^2)sin ^jsin 02^0, ^7*5 

•TT rtr rir rrlii 

I sin d, sin dQ, ddn d<b, dfi,, 

Jo Jo Jo Jo 1 i I 1 r i 


= etc. = w/3. 
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4. Prove that if 2c be the distance betivccn the foci of an ellipse of sani. 
axes a and b, the mean value of + respect to Ih- 

is equal to : n. »'2 focal radii of any poPt 

[7, isyo.] 

>Pal;infT +'^" =1, •— = 1 as confocals through the point, 

" c" + A A c- — p 


area, 


rf^={c+xf+f, ri={c-xf+y~, r,--r o- = 4cx, 
ri + r2=2\/c'''+A, r^-r„='2.\lc-- p, 

ca: = \/{c‘‘^ + A) (c‘^ — p), cy = 'JXp, + A, k + p — r■^r„, 

y) 1 

3 (A, p) 4 c^xy‘ 

Alean required = (A) y'J jdxdy = ^ JJ 

the integration being taken through the first quadrant, 

/•i* /-c* 1 1 /(A) dXdp 


^ rt’ 1 _/(: 

Trabjo Jo 4 A + /i. ^/AJu, \/( 


1 ■ 

7ra6 Jo 


c2+A)(c2-/x) 
/(A)dA dp 

^0 -jX'Jc- + xJc {X+p)JpJc--p 


Let 


p — ^ (I -cos 6), dp — -^sm 6 d9. 


re‘- dp r d9 nr 

Jo (X + p) s/p \lc^-p Jo '7A(A + c-) 

2 



5. Through P, any point within an ellipse, a chord QPQ' is drawn paralh'^ 
to a given semi-diameter p. Shoio that the mean value of <fi(QP -PQ') /<'■" 
all points within the ellipse is 

77 

-IT 

2 I (jj{p-cos-9)sm 9cos 9 d9. [5, ISS.'.I 

Draw a similar and similarly situated ellipse through P. (Fig. 514.) 
Then QP. PQ' retains the same value for all points ou this ellipse, vi.-. 
OIP - OB'- = p‘ cos- 9, where p- OB and sin 9 is the ratio OB': OB. 
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If A and A' be the areas of the larger and smaller ellipses, 
A' = Asiu^d and dA' = 2A sin 0 cob 0d0. 




U(QP.FQ')clA' - 




= 2f cos^ 6) sin 6 cos 6 d0. 

Jo 


6. Ellipses are drawn with the same major axis 2a and any eccen- 
tricities ; show that the mean length of their perimeters is 

TT 

[St. John’s, 1886.] 

Taking all eccentricities as equally likely, the mean perimeter is 
4« I' fyi — e^ ain^'jr dyjr de j j de. (Art. 567.) 

Now 

J '\/i-e-sin^\jrde—ain\}rj -Jcoaec^ip — e^de 

= I sin n/ cosec^i/^ — + cosec^i/r sin "* e sin i/r J 


= g (cos \p+\J/ cosec \jr). 


Mean Perimeter 


= 2a J (cos i/r + i/r cosec ■</r)cf\i'=2a 1^1 + J 
= 2a{l + 2(:l-l+i - ...)|,by Art. 1074, 


= ax 5-66386.... 


7. Show that the average values of the lengths of the least, mean and 
greatest sides of all possible triangles which can be formed with lines whose 
lengths lie between a and 2a are in the ratio 5:6:7. [Math. Trip.] 

If the sides be taken aAx, a+y, a+z, the ratio of their means is 

^ dzj^dyj dx(x-i-a): J dx(y + a): j' j' dx{zAa). 


8. Find the mean value of xyz for points within the positive octant of the 

ellipsoid a'-'^x‘^+b-h/+c-‘^z^=^l. [Ox. II., 1890.] 

Use Dirichlet’s integral, Art. 962. M {xyz)=abcl8Tr. 

9. If a point be taken at random within a tetrahedron, then, of all 
parallelepipeds which can be described having the line joining the point 
to one of the angular points as diagonal and its edges parallel to the 
edges of the tetrahedron which meet at that point, the average volume is 
one twentieth that of the tetrahedron. 
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10. Show that for positive values of y, z, with condition 

a~^x‘^ + b~-y^ +c~h'^=l, and r being > 1, 
the mean value of {xyzY~^ for an equable distribution of area on the x-y 

which for r=2 reduces to Aahcjlbir. 

11. Find the mean value of {xyzy-'^, r > 0, where .r, y, z are areal 
coordinates for points within the triangle of reference. 


We require 


y Jx^ ^y^ x—yY~^ dx dy 

j jdxdy 


for positive values of .r, y, z (see Art. 975) = 2{r(r)}®/r(3r). 

12. Show that if.i-, y, z, n are the tetrahedral coordinates of a point 
within the reference tetrahedron, M{{xyzuY-'^}, (r >0), = 6{r(r)}Vr(4r). 

13. Show that if r > 0 and .rq, .Vj, ... .r„ be all positive and subject to 
the condition Xi+X 2 + ...+x„=l, then 

... = T{n){T(r)}^ir{nr). 

14. Show that if tj, tj, ...i„ be all positive, the mean value of 

.Ti'i-ia;,*'.!-! ... for po.sitive values of x^, .tv, ....r„ subject to the 

condition Zr,.= l is r(«)r(‘i) r(6,) ... r{i„)/r{Zir)- 
1 1 

15. Show that the mean value of Ayz + Bzx+ Cxy for positive values of 
X, y, z subject to tlie condition x-\-y+z=l is {A +BA-C). 

IG. Show that the mean value + for positive values of .r, i/, : 

subject to the condition .r+_y + 2 =l is 1. 

17. Show that the mean value of (A,B, C, D, E, F){x, y, z)^ for positive- 
values of X, y, z subject to the areal condition x-\-y-\-z= 1 is 

J(.l A- B C -\r D EAt t ). 

18. Let there be n jioints upon the x-axis, and let positive ordinates of 
increasing mag nitride be erected at these points, their sum being 1. Find the 
mean length of the r^'^ ordinate. [LArLAcn; Todiiunter, Hist., p. 545.] 

Taking as ordinates _?/„ 7/i +^ 2 , yiA-yzA-ys, ...yi + ...+y,., then 

nyi + ( 77 - 1 )//» + (77 - 2)_7/3 -f . . . + y„ = 1. 

Putting nyi = Xi, {n - l)y 2 = .v,, ...y„ = .r.„ we have .ri+.r2+...+.7-,. = /. 


AVe then require 


which gives 


j j ...Jd.V1d.V2 ... 

^/1 1 _1_ j 

n\n n — — 
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19. The density at any point of a triangular lamina varies as the 
product of the perpendiculars on the sides. Show that the mean density 
is 9/20 of the density at the centre of inertia of the triangle. 


1664. Certain Inequalities. 

If a, b, c, ... be any positive quantities, n in number, and 
m, r, a, positive integers and a + j8 + ...=m and m'^r, 
we have 



(ii) 

n 


Sa’- Ea”'-’- 

^ . * 

n n ‘ n ’ 

(Smith, Alg., Art. 348.) 


That is, the mean of the squares >■ the square of the mean ; 
the mean of the m*'’' powers >• the product of the means of 
the and (m— powers ; and so on. 


1665. If a, b, c, ... be replaced by <!){%), 0(a.o+A), <p{aQ-\-2h ), ... , 
the values of a positive continuous single-valued function of x 
for equal infinitesimal increments of the variable, we have the 
mean value of the square of the function > the square of the 
mean value of the function between the same limits, with other 
theorems of a similar nature. That is, 




r? 

dx 

- Jv 


[[^{x)fdx 

ip ~ 

[ dx 
ip 

j {d^{x)'\'^dx f {<j){x)Y dx [ {(f){x)Y'~'' dx 

\'dx [dx ' [dx 

Jp Jp Jp 


etc. 


1666. General Mean in Terms of Means restricted in Various 
Ways. 

Let there be two regions and fig mutually exclusive. 
Let two random points P and Q be taken in the combined 
region, and let ^ be some function of their positions, say for 
instance their distance apart, its square or its w''*' power. 
Several cases may occur; (i) Both may lie in fi^; (ii) both 
may lie in fig ; (iii) and (iv) either may lie in fi^ and the other 
in fig. 
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Let Ml,!, ^ 2 , 2 ) -^ 1,2 the mean values of 0 respectiveh* 
in case (i), case (ii), cases (iii) and (iv), and let M be the mean 
value of <fi when the positions of P and Q are unrestricted. 
The number of cases occurring are measured by the magnitudes 
of the regions, viz. if both lie in both lie in fig. 

if P lies in and Q in fig* And n^fig if Q lies in and 
P in Qg, and if tL®y li® in either region, unspecified. 

Hence 2fiifigMi_g and (f2i+f2g)W are the 

sums of the several cases occurring. But the first three mu.st 
make up the whole sum of the possible values of 0, i.e. 

j\/T _ i-b^Q^QgM^ g-|-r2.2^ilfg g 


1G67. Ex. If the two regions be mutually exclusive spheres of radii 
a and b and centres distance c apart, then for the mean distance PQ, 

,, 36a 366 ,, a^ + b^ 


35 


oc 


Hence the mean distance bet-vyeen P and Q when each may lie within 
either sphere or in different spheres is 


(5 ™’)’ S “ ^ • I ■ 5 •■*'■ (' + ^’) + (I i '’]/(! 


4 4 

Tra® + 5 7r6’ 

u 


36 a’ + 6’ 


35 (a=' + 6=>P ' (a3 + 6®)' 




2a^b%a^ + b~) 1 
5 (a= + 63p ’c 


In the case where the spheres are equal and in contact, c = 2a — 2b and 


1668. In the .same way, if there be three or more mutually 
exclusive regions f2i, fig, fig, say, and 0 be a function of the 
positions of three points P, Q, R which lie in one or other of 
these regions, then (a) all may lie in any one of the regions, 
(6) two may lie in one region, and one in either of the other 
regions, or (c) one may lie in each region. 

Let il/g.o.o f>® til® mean value of ^ when all lie in fij, 
^^ 0 . 3,0 all lie in fig, i'l/ 2 , 1,0 when two lie in fij and one 

in fig, and so on ; and let M be the mean irrespective of 
where they lie. Tlie respective numbers of cases are measured 
by fij^, fig^, Sfij^fig, etc., and (fi^+fig-ffig)^, and the sums of 
these cases are respectively measured by 

0 . Sfij^figil/^.j.o, etc., and (fii + fig+fig)W, 
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and the last, being the sum of all possible values of 0 , is equal to 
The sum of all the several cases previously enumerated. Hence 

ir 0 , 1. 0 1, 1 

nncl so on if there be more than three mutually exclusive 
regions. 

1669. Eegions not mutually exclusive. 

To go back to the case of two regions, suppose next that the 
regions and fig have a common region fi. The whole region 
bounded is then fi^+fig— fi. 



(Not mutually exclusive) 

Fig. 615. 


Let be the mean value of 0 , when the random 

points P, Q lie anywhere in the whole region; the 

mean when both lie in fi^— fi; Mq^_q the mean when both 
lie in fig— fi ; M the mean when one lies in fij^ and one in fig. 

The respective numbers of cases are (fi^+fig— fi)^ (fij^— fi)^> 
(fig— fi)^ and 2fijfi2— fi 2 ; for in allowing P and Q each to 
range over fi^ and fig respectively, or fig and fi^ respectively, 
the region fi is counted twice over. 

The sum of the values of 0 when one lies in fi^ and one in fig 

is (2fiifi2-fi2)M. 

The sum when both lie in fij^— fi is (fii— fi)^-^n^_o. 

The sum when both lie in fig— fi is (fi2— 

and the three make up the total sum (fii+fi2— fi)^.^nj + n2-n ; 

• - (^1 fi)^-^ni-n+(fi2 — fi)^-^n2-n+(2fiifi2 — fi^)M 

“ (fii+fig-fi)2 
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1670. Similarly more complex cases may be examined. Also the 
present formulae admit of considerable reduction for special cases, 
e.g. when the regions are equal or when one region is enclosed cornjdetely 
by the other. 


1671. The Geometric Mean. Clerk Maxwell. An Integral 
useful in Electromagnetic Problems. 

If log Rab be tlte mean value of the logarithm of the distance 
between points P and Q, one in each of the areas A and B 
lying in the same plane, then obviously 

log 72.4^ =j*JlogPQ . dA dB 

the integrations being conducted for all elements of area in A, 
and for all elements of area in B. 


J] 


dA dB, 


The integration 


IJJJlog r dx dy dx dy', 


over two such areas 


occurs in tlm determination of the electromagnetic action 
between two parallel straight currents flowing in conductors 
of given sections. (Clerk Maxwell, E. and M., ii., p. 294), 


Clearly A.B . log Rab 



. dA dB. 


If (7 be a third area in tlie same plane, in which P or Q 
could lie, {A +P)C'logP(,./+B)e represents on some scale the sum 
of the logarithms of the distances of points in C, from points 
in the composite area A + B, whilst M C log represents on 
the same scale the sum of those cases of the aforesaid group 
which refer to lines joining points in A with points in C ; and 
similarly with BClogRBc- Hence 

(A -j-B) C log R(a+b)c—AC log RAc-\r BG log Rbc- 
And this rule may Ije extended. Thus, if there be a fourth 
area D in the same plane. 


{A-];-B-\-G)D log R(a+b-\-c)d — (-4 -\-B)D log R{^AA-ji)r)-\-GD log Rc? 

log Rai)-\-BD log Rbb+CD log Rcp \ 

and so on. 


Thus, if P be found for pairs of parts of a composite figure 
the rule will give P for the whole figure. 

Also A, B, G, ... are not necessarily difterent figures. 

Maxwell states the results for a number of cases. He calls 
the line P thus determined the Geometric mean of all the 
distances between such pairs of points. 
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i 67-2. Oases of Maxwell’s Geometric Mean. 

[. To find R for a point (7, and a finite straight line AB. (Fig. 516.') 
Let GO be drawn at right angles to the direction of AB. 

P a point on AB, OA = a = .Vi, 0B=b = X 2 , OG—'p, OP=x, CP=r, 
AB-l=h-a. GA^ri, CB = r.^. 

Then Hog R = j log +p^ dx=^v\og'Jx'^+p'^ -x+p tan-i^ J * ; 

l{\og R + \) = OB\ogCB-OA\ogCA + OC'x.c\vc. mo'As. oi ACB, 

i.e. (.r2-.ri)(log iR+l) = ^2logr2-Xilogr,+p . rp-2. 

In the case when Giles on AB produced, ^> = 0, and 

log 7? + 1 = {x^ log x^ - Xi log Xi)l{x 2 - X]). 



Fig. 516. 



1673. II. Let ABOD be a rectangle, AB=a, AD = b. Let P and Q be 
points respectively upon AB and CD. PO the perpendmdar upon- CD. 
AP==x. (Fig. 517.) 

For a given point P let iZj refer to the value of R for the fixed point P, 
a{\ogR^ + l) = OD\ogPD+OC log PC A b CPD 

= .r log + 6- + (a — .%) log V(a — xY + 6^+6 ^tan“' + tan“^ ' 

Integrating with regard to x from 0 to a, 
a'^(logiZ+l ) 


_ 2 


logN/.r^ + i^ — 


^2 + 62-1'* r(a-^)2 + 62 

4 Jo L 2 


log >J{a — xY + 6^ — 


{a — xY + b^ 
4 




a 

0 


+ b ;rtan * j - 6 log v/.r^ + 6^ —6 («— a;) tan~^ ” , -b\og^{a- xY+b"^ > 

0 Jo L 0 Jo 


i-e. «^(log iZ + f ) = - 6^) log 2)+ 6^ log 6 + 2ab tan“' ^ , 

where D is the diagonal. 


1674. III. If P lies upon AB and Q upon AD, and R^ as before refers 
to the result for a fixed point P, 

Z)(log ZZj + l) = Z>logN/a;2 + 624-^tan~*- ; and integrating from 0 to a, 

00 


aZ)(logiZ+l) = 6j^a;log\/a;®+6^ — a;+6tan“^^J +^^-^i^tan + j 

.’. ah {log R->r?f) = ab\ogDA*^ tan“i 
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1675. IV. If Q lies on the circumference of a circle of radius a, and cenlr 
0, and P be any point in its plane distant c from the centre, 



2Tra log iZ = 2 log fa^ - 2ac eos0 + c\ a d6 

= 27ralogof, (c<a) ; or 27ralogc, (c>a). 

Therefore 7Z = tlie greater of the two a or c ; and the mean of log 
is accordingly 

log or, {c< a), or logc, (c>o). 

1676. V. If P travels on the circumference of a second circle ofradua I 
entirely loithout the former, the distance of the centres being d, and if log L 
stand for the mean value of log PQ, 



2 Trb. 2 Tra]ogP = 2ira.2j^ log PO.bdB' 

= 2Tra.2f log fb'^-2bd cos d' + d'^ bdd' 
Jo 

= 2ira.2irblogd ; R = d. 

Siniilai’ly if one circle be entirely within the other. 


MAXWELL’S GEOMETRIC MEAN. 785 

1677. VI. l) ' Q lies upon a circular annulus, centre 0, external 
and internal radii a^ and a^, and P he at a point distant c from 0, and 

Jog R = M[log PQ), QO = r, QOP= 6, 


'■)logR = 

/*? 

2/ / 
'dax Jo 

r 

log fc^ — 2cr cos d + 

r"^ .rdQ dr 



rax 






= 2 TT lOff C . 

JfUi 

r dr, {Or); or = 2^ 

/ IT log r . 

rdr, (c<r). 


to 

0 

II 

c.(af- 

-af) if Ocf,, 




II 

* * 
to 

logr — 


af' log flg - 

af-af\ 

2 )■'"< 

:«2> 

if 

C>«1, 

log^ = logc; 



.(a) 

if 

c<a2, 

log/2-«i^l«S«,- 

af log a^ 
af 

1 

2 

(/?) 



If >0 02 , and P itself lies upon the annulus, 

n'iai^-ao^Jlog R= 2Tr log c.r dr + f 2Tr log r.r dr; 

Ja* Jc 


whence 


lo" R=- 


— / 


a/ — a. 




ax-c^ 


® 2 *” ^2 


2 


•(y) 


Since R=c wdien P is without the annulus, the mean value of log PQ, 
where P lies upon any region entirely without the annulus is the mean 
value of log PO. And if P lies upon any region entirely within the 
annulus, the expression for R, in that case not containing c, is independent 
of the shape or position of the region. 

We may deduce the result (y) from (a) and {fi) by Art. 1671 1 Let A 
and B be the regions of the annulus respectively outside and inside a 
concentric circle through Q. Then if C be an elementary small area 
i n which P lies, 

(A -hB) log R{a+b)c— A log Rac'I' dilog Rbc ; 

TT [a^ - a.f) log R{A+B)c=n{af - c^) | ^ - af) log c 

giving the same result as before. 
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1678. VII. If P he not at a fixed point within the annulus, hut may 
travel anywhere within it, 

(tt lt = Jjj Jlog\/rf‘-2rir2eos{0i- (^ 2 )+^/ .ridd^dr^ridO^dr^. 

where rj, and rj, 62 tlie polar coordinates of F and Q. 

The limits for 0j are 62 to + ; for 62 , 0 to tt, and double the result ; 

for rj from (22 to and rj to ; for rj, from to a^. 

The first integration gives 

2(7rlog?'])rir2cf?\cfr2(j?^2 oi" 2(7rlogr2)rjr2cfrjcfr2cf02) 
according as or r^ is the greater. 

The second merely multiplies the result by 27r. 

The third gives 

J rr\ ra, 

J'lT'a logridridrjd- 47r® / rpr^logr^dridr^ 

ft2 Jf'l 

== 27r2[rt/ log cfi . r, - af^r^ log - \{ai^ri - ri^)']dri. 

The final integration gives, after dividing by Tr^{ai^ — 


log A = l0g(7i 


Cl ^ Cl 3cf ^ ““ d ^ 

+ Maxwell. 


For the mean of the logarithms for pairs of points within any circular 
area, put 02 = 0 ; then logi2 = logai-|, that is R = a^e~^ or R is a little 
more than 3a/4. 

Other results of similar character are stated by Maxwell with a 
reference to Trans. R.S., Edinb., 1871-2. 


1679. Other cases of mean values will be considered in the next 
chapter, which are more intimately connected with the general Theory of 
Probability. 


PROBLEMS. 


1. If the sides of a rectangle may have any values between a and 

h, prove that the mean area = {a + b)-l4:. [r_ p j 

2. Find the average area of a random sector whose vortex is taken 
at a given point on a given circle. 


3. A BCD is a square. ShoAv that the average distance of A from 
points on BC for an equable distribution of radii vectores about A is 
AAB, AC + AB , 

log — — ; but for an equable distribution of points on BC 
. AC AB, AC + AB 

,t.3 ^ + _log_^. 


4. A rod of length a is broken into two parts at random. Show 
that the mean value of the sum of the squares of the parts = 2a73- 

[Ox. IL, 1886.] 
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5. A rod of length a is broken into two parts at random. Show 
chat the mean value of the rectangle contained by the parts is a76. 

6 . The sum of two positive numbers is given = N. Show that the 
mean value of the product of the power of the one and the q'-'^ 
power of the other is p\q\NP+<il{p-\-q+\)\, p and q being positive 
integers. 

7. Find the mean value of the (i) squares, (ii) cubes of all radii 
vectores of a cardioide for an equable angular distribution of radii 
vectores about the pole. 

8. Given the base and the radius of the circumcircle of a triangle, 

determine its mean area, stating clearly what assumptions you make 
as to equal pr6bability. [St. John’s, 1884.] 

9. Show that the average of the squares of the distances of all 

points within a given circle from a point on the circumference is 
three times that of the squares of all points within the circle from 
the centre. [Colleges, 1878.] 

10. Find the mean value of the squares of the distances of all 
points Avithin a rectangle (i) from the centre of the rectangle, (ii) 
from any point in the plane of the rectangle, (iii) from any point not 
in the plane of the rectangle. 

11. Find the mean value of the focal radii vectores of a cardioide 
(i) for an equable angular distribution of radii, (ii) for an equable 
arcual distribution. 

12. If a solid be formed by the revolution of a cardioide about its 
axis, find the mean value of the focal distances of points on the 
surface of the solid (i) for an equable surface distribution, (ii) for an 
equable solid angle distribution. 

13. Find the mean value of the squares of the distances between 
any two points Avithin a given (i) triangle, (ii) square, (iii) sphere, 
(iv) cube. 

14. (i) Find the mean of the inverse distances of points Avithin an 
ellipse from a focus for an equable areal distribution. 

(ii) Find the mean of the inverse distances of points Avithin a 
prolate spheroid from a focus for an equable Amlume distribution. 

15. ShoAV that the mean distance of points Avithin a sphere of 
radius a from points of the surface of a shell of double the radius of 
the sphere is 21a/10, and that the mean distance of points on the 
surface of the sphere from points on the shell is 13a/6. 
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16. Show that the mean distance of all points within a sphere of 
radius a from a point midway between the centre and the surface 
is 2l9aj320. 


17. Show that the mean distance of a point on the external 
surface of a spherical shell of thickness T from points in the materia] 


f T, n • 6 ,, ,1 {R-TY(2R-T) 
radius Ri^E^-ZRT-vT^y 


where R is the external 


18. Show that the mean distance between points P and Q, of 
which P lies within a sphere of radius R and Q lies between this 
sphere and a concentric sphere of double the radius, is 3®P/140. 

19. There are two concentric spherical shells, the bounding 
surfaces of which are 1 inch, 2 inches, 3 inches, and 4 inches. Show 
that the average distance of points in the material of the first from 
points in the material of the second is 3fA^ inches. 

20. Two equal spherical surfaces are in contact. Show that the 
mean distance of points on the one surface from points on the other 
= 7/3 of the radius of either. 

Show further that if the points may lie anywhere within their 
respective spheres, their mean distance is 11/5 of the radius of either ; 
but that if one of the points lies within one of the spheres and the 
other point on the surface of the other sphere, their mean distance 
is 34/15 of the radius. 

21. If Mn be the mean of the power of the distance between 
two points on the area bounded by a circle of diameter unity, show 

-^n+2 ~ + 2) (tH- 3)/(71 + 4) (w + 6). 

22. If ilf„ be the mean of the power of the distance between 
two points on the surface of a sphere of unit diameter, show that 

= M^in + 2)l{n + 3). 

23. If M„ be the mean of the vR' power of the distance between 
two points within a sphere of diameter unity, show that 

Mn+x = 3) (» + 6)/ {n + 5) (w + 7 ) 

24. A point 0 is taken outside a sphere with centre C and radius 
a. CO = 2a. Show that the mean of the cubes of the distances of 0 
from points within the sphere =731a3/70, and that the mean of the 
fourth powers =171a^/7. 

25. Show that the mean value of over the surface of a sphere 
of radius a is 



MEAN VALUES. 


789 


26. Show thht the mean value of for positive values 

of X, y, z, subject to the condition a-^x^->rh-^y^ + cr'^z^=\ for an 
equable distribution of areas on the x-y plane, is 


Q,p-]J?-lcr-ir 





where j>, q, r are all greater than unity. 


27. On a straight line of unit length two random points are taken. 
Show that the mean of the square of the distance between them, is 
1/6 of a unit of area. 

28. Circles are inscribed in the triangles formed by joining points 
on an ellipse of semi-axes a, b and eccentricity e to the foci. Show 
that the mean value of the areas of the circles for equal increments 
of a focal vectorial angle is 

7ra^(l —eY{(ljb — 1). [Math. Trip., 1892.] 


29. Show that the mean value of the product of the three per- 
pendiculars from any point within a triangle upon the sides is 

where ^ 2 > 7^3 perpendiculars from the angular 

points upon the opposite sides. 

30. Show that the mean value of the product of the four per- 
pendiculars from any point within a tetrahedron upon the faces is 

where ^ 2 > Pay Pi perpendiculars from the 

several quoins upon the opposite faces. 

31. Five points, A, B, C, D, E, are taken upon a straight line AE, 
to which perpendiculars are drawn through these points of increasing 
magnitude. The sum of these five perpendiculars is 10 inches. 
Show that the mean length of the middle perpendicular is 47/30 of 
an inch. 


32. Show that the mean distance of all points within a given 
regular polygon of side 2a from the centre ^ ^ ^ > where 

R and r are the radii of the circumscribed and inscribed circles. 


33. Show that the rectangle contained between the average value 
of the radius of curvature at points equally distributed along a curve 
and the corresponding arc is double the area contained between the 

curve, the evolute and the normals at the extremities of the arc. 

[5, 1883.] 
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34. Prove that the mean value of the radius of curvature at points 

equally distributed along the cardioide r = a(l + cos 9) is a7r/3, while 
the density distribution of the eorresponding points along the pedal 
with respect to the pole varies at any point as the curvature at the 
corresponding point of the cardioide. [ 5 , 1883.] 

35. Prove that the square of the mean value of any function of a 

variable between any limits of the variable is less than the mean 
value of the square of that function between the same limits of the 
variable. [St. John’s, 1883.] 

36. Find the mean value of the squares of the distances from a 
focus of all points within an ellipse whose eccentricity is •v/3/2. 

[5, 1881.] 

37. The circumference of the auxiliary circle of an ellipse, whose 

axes are AC A' = 2a, BOB' = 2h, is divided at Q^, Q^, ... into a large 
number of equal arcs. At Pj, the point on the ellipse whose 
eccentric angle is ACQ^, a circle is described so as to touch the 
ellipse at Pj and to have its centre on the major axis. Show that 
the mean area of all such circles is irb-{a- + b‘^)j2a^. [a, issi.l 

38. At any point P of a catenary whose parameter is c, the ordinate 
BN and the normal PG are drarvii to meet the directrix at N and G 
respectively. Prove that the mean values of the area of the triangle 
NFG for points proceeding by equal increments of (i) abscissa, (ii) 
ordinate, (iii) arc, up to a point whose coordinates are {x, y), are 
respective!}’’ 

(i) (ys - c3)/6.r ; (ii) c- - ix'^ j 64:{y - c) ; (iii) {i/ - c‘^)/8cs. 

39. Find the mean of the inverse distances of two random points, 
one on the surface of a sphere, the other on a circular area exterior 
to the sphere and whose plane is at right angles to the line of 
centres. 


40. Prove that the mean of the inverse distance between points 
on the surface of a sphere and points on a straight rod of length I 
external to the sphere, which is bisected at right angles by a per- 
pendicular upon it from the centre of the sphere, is | log tan 
where a is the angle at the centre of the sphere subtended by the rod. 


41. Prove that the mean inverse distance between points on the 
surface of a sphere of radius a and points on a concentric ring of 
radius b is if or if b<a. 
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42. Prove that' the mean value of x for all points within the 
positive octant of the surface (xjaf + (^jlbf ■\-{zlc)i = I is 21a/128. 

43. On a given finite arc n points are drawn dividing it into equal 
small lengths, and n other points are taken, parallels to the normals 
at which divide the angle between the extreme normals into equal 
small angles. Prove that when n is indefinitely increased the mean 
of the radii of curvature at the former n points is greater than the 
mean of the radii of curvature at the latter n points, the curvature 
being supposed finite at every point of the arc. [St. John’s, 1889.'] 

44. If logi? be the mean value of the logarithm of the distance 
between two points P and Q which lie on a line AB of length a, 

_ n 

show that B — ac [Clerk Maxwell, El. and Mag., II., p. 296.] 
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CHANCE. 

1680. Def. If an event can happen in a ways and fail in 
h ways, and all these ways are equally likely to occur, tlie 
probability of the happening is ajia+h) and of the failure to 
happen is 6/(a+&). 

These measures are essentially numerical positive proper 
fractions. Certainty is denoted by unity. A mean value is 
essentially a quantity of the same kind as those of which the 
mean is taken. So long as a and h are finite, the theory of 
probability does not call for any mode of treatment other 
than the processes of ordinary arithmetic and algebra. If, 
however, a problem incurs the existence of an infinite number 
of ways in which an event could happen and an infinit'' 
number of ways in which it could fail to happen, all the.'r 
being equally likely, the calculation of a, h and a+6 may call 
for the processes of the Integral Calculus, or at least the 
fundamental conceptions of the Calculus, to effect the neces- 
sary summations, though sometimes in such cases the actual 
labour of integration may be avoided by geometrical or other 
considerations. 

1681. Take, for instance, the case of a material particle 
thrown down upon a region of area A, and which. is equally 
likely to fall at any point of the area ; and let us explain this 
phrase. Imagine the area A to be divided up into an infinite 
number of infinitesimally small elements of equal area, and 
suppose that an infinite number of trials is made. We shi.ll 
also suppose that, after these trials, the particle has fallen as 
many times upon any one element as upon any other. Then 
if a be any region of finite area enclosed completely within 
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d.e contour of .4, a and A contain numbers of the infinitesimal 
elements of area proportional to and measured by their own 
areas. Hence the numbers of particles which have fallen respec- 
tively upon a and upon A are measured by the respective areas 
or a and A, and the chance that a particle which falls upon A 


also falls upon a is and that it does not so fall is 
The chance that of two hazard throws of a particle upon A 
both fall upon “ ^ That the first does and the second 

does not, the chance is That the first does not 

and the second does is ^1 j that neither does is 

1— ^^^1— and the sum of these is unity. And so on if 


there be more than two throws. 

It will appear that in such cases, unless the areas be known 
or obtainable by some elementary means, either the Integral 
Calculus or some equivalent graphical method will be neces- 
sary for their evaluation. Taking any pair of rectangular axes 
in the plane of the region A, the chance that the tlrrow upon 
A results in the particle falling upon a may be expressed as 


j [cZajcZy (taken over a)/[[oZa3cZy (taken over A). 


JJ 


JJ 


1G82. We note that the chance that a particle should fall 
upon th.Q 'perimeter of the contour of a is infinitesimal in com- 
parison with the chance that it should fall upon the a?’ea of a. 

1683. We indicate by a few examples how the Integral 
Calculus is to be applied in some cases, and how the actual 
integration may be evaded in others. 


1. OA = 2a is the axis of a cardioide. 
is the chance that a random point P taken 
C than C is from 0 ? 

Drawing a circle with centre C and 
radius CO, P must lie without the circle 
but within the cardioide. The area of 
the cardioide 

=2. i 1^2(1 cos 

Therefore the chance required is 
(^7ra2 - 7ra2)/g7ra2 = J, 


C is the mid-point of OA. What 
within the cardioide is further from 
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2. Given thatp, q are any positive quantities of which neither is >4; wha: 
is the probability that when real values are assigned to them at random, tlr: 
roots of the quadratic -px+q=(i shall be real? 

If real, 4g'. Construct the parabola ¥^ = 4:X. The point (4, 4) lit - 
upon it. We may then interpret the condition geometrically. Arandoi.! 
point R is selected upon a square ONPQ, whose side is 4. The al.ioM- 
parabola is drawn with axes ON, OQ. The values of p and q are denoted 
by the abscissa and ordinate of H. When H lies without the parabohi 
p^>Aq. Therefore the chance that p‘^<i;iAq is measured by the ratio 
the area OFQ to that of the squai’e ; that is, 1/3. (Fig. 522.) 


A' 



O N B' P C' 

Fig. 522. Fig. 523. 


3. A rod, three feet long, is broken at random into three parts. What is 
the chance that we may be able to form a triangle with them ? 

(i) If X, y, z be the parts, x+y+z=l, the unit being a yard. We arc 
to have y + 2 >.r, z + x>y, x-\ry>z. Interpreting .r, y, z as areal co- 



ordinates, theny + 2 =.r, etc., 
are the joins of the mid- 
points of the sides of the tri- 
angle of reference. In order 
that all the inequalities may 
be satisfied, the representa- 
tive point X, y, z must lie 
within the triangle formed 
by them (unshaded. Fig. 
523), which is one quarter of 
the whole triangle. Hence 
the chance is 

(ii) We might also regard 
X, y, z as the rectangular 
coordinates of a representa- 
tive point. Taking 1 foot as 


unit, a:-fy + 2 = 3; and this 
is the equation of a plane making intercepts 3, 3, 3 upon the coordinate 


axes. If A, B, G be the intercepted triangle ; P, Q, B the mid-points of 
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- -i ies, y + 2=‘J'’) etc., are the respective planes OQR, etc., and of all the 
111 resrricted positions upon the triangle which the representative point 
,)■ >/, r may occupy those for which y-\-z>x^ etc., lie within the triangle 
PQB. Therefore, as before, the chance =^. 

(iii) Again, without evasion of integration, we may proceed thus : 

O P Q A 

I » 

Fig. 525. 

Let OA ( = a) be the rod, P and Q the random fractures, P being that 
which is nearer to 0 ; OP = x, OQ = ij ; y>x. 

Then, since 

.r + (y-.r)>(a-y), {y -x) + {a-y)> x, and (a -?/) + . r > (y-.r), 
we have a'<|i Hence the chance required is 

(iv) Or still again, with the above inequalities, construct a square 
OABG of side a, OA, 00 being the x and y axes. Let P, Q, P, S (Fig. 526) 
be the mid-points of the sides, T that of the square. The representative 
point must be in some po.sition on the triangle OBC as y>x, and both are 

. a Cl Cl 

positive and neither of them >a. The conditions ^< 2 ? 2^^ 2 ’ 

restrict it further to the trLangle TBS, which is obviously ^ of OBC. 
Hence the chance required is I-. 

It will be noted that the integration process is merely the evaluation 
by that method of the areas of the triangles TRS, OBC. 




4. An ellipse has its centre at a random point C of a semicircle AGB, 
and two vertices at A, B the extremities of the diameter. AB = c. Find (i) 
the mean area for different positions of G ; (ii) the chance that its area shall 
he less than that of the circle. (Fig. 527.) 

(i) LetO be the centre of the circle; BOG =6, AG = r^, BG = r.^. 
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Theu 


Area of ellipse ='jrrjr 2 = 



sin 6, 


and 


Mean area = — 


f sin0c?0 

h = c~. 


(ii) When area of ellipse =area of circle, 7 * 1 ^ 2 = Jc®, and 0 — 30 . 

Hence, from 0=30° to 0 = 150°, wo have area of ellipse > area of circle. 

Therefore the chance that the area of the ellipse is less than that of tli-^ 

o 30° 1 

circle = 2 x^„ = 3 . 


5 , Jf a quantity of homogeneous fluid contained in a vessel he thoroughhi 
shake 7 i up and allowed to come to rest again, prove that the chance that 7 k 
particle of the fluid now occupies Us original position is 1/e. 

[Whitworth’s Problem.] 

Let there be 71 particle.s a, ft, y, ... occupying specific positions : 

iV the number of ways of arranging them in those positiona = n(7!l. 
say, =7i!, 

A(A) the number of ways of arranging them with a in its original 
place, 

iY((/) the number of ways of arranging them with a out of it- 
onginal jilacc, 

N{aB) the number of ways of arranging them with ft in and a out 
of their original placc.s, and .so on. 

Thus jY= 11(71): jY(/ 1)= 11(71-1); A"(«)=II(7!)-n(77-l). 

Hence xY(aZf) = 11(71 - 1) - Il(7i - 2) ; 

.-. N((ih) = N(a) - N(aB) = n ( 71 ) - 2 n( 7 i - 1) + n(7i - 2) : 

.-. writing 71-1 for 71, A(rt? 7 C') = 11 (71 - 1) - 2n (71 - 2) + H (71 - 3) ; 

.'. subtnicting, A’^((iic)= 11(71) — 311(71 — 1) + 311 (71 — 2) — n(7i — 3), 
and so on. 

Thus N(ahc ... /•)= 11(71) - 7in(7i - l) + ’-^J- 2 ^^ n(7i -2) ... to ?i + 1 term^ 

= n(7i){l-l + i-.J-, + ... + (-l)",||}. 


Hence the chance that all the particles are misplaced 


A >, c,...) _ ^ 

« ^j-| 1 1+2! 3! 


1 

e * 


[See the Problem of “71 letters and 71 directed envelopes,” Sniitli. 
Algebra, p. 203.] 

In this case, although the number of cases is infinite, the problem doc.^ 
not call for the assistance of the Integral Calculus. 
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r. Find the chance that a random triangle inscribed in a circle is (i) acute 
aiioicd, (ii) obtuse angled. 

(i) Let ABC (Fig. 528) be the triangle; 0 the centre of the circle. 
Let tlie angles AOS, A 0(7, measured in opposite directions from OA, be 
cailed Q and 4>. 

Then A=(27r-0-<^)/2, C=dj^, and if AiJObe acute angled, 

0<n, <p <T!-, > TT. 

The chance for an acute-angled case is therefore 

^2?r r2ir— 0 r2ir 4* 

I I dd d(p I (27r - 9) dO 

Jo Jo Jo 

(ii) The probability that A is obtuse is 

rrr /*tr— 0 / ^2jr f2n—9 i 

L Jo I = 

The probability that one of the three A, B ov C is obtuse = 

The probability that the triangle is right angled is of course 


infinitesimal. 



Fig. 5-28. Fig. 529. 

(iii) Let us examine this problem in an elementary way. Three points 
being taken at random on the circumference of a circle, lohat is the chance 
that they lie on the same semicircle ? 

Let the arcs BC, CA, AB be sc, y, z ; and take the circumference as 
unity. Then a:+y+z=l. The triangle v;ill be obtuse angled in any of 
the three cases y+z < x, z+m <y, x+y < z. 

Interpreting x, y, z as areal coordinates of a point referred to a reference 
triangle A’B'C, we may proceed as in 3 (i), and if P, Q, R be the mid- 
points of the sides, the chance required will be the same as the chance 
that an arbitrary point of the triangle A'B'C shall fall upon one of the 
three equal triangles A'QR, B'RP, C'PQ (shaded in Fig. 529), i.e. f, and 
the chance the triangle ABC is acute angled is 

(iv) A curious fallacy lies in the following argument. One pair of points, 
say A, B, must lie on a semicircle terminated at A. The chance that G 
lies on this semicircle is ^ ; therefore the chance that all three lie on the 
same semicircle is 
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This is incorrect: where lies the fallacy? (Hev. T. C. Simmons, Edur. 
Times). Let the student obtain the correct result by this line of 
argument. 


7. Two points P, Q are taken at random within a circle whose centre is C. 
Prove that the odds are 3 to I against the triangle CPQ being acute angled. 

[St. John’s Conn., 


Let a be the radius ; P, {r, <fi), the position of one of the points. 

Let a diameter AGB and a chord DPE be drawn perpendicularly to 

CP. Then (Fig. 530) ■■ i a wn ^ 

_A . area of a .semicircle 

(i) The chance that PCQ is obtuse is area of cifdi 2' 

(ii) The chance that CPQ is obtuse is the compound chance that f 
should lie on the particular element rdfj^dr, and that if so, Q lies on tlir 

rdthdr area of segment ™ 

smaller segment cut off b}’ the chord, X ^^2 ■ -meif. 


fore the whole chance that wherever P lies, CPQ is obtuse is, with the 
notation indicated in the figure, 


ro=o nl.=^inrd£d_r la‘^2d - lyPsin^^ =etc. = J. 

Jg_rr U = 0 ttu- n-a- 


(iii) Similarlv the chance that CQP is obtuse — -Jf. And the.se aio 
mutually c.xclusive events. Therefore the chance that one of the thro- 
is obtuse is + i + = Therefore the chance that the triangle is aciil-' 
angled is •}, and the odds against this arc 3 to 1. 


D 




1684. We have seen that when a region entirely enclose' 
a second region w, the chances that a random point taken 
within Q. should or should not lie within w are respectively 


" and 1-^. n n random points he taken within Q, tl'.c 

a 2 , 

chance that r specified points lie within w, hut the rest do 
not, is and if the several points he denoted 


. 0 . 
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ns A, B, C, , the chance that some unspecified r of them lie 
v/ithin w, whilst the rest do not, is ”(7^ times as great, that is 




r 



And the chance that at least r unspecified 


voinis of the whole number lie within w is 

j. 



Now suppose that the region to itself is variable with the 
different trials, and let the regions which it represents in the 
several trials be denoted by tOp tog, tog, ... tOm, and let there be 
a very large number m of such trials, and that any of these 
(o’s maj’’ be equally likely to be selected for any particular 
trial of the taking of a random point P within the region fl. 
The chance that at any particular trial any specified one 

value of 0 ), say Wp, is selected is ~ .and therefore that r specified 

points of the whole group should fall within wp, and the rest 
not within it, we have the compound chance 


1^ 

m 



Hence in all the m trials the chance that r specified points 
lie within the particular w selected for each trial, and that the 
rest do not, is 


r=m 1 /,,, \r 
— L ( zR 1 

m \ Q y 





= the mean value of 



And if the r points be not specific points of the group 
A, B, C, ... which are to fall within the selected w’s, the result 


will be the mean value of • That is, the 

two results are ^ 


according as the random points falling within the particular 
ft) s are to be specified or unspecified members of the group of 
random points A, B,G,.... 

It is convenient to picture the two cases as those of n sand 
grains thrown at random upon the region I], the grains being 
coloured differently in the first case, uncoloured and in- 
distinguishable in the second. 
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1685. Taking, for instance, the case of a rod AB of length a ; this is 
the region fi. Take two points at random upon it. This marks a 
random region w, viz. PQ, within i2. Now take n other random points 
on AB, say differently coloured sand grains thrown at hazard upon tlie 
line. The chance that a specified group of r of these lies between P 
and Q, and the rest do not, — M {PQ’^{a - PQ)^-^}la '^ ; and if the group be 
unspecified, the chance will be —^CfM{PQ^(a — PQ)"~^]la^. 

Let P be the random point which is the nearer to A ; AP=.v, AQ=y. 

Then M{PQ^ia- PQ)^-^}= j" (1/ - .ry(a - 1 / + di/ dx^ 
fo ' a^i''{l-zy-^adzd^ [^putting y-.r = a 2 , .r=^, = 

2«" [' 2 ’-(l - > dz = 2a" r(r + 1 ) r (« - r + 2)/r (n + 3) = 2)^+1) ‘ 


Therefore tlie chance required for r specified points, and ?• onlj’, to 


lie between P and Q is 

.» , 2(j)-r+l) 

un,|.cc,(ied 


2(n — r+ 1) 
(}1 + 2)(7I + 1) 



and if the r points be 


1686. This result is obtainable directly. For the total number of 
points to be chosen on A B is n +2. The number of permutations of these 
is (?! + 2)! Let us fi.x positions for two of these, A' and on the array, 
say the tP and m'''. Then there are n ! permutations of the remaining 
points. Hence the chance that two particular points X and Y shall be 


2 .«! 


, , for these two may stand in either 

(?t + 2)!’ 


the and 7?i"' of the array = 

V'l I "/ • 

order, either as first and (r + 2)"', second and (r + 3)"’. 


third and 

(r + 4)"’, ... (/(-)• + !)''' and ()i+-2)'\ i.e. in 77-r + l ways, events equally 
likely to occur, and therefore the total chance that these two points shall 

, 2 ( 7 ? — 7* -f- 1 ) 

find »• unspecified other points between them is ^ )(?; + 2 ) ' 


1687. For instance, if there be eight indistinguishable points taken at 
hazard on ..I B after P, Q have been selected at random, the chance that 
three unspecified ones should lie between P and Q and five on the rest of 


the line AB is 


2 6 2 . • 
10 9 ~r5’ chance for three specified ones to be 


between P and Q and the others on the rest of the line is 


A J_ - 1 1= J_ 

15 ‘ ®C3“15 ■ 56“ 420’ 


1688. Random Points. 

It is necessary to examine carefully what is meant when it 
is stated that points are taken at random within a given 


region. 
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(i) Wlien a point P is said to be taken at random upon a 
line AB of length a, it is understood that AB is divided into 
an infinite number of equal elements, and that each element 
has the same chance of finding itself the recipient of the point 

A P Q R B 

Fig. 532. 


P. Thus, measuring a length x along AB from A, the chance 
of the random point P falling between x and x-{-dx is dxja.' 

If a random selection of several points P, Q, R be made upon 
the line, the chances they will severally fall between the respec- 
tive distances x and x-{-dx, y and y-\-dy, z and z-\-dz from A 
are dxja, dyja and dzja, and the compound chance that all 

SjCO d'u (iz> 

three chances should concur is — • — • — , dx, dy, dz denoting 

Ct Oj ct 


increments of equal length. 

But if, after a choice of P and Q has been made at random, 
R is then selected at random between P and Q, the respective 
chances are dxja, dyja, dzl{y—x) ; for now the possible region 
for the selection of a position for R has been restricted. The 
compound chance that all three things should happen is 


dx dy dz 
a a y—^' 

If a rod be broken simultaneously at two points at random, 
the chance that one fracture lies at a distance between x and 
x-\-dx from A, and that the other lies between the distances 


y and y-pdy from .^4, is — • — . 

CV (X/ 


But if the rod be first broken 


at P and then the portion AP be again broken at Q, the 
chance that these fractures should respectively lie at distances 
from A between x and x-\-dx and between y and y-pdy is 
dx dy 


a X 

(ii) When a point P is said to be taken at random on a 
given area A or within a volume V, then, if R be the whole 
region in question, and if R be divided up into an infinite 
number of equal infinitesimally small regions SR, SR', SR ", ... , 
it is understood that each element has the same chance of 
finding itself the recipient of the point P, and the chance 
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that specified points F, F', F ", ... should occupy the respective 
elements SR, SR', SR",... is 

K K K 

1689. To return to the case of a distribution of possible 
positions on a line AB (=a). If, afie?- a random selection of 
one point F on A B, a selection of Q be made at hazard upon 

A Q p B 

Fig. .53.3. 

AF, it is evident that, since the number of possible positions 
for Q on ^ P is smaller than the number of possible positions 
for P in the whole line ylB, the chance of any one element of 
AF distant between y and i/d-dy from A being the recipient 
of Q is greater than that of the element between x and 
being the recipient of P. The circumstance of the random 
choice of Q being made subsequently to the random choice of 
P, upon a limited range, has increased the chance of the dv 
element, but all equal elements between A and P have the 
same chance, the compound chance being, as before stated, 
d.c dy 

<(. X 


1690. We have, then, for the total chance that AQ shall 
not be less than a certain length c (<C«)> 



1691. Thus for a rod four feet long and AQ to exceed one 
foot, the chance =(.‘1 — log4)/4= 4034... . 


1692. It will be observed from Art. 1690 that for the com- 
pound event the chance of the element between x and rc-f 
being the recipient of the random point P, and also being such 
that the subsequent random choice of Q will give a result foi- 

er — but ^ , and therefore the 
a X a 

densit}'’ of the possible positions of P on the line is not the 
same at various positions, but varies as 1 — , i.e. in a hyper- 


which AQ<i:c, is no long 
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ijH' manner. This “density” of distribution may be repre- 
graphically as in Fig. 534, and shows that the 
(Xiiclensation of points P in an element dx, which can bring 
al oiifc a value .dQ greater than c, increases from zero at x=c, 
i.ud -continues its increase as P approaches B, tending in a 
hyperbolic manner to an asymptote parallel to the x-axis. 

Taking r]=h as the equation of this graph, rjdx & 

measure of the number of cases in which P lies in the element 
(h. That is, this number is proportional to the ordinate of the 
graph. And the total number of cases is measured on the 
same scade b}’’ the area between the x-axis, the curve and 
the ordinate at a;=a. This area up to any definite ordinate is 

1 X • 



If we take an ordinate which bisects the whole area, viz. 

x=Xf^, we have c—c\og^^=^h(^—c—c\og^\ and 

this ordinate divides the whole line AB into two portions such 
that there are as many favourable cases for the event desired 
in defect of AP{=Xq) as there are in excess. On these grounds 
the value a;=a;o is said to give the most probable case to secure 
the event. 

In the case a = 4 feet, c = 1 foot, — 1 - log ^ (3 - log 4) = 0'8068. 

- log ;ro = 1 '8068, and by trial, or graphically, a;o = 2'8563 nearly. 

That is, in order that the portion AQ should exceed one-fourth of the 
rod, the most likely position for the first fracture to have been made is 
a little less than three-fourths of the length of the rod from A. 

We shall call such a graph, indicating the den.sity or con- 
densation of points P in an element which are such that the 
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event may be brought to pass, the “ Condensation ” or “ Dei\- 
sity ” graph. We shall return to it later. It is also sometinu’ 
called the “Curve of Frequency.” (See Williamson, Int. Cnh, 
p. 369, ed. 8.) 

In all previous cases the density or condensation has bcf -, 
uniform. It will now appear that many cases will arise wh^i 
this is not so. 

The mean value of the ordinates of the graph from a;=c O' 
x—a is given by 



for which the abscissa is ^ ^ . 

log a— log c 

In the numerical case cited, viz. a = 4, c=l, . 2 ; = 3/log(.4 = 2‘164 — 


1693. Illustrative Examples. 

1. From a rod of given length a piece is cut off. From the remaindc'- 
another piece is cut off. Show that the chance that the second piece is les.- 
than the first is log^ 2. 

Let OA ( = a)be the rod ; P and $ the fractures ; 0P=x,0Q=y. Then 
y > X, y - X < X, y < a. 


O 


P Q A 

Fig. 535. 


So that if a: < a/2, y < 2x ; but if x > a/2, y cannot range as far as 2r, 
and the inequality y < 2a: is necessarily satisfied and replaced by y < a, i.e. 
when X ranges from 0 to \a, y ranges from a: to 2a: ; 
when X I'anges from \a to a, y ranges from x to a. 

The chance of R lying between x and x-\-dx is dx/a, and the chance 
of Q lying between y and y+dy is dyjia — x). 


Thus the chance required = f f f — -^^ = etc. = loge2. 

Jo Jx a a — X Ja Jx a a — X 


2. (i) Find the average distance between two points P and Q, where P > ■ 
taken at random on a line AB of length a and Q is taken at random on AP 

[Math. Trip., ISSS ] 

Let AP=x, AQ=y, .v <by. 


A 


Q 


P 

Fig. 536. 


B 


Then 


M{qp)= 




dx dy 
a X 


r® pdx dy 
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(ii) Find the average distance between the two points P and Q when 
' and Q are taken at random on AB. [Math. Trip., 1883. 

Here Q maybe on either side of P, and x-y changes sign as Q passes P 


^/’(positive value of QP) — 


fj 

0 a a J 


X ' a a 

J 

Cj 

f°dx dy 

0 a a 


= etc. = ; 


3. Two lines are taken at random, each oj length < a. Prove that the 
chance that, together with a line of length \a, they can form the three sides of 
a triangle is g. [St. John’s, 1883 ] 

(i) If X, y, Iflt he the sides, we have 

x<a, y<a, x+y>la, y + la>x, x + \a>y. 

Take x, y as Cartesian coordinates of a point. Construct a square 
OABC oi side a, with OA, (9(7 as coordinate axes. Let P, Q, Ii, S be the 
raid-points of the sides (Fig. 537). Then, of all points within the square, 
anj' point within the shaded area PSBRQ will satisfy the conditions of 
the problem. Hence the chance required is §. 

(ii) Or we may proceed directly thus : The chance that x lies between 
x and x + dx, and that y lies between y and y + dy, is dxdyja^. 

If a; < |, y ranges from | - .r to |+a: ; if a; > |, y ranges from a: - 1 to a. 


■ j f-^^dxdy [“ P dxdy . 5 

Therefore the chance required — ) ^2 d- J ^ — etc. — g. 

<7 ^ 

It will be noted that this is the exact process of integrating dxdyla^ 
over the shaded area. 




4. Three lines are chosen at random, each of length < a. Prove that the 
chance that they can form a triangle is 

If X, y, z be the lengths, we must have x < a, etc. ; y + z > .t, e^e. 
Consider x, y, z the rectangular coordinates of a point. Of all points 
vdthin a cube of edge a, three of whose edges coincide with the axes of 
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coordinates, those which give the result sought must be included between 
the three planes y-\-z=x, z+x—y^ x+y=z, i.e. half the whole cube. 
Hence the chance is 

5. A rod of length a is broken at random into two parts, and one of the 
two parts is taken at random and again broken at random. Show that for 
the two parts thus obtained the chance that neither is less than ^a is 

[Ox. II. P., 1886.] 

Let OQ be the part first broken off (Fig. 539), F the second fracture ; 
OF^^x, FQ=y, QA = z, x+y+z=a,. Unless a;+,y>2a/3 there is no chance 
that X and y shall be each > ajS. Therefore the larger portion must be 

O ^ P y Q ^ A 



selected. Regard x, y, z as the rectangular coordinates of a point. This' 
must lie on a plane A'B'C making equal intercepts a on the coordinate 
axes. The planes x=al3, y=al'i, 2=0 isolate on the triangle A'B'C', a 
triangle FQR whose area is ^ that of the triangle A'B'C'. In order that 
the specified condition must be satisfied, the representative point x, y, z 
must lie within the triangle FQR. The chance is therefore 

6. If three points F, Q, R be taken at random on a straight line OA ( = a)> 

what is the chance that, if n> 3, OF^ + FQ"^ + QR^ + RA^ shall be :[> • 

Let 0F=x, FQ=y, QR = z. Then RA=ta — x—y — z, and we are to have 

'W' “f” 1. 

x^+y'^-\-z‘'-\-{a-x—y — z)‘‘'i^—^aA, whilst x,y,z are positive and their 
sum < a. 

Take an orthogonal transformation in which 

x-VyA-z—ZfZ and x^+y'‘‘-\-z'‘-=X'^-\-F'^-\-Z'^, 
where X, Y, Z ure new variables. Then 

X2+Y^ + Z^ + {a-Zf3f::^^a^-, i.e. ZH + 
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The whole range of the values of X, V, Z is comprised within a 
Lpheroid of semi-axes aj^>Jn, aJAs/n, which lies entirely within the 

reirahedron ^=0, y = 0, 2 = 0 , x+^+z=a, provided n be large enough. 
The centre of the spheroid is at the point given \)y.x = y = z=a-x-y-z, 
i.c. [a 14, aji, «/4). The minor axis lies along x=y = z. The perpendicular 
from the centre on the plane x+y+z = a is alA^/S, and the minor serni-axis 
being al-ijn, we must have n> 3 in order that the spheroid shall not cut 
the face x+y+z=a. The same limitation will secure that the spheroid 
shall not cut any of the other faces of the tetrahedron, and must therefore 
be completely contained by the tetrahedron. With this limitation ve 
therefore have 


Chance required = 


Vol. Spheroid _ tt 
V ol. Tetrahedron 


7. 7/ n random points P, Q, R be taken upon a line OA, what is the 

chance that the sum of the squares of the (w+l) parts shall not exceed - the 
square of the whole line ? 


0 


-I 1 1- 

p ^2 Q -^'3 R 
Fig. 640. 


A 


Let a:,, Xo, x ^, ... x„, a-Xi-x^— ... —x„, be the lengths of the successive 
parts. We are to have xf^+x^^A ...+{a-x^ - ... -x„)- a'^jn. 

Take an orthogonal transformation in which Xj-f Xj-f ... -f 

}) n 

and let X,, X„, ... X„ be the new variables. Then = and the 

j I 

condition becomes 

X.^+X^-b ...-fX„2-f (a- n/71X„)2 :}> «>• 

i.e. A",* + Xj’ -f . . . -f (ti + 1) {X„ — aV 7i/(?! -f 1 )} ^ :}> a (n -f 1 ) 

or A1 + A1 -b . . . + XLi + X;" :}> a^ln (?! -b 1 ), 

where X„ - a-Jnl{n + 1) = X„'l'Jn+ 1. 

With the new variables the signs of Xj, X 2 , ... may be either positive 
or negative. 

_ __ f c c dX„' 

The chance required is XjD, where X = J j ...I dXidX 2 ... 

for all values of Xj, Xo, ... X„_], X„', for which 
Xf + Xi+ ... + Xf,-i + X’^ :i> ayn(n+l) (see note in the next article) ; 

and i)= f [ ... ( dx^dx^ ... dx„ for positive values of x^, x^, ... x„, for which 


3^1 + 3^2 + ... + !!{> CC, 


By Birichiet’s theorem — i— 4-^ ^ - h , ^ — - 2" 

2- V.+i 


the last 


factor 2" occurring because at each integration the result is to be doubled 
to take into account the negative signs of the respective variables ; 
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1 

V>I+lr(|+i) 


ry CC- {r(l)} 
i"r(?i+i) 


the chance required = 



n 


f tt 1 

r(n + l) 

Ul(7l-f 1)J 

r 



1694. Note. 

Consider the equations 

o 2 ^ 2 . / . ve V 

+ 2^2 "h • • - +^n+l — ^ Ipi a?! ••• ( 4" )• 


Multiplying the second by 2a/?i and subtracting, 
(x, - ? )b 


1 1\. 

1 2 ) ’ 

n irj 


and therefore when one of the a;’s is zero, say a;„+i, 

and if JO > n, this would be negative, and tlierefore impossible to ht 
satisfied by any real values of x.^, ... x„. If p = n, the unique real 
solution would be Xy=x^= ...=Xn = aln, wliere .r„+i = 0 ; and similarly if 
any of the other x’s were zero. We may suppose a;„^i as an abbreviation 
for a -Xy -x.^- ... -.r„, and x,, Xo, ... x„ as generalised coordinates. 

(i) If 7i = 2, Xi= + .r2^ + X3’ = a-/2, where X3 = rt -Xj -Xj, is a conic, and c.i:. 
only meet the lines Xi = 0, X2 = 0, X3 = 0 at 


x, = 0, x,, = a/'2, X 3 = a/2 ; Xi = aj2, x.,= 0, X;^ = al2 ; x, = a/2, Xo = a/2, X 3 = C' ; 
t.e. it is the ellipse which touches the lines Xi = 0,_X3 = 0, .r3 = 0, at tin. 
mid-points of the sides of the triangle formed. The centre is at 

.i-j = .r2 = X3 = o/3, 

and the ellipse is the maximum ellipse inscribable in the triangle. Ip 
homogeneous coordinates .iq, xz, Xj we may write it as 

2 (Xi=+ + ) = (.ri-f.X2-t.r3)^ or \/xi -f V.xt, -f Vx3 = 0. 

(ii) If 7! = 3, x,--f Xj-’-f x.,2 + x^- = rt-/3, where Xy = a -Xy-x.^-x^, is 
spheroid inscribed in the tetrahedron .ri = 0, x^—O, 2:3 = 0, x^ = 0, touching 
the faces at their several centroids. 

In homogeneous coordinates Xj, Xj, Xg, x^, 

3 (x,2 4 - X./ + X.- + x^'-') = (xj -p x, -1- X 3 + .r 

The centre is at Xy—x., = Xy = Xy = a/4, and the spheroid lies entirt’; 
within the tetrahedron. 

(iii) In the general case, 

?( (.Tl -f- .Ta + . . . -P X?, + ,) - (X, + Xg + . . , -f x„^i)2 = 0 
may be arranged as 

r.=ii+I ii+l 

(n-l).r,2-2x,(r2-t-X3 + ...-p.r„+,)+ 2 (x’s-x^y 

r=3 4 

-f ...-f (.r„-x„^])- = 0. 
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Meice if n > 1, cannot be negative unless a :2 + x 34 -... be 
;in;;,itive, which is impossible, since »i+(a ;2 + ..,+x„^,) = a, which is 
pc.-itive. And the same follows for each of the variables. That is, 
using language in analogy with the geometrical interpretations of (i) 
and (ii), the 7i-diniensional “sphei-oid” a;i+a|+ ... +2;^.+i = a2/a, in which 
— — lies entirely within the n-dimensional ‘‘region” 

defined hr a:, = 0, a :2 = 0, ...a;„^i = 0, and touches each of the “faces,” viz., 

say, a:, = 0at (O, H, ue. at its “centroid,” and has its “centre” at 

«/(« + !), ... or/fa + l), f.e. the “centroid” of the region, and may be written 


It will be seen, therefore, that in the integration of the preceding article 
it is yn’oper to take the limits for Xj, X„, ... for all values of the variables 
for which Xf+ ... + Ih' oP-ln{n-\r \) ; for negative values of these vari- 
ables cannot imply any but po.sitive values of the original variables 


•I'l , X,,, ... . 


1695. Genkral Illustrations. 

\. If a rod be divided into p pieces at random, prove that the chance that 
none of the pieces shall be less than IJm"' of the whole, where m>p, is 
{\ -pjmy'-K [Math. Trip., 1875.] 

n pieces p — n pieces 

A .V i-x B 

Fig. 541. 


Let X be the distance of the point of division from one end, and let 
the length of the rod be taken as unity. Then, as each piece is to be 
> l/7», we must have 

x>njm and I -x > {p-n)lm, i.e. \ -{p -n)jm > x > njm. 
Hence each point of division, P„, lias a favourable range from x = 7i/ 7R to 
^=1 -pjm + njm, and the length of this range is (1 -pjm) of the whole. 

And since there are p — \ points of division, the required chance is 

(1 —plm)r-i-, 

2. To examine the same problem by means of the Integral Calculus. 


X, 


X. 


X4 


Fig. 542. 

If Xj, X 2 , ... be the several points of division of the rod OA {=a) at 
respective distances x^, x^, etc., from 0, we have Xr>ralm and < 2:^+1 - ajm 
from ?'=1 to r=p — l, and Xp = a = l. And the required chance is JV/D, 
where /•«-” /-x— i rx - 

m m 

and D is the same when m=co . 

Hence performing the integrations, NjD={\ —plmY~^, as before. 
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3. A rod XY ( = a) is broken at hazard into three portions. If these ihrt- 
parts can form the sides of a triangle, what is the chance it is acute angled '■ 

1 1 

X P Q Y 

Fig. 643. 


In Art. 1683, Ex. 3 (iv), it has been seen that the chance the parts fori i 
a triangle is 

LetP, Qbe the fractures, ZP = a;, y >.r. As in the article 

we must have 

a: < a/2. p<x + al2, y > aji. 

To be acute angled, we must also have 

{y - x)~ + {a -y)'^> x\ (a - yY + x- >(y- xf, x'^+(y -xf > {a- yf, 
y{y-a:-a) + a2/2>0, y(x -a) + a^l2>0, {x-a){x-y + a) + a^li>(\ 

All values of x and y from a:=0 to x=y, and y = 0 to y = a, are equally 
likely. Refer to rectangular axes Ox, Oy, as before, with the saiuc 
description of figure. 

The region bounded by the hyperbolae y(y — x-a) + a‘^li = 0, etc., in- 
cludes the only positions in which the representative point (.r, y) can lie ty 
ensure that tlie triangle formed by the portions of the rod shall be acut* 



angled. These hyperbolae, which we designate as L, M, N respective!}, 
pass through P and H, H and I, I and P, and touch each other at tin? 
points. The three segments bounded by L, M, N and their respectiv 
chords are 


fori, 

T * 2" 


3 . . o 

= ga-.j.log2; 

= g»'-jlog£; 


tor if, [ log2. 



CHANCE. 


811 


Tiierefore the area of the curvilineal triangle RHI 

= ^-3(fa2-ia21og2) = (eiog2-l)a2. 

Therefore the chance that the three segments of the rod form an acute- 
angled triangle =(|log2-l)a2/,W'“=31og2-2. 

The chance that any specific angle is obtuse 

2)/|- = (3-4log2)/4. 

The chance that the triangle is obtuse angled = j[^(3 - 4 log 2). 

The chance that the triangle is right angled is of course infinitesimally 
small. 


4. P, Q, R are random points, one on each of three equal lines XiF,, 
Z 2 T 2 , X 3 T 3 ( = a). What is the chance that the portions X^P, X^Q, X^R 
may form an acute-angled triangle ? 




Fig. 545. 


Y, 

Y. 

Y3 


In Art. 1693, 4, the chance the parts form a triangle has been seen to 
be If X, y, z be respectively X^P, X 2 Q and X 2 R, wo have the additional 
conditions z'^ + x'^ >y‘‘y x^-\-y~ > Referring to rectangular 

axes, as before, the surfaces of the right cones y'^-{-z- = x^, etc., separate 
the favourable positions of the representative point from the unfavourable 
ones. These cones touch in pairs along their common generators, which 
lie in the coordinate planes. The volume of the part of the cube in- 
cluded between them 


= a 


3 




Hence the chance 


required = ^1 — = 1 — •2146... . 


812 


CHAPTER XXXVII. 


5. Two points P and Q are taken at hazard upon a line AB { = a), P beina 
the nearer to A. What is the chance that the sum of the products of (hr 
segments two and two together exceeds one-fourth of the square of the line ? 


Let AP=x, AQ=y,y > X. Then x ranges from 0 to y and y from 0 to a. 

The limiting case is x{y-x)-\-{y-x){a—y)-\-{^a — y)x= — . 

Referring to rectangular coordinates Ox, Oy, the representative point x, v 
may lie anywhere within the half OBC of a square OABC of side c. 
whose sides OA, OB are along the axes Ox, Oy ; and the favourable case.- 

a2 

are indicated by points lying within the ellipse ay+— = 0, 


A 


P Q B 



which touches the sides of the triangle OBC at their mid-points, and 
the maximum inscribed ellipse. 

By projection its area is to that of the triangle OBC in the ratio of 
that of a circle inscribed in an equilateral triangle to that of tlio 
equilateral, i.c. 7r/.3s^3. The chance required is therefore 7 r/ 3 \/;b 

6. A rod of length a is broken at random into three parts. What is (hi 
chance that the square on the mean segment shall be less than the reciangh 
contained by the other two ? 

Let .V, y, z be the lengths of the segments. Suppose y the mean 
segment. Then 

X > y > z or X < y < z ; x-{-y-\-z = a ; y- < zx. 

Refer to rectangular axes 0.r, Oy, Oz. Let OA = OB=OC= a (Fig. 547) 
Then .v-i-y-{-z—a is the plane ABC. Let D, E, F, be the mid-points of 
the sides, G the point («/3, «/3, a/3). The equations of the planes CO 't' 
and AOD are respectively y = x and y = z. 

The inequalities y <x and y < z for points on the plane ABC limit the 
region to the triangle AGF. 
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cone ?/^ = 2 .r has OA and 00 for generators, tlie coordinate planes 
,v-:n and 2 = 0 being tangential, and it passes through G, cutting the 
ABC la hn SiVC. APGQG. For points of the triangle x\GB on the 
..••r.'.ave side of the arc we have y^<zx. This further limits the range 



of the representative point .r, y, z to the segment APGA. Therefore, for 
the case x>y > z,y'^ < zx, the chance required = Area APGA/ Area. ABC. 

Now, since 2.vz={a-y)--.v'^ — z^, we have along the intersection of 
the cone and the plane ABC, a;'+y^ + z^+2ay = a^ ; so that it is possible to 
pass a sphere through the arc APQC, which is therefore circular, as may 
be seen geometrically, the centre being at the point K where AK drawn 
parallel to FG meets BE produced. The radius of this circle 
1 2a^ TT 1 2a* 


and Area APGA = 


2' 3 


3-j-f 


Hence for this case the chance is — Z'JZ) 

There are six such cases, viz. 


2 2^3 - 9 


27 


X >y> 2 'j 
.-r <y <2/ 


with y- < 2 a: ; 


y > z>x\ 
y <z<x) 


with z- <xy ] 


^ ^ > y\ ^vith a;* < yz. 

z<x<y} 


Therefore the total chance = 5 Y (27rv^3 — 9)— 5(2Tr\/3 — 9) = '418399 — 

If a specific segment of the line, say the middle one, is to satisfy the 
same conditions, we then have the two cases x> y > z^ x <y <z, with 
< zx, and the chance is ( 27 rV 3 — 9), i.e. one-third of the total chance 
considered above. 
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7. A rectangular parallelepiped is constructed with a given diagonal, arc 
edges of any possible lengths are equally likely. What is the chance that c 
triangle could he constructed with its sides equal to those edges of l\- 
parallelepiped which meet in a point ? 

Let a;, 2 be the edges, a the diagonal. Then ; y + z^ : 

z + x > y, x+y > 2 . Referring the problem to a set of rectangular axt 
the planes y + 2 =a;, etc., form a spherical triangle PQR on a sphere ( ' 
radius a. The points P, Q, R are the mid-points of the sides of tl- 
quadrantal triangle ABC formed on the sphere 2 ^ = a^ by tie 

coordinate planes. The sides of the triangle PQR are each 7r/3, and 



cosP = cosQ = cosP=^. Tlie spherical excess =3 cos“^^-7r. Theareao; 
the triangle PQP = o^ (3 cos“iJ — 7r). The area of the triangle .4PC 
The “favourable” region for x, y, z consists of the three spheric-l 
triangles, AQR, BRP, CPQ, the sum of whose areas 

= ^ - a* ^3 cos-^ I - TT^ = 3a* - cos"^ = 3a* sin-^ i . 

6 1 

Hence the required chance = - sin”^- . 

■jr 3 

8. A rod AB, ( = c) is broken at hazard at tvx> points P, Q. What P 
chance that PQ shall be such that PQ^ - (j4P*-f QP*) ? 

Let AP=x, PQ = z, QB=y, x-\-y+z=a, and we are to have nz* <}; 

Refer, as before, to rectangular axes Ox, Oy, Oz. Then, of all points in 



H 1 
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tv' 

plane x+y + z = a (Fig. 549), those which lie within the right 
, Ircular rone x^+y“ = nz^ are “favourable.” The projection A"B'' of the 
;,nrj of intersection A'B' upon the z-plane is x'^->ry~ = n[a-x-7jY, i.e. 


A ^ P ^ Q y B 



a conic with focus at 0, directrix x+y=a, eccentricity •J2n. Turning 
the axes round so that ON, the perpendicular upon x\y — a, is the new 
.-c-axis, the conic becomes Y^ = n{a — X^2Y, i.e. in polars 

a\fnlr=l+'J27i cos 0. 

The area of the portion of this conic between the radii OA", OB" (Fig. 549), 
in the case when ti. < |, is 


I rH0=^^r 

j-J 2i_j(i+V2n 

And the chance required 


COS 0 )= ( 1 - 270 ^^ 


r l + 2\/n /- •yi-27i"l 


^/2(l + ^'7^) 

1 + 2\fn 1 \ /- - 2?i~) 


271 r ,/l+2\/n 1\ /-s'1-27i"] 

= Are. OA-B-IAr^ OAB = — ^ [cos- ^ j - Vn J 


0 


If 71=1, the conic A"B'' is a parabola, viz. a/r'v/2 = 2 cos^ -. 


In this case. Area, OA"B"=^ j Bec^-|c?0 = etc. = ^(4v/2-5), 

and the chance required =(4n^— 5)/3 = ’21895 y .p. 

If 7 i> the conic A"B" is hyperbolic, and the chance required is 


2n 

{2n-lf 


{ 


/- 

\Jn —f= 

1 


-cosh * 


2\/w+ 1 \ 

\l2{slnA- 1)-^ 
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9. The equation ax^ + 2hxy + hy‘^ = \ is written down at random with renl 
coefficients. Find the chance that it represents a hyperbola. 

[Ox. II. P., 1887.', 

The condition is h'^>ab. Consider the portion of the volume of tin- 
cone z^=xy enclosed by the planes x= ±c, y=±c, z= ±c. Let PMX 



(Fig. 550) be a parabolic section by a plane parallel to the y-z plane 
bounded by the planes .v=y, z — 0. The volume, to x=c, 



. MPdON=^'ie\ 


The volume enclosed within the cube, x= ±c, y= ±s, 2= ±c, is 8 . p . : 

and the volume of the cube =8(r’. 

The representative point of a, b, A, viz. x, y, z must lie outside the cone 
but inside the cube, however large c may be. 

Hence the chance required = 1 - 5 = ^. 


10. Six points are taken at hazard on the circumference of a circle. 
What is the chance that no two consecxitive selected points are separated h’j 
more than a quadrant ? 

It will not affect the problem if we regard one of the points, viz. ..I , IP 
be at a particular point of the circle. Let AC, BD be perpendicular 
diameters. Let the other five selected points be Pj, P^, P^, P^ and (? at 
arcual distances x^, X 2 , x^, x^ and x I’espectively from A measured counter- 
clockwise. One of these five must be in each quadrant, and not more 
than two in any one quadrant. Let Pj, P^, P3, P^ be the points which 
lie in the first, second, third and fourth quadrants, and Q the one whose 
quadrant is unassigned. It will be sufficient to consider the two cases, (!' 
when Q lies in the first quadrant, (2) when Q lies in the second quadrant, 
for the number of cases when two lie in the fourth or third quadrants 
are the same as if two lie in the first or second respectively. Also when 
Q lies in the first or the second quadrant, we shall suppose that point of 
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r; ■ {v. 0 wliicli is nearer to .4 to be designated as Q. Let the length of a 
cii:’cli-antal arc =a. Then the two cases to consider are 

(1) and a<.r<.r 2 < 2a (Figp. 551, 552). 




f" r 

r /Vl+X, 

^+X.2 


/■o+rj 


N,= 

L 

dxJ 

dxo dx. 


da-4 ; 


Jo *Jx 

Ja 

-'2a 


'On 




-a+x, i-Qa ro+Ti 


ra+xi 


dxj 

dx ; 

dx^ / 

dXr 

, 

dXi, 


Jo J< 

1 Jz 

^2n 


J-M 


Na 



r*' 



D = 

L 

lo ^^4 

dx<y I aXj 
“Jo 

I 

dx. 



The values of these integrals are readily shown to be N^ = 4a^jb\ ; 
N 2 = 9a^lb\ ; D = {4afl5\. 

Hence the chance required -- = l^- 

^ (4a)'’/5 ! 2® 

11. Three ratidom 'points L, M, N are taken within a circle of centre 0 
and radius a. Find the chance that the circumcircle of LMN lies wholly 


[R.P.] 


within the original circle. 

Let F be the centre and .v the radius 
of the circumcircle, and OP=r. Take an 
arbitrary and indefinitely small strip of 
breadth k round the circumcircle. Its 
area = Hir.vk to the first order. The chance 
that three random points should fall upon 

-■ ^^2 ) ) 'vhich we may write as 

, 8 .^•^ 

k"^-^,dx. Integrating with regard to x 

from .v=0 to x=a — r, which varies the 
size of this circle from radius zero to such 
a size that it will just not cut the original 
2P 

circle, we have — (a — r)"*, where is an arbitrary elementary area at our 



Fig. .')53. 
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choice. We are now to sum up all such results as the above for varior 
positions of P within the original circle. Replace P by rdddr, aii^l 
integrate over the large circle. 

The required chance = -^ f f (a-rYrd0dr=~. 

a^Jo Jo ' 15 

12. If n + l particles P, Q, R, 8 , ... he thrown down at hazard upon • 
straight line OA ( = a) each has the same chance of finding itself the (r + 1 )'■ 
in order reckoned from 0 towards A. Also, since some one of them mv.' 
occupy the (r + 1 )"> position, that chance is l/(n + 1 ). Examine this otherwise. 

P 


Fig. 554. 


The composite chance that P falls at a distance from 0 lying betwep: 
X and x+dx, and that r unspecified particles lie between 0 and P, andtli • 

rest between P and A, is ”Cr[-) I ) — , and therefore the chanc.’ 

that P occupies the (?•+!)“* place irrespective of where it lies upni; 

OA—"Cr f x''(a - x)"-’'dxla'‘+^ = etc. = l/(7i+ 1). 

Jo 


13. Two points P and Q are selected at random within the volume of a right 
circular cone, and circular sections are drawn through them. What is ih. 
chance that the volume of the slice exceeds 1/8 of the cone ? 

Take the vertex as the origin and the axis as a;-axis, .v and y t!ic 
abscissae of the points and y>.v. The chance that a random point has aa 
abscissa lying between x and .v+dx is proportional tj? the volume of a slic* 
of thickness dx, the abscissa of one of its faces being x, i.e, to x-dr. 
Also if a be the length of the axis, y^-x^A;:^a^. The chance ma- 
then be written either as 





- 

f 2'^ ‘ rrt 

1 x^dxj y'^dy 

•fe+hT* 

p 



1 x'^dxl y"-dy 

Jo J X 


X 

Y 

Q 

or as 

Jn 




1 y^dyj x-dx 


Fig. 555. and each gives a result 49/64. 


The condensation curves (Art. 1692) for P-points and for (^-points 
indicating the density of clustering on the a;-axis of the ends of tlieir 
abscissae, are 


(i) a^T] 
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i: I'jh touches the ^-axis at the origin ; (i) crosses the ^-axis at ^ V?, and 
li.if a maximum ordinate at ^=a2/2'^jj = a x •70473... ; (ii) crosses the 
a;;is at has a minimum ordinate at ^=a and -q increases and is 
p<!;dtive from | to a. In Fig. 556 a is taken equal 2 units. 

tVe are onlj' concerned with the part of (i) from 0 to and of (ii) 

from ^ to a. 

Both densities increase from - to 

Jt 



The first decreases and the second increases for the rest of the range. 

If we require the chance that under the stated circura.stances the point 
P possesses an abscissa lying between certain limits, say and aa, where 
0 < ^ < a < 1, that chance is 

raa 

/ —ai^)dx 

- / 3 ^)- 

I x'^{a^—x^)dx 

Jo 

It will be found that the chances that x lies between '6a and '7a, or 
between '7a and '8a, are respectively •151257 and 151255, and are almost 
exactly the same. This is in the immediate neighbourhood of max. 
condensation. 

The point at which the condensation of the a;- values reaches its maxi- 
mum is a l/^=ax ’70473. 

If ya be the “most probable value” of x, i.e. such that it is an even 
chance whether x exceeds or falls short of ya, it is given by 

The ordinate at this point bisects the portion of the area in the first 
quadrant of the condensation curve for P-points. 



820 


CHAPTER XXXVII. 


1696. Inverse Probability. 

Questions involving the probability of causes as deduced 
from observed events are called questions on “inverse” pro- 
bability. Supposing Pj, Pg, ... Pji, the probabilities of thc- 
existence of the several causes of an event known to have 
happened, and that these caases are mutually exclusive, and 
that these are the only causes through which the event could 
have happened; and further, supposing that Pi, P 2 > Pn are 
the respective probabilities that when the cause exists the event 
will follow, then it is known that in any case when the 
event has been observed to liappen, the probability of its 

having done so from the /*■'' cause is P^pJ^ PrPr (Smith, 

Alg., p. 521). This result is stated by Laplace [Mem. siir h 
prob. des causes par les evenemens, Mem. . . . par divers savans, 
T. vi., 1774]. 

If be the probability of the compound happening of 
the cause followed by the event, Q^=PrPT, and the above 

expression may be written Qr- 


1697. Lei the probability of the happening of a certain event A, 
which we may call the cause of a second event be x, which varies 
from 0 to 1. Let the happening of B depend upon the happening 
of A in such a manner that the compound probability of B’i 
happening is f{x). It is observed that B happens. What is 
the chance that x lies between two assigned limits ^ and ai 
(0</3<a<l.) 

Let OC denote unit length on the a;-axis, and let the graph 
of y = (p(x) be drawn (Fig. 557). The ordinates represent the 
probability of B happening corresponding to the abscissa 
which represents that of A. 

Let OC be divided into n equal elements of length h, nh = l. 
The points of division are at distances from 0, 0/n, 1//;, 
2/n, etc., and the probability of the existence of the cause is 


iOlPO’ 

7,-0 

Hence tlie probability of the abscissa lying between x and 
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--r.'x'is (f>{x)(lxl^^il>{x)dx-, and therefore the chance that the 
abscissa lies between /3 and « is | (p{x)dxl^ 0(x)rfa:. 



This chance is therefore measured by the ratio of the area 
bounded by the curve and the x-axis comprised between tlie 
ordinates x=^ and x~a to that comprised between a;=0 
and 

1698, 111 the same way, if the secondary event B be de- 
pendent upon two (or more) primary events A^, A^, whose 
probabilities are represented by x^, x^, whilst that of the 
dependent secondary event is <l){x^, x^), the chance that the 
probabilities of these primary events respectively lie between 
and Qj, ^2 and a^, where 0</3j<aj^<l and 0</32<a2<l, is 

0(xp x^dx-^^dx,^, 

with corresponding expressions if there be more than two 
variables. 

1699. Recurring to Ex. 12, Art. 1695, we have seen that if 
a point X be taken at random on a line OA = a, and then 
wi-fn other points be taken at random on the same line, the 
(diance that m unspecified points of the group lie between 
O and X and the remainder between X and A is 

m+iin {VxYfa-xYdx _ 1 

"‘JoW \ a J a m+w+1’ 

r fact obvious from another consideration as pointed out. 
may use this problem to illustrate the result obtained in 
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Art. 1697. The fact that X lies at a distance x from 0 ma , 
be regarded as a primary event or cause from which tl:. 
nature of the secondary event, viz. the particular allocatio , 
of the m+w unspecified points, arises; and the chance of t'l 
happening of the secondary event is a function of the varia'lO 
X which defines the cause. 


O 


a- X 

X A 

Fig. 558. 


The total number of ways in which it can happen tha 
whilst X lies between an unassigned x and x-[-dx, an ur 
specified m of the m+w random points lie on OX and tli 
remainder on XA for all values of x from 0 to a is measured b y 





a 


dx . 

3 

a 


and the number of ways the same thing can happen whea 
X lies between an assigned x and x-]-dx is measured by 


m+nQ^Qin+n+l 


m a—xydx 

a / a' 


Therefore, when the compound event happens, the chance 
that X lies between x and x-\rdx is the ratio of the second cf 

these expressions to the first, i.e. x‘^{a—xYdxj^ x'^{a -xY'dr. 

And the chance that when the compound event happens. X 
will lie between cc=/3 and x=a, (0 <| /3 < a <C a) ia 


x'’'{a—xYdx x‘^{a—xydx. 

J fl / * 0 


1700. Next suppose that a new group of p-\-q randon 
points is taken upon the line OA. What is the chance that a i 
unspecified jp of these points also lie between 0 and X an 1 
the remainder between X and A ? 

The total number of such cases when X falls betwe? 
X and x-\-dx will be 




and the total number of cases for all positions of X, in whic-. 
m unspecified points of the m+w lie on OX, whilst the othe" 
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iip. on XA, whilst the p+q points are distributed any- 
v.-hcre on the line, is f (-) (- — 


Therefore the compound chance that (i) X lies between x 
and x-j-dx] (ii) m unspecified members of the first group fall 
on OX and the other n on XA ; (iii) that p unspecified members 
of the second group fall on OX and the other q on XA, is 

ap+q ra 

j x^'{a—x)'^dx 


Hence the whole probability that this compound event 
happens when X lies anywhere on OA is 

^^^ _ (?>+<?)! {m+p)\{n+q)\ (m+n + 1)! 

[x-'ia-xYdx 

Jo 


1701. The above problem forms a landmark in the History 
of Probability. It is associated with the names of many 
investigators, Bayes, Oondorcet, Trembley, Laplace and others. 
(See Todhunter’s History, pages 295, 383, 399, 414, 467, etc.) 

It is often enunciated in a different way. 

An urn is supposed to contain an infinite number of white 
tickets and an infinite number of black tickets, and no others. 


and that is all that is supposed to be known as to the tickets. 
These tickets correspond to possible situations of a point to 
the left of X or to the right of X in the foregoing problem. 
Then vi-{-n tickets having been drawn from the urn, m are 
found to be white and the remainder black. What is the pro- 
babilit}^ that a further drawing of tickets will result in 


p being white and q black ? 

Laplace gives the required result as 



which, without the factor {p^qY-jp^-qU supposes the tickets to 


have been drawn in a specific order. Todhunter quotes the 
following remark of Laplace : “ La solution de ce pi’obleme 
donne une mdthode directe pour determiner la probabilite des 
evhnemens futurs d’apres ceux qui sont ddja arrives.” 
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1702. Next suppose that on the line OA (=a) several random 
points Xi, Xg, ... , X„_], be taken at distances x-^, x^, ... , 

1 1 1 1 1 

O X, X, X3 X„., A 

Fig. 550. 

from 0, in this order, and let ■■■-{-'Pn other random 

points be taken upon OA. Then the compound chance that 
(i) Xj lies between x^ and between x^ and x^-\-dx.,, 

etc. ; (ii) specified points fall on OX^, p^ on p^ on 

XgXg, etc., is 

/g^yy a:?— / g — a;n_i y» _ dx^ dx„_i 

\a J \ a J '"\ a J a a"' a 

Hence, for unspecified groups of p^ points between 0 and Xj, 

p^ between X^ and X^, etc., whilst X^, X 2 ,...X„_i lie at any 
points of OA, in this order, the chance is 

(yi+y2+---+yn)! p p""‘ p’‘“^ /^y* 

Pi'-Pz^-'-pJ JoJo Jo \ o / '■■ 

X ^n- iy" ^^n-1 ^^Ti-2 ^^2 . 

\ a ) a a a a ' 

which at once reduces to l/(2p+l)(S7? + 2) ... (2;p+w— 1). And 
this is an obvious result. For of the Pi+ 7 ) 2 +'--+ 7 ^rj+’^ — - 
points of division, the chance of the n—\ points standing in 
the specified order in the (p^-f l )•■'*, (Pi+T’o + S)*''', etc., positions 
is clearly 

(Pi+P2+---+:P„)!/(Pi+J?2+--- + w-1)! 

= l/(E77+l)(22?d-2) ... (S^j+n-l). 

If now another group of ?i +?2 + -"+?n points be chosen at 
random on OA, the chance that unspecified ones shall lie- 
in the same segment as the p^ points, q^ in the same segment 
as the P 2 , and so on, will be 

1 (7i+72 + ..-+7ti)! 

a?.-{-...+9, q^\q2\...qA 

JJ---Ja^i^‘(^2— 2;i)P=... («— a;„_i)P’>c?a;„_i(?a;,._2... dx^ 
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lae limits for being 0 to iCj; for x^, 0 to x^, etc. ; for x„_i, 
0 VO a, which we may evaluate as before. 


1703. Ex. From a hag containing an infinite number of ticlcets, each of 
which is known to he black or white, ten are drawn at random, and found to 
he four white, six black. What is the chance that a further draw of two 
lickets gives one white, one black ? 

Hei'em=:4, 7i = 6, ^) = 1, 9 = 1, a=l, and the chance required 



2 r( 6 ) r(8) 

r(14) 


r(12) 35 

•r(5)r(7)~78' 


What would be the chance that a draw of one ticket only should yield a 
white one, and that a subsequent draw should yield a black one ? 

The chance for a white one at the next draw 


= x^i\ — xY d.r j ^ x^(l -.r)®rfr = 

n in 7 

The chance for a black to follow = ( .r=(l -.vfidx .r®(l - xYdv=~. 

Jo i Jo lo 

The chance for the two draws to result in this order = = 

The chance that .v, which represents the proportion of the number of 
white tickets to the whole number of tickets in the bag, should be more 

than ^ of the whole is ^ ,r‘(l — -x)“d'.r= 281/2*“. 


1704. Buffon’s Problem. Parallel Rulings. 

Ati mfinite plane is ruled by an infinite system of equidistant 
parallel lines, whose distances apart =2a. A thin rod of length 
21 (< 2a) is thrown at random upon the plane. What is the chance 
that the rod loill cut one of the parallels ? 

Take as //-axis that one of the parallels to which the centre 
C of the rod falls nearest, and the a:-axis perpendicular to the 
set. The problem is unaffected if we suppose the centre of 
the rod to fall upon the x-axis, for the proportion of the 
number of cases in which the rod cuts one of the rulings to 
the whole number of possible cases is not altered thereby. 

Let 0 be the origin, OC=x. Let the figure represent the 
case in which one end of the rod lies upon the //-axis, the 
angle between the rod and GO being fi. Then x=lcos(p. 
Then for a given position of C, the chance of a cut 

2(j> 2 

=2.^=- cos-1 yi 
Ztt tt t 

•xad the chance that C lies between x and x-\-dx on a line of 
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length a is dxja, and when 0 falls between x=l and x=(i. 
there is no chance of a cut. Hence the whole chance required i? 



Fig. 5C0. 


This is a particular case of a i-emarkable general result to 
be seen later. It is another landmark in the history of the 
subject. It was given by the naturalist BufFon in his EsscA 
d’ Arithmdtique Morale, 1777. Also see Laplace, Thdoric cl: 
Prob., p. 359 (Todhunter, History). 

1705. Rectangular Rulings. 

Suppose a second system of parallel lines drawn at right 
angles to the former set, whose distances apart =26 ( > 21). 
thus mapping out the infinite plane into a net-work of equal 
parallelograms. Consider that rectangle formed by a con- 
secutive pair of each family of rulings which finds itself the 
recipient of the centre of the rod. Suppose the rod to have 
come to rest, making an angle <p with the side of length 2'!. 
If we join the centres of the extreme positions of the rod 
at this inclination, an inner rectangle is formed of sides 
2a— 21 cos <p, 26 — 2Zsin (p, and no rod at this inclination, whos: 
centre falls within this rectansfle, can cut a side of the mesh, 
whilst those whose centres fall without it do so. Taking axo' 
coincident with two sides of the rectangle, the angular positic't. 
of the rod may range from being parallel to the a;-axis to 
being perpendicular to it. The chance that the inclination 
lies between ^ and (p-\-d(p is proportional to d(p, and we arc 
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f'-aluate the ratio of for the favourable cases 

to the same integral for the whole number of cases. The inte- 
arntion for x and for y has been effected geometrically above. 
The chance required is therefore 

j”* ( 2 cf . 26— {2a— 21 cos 0 ) {2b— 21 sin iab dtj) 

('orsin 0+6 cos 0 — Z sin ^ cos 0 )^ 9 !)= — r(2a+26— Z). 

7ra6Jo 

Buffon's result 2Z/7ra follows at once by making 6 infinite. 
Putting fl=6, the result is Z(4a— Z)/ 7 ra^ for square meshes. 



Fig. 5G1. Fig. 5G2. 


1706. Suppose a square of diagonal 2l to be thrown upon the above 
rectangular mesh-work, I being less than either a or b, and let the 
inclination of a diagonal to the side of length 2b be 0. 

To avoid a cut, the centre of the square must lie within an inner 
rectangle of area 4(a- Zcos 0)(6-Zco3 0). The range for 0 is from 0 

CO and the result = ^-^^{4{a + b)‘j2- {Tr + 2)l}. 

It i.= «, this becomes . . (See Art. 1707.) 

circuiiif. of circle of rad. a 

If a circular lamina of radius r {< a or b) be thrown at hazard in the 
i-ame v/ay, the chance of a cut is obviously 


2a.2b-{2a-2r){2b — 2r) _ r{a + b-r) 
2a . 2b ab 


. \ncl when b becomes oo 


this becomes 


ci rcumf. of circle of rad, r 
circumf. of circle of rad. a 
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This class of problem leads us to enquire as to the chance of a hazn.i 
throw of a lamina of any shape cutting one of a system of equidist;Mi 
parallels drawn upon a plane. This we proceed to consider. 

1707. Random Lines. 

Let an infinite plane be ruled by parallel lines at distaiic* 
apart =2a. Let n equal short lines of lengths ds, whethei- i;, 
rigid connection or not is immaterial, be thrown down 
hazard upon the plane so ruled. Then each one has an equa’ 
chance of finding itself crossing one of the rulings. If p b- 
that chance, the chance that some one of them crosses a ruling 
—np. 

Suppose that the n elementary lines Ss are the infinitesima' 
elements of tlie perimeter of some ovod of perimeLer s. Tlv.r 
n Ss=s, n being infinitely great. The chance of the perimeic’i 

of the curve cutting one of the rulings is therefore ^ s, that b 

Xs, where X is the limit of p/Ss when Ss is infinitesimally 
small. Next consider the case of a circle of radius a. If 
this be thrown at hazard upon the plane, it is a eerfcaint}- 
that it must cut one of the rulings, and only one. Heuc;- 
X27ra=l. This determines X. 

Thus the chance of a curve of perimeter s, whose greate'?' 
breadth does not exceed 2a, cutting a ruling is sl'l-n-a. Cu^v•-'^ 
therefore of the same perimeter, and whose greatest bread! b.- 
do not exceed 2a, have equal chances of cutting a ruling. 

1708. Examples. 

1. If a circle of radius b {< a) be thrown down at hazard upon ti/ 
plane, the chance of crossing a ruling = 27 r 6 / 27 ra = t/a. 

2 . If the contour be a square of side b (< as/2), the chance is 2blr7a. 

3. If the “curve” thrown down be a straight line of length 2/ (< . 

it may be considered as an ellipse of minor axis zero and perimeter . 
and the chance is 2ljTra (Art. 1704). 

4. For a semicircle of radius b (< a), the chance is {■n- + 2)b/2Tra. 

1709. Let 0 be a point fixed to the contour thrown down 
and OA a fixed axis on it. 

Let 0 fall at a distance p from one of the rulings, RS, a:r: 
let OA make an angle xp- with the perpendicular p. Let thb 
contour be thrown down at random upon the ruled plane 
very large number of times, and let the trace of the ruliny: 



RANDOM LINES. 


829 


ie narked at each throw upon the plane of the contour. 
Kov; it is immaterial whether we regard the contour as 
tiirown down at hazard upon the 
iuled plane, or the ruled plane 
[.hrcwn at hazard upon the plane 
containing the contour. Take the 
latter case. Let a doubly infinite 
number of lines be drawn upon the 
plane of the contour according to 
the following plan : 

(a) Let the lines be drawn parallel 
to a standard line 

p=x cos sin \f/-, 
which we maj’- call the line (p, \fr), 
at equal distances apart, such that 
n of them are contained between the lines {p, \/a) and 
(p+Sp, yjr). 

(b) Let us suppose drawn for each value of p, p-\-Sp, etc., 

the infinite family of lines \fr, etc., there 

being m lines with the same value of p between {p, \//) and 
iP> those for which p makes with OA angles 

••• 



We .shall define any line cho.sen at random from this 
double set for equal gradations of p and of i/r as a “ random 
line.” 

The actual number of lines from [p, \fr) to {p-\-Sp, ■\p--\-S\Jr) 
is mn, and we obtain in this way the same .sy.stem of lines as 
those obtained by the tracings of the rulings upon the plane 
of the contour after the contour plane is thrown down at 
hazard upon the ruled plane. 

Taking the case of a circle of radius a and centre 0, the 
number of such lines cro.ssing it is 

n 2Tr 

djJ d\fr=nm . 2'7ra^X, say. 

0 


Hence the number from {p, \Jr) to p-\-Sp> 
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Now'^, if 0 be a point within any closed convex contour, 
jj d-p d\/r= perimeter. 

Hence the number of lines crossing such a closed convex 


contour 

No. of lines crossing any closed convex contour perim. of cur\ o 

No. of lines crossing a circle of radius a perim. of circle 

The length of the perimeter therefore measures the number 
of lines crossing the contour. 

This is the same result as that of Art. 1707, from a different 
point of view. 

1710. If there be any re-entrant portion of the contour, 
the perimeter must be regarded as the length of a stretched 
elastic band which encircles it; that is, the re-entrant portions 
must be excluded by double tangents. Otherwise some of 
the random chords will be counted more than once by the 
above rule. 


1711. Examples. 

1. If a closed convex contour, of perimeter 2 completely encloses a 
second closed convex contour of perimeter S, the number of chords cf 
the outer which cut the inner is XS/^vci. And the total number of choid.' 
of the outer is XZJ^Tra. Therefore the chance of a chord of the outer 
cutting the inner also is SJ'2. 

If the outer be a circle of radius R, and the inner a square of side 6, 
the chance is 26/7rJ?. 

2. If the inner degenerates into a straight line of length 21, and the 
outer be a circle of radius R, the chance is UJ^ttR^^IItvR. 

3. The chance that a random chord of a circle cuts a given diameter 
is 2/7r. 

1712. We may then speak of S or as “ the number 

of lines ” which cross any convex contour throughout which 
the integration is conducted, whenever a comparison is to be 
instituted between the number of lines which cut one convex 
contour with the number which cut another. 


1713. Various Cases. 

In the case of a straight line of length c, which' is the limit 
of an ellipse of zero minor axis and perimeter 2c, the number 
of random lines cutting it is then measured by 2c. 
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';TM. In the case of an arc of length s bounded by a chord 
,,i ivngth c, there being no re-entrant portion, the number of 
rLtjidorn chords crossing the contour is measured by 5 + c. 
En[ the number which cross c is 2c. 

Hence the number which cross s fmce and do not cut c is 



1715. In the case of the contour bounded by an arc s and a 
pair of tangents of lengths x and y, let c be the length of the 
chord ; then, if s be concave at each point to the foot of the 
perpendicular upon the chord, 

the number of random lines which cut x and y, but not 
c, is x+y-c\ 

the number which cut s, but not c, is s—c. 

Therefore the number which cut x and y, but not s, is 
x^-y-s. 

1716. In the case of two arcs and a chord c, each arc 
being convex at every point to the foot of the perpendicular 
upon the chord, as in Fig. 566 ; let c^, 
be the chords of the arcs s^, Sg respec- 
tively. 

Then the number of chords cutting 
Cj, Cg, but not c, =Ci-{-C 2 — c. These 

necessarily all cut and Sg, each once 

, Fig. 566. 

only. 

The number of those which cut 5^ twice, but not c^, =5^—0^. 

These also cut Sg once and c once. 

The number of those which cut 5g twice, but not Cg, =^ 2 — Cg. 

These also cut once and c once. 

Hence the number which cut both and Sg 

= (Ci + Cg - C) -f - Cj) -f (Sg - Cg) = Sj -f Sg - c. 

1717. In the case where the region considered is bounded 
by three arcs s^, Sg, Sg, lying within the chordal triangle 
c,, Cg, Cg, and each concave at all points to the foot of the 
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ordinate from the point to the chord of the arc (Fig. 567). 
the number of chords cutting s^, but not = 5 ^— c^.’ These 
necessarily cut and S3, and C3. 

The number of chords cutting one or other of the three arc--: 
twice, and therefore cutting all three arcs, 

= (Si — Cl) + (S2 — Co) + (S3 — C3). 

The number which cut So and Sg^s.^+Sg— Ci. 

Therefore the number which cut Sg and Sg, but not Sj, 

~ (^2 “b ^3 ®l) (^1 ^l) ~ Sg -j- Sg Si . 

Therefore the number which cut any two of the arcs, bir 
not the third, is 


(Sg-f-Sg Si) -(-(Sg-TSi S 2 ) 4 -(Si-j-S 2 Sg) — Sid-So + Sg. 



1718. Consider the ca.se of a region bounded by such a com- 
bination of arcs and lines as exhibited in Fig. 5C8, where i i? 
a chord or a double tangent; Si, Sg any arcs convex at eacli 
point throughout their lengths to the foot of the ordinate to f: 
/i, straight lines tangential to Si and Sg, and cr an arc concav- 
at each point to the foot of the ordinate drawn upon its owi: 
chord, which lies within the region considered, and either 
touching ?! and 1, or meeting them and lying between and / 
produced. 

The number of lines crossing this contour, but which do not 
cut t, with the exception of such as meet Si + ^i or twie. 

and incidentally meet i, is 

{<>^i + k+ cr +I2+X2— 

where the meanings of the various letters are indicated in tl' 
figure. For the first bracket includes those which cutatj-f/i 
^ 1 , but not ^i-j-li; or cCg+Zg, y-z^ not S 2 +^ 2 > bhe number of 
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i ir-]i cases is subtracted in the second and third brackets. 

' expression reduces to 

i7]9. In the case of two non-intersecting non-re-entrant 
o',-.a]s A and B, of perimeters Pa, Pb, external to each other, 
icn the lengths of the several arcs and tangents be as indicated 
ir Fig. 569. Let /3c and /3„ be the stretched lengths of the 
crossed and uncrossed elastic belts surrounding the ovals. 
Random chords crossing both ovals must either 

(i) cross the region SJX^X 2 a■lT■^^, and except for those which 

cross aj-t-cci or twice, not cross or 

(ii) cross the region s^y^y^a-^T^, and except for those which 
cro.ss S3+2/1 or erg 4 - 1/2 twice, not cross T^. 



Their number is therefore 

(Sid-Xj-l-aig-l-cri — Ti)4-(a34"2/i4"//2 4'cr i—T^=^c~^v., 

i.e. the difference of the crossed and uncrossed belts. Hence 
the probabilities that a random chord of A crosses 5, or that 
a random chord of B crosses A, are respectively {^c— ^AjP a 
and (ft-MPB- 

1720. If the ovals touch externally ^e=P aA-P b‘ 

1721. If the ovals intersect, indicate the several arcs and 
tangents as in Fig. 570. 

The chords which cut both may be classified as 

(i) those crossing and cti, but which, with the exception 
of those cutting twice or cti twice, do not cut ; 

(ii) those crossing Sg and o-g, but which, with the exception 
of those cutting twice or twice, do not cut 

(iii) those which cut the region bounded by S 3 and o-g. 
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Their number is therefore 

(«! + CTi — Tj ) + (Sg + (Tg) + (Sg + 0-2 — ^ 2 ) = > 
i.e. the sum of the perimeters less by the belt. 




1722. If one oval B lie entirel}'^ within the other one A, 
every random chord of 5 is a chord of A. The number of 
chords which cut both is therefore P^j. 

1723. If a third non -re-entrant oval X lie partly between A 
and B and be cut by the uncrossed belt, but not by the crossed 
belt, as shown in Fig. 57 2, we shall consider how many random 
lines can be drawn cutting all three contours, it being under- 
stood that the ovals are so situated that for all chords cutting 
all three the Z-segment is intermediate betw'een the other two. 



Indicating the lengths of the several arcs and tangents as in 
Fig. 572, all such random lines as are chords of all these regions 
must be chords of the region (Sj, e, cr^, T), but must not 
cross T, with the exception of those which cross twice or 
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JL-t twice, with an incidental crossing of T. By Art. 1718 
iheir number is ; i.e. the amount by which 

!,he uncrossed belt has been lengthened by X having been 
pushed into position from outside the belt. 

1724. If in the last case the oval X has been pushed com- 
pletely within the region bounded by the uncrossed belt, but 
still not so as to cut the crossed one, denote the various lengths 
of arcs and lines as in Fig. 573. 



Then the number of random lines which cut all three ovals 
is a— y-f(5, where 

(i) a is the number which cut the contour but 

do not cut c, with the exception of those which cut or 

twice, 

(ii) is the number which cut {ti—y, t^—x, c), but do not 
cut c, =t^—y-\-t^—x—c', 

(iii) 7 is the number 
which cut (x, y, c^), but not 
^2) ~'X-\~y Cg ) 

(iv) S is the number which cut eg twice, but not Cg, = 62 — Cg- 

The total, after rearranging, is 

(^1 + ^3 + Cl + ^3 + f 2 ^4 ^1 ^4 ~ “I” ^4 d" 

which is the difference of the increases of length of the un- 
crossed belt caused by its being made to pass round the contour 
of X in opposite directions (Fig. 57 4). 
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1725. In a similar manner it is easy to examine otlie; 
special cases. The last two results are due to Sylvester [Edur 
Times], who refers for simpler cases to Czuber’s Geovietrisclc 
WahrscheinlichJceiten. 

1726. Ex. Three pennies of diameters d are soldered together in mxiiur': 
contact at their edges. 

This figure is throvm upon a table ruled with parallel lines at egvr.' 
distances (2a) apart {a > d). What is the chance of 2, 4 or 6 intersections 

[Biddle’s Problem.’ 

Let the discs be labelled A, B, C. 

Let the number of chords which cut 

(i) A alone, (ii) A and B, but not G, and (iii) all three 
be respectively .r, y, 3z. Then 

3.r + 3y + 32 = length of surrounding belt = (7r + 3)d, 

32=3 X lengthening of an uncrossed belt round A and B 
by pushing C into position 

y = (crossed belt round A, .S- uncrossed belt) -32 
= (tt - 2)d — (tt — 3)d = d. 

Hence .r=y = d, 2 = (7r-3)d/3. 

Therefore the chances required are respectively 

3dl2TTa, 3d/27ra, (tt- 3)d/27ra. 




1727. Crofton’s Theorem. 

In any centric convex contour of area A, let AB he a diamctc: 
and G the centroid of the area of either semi-oval. Let P In 
the 'perimeter of the path of G as AB rotates; then the mean 
radial distance of any point 'within the contour from th' 
centre 0 is \P. 

If X, y be the coordinates of G referred to OB as 
W the weight of the half oval, AB=2r, and if we place two 
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’.weights w and —w at distances fOi? and %OA from 0, 
! ■- DbW coordinates of G will be 


X - 


- =- 1 4- g r + { — w) — I r) I 


■\Y^x+- 
^3 W 


Hence 


2/ + d?/ - ( + 0)/ W=^y. 
4 ^v 

dX g ^ 


The centroid has therefore been moved parallel to AB. The 
effeco upon G is the same as the above, if AB rotate through 
a .'unall infinitesimal angle dxf/- to a contiguous position A'OB', 
and tlien iv is the weight of the sector —lr-d\jr, and 





= ^A 


and (lb; is an element of the arc of the G'-path =ds. Hence the 

^ 7*^ 

intrin.sic equation of the (?-path is = g and its radius 


ot ourvatuio = i and P=ij^ (Cl.ord)=dV.. 


Again M{r)-- 


j j 7’ ('?’ 1 ff \ 1 


Prof. Crofton’s proof of this result [Proc. Loud. Math. (So(;.,viii.] 
runs on different lines, but he indicates the above as a method 
of procedure. 


1728. Useful Results for a Convex Contour of Area A and 
Perimeter L. 

Let G be the length of a chord, coordinates {p, \p-), wdth 
regard to an origin 0 within the oval, G the centroid of the 
oval, OG {=c) the initial line from which \Jr is measured, 0^ 
a line parallel to the chord, p the perpendicular from G upon 
0 ^ ; and p^ the perpendiculars upon the tangents parallel to 
the chord. Then we have, taking limits from —p■^ to p^, 

(i) ^Gdp=A\ (ii) ^pGdp=Ap', (iii) ^p"^ G dp = Aifi^-\-Ak'^, 
where Aid is the moment of inertia about a parallel through G. 
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Hence integrating (i) and (ii) with regard to ^ from 0 to 
which takes in all random chords, 


TT, 


(i) ^^Gd;pdyp'=^Ad-\p'='nrA\ whence 


Jf (Chord): 


Area of contour 
Perimeter 


^^^dpdylr 

(ii) ^^pCd/pd\p-=^Apdyl/^Ac^s\n\lrd\jr=‘iAc, and in this 

integration it is to be noted that p changes 
sign as 0 passes through the origin. 




If the oval be centric and the origin be taken at the centre, 
we shall integrate for from 0 to pi, the perpendicular upon 
the tangent parallel to G, and for ^f/■ from 0 to 27r. Then 

(i) IJc'cZp d\(/-=^A . 27 r~A 7 r, as before ; 

(ii) ^\^pG dp dyjr^^A^p d\lr, where p is the perpendicular from 

the centroid of the half area upon a line through 0 
parallel to the chord (p, \f/-) = ^A . Perim. of (r-path. 

\lipOdpd^^■ Perim. of G-path 
* ' Perim. of oval ' 


Thus M{a0AB): 


1729, Mean Power of the Distance between two Random 
Points within an Oval. 

This mean may be expressed as an integral in terms of a 
chord. Let X, Y be the random points, and x//- the inclination 
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, L to a given direction. Let G be the length of the 
r.iir.rfi AB through X, Y ; ON the perpendicular from 

ft-i oTigin 0 within the oval to AB ; XA=r, XB——r, X^Y =p. 
Kivsj X fixed at first. Then the sum of all the values of p” 
■■vliich are contained between AXB and a chord A'XB', making 
an ande (hU with the former, each multiplied by an element 
of area, is 


fX {p d\p- fZ/)) + f p” (p dxjr dp) 
0 Jo 


.j,n+2_j_,j,'n+2 

71+2 


d\f ^ ; 


and integrating this for all positions of 
2' lying between the parallel chords 
and ipA-d]-), ^}r), we have 

^ dxh-dpdr, 

71 + 2 

dp dr being the element of area in which 
2' lies. And?’ varies from zero to C and 
r'=C—r. We therefore obtain 


(??, + 2 )( 7 ? + 3 ) ^ ( 71 + 2 ) ( 71 + 3 ) 


d\]/-dp. 



The final stage of the integration is to sum this expression 
for all elements dpdxjr within the contour and then to divide 
by the number of cases, which is measured by 2^. 




1730. In the case, where 7i = — 1, we have 

This may be interpreted as an expression for the mean value 
of the mutual potential of a pair of unit particles at random 
points within the contour. 

The case 71 = 0 gives A^= l^^O-^dpd\l/-. 

The case 7 i=l gives M{p) — Q^^^^G^dpdyJr. 

The case 7i=2 gives 
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But since M{p^) = 2¥‘, where h is the radius of gyratiou 
about the centroid, 

We obtain thus the mean values of various powers of C foi 
cases in which the mean values of the corresponding powers 
of p have been otherwise found. 

Thus, for instance, 



(Area)^ 

Perimeter’ 



20 . Area . (Moment of In. about centroid) 
Perimeter 


1731. Other Results due to Crofton. 

Let p be the distance between any two random points Z, Y 
within a given convex contour of area A and perimeter L. 
Then the probability that any random line drawn across the 
contour also crosses a particular position XY of the line 
joining the random points is 2/o/A. 

If n be the number of cases of a random line XY, the chance 
that any particular one is selected is Ijn. Therefore the 
chance that a particular one is selected and cut by the random 
chord is ^pjnL ; and the chance that a random chord cuts a 
random line ZF is the sum of the values of 2p/wA for all the 
cases of a pair of random points (Fig. 580), 

Again, suppose the random chord to divide A into two 
parts 2 and 2'. The chance that X lies in 2 and Y in 2', or 
X in 2' and Y in Y='2,'ZY'fA^ for any particular position of 
the chord. If m be the number of random chords, the chance 
of selection of any particular one is 1/m, and the chance that 
a particular chord should be selected for which X and Y lie 
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1 222 ' 


opposite sides is — ; and the chance that a random 

chord should cut a random XY, 


=|,M(22')=|o' 


JJdpdi//- 


A^L 




Hence, equating the two values of the chance, we have 

d\fr=G^^Y.Y' dp d\}/-. 


Moreover we have two expressions for M(p), viz. 

and ^jj22'dpcZx/. 

(C-vofton, Proc. Lond. Math. Soc., viii.). This furni.shes an 
interesting illustration of a difficult geometrical result arrived 
at b}^ a consideration of mean values and chances. 




1732. A and L being respectively the area and perimeter of a 
given convex contour which encloses a second contour of area B, it 
is required to find the chance that a pair of random chords PQ, 
P'Q' of the former should intersect within the latter. (Fig. 581.) 

Take an origin 0 within the smaller contour, and let the 
random chords be denoted by the p-f^ system. Let a par- 
ticular position of PQ intersect B, and suppose C the length 
of the chord intercepted upon it by B. The number of 
random lines cutting G is measured by 2(7. The number of 
random chords of A is measured by L. Therefore the chance 
that one of these cuts C is 2CIL. 
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The chance that the particular chord G is one of the line.- 
whose p and lie between p and yp-, p+dp and yp-^-dyp i\ 


dp d\p d\p=dp dyfrjL, 


the integration being taken foi 


the ^-contour. 

Therefore the chance that whilst the chord PQ lies betweei; 
these limits it is met by a second random chord at & 
point within B is ^Odpdyp^jL^f and the total chance of tbe 
intersection of two random chords of A. lying within B is 


^^^Cdpdyj/- for all values of p, yp vdiich can give chords 
intersecting B. Therefore 

the required chance=27rjB/L2=2'7r . Area of 5/(Perim. of A)-. 


1733. The above result is independent of the area of A or 
the perimeter of B, and except that it involves B and L it is 
independent of the shape and relative position of the ovals. 

When the inner curve coincides with the outer, B=A, and 
the result becomes 27r. Area/(Perimeter)^. 


1734. Next take a very small convex contour of area dr 
external to A. Let a random chord of A cut the perimeter of 
this small contour at P and Q, and let PQ~\, which is a 
small quantity of, say, the first order. The chance thnl 
the p and yp of this chord should lie between {p, yp) and 

{p+dp,yp+dyp) is dpdypj^^dpdyp, the integration being for 
the contour A, i.e. dpdyjr/L. 

Let Oi and 0^ be the angles which the tangents from P to 
the oval make with any specific position of PQ (Fig. 582). 
Then regarding the chord PQ as itself a narrow oval whose 
greatest breadth is an infinitesimal of the second order, the 
chance that a random chord of A cuts this line PQ is, by 
Art. 1719, (Crossed Belt— Uncrossed Belt)/A, i.e. in the limit 
^2X — A cos 01— A cos 02)/L. Hence the cliance that the chord of 
A should be selected to lie between {p, yp) a,nd (p+dp, yp-{-d\jr), 
and then cut by a second random chord of A within the small 


contour, is 


dp dyp 

~ir 


(vers 01 


vers 02 ). 
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..^o^v X being an infinitesimal of the first order, and 6^ 
he regarded as constant throughout dcr for a given 

■hrection of PQ, and the integration gives the area da- 

vdion f-aicen for tlie small area. This int.egration therefore 
gives da-d.^j^{yevse,+vevse^)/L\ We next integrate with 
regard to and vers 0j + vers 0.,=2-cos (w — e. 2 )-cos 02 , where 
(ols the angle subtended by A at the elementary area da. 




The pos.sible directions of the chord cutting PQ will vary 
between the directions of the common non-crossing tangents 
to A and da, and one of these tangents may be taken as the 
fixed direction from which is measured. We therefore 
have dyj. = de„ and we have to integrate from V- = 0 to xjr-w. 
This gives 

1“ [2 - cos (w - x/^) - cos 

We may' now integrate this through any finite convex oval 
of area B external to A. Thus the chance that two random 

chords of A intersect within B is 

1735. If B be taken as the whole of space external to A, 
the chance of the random chords intersecting outside A must 

be 1 — the chance of intersecting within A, %.e. ^ — 


Hence We obtain the remarkable theorem that 



sin to)c^cr=I^^ — 27r^, 
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where the integration is taken over the whole plane externa ; 
to A. This theorem is also due to Crofton. It is quoted b’- 
Bertrand, Calc. Int, p. 491. It is another curious exampb 
(see Art. 1731) of a geometrical fact brought to liglit br 
consideration of chances. 

1736. D’Alembert’s Mortality Curve, (See Todhunter, Hisfoni, 

p. 268.) 

Definitions. Mean Duration of Life. For a person of age ? 
years, the mean duration of life beyond x years is the sum 
of the lengths of the lives lived by a large number of person? 
beyond that age, divided by the number of persons. 

Probable Duration of Life. For a person of age x years, tin 
probable duration of life beyond x years is such a period 
that it is an even chance whether the life of the individual 
exceeds or falls short of it. 

1737. Let yp-ix) denote the number of persons still liviuf: 
X years after their births. Then the graph of y=\p-{x) is 
known as the curve of mortality. 

Let c years be the supreme limit of life, i.e. the greatest ac-e 
to which any person can attain. Then \j/-{c) = 0. 

By the definition. 

Mean duration for a person aged a years =[ \p-{x)dxj\J/-{a), 

J a 

Probable duration for a person aged a years = & years, 
where V^(^) — 



Fig. 684. 

In Fig. 584, OC=c is the limit of longevity, OA = a years. 
The ordinate All represents the number of persons alive a‘. 
age a years, AF the probable duration of life beyond the 
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for persons now of age a, the ordinate at P being 
talf that at A. AM measures the mean duration for persons 
f.f a years, and is such that AR . AM^area RAPCQR. 

] 738. A Different View. 

The usual method of estimating the mean and probable 
duration of life for a person aged a years is somewhat 
different from that explained above, but will be shown to be 
in agreement with it. 

Let rj>{x)(Ix be the number of persons who die between the 
acres of X and x+dx. Then, since \f^{x)^the number of persons 
living at age x, yf/'ixpdx) is the number living at age x+dx. 
Hence to the iirst order, <f>{x)dx=\jy(x)—\fy{x + dx) = — \l/{x)dx 
and 4 >{x) — {x). Suppose a person to die at the age of x 

years, vdicre a; > n. The length of life for this person beyond 
a yeans —x—a, and the average value of this is 

I (x—a) cj>(x) ij)(x) dx. 

This then is the mean duration for persons of age a years. 
The probable duration is h years where 

|%(x)da;— j <f)(x)dx, i.e. | (i)(x)dx=\^^(l){x)dx. 

1739. Agreement. 

The agreement of these estimates with those of D Alembert 
will be clear. 

Ford) p{x)dx=—\ ^/{x)dx=\J^{a)-yl^{c) = \}^{a) 

J n Jo 

and f {x—a)(p{x)dx— — \ (x— a) \//(x)dx 
Jo Jo 

_ _ |^(a;_ a) x/r (a;) J + j" (x) dx = (*) ’ 

I {x—a)(l,{x)dxj^ 0(x)dx=j \lr{x)dx/\J/-{a). 

(ii) Again, since [ (j)(x)dx—\\ (p{x)dx, we have 
Jo ”Jfl 

\Ia'{x) dx=l\ ■\J^'{x)dx: 

J a J a 

.'. \//-(a)=^{i/r(c)— T/r-(a)} = — ; '^(}>)=\^(a). 
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1740. Chance of Survival. 

For a person of present age a, the chance of death between 

the ages p and q{p<q) is ^ ^ iHa) ^ 

and the chance of survival to at least the age of q is 

\jr{q)/\lr{a). j , j 

The probability of dcatli between the ages of x and x-]rclx 

for a person of age a is 

\[/- (x) — \f/{x-\- dx) xj/- (x) 

ylr{a) V-^(") 


The probability of death for a person of age x years, 
between tlic ages of x and x-\-dx, i.e. of almost immediate 
death, is - \f/{x) dxlxjr (x) = -d log y\r (a;). 


1741. Expectation of Life. 

Defining the “ Expectation of Life” at a definite age of a 
years as the average or mean duration of life after that age, the 
following results were calculated by Neison {Vital Statistics, 
p. 8) from the tables of the Registrar General. (See Boole, 
Finite Differences, p. 45.) 


Ago 

10 

20 

30 

40 

.60 

00 

. “0 

SO 

90 


Expoot.ilioii 

•I7-760'l 

40-0910 

34-0990 

27-4760 

20-8403 

14-5854 

9-217G 

5-21C0 

2-S930 1 



A (ICxpocUUon) -7-0G54 -G'f.MO -G-G230 -O'Om -G-2(K)0 -5-3G78 -4-OOlG -2-3230, 
(Expectation) ••1731 --0310 --0007 -3088 -8931 1-3GG2 1-G78G, 


olc. 


The expectations for intervening ages may be very closely 
obtained by the ordinary interpolation methods, e.g. 


u 




, ^ 1) A2., . A3.. 1 

^ 1.2.3 ^ • 


But probably no purely algebraical law expressed as a 
series in powers of the age, on which supposition interpolation 
formulae are based, would be adequate to express the true lav 
of expectation for all ages ; particularly near the extremities 
of the table, for ages of very young children or for persons of 
very advanced years. The graph of this expectation is shoun 
in Fig. 685. 
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In tiie decades of the first differences from 20 to 60, it will be 
noted that there is but small change. Hence in the graph of 
the expectation the fall in the value of the expectation 
Ijetween these ages is roughly uniform, and this portion of 



the graph is very approximately straight. From the age of 
60 onwards the curvature shows a definite bending away from 
the axis of age, the curve becoming more definitely convex 
at each point to the foot of the ordinate. This is the curve 

y=^ that is y=j 

1742. Remarks on the Mortality Curve. 

It has been remarked by Todhunter {Hist, of Prob., p. 269) 
that the “ mean duration ” beyond a represents the abscissa 
of the “centre of gravity of a certain area,” namely of that 
area which is bounded by the curve y = K-axis and 

its ordinate for age a, the abscissa in question being measured 
from x=a. The “ probable duration ” beyond a is represented 
by the abscissa, also measured from x=ci, of the ordinate 
which bisects that area. It would appear from tables that the 
“mortality curve” is either always concave or 

always convex to the foot of the ordinate upon the a^axis, and 
also that the probable duration is not always greater than the 
mean duration. (See Todhunter’s remarks on Buffon s tables 
and on d’Alembert’s views, History of Prob., p. 285.) 
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1743. Let us take a supposititious law that the probability of a person 
of present age x years dying before he is aged ;c + da; is Xx”dx, where A. 
and n are certain constants. 

Let '^{x) denote the number of persons alive x years after their birth, 
4){x) dx the number who die between x and x+dx. Then ^ (.r) = - 

And , . . is the probability that a person aged x will die between 




X a,nd x + dx. Hence \p'(x) lip (x)— - Xx", i.e. •ip(x)=Ae 
where A is a constant and ip(0) = A. 

y.n+1 


Hence the mean duration of life from birth 


is J 

Jo 


e ^ dx. 


AVhen x is large, the integrand becomes extremely small, and its value 
is insensible. Hence we may, without sensible error, take c, the superior 
limit of age, to be oo . Put 


rr 

Mean duration at birth 


1 /n+l\n+i n+i ’ 1/ 

r+T'"' ■■■ TTll—j " ''"aV 


_J. , Ji , 

I/TI + IV+I n+1 ‘ 




dz. 


_ 1 / A V+I /•” n+i * j 1 / A f 1 ^ 

-xlA+lj I ‘ ^ *=Afej 




The Probable duration of life at birth is b years, where e =^, 

3 

71+1 


7.C. 


Jn+i = log, 2, i.e. 6=1 log, 2 


For a person of age a years, the probability of death within the next 
r years 

Xn''+' A(rt + »’)"+' 

= = 1-C n+I LV j. 


e 


If r be small in comparison with a, this becomes approximately 
K-[\ ^ -1, where A’=Aa”+b 

a I 2 a J 
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PROBLEMS. 

1. A cardioide is drawn upon a plane and a point P is taken at 
random within the contour ; show that the chance that it is nearer to 
the vertex than to the cusp is 

1 / \/5 a \ , . TT 

- 0 . 4 --— costal, where cos 0 = 2 sin 

TT \ o / lU 

2. Given that and q are any two positive quantities, of which q 
cannot exceed 9 and p cannot exceed 6, show that it is a 2 : 1 chance 
that the roots of the quadratic -qyx + q^O are imaginary. 

3. Three positive quantities are chosen at random, except that 
their sum is known. Show that the chance that the sum of any 
two is greater than l/w”* of the third is 1 - 3/(?i4- 1)^ provided ?i<t:l. 

4. There are n letters and n directed envelopes. The letters are 
placed at random, one in each envelope. Show that the chance that 
r specified letters go wrong and s specified letters go right is 

[(n-s)!-r(n-s-l)! + ’fc^(7i-s-2)!- ... -f(-l)'-(«-s-r)!]/n!, 
where 7i<t:r 4-s. 

5. A circle of radius r lies entirely within an ellipse of semi-axes 
a and 6 ; m 4- n random points are taken within the ellipse. What is 
the chance that m of them lie within the circle and the rest do not 1 

6. Let two points P and Q be taken at hazard in a line JB in 
either order, and let three other points be now taken at hazard upon 
the line.. What is the chance that (i) all three should lie between 
P and Q, (ii) one should lie between P and Q and the others not so, 
(iii) two specified ones should fall between P and Q and the other 
not so 1 

7. A point P is chosen at random upon a line -^4B, and then a 
random point Q is taken upon ^P. Show that the chance that 

is less than l/n*'^ of is log (to>1). 

8. Four random points are taken upon a straight line. ShoAv that 
the chance that the sum of the squares of the five parts should not 
exceed the square on half the line is 37r'^/l00\/5. 

9. A rod is divided into five pieces at random. Show that the 
chance that none of them is less than 1/10 of the whole is 1/16. 

10. A rod JB is broken into three pieces AP, PQ, QB at random. 
Show that the chance that the sum of the squares of AP and Q.B 
shall be less than the square of SPQ is T§fi 5 (35 - 6 log 3/^2). 
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11. A random point X is taken upon a line AB. Six other 
random points are then taken on AB. What is the chance that tvro 
of these will lie on AX and four on XB1 

12. From an urn containing an infinite number of balls, all of 
which are known to be either red or white, a group of seven ir 
drawn out at random, and four are found to be red and three while. 
What is the chance that a seeond draw of seven shall also produ-rr- 
four red and three white 1 

13. A square ticket of side a is thrown at hazard upon a larj^e 
table ruled into squares of side 2a. Show that the chance that, tb.e 
ticket will cross a ruling is about 0'86. 

1 4. A circle of radius a is thrown at hazard upon a table ruled in 
squares of side 3a. ShoAv that the chance of crossing a ruling is 5/9. 

15. A large table is ruled with parallel lines two inches apart. A 
one-inch equilateral triangle is thrown at hazard upon the table. 
Show that the chance it cuts a ruling is 3/27r. 

16. A letter L, with thin arms 3 inches long and at right angles 
to each other, is thrown at hazard upon a large table ruled with 
parallels 4 inches apart. Show that the chance of crossing a rulinc 
is 3(2 ■f-s/2)/47r. 

17. A cardioide of axis 2a inches is thrown at hazard upon a large 
table ruled with parallel lines at a distance 4a inclies apart. Show 
that the chance it cuts a ruling is 9s/3/87r. 

18. Show that the mean value of the cubes of all random chords 
of a circle = ^ x area of circle x radius. 

1 9. Show that the mean value of the cubes of all random chords 
which meet an equilateral triangle of side a is 3a^/16. 

20. Show that the mean value of the lengths of all random lines 
terminated by the sides of a square of side a is 7ra/4. 

21. A circle of radius b lies entirely within a circle of radius a. 
Show that the chance that a pair of chords of the latter intersect 
within the former is b-j2a^. 

22. Show that the chance that a pair of random chords of the 
director circle of an ellipse of semi-axes a and b should not intersect 
within the ellipse is 1 - abl2{a^ + b‘^). 

23. Evaluate the integral J'(w — sin w) da- for all elements of area 
da- which lie outside a given circle of radius a, w being the angle 
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between the tangents from the element da- to the circle. Explain 
the connection of this integral with the theory of chances. 

24. Find the chance that if two points be taken at random within 
a circle of radius a the distance between them will be <c where c<2a. 

[St. John’s, 1885.] 

25. Two men, A and £, are walking at rates equally likely to be 

anything from 0 to a miles an hour and from 0 to 6 miles an hour 
respectively. They walk in the same direction along a straight road 
for a time c/(a - d) hours, where c miles is the initial distance between 
them. What is the probability that A, who starts behind £, will 
overtake himl [Trinity, 1889.] 

26. Suppose there are n sugar sticks each of length 2a, each broken 
at random into two pieces. A child is promised the biggest of the 
2n pieces. What is the value of his expectation 1 

[W. A. Whitworth, E.7\, 13736.] 

Show that the expectation of the piece of r*'’ largest size is 
{(r+ 1)%+ l}/2r(n+ 1) of a whole stick. 

27. If there be an infinite number of balls in an urn, each ball 

being known to be of one of n different colours, and if +^2 + • • • bi’n 
balls have been drawn and found to be of one colour, of 
another colour, etc., what is the chance that a further drawing of 
?i + ?2 + S's + • • • + ?« colour, ^2 of ffio second, 

etc. 1 [Zerr, E.T., 11924.] 

28. Two points are taken at random within a circle of radius r, and 

a chord is drawn at random. Find the chance that the chord passes 
between the points. [Colleges /3, 1888.] 

29. An equilateral triangle lies entirely within a regular hexagon 
whose sides are equal to those of the triangle. A random chord is 
drawn to cut the hexagon. Show that it is an even chance that it 
also cuts the triangle. 

30. In a circle of radius a the mean of the inverse distance between 

two random points within the circle is IG/Sira. 

[Crofton, Lord. M.S. Proc., viii., p. 309.] 

31. If the probability of a person of age x years dying before he 
is aged x + dx be Xxdx, show that the average length of life from 
birth is «y"/2A. (See a problem by Stanham, B.T., 1 3 021.) Also 
show that the probable duration of life is \/(21og2)/A, which is 
rather less than the average duration. 
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32. Prove that f (0 - sin ^cos 0) sin ^cos = — . 

J,r 16 64 

■S' 

Two points are taken at random within a circle. Find the chance 
that their distance apart is less than the radius of the circle. 

[Ox. I. P., 1910.] 

33. Show that the mean of the cubes of all lines which are 
random chords drawn across the contour, are (i) for a square of side 
a, 3a3/4 • (ii) for a circle of radius a, 3ira^j2 ; (iii) for a semicircle oi 
radius a, 3^20^4 (tt + 2). 

34. Show that the mean of the fifth powers of all lines FQ, whicli 
are random chords drawn across the contour, are (i) for a square oi 
side a, 5a®/6 ; (ii) for an equilateral triangle of side a and area A, 
5aA2/9 ; (iii) for a circle of radius a, 

35. If two pennies of diameter d be soldered together by their 
edges so as to be in firm contact in a plane, and be thrown upon a 
plane ruled with equidistant parallel lines whose distance apart is 
a {a>2d), show that the chance of both pennies being cut by a ruling 
is (n- - 2)dlira. 

36. If a straight line be divided at random into four parts, prove 
that the chance that one of the parts shall be greater than half the 
line is 1/2. Show also that the chance that three times the sum of the 
squares on the parts is less than the square on the whole line is 
7rv/3/18. 

37. If a straight line be divided at random into five parts, shov 
that the chance that four times the sum of the squares of the parts 
is less than the square on the whole line is 37rV5/500. 

[WOLSTENHOLME, E.T., 2753.] 

38. If random values between be assigned to H and between 
±(2a3 + / 32 ) to G in the cubic + 3Hx + G = 0, show that the chance 

of three real roots =~ 

5 2a3 + /f2 

39. Obtain the mean value of x'^ + i/ + z^ subject to the condition 
x + y + z = 0, and that x, y, z each lie between - c and + c. 

[Lapeace ; Todhdnter, Hist., p. 411] 
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ERRORS OR UNCERTAINTIES OF OBSERVATIONS. 

,1744. Suppose a large number of observations to be made 
to ascertain the measurement of some ph 3 ^sical element. To 
fix the ideas take one of the simplest kind, the distance 
between two marked points A and R on a straight rod. 
Suppose the distance AB to be roughly known to be 10 feet 
long, but that its true value T is unknown to the observers, 
of whom there are many, but known to some other person. 
And suppose that as great accuracy as possible is required. 
Out of a large number of observations by careful observers, 
it is clear that there will be none of them which differ very 
much from the true value T. The more care is taken, and 
the more accurate the means of measurement at disposal, 
the closer will the estimates be together. And it is a matter 
of experience that slight over estimates are as likely as 
under estimates, and occur with equal frequency. Absolute 
“ mistakes ” of counting feet or inches, or of registration of 
units, or of the use of the instruments we are not considering. 
In fact we eliminate from this explanation any errors which 
are of the class of careless “ blunders,” 

It will be found by the person who knows the true value 
T, that very few of the estimates differ from T by as much 
as I an inch either way; fewer still by f of an inch, still 
fewer by a whole inch, whilst errors of 4 or 5 inches would 
not occur in the tabulated results of the observations at all. 
And if the number of observations which give an error be- 
tween X and x-\-dx be represented graphically, it will be 
found that the graph takes the form of a curve symmetrical 
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about the y-axis, having a maximum ordinate at the origir. 
falling rapidly to the .-e-axis, the ordinate speedily becoiiiip.;; 
insensibly small (see Fig. 586). 



1745. It follows, therefore, that for the existence of an 
error of magnitude lying between x and x-\-dx, there will lie 
a far greater probability when x is small than when x i? 
large; i.e. a far greater number of errors of observation will 
fall between x and x-\-dx for small values of x than for larger 
ones. Let <p(x)dx be that number. We wish to examine the 
nature of this function ^(x). And about it we know that 

(i) it decreases very rapidly as x increases ; 

(ii) it must be such as to become insensibly small within n 

short range of values of » ; 

(iii) it must be an even function of x, as errors of excess or 

defect are equally numerous within corresponding 
limits ; 

(iv) it must contain some constant or constants depending 

upon the goodness of the observation, the training 
and competence of the observer, the accuracy of the 
instruments used, and the circumstances under which 
the observation is made ; 

/•CO 

(v) the number of observations must be I (p{x)dx, and 

J — CO 

supposing N be this number, the chance that the 
error of any particular observation lies between 
X and x-}-dx=^{x)dxfN=\fr{x)dx, say. 

1746. Laplace’s Investigation. 

Starting with the hypothesis that an error in an observation 
is due to no one single cause, but is the aggregate of the 
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, emulative effects of a large number of causes, each pro- 
.iucine its own separate effect, and that these effects are 
..xuremely small, and as likely to be positive as negative, 
Laplace has shown bj^ a very laborious and difficult investi- 
tfation that the chance that the error lies in magnitude 

between x and x-\-dx, viz. \j/{x)dx, is e^'^’^'dx for some value 

of 0 ) which depends upon the goodness of the observation. 
The lu-giiment is of such length that we must refer the reader 
to Laplace’s original work (Theorie Analytique des Probability). 
We therefore assume the law as our fundamental hypothesis 
in what follows. A good idea of the principal steps in the 
process, v.diich avoids the obscurity of the original work of 
Laplace, will be found in Airy’s Theory of Errors of Observation, 
pages 7 to 15. Todhunter’s History of Probability, Arts. 1001 
onwards, may be consulted, also a paper by Leslie Ellis {Trans. 
Camh. Phil. Soc., viii.), and a paper by Merriman (Trans. Conn. 
Acad., iv.). 

1747. The Frequency Law. 

The law \]r{x)='J- is termed the law of “ Facility ” or 

“ Frequency ” of Eri'ors. It will be noticed at once that this 
is a probable law, for it answers all the requirements laid 
down in Art. 1745. It has a maximum at a;=0, it is an even 
function of x, it contains an arbitrary constant w, it diminishes 
with great rapidity as x increases, and speedily becomes of 
insensible magnitude, and 

[ (p{x)dx=N{ J-e-'^^'dx^N. 

J— CO 

1748. Weight and Modulus. 

The constant w is called the weight of the observation. It 
is sometimes replaced by \. Then c or is called the 

C tj 0) 

modulus. The weight oj measures the care, skill and precision 
of the observer, the goodness of his instruments and the 
excellence of the conditions under which the observation is 
made. 
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1749. The ordinary method of estimating the value of : 
physical element of which a number of presumably equally good 
measurements have been made is to take the arithmetical 
mean of the result. As a matter of experience this gives good 
results, and therefore this mean is frequently adopted as giving 
the best estimate available, and regarded as the most likely 
value. If we might assume this, the above law of Facilit}’ of 
Errors easily follows. 

Let T be the true value of the measured quantity, T being 
unknown. Let z^, z^, ... z„ he n independent results of obser- 
vation; ^(x) the law of Facility. 

Then z^ — T, z^—T, ... z„—T are the actual errors, some 
positive, some negative, and the d ‘priori probability of tht 
coexistence of these errors is proportional to the product 
P^<p{z,-T)<p{z,-T) ... cp{z„-T). 

Then, by the principles of inverse probability, the probability 

that the true value lies between T and T-\-dT is P dT j 

the limits being such that the integration is conducted o\ er 
all values of T which it is capable of assuming. That is. 
after the observations were made, the probability that T i; 
the true value is also proportional to the product P, and 
therefore this expression is to be made a maximum by 
variation of T. Taking logarithms and differentiating, we 

have <p'{Zr—T)lip{Zr—T) — 0. 

1 

Now, if we take for T the arithmetic mean of the observn- 

n 

tions, this equation is to hold when nT='^z^. To find the 

1 

form of <p which will satisfy these requirements, take the case 
z^=z^=...=Zn—z^—nT. Then 

nT=z^-{-{n—l) z^=z^-\-{n—l){z■^^—nT)=nz^—n{n—l)r, 
i.e. z^-T={n-l)T, Z2 -T={z 2 -z^)-\-{z^-T) = -t, 


z„ — T=—t, etc. ; 


<P'ih-T) , 

1) T 


( 7 .- 1 ) 


cf>{z,-T)- 


:0 


{n — l)T^(n — 1 )t ( — t) </){ — t) ’ 


or 
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’ iiich is independent of n\ and this is to be true for all 
Ti'i-itive integral values of n. 

This will be satisfied if (p be such that - = const. = G ; 


whence ^og^{xi)=C-^ and (p{u)=Ae 


And since 0(?i) is to decrease as u increases, C must be 
2 -- 

necrative. Let C= — 5 . Then <p{xi)=Ae Again, if N be 

r C“ 

the total number of observations, 

N—\ d'ii = \ Ae du= Acjir \ A—Njcjir, 

J— J— CO 


i.e. 


cp{x) 


N 

CsJ TT 



which establishes the law of facility under the hypothesis 

specified as to the Arithmetic mean. 

This remark is made by Dr. Glaisher in the solutions of 
the Senate H. Froblems for 1878, pages 167, 168, where there 
will also be found a concise account of the allied subject of the 
principle of “ Least Squares.” [See also Tod hunter, Hist., 
Art. 1014.] 


1 750. Mean of the Errors, Mean of the Squares, Error of Mean 
Square, Probable Errors. 

The following facts will now appear : 

(1) The mean of all the positive errors 


i: 


0 cV TT 


1 -5- 

e dx 


1 


f" 1 T ^/tTW 

— -= e ° dx 

Jo cv TT 


(2) The mean of all the negative errors with their signs 
changed is also -^=—1=.. 

WTT V TTO) 

(3) The mean of all the errors taken positively is 


n/ TT \/ 


TTO) 
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(4) The mean of the squares of all the errors 

1 

-e ’^'dx 

2(0 


i 


e <>^dx 


X 

cVtt 


I 


C^TT 


1 -- 
— e ^dx 


(5) The “ Error of Mean Square,” i.e. the square root of the 

c 1 

mean of the squares of the errors, =—=.=—=. This is the 

\/2 \/ 2 a ) 

abscissa of the point of inflexion on the Probability Curve 
y=e 


(6) The “ Probable Error,” which is such that the number 
of positive errors which are greater than itself is equal to the 
number which are less, is given by the value of p, where 

1 


Jocs/^ 2Jocv/^ 


-- 1 
4 


E 

Let a:=c 2 . Then P e~^’<Zz=0‘25. 

V ttJo 

Tables have been calculated for the values of this integral 
for various values of the upper limit [Kramp’s Refractions: 
Encijc. Metropol., “ Tlieory of Probabilities and interpola- 
tion from them gives -='476948 Hence the “ Probabk- 

*= c 

Error ” = *476948... c or *476948... /7w. 


1751. Kramp’s Table is given by Airy {Th. of Errors, p. 22). 
also by De Morgan {Diff. Calc., p. 657). We reproduce Airy's 
abstract of this table for convenience for other purposes. 

1 f-^ 

Integral tabulated, 7= I e~~'dz. 

VttJo 


X 

I 

X 

I 

X 

I 


I 

0-0 

0-000000 

1-0 

0-421350 

2-0 

0-497661 

3-0 

0 - 4999 SS 

0-1 

0 - 05 G 232 

1-1 

0-440103 

2-1 

0-498510 



0-2 

0-111351 

1-2 

0-455157 

2-2 

0-499068 



0-3 

0-164313 

1-3 

0-467004 

2-3 

0-499428 



0-4 

0-214196 

1-4 

0-476143 

2-4 

0-499655 



0-5 

0-260250 

1-5 

0-483053 

2-5 

0-499796 



0-6 

0-301928 

1-6 

0-488174 

2-6 

0-499881 



0*7 

0-338901 

1-7 

0-491895 

2-7 

0-499932 



0-8 

0-371051 

1-8 

0-494545 

2-8 

0-499962 



0*9 

0-398454 

1-9 

0-496395 

2-9 

0-499979 

00 

0-500000 
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1752. Relative Magnitude of Probable Error, Mean Error, 
Srror of Mean Square, Modulus. 

To sum up, we have _ 

Probable Error = ‘47694<8.../N/ft) ; 

Mean Error=l/\/^=*564189.../N/w; 

Error of Mean Sqnare=l/\/^=’707l07.../\/ft) ; 
Modulus = l/\/a) ; 

in each case varying inversely as the square root of the 
weight, i.e. directly as the modulus ; and obviously, when any 
one of these is found the rest may be deduced. They are 
arranged in ascending order of magnitude. 

Taking the a;-axis as the axis of magnitude of errors and 
the ?/-axis as the axis of frequency, Fig. 5.87 will exhibit to 
the eye the relative magnitude of these errors and the fall in 
frequency. The figure is that given by Airy {loc. cit. sup.). 
The abscissa is the ratio of the magnitude of an error to the 
modulus. The points P, M in the figure indicate respectively 
iJie abscissae for Probable and Mean Error. 



1753. Several Observations. Resultant Weight. 

Suppose there to he a result b dependent upon two observations 
and a^ of weights oji, Wg respectively, say 6=0(ai, » 2 )' 
find the weight of the result. 

Let Xj, ^2 be the actual errors and z the consequent error 
in b ; all being small quantities of the first order, then to that 

order say. 
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The chance of the co-existence of errors in and a. 
respectively between and for the one and x^ and 

x^-\-dx^ for the other is 


V' 


^ g 

TT 


Therefore writing - = — — and tho 


O) Wj "» 0)2 “» 


chance of an error in h lying between 2 and z-\-dz is 


that is, 


^ /•oo 

dz 

— e 


TT J_„ ' 

L<^a. 

- 

_N/Wlft)2 


toA 7 

e dx 

TT 

0 ajJ — 

00 

_N/ft)lft)2 

dz 

/ 7 rft) 0 ^^_ _ 

^ 0 

TT 

, 

(pat 

V a),ft,2 


The law of facility for the compound result ^(a^, 0 ,,) is 
therefore of precise^ the same form as that for each of the 
original observations, but the weight of the combined result 

is a,, given by And exactly in the 

same way if h depends upon several observations Oj, Oj. ••• ®r. 
of weights o)i, 0 ) 2 ) respectively, we have a resultant 

weight o) for the cumulative measure given by -=^ — ( — ) 

O) -V (DrVoar- 

It follows that, writing P.E. for Probable Error, 


[P.E. in 0(ai, a 2 , ...)P=(P.E. in 


\da^J 


and the same law of combination holds for Mean Error (M.E ) 
or Error of Mean Square (E.M.S.). 

1754. For example, if we require the weight of the Arith- 
metic Mean of n observations of equal weights Wj, 

" 1111 
b='^ayln and — , ^.e. ft)=wft),. 


ft) ft), 


not), 


That is the weight of the combination is n times the weigh: 
of any of the original observations, and 

the Probable Error in 6= (P.E. in any of the a’s)/\/w, etc. 
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Similarly fclie weight of a resultant .. 

given by 


. IS 


and if Wi=tt)2=w3 — • 


O) COj &)2 «>3 

ft ) ft )1 


1755. If observations be taken upon a single physical 
element, and the weights and probable errors of the several 
observations a,* ® 3 > •••) respectively co^, ^ 3 , ■■■) and 
(cj, € 2 , € 3 , ...), whilst ft) and e are those of a resultant formed 
according to the law 'ZpjayjY/pr, which is the usual form 
adopted, where p^, P 3 , ..•) are certain constant multipliers, 
called “combination weights,” to be so determined as to give 
a minimum probable error in that resultant, we have 



and differentiating with regard to p^, p^, ps, , 

• • = '^PrWI^Pr, 

i.e. 

i.e. the combination weights are to be proportional to the 
theoretical weights. Moreover, it follows that 


"2 — ~~ 2 '^ 2“^ ^ — ft)| + ft)2 + ft)3"l' ••• > 

^ ^2 ^3 

and the theoretical Aveight of the result is equal to the sum of 
the theoretical weights of the several collateral measures (see 
Airy, Th. Err., p. 56). 

1756. To estimate the actual value of the weight of a 
series of observations upon a single physical element, we have 


seen that ^=mean of squares of the errors. 

If then the actual errors of each observation were known, 
we should have a rule to determine w. But the exact measure- 
ment of the quantity upon which the observations are made 
is rarely known. Let T be its true value, A^, A 2 , A„ the 
observed values. Then A^—T, A^—T, etc., are the actual errors. 


1 1 " 

and ^ being unknown, we have to 

approximate. Let us adopt the arithmetical mean of the 


observations as the value of T, and write T= 


I'ZAr, which 
n , 
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is known as the “ apparent value,” but is not necessarily the 
true one. This gives as an approximation 

^=A‘+Af+...+A„^-iT{A,+A,+ ...)+nF='^A,<‘-nP, 

1 1 ” 1 / " \2 
i.e. as an approxiruation we have ^ Ar^— ^ Ar) 

_ /Mean of squares'^ /Square of mean\ 

\ of observations / Vof observations/' 

1757. Determination of the “ Error of Mean Square,” “ Probable 
Error,” etc., of a Measurement of an Element from the Apparent 
Errors. 

Since the true value of the measured element is rarely or 
never known, we have to devise a method of obtaining the Error 
of Mean Square, etc., by some way other than as being l/J^\ 
which would require a knowledge of w. Let A^, A^, A^, ... 
be the actual results of n independent observations on the 
single physical element in question, Oj, a^, the actual 

errors, T the true value; then A^ = T-\-a-^, A^=T-\-az, 

Let M and m be the arithmetic means of the A’s and of 
the a’s. Then 

ar-m = Ar-T--y'(Ar-T)=Ar--IAr=Ar-M. 
n-V n 

The difference ar—m, viz. the difference between the actual 
error and the mean of the actual errors, is called the “ Apparent 
Error.” And the sum of the squares of the Apparent Errors 

(«!•— w)2=Enr^— 2m. — - (Ear)^ 

1 ^ 

Therefore, if Q = 'L{Ar—MY, we have Q=2a,.2— - (Sa.)’. 

n 

N o w let e be the error of mean square of each measure. 

Then (Art. 1750, 5) e^= - ^ a^, i.e. 

Again, the square of Sar=sq. of error in EA^. 

= (Error of mean square in S^r)' 

n 

= 2 (Error of mean square in Ar)" 

1 

=ne^ (Art. 1753); 

.-. sum of squares of Apparent Errors=W6^—-Wf2=(w—l)e". 
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g,.i^ce €='J- ^ S'lid Q being known, this determines e. 

V 'it X. 

Since the Error of mean square=l/v/2co, we have 
cc = {n-l)l2Q. 


Also 


Mean Error =- 7 = = 

V7r&) 




Probable Error = 


0-476948 



2 Q ■ 

■n" n — 1 
= 0-476948.. 


1^9^ 

V n— 1 ’ 


1758. Again, since the Error of mean square of the mean 
of 11 independent measures of a physical quantity 


=-Lx Error of mean square of an}^ one measure (Art. 1754) 
^/w 


_ 1 _ ./ Q 

9n{n-iy 


we also have 


Mean Error 
of the mean 

Probable Error 
of the mean 


)W! 

)-» 


Q 

1 )’ 


476948. 


■V 


2Q 

n{n— 1 )’ 


1759, Case of a System of Physical Elements. 

Suppose next that it is required to discover the values of 
a certain set of physical elements f, , and that observa- 

tions upon certain connected groups of them have been taken 
giving results of the form 

the forms of 0 ^, (p 2 > etc., being known, and all the constants 
involved being known from tbeoretical or other considerations, 
whilst Ny, N 2 ,... are the results of observation, and therefore 
subject to small errors. 

Theoretically, if the number (m) of observations be the 
same as the number (/x) of elements to be found, there will be a 
■definite number of sets of solutions of these equations depend- 
.'ng upon the degrees of the several functions. If, however, 
i'he number of observations exceed the number of elements, 
ft Vvdll not in general be possible to satisfy all the equations 
■ )y the same values of >/, etc., and it becomes important to 
( xamine a method of finding their most probable values under 
i he circumstances. 
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1760. Reduction of the Equations to Linear Form. 

The observed quantities N-^, N^, etc., will not differ largely 
from those which would give true values to t], etc., and if we 
solve fx of these equations we shall obtain close approximations 
to the values of t], etc., or in some cases such close approxi- 
mations ma}”^ be otherwise available. Let these approximate 
values be a, / 3 , y, etc., and x, y, z, etc., the small residuals of 
the true values of rj, etc., so that ^=a-\-x, ;?=/3+2/, etc., 
and these residuals being small their second and higher poweis 
and products may be rejected, and each equation of form 

regarded as reduced after expansion 
of 0 j(a+a, ^+y, ...) by Taylor’s theorem to the type 

aiX+hiy+CiZ-\-...=ni, 

such equations being m in number. Now being itself the 
result of the subtraction of ^(a, (3, y, ...) and various second 
and higher order small quantities from Ni depends upon the 
observations, and is a small quantity subject to error, whilst 
a,-, bi, Cf, ... are supposed known from theoretical or other 
considerations, 

1761. The Equations of Condition. 

We therefore have m linear equations connecting jx un- 
knowns X, y, z, etc., y being <m. Let a typical equation 
be a(X+&iy+c< 2 :-|-... — n.,= 0 , where ^=l, 2 , 3, ... m. We need 
not for the moment consider x, y, z, ... to be small. 

These m equations are not in general capable of being satisfied 
by the same values of x, y, z, ... , but we have to obtain the 
most probable values of x, y, z, ... from them ; that is, as good 
an approximation as we can under the circumstances. 

These equations are called the “ Equations of Condition.” 

1762. Standardisation of the Equations. 

As to the several results of observation, n^, n^, ... , lei 

us suppose that they are each the result of several separate 
and independent observations; e.g. taking the typical case n,, 
suppose it to have been formed as the arithmetic mean ci 
0 ),- observations upon the value of a,cc+ 6 ,y +-"5 and suppo?: 
all these ojj observations to be equally good observation? 
Then the weight of this observation is proportional to ft’; 
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Therefore, unless the number of observations in forming 
n„, n ^, ... has been the same and the individual observa- 
tions equally good, some of the Equations of Condition will 
have greater importance than others. 

If 71; be found by to,- observations, each wdth the same pro- 
bable error e, the probable error in n; is e/s/co,-, and the probable 
error in H; . is e. 

Hence, if we multiply the Equations of Condition by 
'Jw;, v/wo, s/ftisj etc., we get another group in which the pro- 
bable eiTors of the right-hand sides are each e. 

We shall suppose our m Equations of Condition to have 
been already subjected to this preparation, and therefore 
suppose that the quantities n^, « 2 , Wg, ... which occur are sub- 
ject to the same probable error e. 


1763 . Principle of Least Squares. 

2/o) ^o, ... be the most probable values of x, y, z, ... 
respectively, then, by the nature of the case, 

o^iXo + -4- c.Zo + • • • - Wi 


is a small quantity of the nature of an error. Call it V;. 
Then the probability of the occurrence of the error V; being 



dv;, the probability of the co-existence of errors 


Vi, Vz, ... V; ... in IL\ —e and as these errors have 

1 V w 

occurred through taking x^, y^, Zq, ... , etc., as the true values 
of X, y, 2 , ... , etc., the probability that x^, yg, etc., are the true 

values is fl e' f f ... f 5 in 

1 ’TT /J— cov— 00 J— c/d 1 "n* 

which the denominator is a definite constant ; and, supposing 

the Conditional Equations to have been prepared as described 

in the preceding article, the w’s occurring are all equal. 

But in any case we have to determine Xg, yg, etc., so that 

this probability shall be as great as possible ; and this will be 


m 

achieved by making 2 s'- minimum; or, if the w’s are 

1 

equal, 2^^^= a minimum. The method of procedure is therefore 
called the method of “ Least Squares.” 
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1764. The “Normal” Equations. 

The primary condition for a minimum is 

m 

1 

and therefore, on equating to zero the coefficients of dx^, dy^, 
we have m linear equations to determine Xq, y^, z^, ... , viz 
'2ooiaiVi=0, 'Zu)fiiV~0, etc.; 

or in the case when the equations have been prepared before- 
hand, so that the weights are equal, 

'ZaiVi=0, 'E,biVi=0, "ZCiVi^O, etc., i.e . ; 

1 , 0 ^. Xq -\-'2,ah .yQ-\-'Zac .Zq-{- ... — "Zan, 

Zha .Xf^-[-Zh^.yQ -f 26c . ... = S6n, 

2ca.a;oq-2c6. yo-f 2c^ . Z(,+ ... = 2cn, 

etc., 

The very compact notation [a6], [aaj, etc., is often used for 
2a6, Za^, etc., but we adopt the sigma notation as a little 
easier to write. 

These equations determine the values of Xq, y^, etc., so as to 
give the most probable values of x, y, etc., to satisfy the 
original group of Conditional Equations in which the ns. are 
subject to small errors. 

1765. Before proceeding further, let us examine the m 
prepared equations of type aiX-\-l>iy -^C 4 Z-\- . . .=ni from another 
point of view. 

Multiply the several equations by pi, •••, Pm and add. 
then by ^ 2 . ••• Q'm and add; then by r^, r^, ... and add; 
and so on ; viz. by n groups of multipliers, m in each group. 
We obtain equations, 

xZa^l-)^+yZhi'Pi-\-zZc^pi^...=ZniPi, 
xZaiqi +yZh,qi+zZCiqi+...=-Zniqi, 
xZaiVi + yZhiVi +z2Cir< -f . . . = Zn^Ci , 

etc. 

Again multiply these by Xj, ..., and add, and choose 
the X’s so as to remove the terms y, z, ..., i.e. 

... = 0 , 

j + A + A sEc^r ^ -f- . . . == 0, 

etc. 



which are known 
as the “ Normal ” 
Equations. 
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XiSn,Pi4- 'k^n,qi-\- Xa'Enjrj + . ■ . _ Sn/c; 
jiien X- ;y^5;ai;?i+A22a'igi+A32airi+... Sdi/c,-’ 

v.here /t:i=AiPi+X27.- + ^3n+"* ; whilst S6A=0, 2cA=0, etc., 
and the new constant multipliers Jc^, k^, k^, ... replace the 
p’s, qs, rs, etc., and A’s. 

Let w be the weight of each of the observations 7?^, -Uj, ... 71^, 
b}^ supposition prepared to be of equal weight, and let Wx, wy, 
(0., ... be the weights of the deduced values oi x, y, z, ... . 


Then 


1 ^ S/q-" 1 

tox (2a.,/cj)" to’ 


Art. 1753. 


( 2 ) 


And if e be the error of mean square, or the probable error 
in each of the ns, and Cy, e^, ... the resulting error of mean 
square, or the probable error in the deduced values of x, y,z, ..., 

Uc" 

we therefore have ^ e^ and we have to make this 

error of mean square, or this probable error, as small as 
possible with the conditions 26, 74=0, 2c,7c,— 0, etc. 


1766. To do this we have the k’s at our disposal. Their 
number is m and their connecting equations number pi— 1, 
which is <C on. It will be observed that the expression e* 
contains only the ratios of the k's, and when their ratios to any 
particular standard k have been fixed becomes determinate. 
We shall therefore in no way alter the value of by the 
addition of some one additional linear equation amongst 
the Ics. For convenience we take that relation as '2ajci=\, 
which will give x—^njc(. We then have to make 6®^ = 2/4^ . a 
minimum with the /x conditions 'Zajc^ — l, 26,74=0, llcjci=0, etc. 
We obtain at once "Zkidk—O, Xaidki=0, 'Zbidki=0, etc., and by 
Lagrange’s method of undetermined multipliers 

ki=Aai-{-Sbi-\-... , /c2=Aff2”k-^62-t- . • • , •■•/cm— ••• > 

whence 2/4^=A2at/4=A. 

Also A2a^+.B2a6+C^2ac+ ... = 20.1/4=1, 

A260+5262 4-C/26c + -.. = 26A =0, 

A2ca4-.52c6 + C'2c^ 4----==2Cf/4 =0, 

etc., 
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whence A — 


26^, 2&C, ... 

Zcb, 2 c 2 ... 


2a-® 2a6, Zac ... 
26a, 26®, 26c ... 
Zca,Zcb,Zc^ ... 


and is known. 


and A — Zlc^. Therefore ex—Ae^ and ex—ejA\ and A is 
essentially positive, being the sum of a number of squares of 
real quantities. The weight of the deduced value for x is 


Xx-- 


11 .1 


1767. The symmetry of the work shows that the same 
process will give us a minimum error of mean square, or a 
minimum probable error also for y or for z, etc., and that the 
weight of y so deduced may be found by solving equations of 
the same form as those in group (3), but with the 1 now 
replaced by 0 in the first equation and the 0 by 1 in the 
second ; and so on for the weights of 2 , etc. 

1768. Again it will be noticed that if we choose our 
preliminary multipliers, viz. the ;p’s, q’s, r’s, etc., as the 
coefficients of the original prepared eonditional equations, viz. 

qi=hi, o\—Ci, etc., we have /q=Xiai+A 2 &i+i^ 3 <^< + ---. 
and for this choice 

2/Ci® =2(Xiai+X26j-l-...)/cj=A i2a/q + X + . . . = X i = A . 

That is, substituting for the ^s, qs, r’s, ... in equations of 
group ( 1 ), the equations which will give a value of x with 
the least error of mean square, or least probable error for x 
are the “normal” equations arrived at in Art. l764.otherwise, 
and the symmetry shows that the values of y, z, etc., will 
also be determined by the same equations with the least error. 
But as these equations are the same as those arrived at by 
making 2 (aia 3 + 6 ,y+...— a minimum by variation of 
x,y,z, ... , this is a convenient way of reproducing the equations 
for these unknowns. And the result is the same as that 
arrived at in Art. 1764, the weights of the several observations 
having been made equal by preparation of the conditional 
equations. 

1769. If the conditional equations are left unprepared, we 
arrive at the proper equations for the values of x, y, z, etc., by 
making 2 ft)i (aia;+ 6 ^ 1 / + ...—%) ® a minimum. 
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■i770. Reality oi J A. 

The determinants occurring in Art. 1766 are essentiall}^ 
ijositive. For such a determinant as 


i la-, 2a6, 

Zac, ... 

occurs in squaring 

Ui, 

<^2i ••• 

<Xin 

2 ba, i:b^ 

Zbc, ... 

the rectangular array 

K 

62, ... 

' 6jn, 

'Zen, 'Zeb, 

Zc\ ... 



C2, .., 

• ('m 


in v/hich the number of rows (/i) is less than the number of 
coiumns (m), and is therefore expressible as the sum of the 
squares of all possible determinants which can be formed from 
the array by taking /x columns (Burnside & Panton, Th. of Eq., 
p. 260). Such a determinant is therefore essentially positive. 


1771. To complete the theory we must examine how the 
qurulity e is to be found from the details before us; that is, 
we are to do for the case of measurements upon a system of 
physical elements what was done in Art. 1757 for the measure- 
ment of a single element. We have used e indifferently in 
Art. 1765, etc., for either the error of mean square, the probable 
error or the mean error. We shall now define the letter as 
standing definitely for the “ error of mean square ” in the 
measure of an observation. Let Vi be the residual error in 
ajX-f — when the values Xq, y^, Zg, ... obtained from 

the “ normal” equations have been substituted for x, y, z, ... . 

Then we shall show that the equation e = 
that of Art. 1757. 

Let the true values of x, y, z, ... be Xg-\-8x, yg-\-8y, Zg-\-Sz, 
etc., and let 


- - replaces 


ai{xoASx)+bi{yg-{-Sy) + ...-ni='Ui (i=l to i=m). 
Multiply by and add the system. Then 


Sa^.rCo -\-'Zab.yQ-\-1,ac.Zg-\-...—'Zan 
+ -l-2a6 . %+2ac . fo-f ... —'Eaw, 
1,a^. 8x -\-'Zab . Sy-^-'Zac .Sz-\- ... =Sau. 
Similarly 26a. -1-S5c. ... =T.bu, 

2ca. -f 2c6. -fSc®. + ... =1,gu, 


etc.. 


A 


7 


J 


Avhich, as in Arts. 1765, 1766, give Sx='2ku. 
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1772. Equations of type + 6,yo + ...~ni=Vi{i=\ to i=m), 

multiplied by and added, give since 

2av=0, 'Zbv=0, 2cu=0, etc. 

And equations of type ai{x^-\-Sx)+bi{y^-\-Sy) + ...-Ui =Ui give 
in the same way '2UiVi= — 'ZniVi. 

Hence = — "ZriiVi . 

1773. Equations ajOJo +64^0 +^i^o + •••”%= multiplied by 
Ui and added, give 

2a, Mi . a;o + . yo + • • • — . 

Equations a, (2:0 + 8x) + 6, (y„ + + . . . _ n, = w, , multiplied bj^ 
M, and added, give 

Ea.Mi . Xq + 26,.Wf . yo + . . . — 

+ Ea^?/,. + 26iW.. . ^ y + . . . =r 

Hence 2 m.- 2 = + SajWf . <^2: + "Zb^Ui . Sy+ZciUf. Sz^... . 

And, since is the sum of the squares of the true errors of 
the observations, 2w,-^=m6^. 

Now, in the terms Sa^Wj. <y2:+26,w,- . (5 y+ ... , we must neces- 
sarily approximate. 

Take for them their mean values. Then 

2a, . (52^ = (aj^Mj^ -|-®2^2~b®3^3“l~ • • •) (^l^l“l“A2M2-f"^3’^^3“t” • • • ) , 

whose mean value is that of aikiUi^+aJc 2 U 2 ^-\-asksU ^^+ ... ; for, 
remembering that the errors Wj, W2, W3, ... may have either 
sign, all products involving errors with unequal suffixes will 
disappear in taking the mean. And tlie mean values of 
^3^5 ••• are each e^. 

Hence 2a<w,- . 6x will be replaced by Za^ki.e^, that is e^. 

Similarly Zb^Ui.Sy, ZCfUf.Sz, ... will be replaced by e^. 

Therefore 7ne^=ZVi^-\- /me^, ju being the number of unknowns 
X, y, z, ... . 

Vi) 2 

Hence e^= —. 

m—fji. 

1774. If there be but one unknown, i.e. when the observa- 
tions are made upon a single physical element, we have 
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1775. Effecti^of Exact Co-existent Relations. 

If, in addition to the m conditional equations of type 
aiX-\-hiy-{- ...— n,=:0, 
there be ^ (<//) exact equations of type 

^iy “h • • • Vf 0, 

these latter equations may be regarded as determining p of the 
unknowns in terms of the other /x—p. Upon substitution of 
these in the conditional equations, we have a system of m 
conditional equations amongst p—p unknowns. Hence the 
error of mean square e will in ..this case be given by 

— , where Vi is, as before, OiXo-t-ftfi/o +■••• 

m-{-p—ix 

the summation is from i=\ to i=m. 

If fj. be large, or if there be several exact equations, a 
different process is usually employed to reduce the labour of the 
elimination. (For this see Chauvenet, Astron., p. 552, Vol. II.) 


1776. Finally, if e*, ... be the errors of mean square 

in Xq, y^, Zq, , and if X, Y,Z, ... be the respective weights 

of Ko. Zo, ... , then 

X, Y, Z, ... are to be determined as follows (Art. 1766) : 


For Z : ^ -t-2a6 • Sac • ^ -f... = 1, 

Zba-j -bS62. _1 ^_p2:6c-^, +...=0, 

Sca-^ -bSc6- pd-Sc^- ^,+...=0, 
etc. ; 


For Y : 


^,+Sa6- Y+2ac'^-|-...=0, 
S6a-^-fS62- id-S6c-^,-f-...=l, 

Sea. ^,-f-Sc6- y+2c^’ ^/+...=0, 
etc., 


the accented unknowns of each group not being required ; 
and such equations may obviously be written down from the 
normal equations. 
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Hence we obtain X, i.e. the value of ^ (Art. 1766), etc. 

Moreover, in cases where the values of rcg, Zqj ••• 
expressed in terms of letters and not numerically, their 
weights may be obtained more readily, as in Art. 1753, by 
differentiation. 

This completes the details of the process to obtain the 
Mean Square error for each element, and the Probable and 
Mean errors may be at once deduced. 


1777. Order of Procedure. 

To sum up, the order of procedure is as follows : 

I. Given the m conditional equations amongst /x unknowns 

of tj^pe a,;K+5.?/+c,z-l-... — Wi=0, let each have been 
prepared by multiplication by the square root of its weight, 
viz. Jooi. 

II. From these prepared equations, or by differentiating 

2(aia;+6,?/ + ...— %)2, 

deduce the normal equations and find a;^, y^, .... 

III. Form S'Vi^=2(a,a;o+6,y(,+ ...— n,)2. 

IV. Find e, the error of Mean Square of an observation 



V. Then to find ex, Cy, ez, etc., in the normal equations 
replace 'Zan, Zbn, Zen , ... by 1, 0, 0, etc., and solve for x, say 

r — then replace San, Zbn, Zen, ... by 0, 1, 0, ... , etc., and 
^ 1 

solve for y, say y=Y’ J Z,...are the 

several weights of Xq, y^, ..., and the errors of Mean 


Square are ' 

These values may also be obtained by Art. 1753 without 
the trouble of solving the normal equations when the results 
of the observations are given in letters instead of numerical 
quantities. 


VI. Having found e, ex, €y, ez , ... , we may then deduce the 
Probable Error or the Mean Eri'or by Art. 1752. 
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1778. For further information, the reader may consult the appendix 
to Voi. II. of Chsuvenet’s Sph. and Practical Astronomy. 

For those interested in the Bibliography of the subject, reference may 
he made to 

Legendre, Nouvelles Methodes pour la ditermination des orbites des Cometes, 
1806. 

Gauss, Theoria Motus Gorporum Ooelestium, 1809. 

Disquisitio de Elementis Ellipt. Palladia, 1811, etc. 

Bertrand, Mlthode des moindres carries, 1855. 

Encke, U eber der Meth. d. Klein. Quad., Berlin [Astr. Year Booh, 1834, etc. ). 

Laplace, Theorie analytique des Probabilitls. 

Poisson, Sur la probabilitl des resultats moyens des observations {Cpn- 
naisance des Temps, 1827). 

Bessel, Astron. Nach. (357, 358, 399). 

Hansen, Do. (192, 292, etc.). 

Peirce, Astron. Journal (Camb. Maas., Vol. II.). 

Liagre, Calc, des Prob., Brussels, 1852. 

And other references have been made to the works of Airy, Glaisher and 
Merriman in the course of this chapter. 


1779. Illustrative Examples. 

1. Suppose 0 a central station on a plain, and A, B, C, D four distant 
points. Let the angles AOB, BOG, COD, DOA be respectively estimated 
by p, q, r, s, equally good measurements to be a, (3, y, 8 ; and suppose that 
after all due care has been taken a+j3 + y + 8 falls a little short of 360°, 
say by h". It is required to find (he corrections to be applied to the several 
observations. 


Suppose the true values of the several angles to be a + x", li+y”, 
y + z", 8 + w". 

Then x+y + z + %u = h is an exact equation. The equations of condition 
are x = 0, y = 0, 2 = 0, .vAy + z — h=0, which cannot be satisfied simul- 
taneously. yiukmg px-+ qy-^-rz^ + s{x+ y + z- hf a. minimum, we have 
px=qy = rz— -s(.v-{-y + z— h) = \, say. These are the Normal Equations. 


Thus X—-, y = -, z 
P ^ 9 


whence .r = - / 2 - , 

PI P 



which give the probable values of x, y, z, w. 


2. Let p observations of the zenith distance of a circumpolar star be made 
at the upper culmination, and q at the lower. It is required to find the co- 
latitude of the place. [Airy, p. 42, Errors of Observation.'] 

Let a and b be the means of the two sets of observations. Then 2 i = a 
and z^ = b are the estimated zenith distances at the two culminations. 
And we are to find the probable error in ^(a-p6), which would be the 
true co-latitude if the means of the observations were accurate. 
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Let w be the weight of any of the original observations, all supposed 
of equal value ; co' the weight of \{a+h). Then 

J_+l 1 1 P+9 

(o' 4 poi 4 q<o 4(0 pq 

Hence if e and t' be the probable errors of an observation and of the 

deduced co-latitude, e, with the same formula connecting 

2 ' pq ' 

the errors of mean square and the mean errors. 


3. Consider a rod, luhose accurate weight is h grammes, to he hroJcen into 
three random pieces of unhnown weights x, y, z grammes ; y and z are weighed 
together I times ; z and x, m times ; x and y, n times, and the means of the 
three sets of weighings are a, b and c grammes, and all the weighings are 
equally good observations so far as is knoum. It is required to find the most 
probable weights of the several parts and the probable error in each. 

[Math. Trip., 1876.] 

Here a;+y-hz = A, (1) ; y-l -2 = a, (2); 2 -^a; = 6, (3) ; x+y = c, (4). 

Equation (1) is exact. The others are subject to error. Let w be the 
“weight” of any one observation. The “weights” of the means are l(o, 
mio, n(o. The equations (2), (3), (4) may be written h — x-a=0, 
h — y — b = 0 , h — z-c = 0 , and we are to make 
l(h — x — a)'^ + m{h-y—b)^+n(h — z — c)'^ 

=a minimum with condition x + y+z=h. 

Thus, l(h-x-a)dx+ -p =0, dx-f + =0, whence l{h-x-a) = ... = ... = X, 

i.e. 3ii-(x-fy-h2)-a-6-c=AQ-(-^-f^^, i.e. 2h-a-b-c=\(^ + +y 
i.e. x=h — a-{2h — a-b-c) — j—, 7/ = etc., 2 = etc. 


If (Oj. be the “ weight” of this expression for .r. 


Wx (ol\'da) ^a)7« 


m + n 


A-dbJ 


(on ' 


9c/ 


o) mn + 7il -I- bn 


Now h being known exactly, 2h — a — b — c is a known error, and it is 
the only known error, and if 12 be the “weight” of this expression 

i = (Art. 1753), and ^ = (2h-a-b-cy- (Art. 1750). The 

latter equation is the approximative one for 12. Hence 
1_ 2bnn , , , >2 ^bn7i(7n+n) 

0) 77171 2771 ' ^ ’ o)j {7nn + 7il + lmy 

The probable error for x, viz. p, is such that 

1 j -4769... 

-V — e-'^^ dx=- and p = , 

^ n Jo 4 

’J2lmn{m + n) 


(2/t — a—h — cy 


I.e. 


p = '4769... X 


(2/t -a-b-c). 


7n7i-\-nl-\-lm 

Suppose in the same example that h were not known, but that the 
several observations are (uj, a ^, ... ai), (2),, ftg) ••• ^m), (ci> Cj, ... c„). 
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We then have I equations of type y + z-a^^O, m of type z->rx-bj. = 0, 
V. of type x-\-y — ^=Q>. 

Then x, y, z are to be found from making 

I m n 

2(y + 2 — + ir)“ + 2('^+y — c^)“ a minimum ; 

tn « 

from which + + = + 

1 1 

nxo + (n + l}7jo + lzo = %r+i^a^, r '^'^lues 

1 1 which give the minimum. 

I m 

mxo + lyo + (l + m)z„ = 2a, + 2^, , 

We then have as an approximation 

I m fi 

J 2 (yo + 2o - «r)^ + 2(^0 + -^’o - + 2 (Xg + yo - 

2w l+m + n 


4. J, B, C, D are four points in order on a straight line ; AB, BC, CD, 
AC, BD, AD are measured respectively a, fS, y, 8, e, ( times with mean 
respective measurements a, b, c, d, e, f. Find the most probable value of AB ; 
andif a-= (i=y = 8— e — ^,fi7id its probable error. (Math. Trip,, 1878.] 

Let AB=x, BC=y, CD = z ; then we are to find a minimum for 
a{x-af + (i{y-bf + y{z-cf + Hx+y-df + e(y + z-ef+^{x + y->rZ-fy 
The conditions are : 


a(.r-a) + 5(^4-y-d) + ((a;+y + 2 -/) = 0 , 

/3(y-6) + S(;r+y-d) + €(y + 2-c)4.^{;c+y+^_/)=:0 

y(z-c) + e{y + z-e) + ({x4-y+z-f) = 0 ^ 


I wliich deter 

I y, 


mine 


In the case a = /3=etc,, these become 


3x+2y + 2 — a + d+/, 2a7 + 4y + 2z = Zi + <i + e+/, .v + 2y + 2z = c + e+f ; 
whence 


x=^{2a-b + d-e+f) ; y = i(~a + 2b-c-j-d + c); z = ^(-b + 2c-d + e+f), 
i.e. x — a-=\{-2a — b + d — e+f), x + y — d — l{a + b — c—2d+f), 

y -b = ^{ — a — 2b — c + d + e), y + z — 1 ' = |( — a + f( + c-2e+/), 

^-‘^ = i(-^-2c-d + e+/), .r+y + 2 -/=^(a + c + d + e-2/), 
and the sum of the squares of these six expressions is, say K. 

We also have 


i = l(4 + I + l + l + l)L. i.f^„ + 4 + l + l + I)l. 

I.e. (i)i=2<j), Wy = 2<Ji, a)j = 2(u by (Art. 1753), or they may be derived 
as in Art. 1776. 


Now 1773 ). - -L- L-i - 1 a/^- 

whence the Mean Errors, Mean Square Errors and Probable Errors of 
X, y, 2 may be at once written down. 


[See Sol. S.ff. Prob., Glaisher, 187-S, p. 165.] 
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PROBLEMS. 

1. In a plane triangle the angles A, B, C are respective!}' 
measured m, n and p times, and the means of these measurements 
are respectively a, /3 and y, and a + /? + y = 7r + e. The separate 
measurements are equally good. Show that if a + x, fi + y, y + zht 
the true values of the angles, the probable values of x, y, z are 

-npe/S, -pmejS, -mnejS, where 8 = np +pm + mn. 

2. In the plane triangle ABO, the side h is to be determined in 
terms of a from the measured values of B and 0. Find the actual 
error in the determination of h in terms of the actual errors of 
measurement of B and C, and the probable error of b in terms of the 
probable error of any measurement supposed to be the same for 
the measurement of any angle. Show that of all the directions 
in which the side b can be drawn, that gives the probable error 
of the determination of its length a minimum for which the 
angle 0 satisfies the equation 

ab {2a- + 3b^-) ( I + cos2 q = {a^ + la^ + 26^) cos C. 

[Math. Tkipos.] 

3. At Pine Mount, a station in the U. S. Coast Survey, the angles 
subtended by four surrounding stations A, B, 0, D were observed 
as follows : 

AB, weight 3, 65° 11' 52"'500 ; CD, weight 3, 87° 2' 24"'703 ; 

BO, weight 3, 66° 24' 15'''553 ; DA, weight 1, 141° 21' 21"-757. 

The five points are in one plane. It is required to estimate the 
corrected values of these angles. The result is that the several 
results in the seconds should be 53"'4145, 16"'4675, 25"'6175, 
24"'5005, the degrees and minutes being unaltered. 

[Chadvknet, Astron ., II., p. 551.] 

4. Taking the equations 

x-y + 2z-Z = Q, 4x + y + 4^ - 21 = 0, 

32 + 2y - 5^ - 5 = 0, -2 + 3y + 3^ - 14 = 0, 

show that (1) the probable values of x, y, z are 2-470, 3-551, 1-916 
respectively ; 

(2) the weights of x, y, z are 24-597, 13’648, 53-927 ; 

(3) the error of mean square of an observation, i.e. of 

the numbers 3, 6, 21, 14, is 0-284; 

(4) the errors of mean square of x, y, z are 0-057, 

0 077, 0-039; 
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(5) the probable errors of an observation and of cc, y, z 
't are respectively 0-192, 0-038, 0-052, 0-026. 

[Gauss, Th. Molus-, Chauvenet, II., p. 521.] 

5. In finding the latitude of a place by observation of two 
meridian altitudes of a circumpolar star, p observations are made 
at the upper transit, q at the lower. Taking the probable error of 
each -observation at the upper transit as Cj, and at the lower as 
and all astronomical and instrumental corrections to have been 
applied, show that the probable error in the determination of the 
latitude is s/p ^2 +g,^il'J'ipq. 

6. If the altitudes of the upper and lower transits of sevetal 
circumpolar stars be observed and H^, //g, ... be the harmonic 
means of the numbers of observations at the upper and lower transits 
for the several stars, and all observations be equally trustworthy, 
with a common probable error «, supposing all astronomical and 
instrumental corrections to have been applied, show that the probable 



7. At three stations P, Q, R on the same meridian, the zenith 
distances of stars are observed at each of the stations P, Q, R ; 
n, at P and Q] dut Q and R; at R and P. It is required to 
determine the amplitude of the portion PQ of the meridian. Show 
that there are four independent modes of determining that arc ; and 
on the supposition that the probable error of each observation is 
the same and = e, show how to determine the combination weights 
of the four measures. If Wj = n, = n, = n., = «, .show that the square 

4: 

of the probable error in the result = = — . 

0 71 

8. State the criterion for the selection of the combination weights 
of n independent measures of a magnitude. Determine the probable 
error of the result in terms of the probable errors of the n measures. 

In the observation of the zenith distances of stars for the amplitude 
of a meridian divided into four sections by three stations intermediate 
between the extreme stations, a stars are observed at the first, 
second, third only ■ h at the second, third, fourth ; c at the third, 
fourth, fifth ; and the probable error of every observation is e. 
Show that there are only three independent modes of measuring 
the whole arc, and obtain equations for determining the combination 
weights of the three measures. In the case where ft = 6 = c, prove 
that the square of the probable error of the result is lOe^/Sa. 

[Math. Trip.] 
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9. If a, b, c, ... be the actual errors in n measures of a physical 
element, the apparent error of each measure is defined as the 
difference of each measure from the mean. 

Let Q be the sum of the squares of the apparent errors. Then 
prove that (i) the Probable error of a measure, (ii) the Mean error 
of a measure, (iii) the Probable error of the Mean and (iv) the Mean 
error of the Mean are respectively 

0-674506 0-797885. OI, 

\n-l Vn-1’ 

0-674506 ^ 0-191 885 J - r^ 

10. If we have any number of sets of n observations of the value 
of a physical element, all of which are a priori supposed to be equallj' 
trood, and if the difference between any observation and the mean 
of the set of n observations to which it belongs be called the 
apparent error of that observation, then, assuming the usual law 
of frequency of errors, prove that the mean of the squares of the 

71 ” 1 

apparent errors = where is the mean value of the square 

of an actual error of observation. [Smith’s Prizes.] 

11. A rod of known length I is broken into four portions. The 
lengths X, y, z, w of these portions are measured respectively p, q, r, s 
times under the same circumstances and with the same care. The 
means of these several measurements are a, ft, y, §. Show that the 

probable length of x is a 4- -6745— + y + 

2;;-! \p\q r sj' 

12. The angles of a geodetic triangle of known spherical excess 
are measured, arid the probable errors of the several measurements 
are Cj, €g respectively. It is found that the sum of the three 
measurements needs a correction of 9". Show that if a", y" be 
the corrections to be applied to the angles, 

= 0 /{€^^ + egZ + fgZ). 
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THEOREMS OF STOKES AND GREEN. 
INTRODUCTION TO HARMONIC ANALYSIS. 


1780. It is proposed to give in this chapter several theorems 
of the Integral Calculus which are of especial service in the 
higher branches of Physical Analysis. 

1781. Stokes’ Theoeem. 

Let X, Y, Z be the components referred to rectangular axes 
Ox, Oy, Oz of any vector quantity V. Then the line integral 
of this vector taken along a given path on any given surface 
from a fixed point A to another fixed point B is 

Let us deform this path into an adjacent arbitrary path 
from A to R on the surface. 


Then 
SIab 


SX='^Sx+-i-, dX='^dx++, !xnd 


=£{(<5Z dx + + ) + ( -h + } 

= f {^8X dx -\ — [-)-}“ [A — b] — f {dX Sx -\ — |-) 

JA ^ J A 

=1 {{SX dx—dX §x)-\- X} 

(~~)(6zdx-ex,h) 
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But if P, Q be adjacent points {x, y, z), {x-\-dx, y-{-dy,z-\-dz) 
on the path APQB, and P', Q' the points to which they are 
deformed, having coordinates (x-{-Sx, etc.), and to the first 
order {x-{-dx+Sx, etc.), these four points are to that order the 
corners of a parallelogram the area of whose projection upon 
the plane of y-z is &y dz—Szdy. 



Fig. 588. 


Let dB be the area of the element PQQ'P' I, m, n the 
direction cosines of the normal to the surface at x, y, z. Then 
to the second order 

Sy dz—Szdy—ldS, Szdx—Sxdz=mdS, Sxdy—Sydx—ndS. 

Therefore the variation in the line integral along APQB by 
deformation into AFQ'B is 



the integration being for all the elements of S which lie 
between the two paths. 

If we enlarge the strip by taking a new variation of the 
path AP'Q'B to an adjacent path AP''Q"B, the extra increase 
is the same integral taken over the area between the second 


and third paths ; and this process may be followed by 
other deformations to any extent so long as X, Y, Z and 
their differential coefficients remain single-valued, finite and 
continuous in the deformation (Fig. 589). 

If then A and B be any two points upon a contour AGBD 
drawn upon the surface within which contour X, Y, Z and 


their differential coefficients are at all points single-valued, 
finite and continuous, the difference of the line integral along 
AOB and that along ADB is measured by the surface integral 

I taken over the whole surface bounded 


by the contour. Also the line integral from A to P along 
ADB=— the line integral along BDA (Fig. 590). 
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Hence the line integral round the whole contour is equal to 
ihe surface integral j dS, over the whole 

area bounded by the contour. 



Fig. 589. 


Fig. 590. 


Now let R be some vector quantity whose components 
2£, 2r], 2^ are such that 

-dZ 97 9Z 

^ 'dy -dz' 3:2 3a;’ 3a; 3y’ 

then we have 

taken over the bounded surface. 

But 2(^^+m^+7^^) is the component of the vector R along 
the normal —R cos e, say, where e is the angle between the 
normal to the surface and the direction of R; and if e be 
the angle between the vector U and the tangent to the contour 


^dx , , „dz 

X cos 6 . 

ds ds ds 


Hence |j'z2co3edS=j'Hcose'ds, a result due to Stokes and 

of the highest importance in Higher Physics. [See Lamb, 
Hydrodyn., Art. 33.] 

It is remarkable that the surface integral is independent of 
the form of the surface, and depends only upon the line 
integral round the bounding edge, so that it is the same for all 
diaphragms with a given edge ; provided that in the deforma- 
tion from any one diaphragm to any other no point in space is 
passed for which X, Y, Z or any of their first order differential 
coefficients cease to be single- valued, finite and continuous. 
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1782. Green’s Theorem.* Lord Kelvin’s Extension. 

Let Fj and Fg he any two functions of x, y, z, the coordinates of 
a point P, and a any quantity, constant for Green's Theorem, or 
any function of the variables for Lord Kelvins extension, and 
suppose all three functions and their differential coefficients to be 
single-valued, finite and continuous throughout a finite and con- 
tinuous region hounded by a given surface S. Let volume integra- 
tion be conducted throughout the volume so bounded, a,nd surface 
integration over its surface. Let V^F be an abbreviation for 



Let dn be an element of the outward drawn normal at any point of 
the bounding surface S. The theorem to be established is 




=11 S ’ ‘*'^“111 dy dz 

= 11 dS-\\\v,V-V,dxiydz. 


Consider the term 
parts gives 


dz. Integration by 


111’’'"’ S] *“111''* I S) * *■ 


Construct an elementary rectangular prism parallel to the 
x-axis on base dy dz in the y-z plane, and let it intercept upon 
the surface S elementary areas dSj, dS^, dS ^, ... , at which the 
direction cosines of the normals are {X^, fx.^, vf, (Xg, rg), ..., 
the suffix 1 relating to the element furthest from the y-z plane 
and the others being in order of approach to that plane. Then 

dy dz= -\-XffS^= —X^dS 2 = -\-XzdS^= ... . 


Now the limits in the first 


integral FgO^ 


are those 


which correspond to the elements in which the elementary 
prism cuts the surface S, i.e. from the end of any intercepted 


* Math. Papers of the late Oeorge Oreen. Edited by Dr. Ferrers, 
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portion of the prism nearest the y-z plane to the end furthest 
from that plane. Let the values of the several 

03j 

points be denoted by the corresponding suffixes to the square 
brackets. 

Then taken for the whole prism 

that is simply, when we integrate for the whole surface, 
summing the results for all such prisms 

=||na^§X^S. 



Treating the remaining terms in the same way, and noting 

that X — +M — [-v—^7^, we have upon addition the theorem 
dx ?)y dz Zn 

stated. ^2 02 02 

Green’s Theorem, for which a=l and = + 
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1783. Various Deductions. 

1. It follows that 


2. If Fi and Fsboth satisfy Laplace’s Equation V-F=0, we have 






3. If Fs = constant, J (IS= J Jj V-Fid.vdi/dz. This is known a= 

the Divergence Theorem (see Webster, Elect, and Mag., p. 66). 

4. If I''j= constant and Fi be a function of .r, ?/, 2 , viz. F, satisfying 

Laplace’s Equation, JJ|^dS=0. It follows that F does not under 

such circumstances admit of a true maximum or minimum value for all 
directions of displacement at any point of space for wliich it remains 
finite and continuous and satisfies Laplace’s Equation. For if at any 

noint such a maximum or minimum could exist, F would be decreasing 

^ dV 

or increasing in all directions from that point, and therefore ^ would 

maintain the same sign at all points of a small sphere with that point 

for centre, and j dS could not vanish for that surface. The same 

thing is obvious also from Laplace’s Equation directly ; for one condition 
for a maximum or a minimum is that F„, I'yj,, F„ must have the same 
sign, and therefore their sum could not bo zero. 

6. If Vp and F„ bo two homogeneous algebraic functions of .r, ?/, z of 
respective degrees p and g, each satisfying Laplace’s equation for the 
region between a pair of spherical surfaces of radii a and b, whose centres 
are at the origin ; then if F,, and F, be written respectively as r^Yp and 
r^Yg, so that Yp and F„ are functions of angular coordinates only, then 

will f [ YpYgBin 6 d9 d(f> = 0, provided 
Jo Jo 

and p + g — L 

For J Vp^^dS = J Fj integra- 

tion being conducted over the two surfaces. 

Writing dS^a-dia or b-dw for the respec- 
tive elements of the outer and the inner 
surface, </(o being an elementary solid angle, 
we get 

J (rn%.gr^-^ Y, - ,^Y,prf^^ Yp)dS=0, 

and (g - 6'’+«+^)Jr,,7gCfa) = 0, 



and therefore, provided pi=q and p-hgd - 1, 


0 Jo 


Fj,Fjsin 6 dd d<^~Q, 
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or writing fi = coH^9, J YpT^d/id<j) = 0 ; that is Jv^V^dS-O, where 

the integration is taken over the surface of any sphere with centre at the 
origin. 

The theorem is due to Laplace. The proof is Lord Kelvin’s [Thomson 
and Tait, A^a(. PhiL 1879, p. 180]. 

Note that in the proof of this general result the taking of an inner 
surface r=h avoids the continuation of the volume integration over the 
immediate region of the origin at which such a solution of Laplace’s 
Equation as V would become infinite, and Green’s Theorem on which 
this result is based would be inapplicable. 

6. Many other deductions will be found in works dealing with attrac- 
tions, electricity and magnetism, etc. 

The region bounded by the surface S is regarded as “singly connected,” 
or capable of being made so by suitable diaphragms ; so that any of the 
infinite number of paths from any point A to any second point B within 
the region are deformable into each other without crossing the boundaries 
of the surface.* 


1784. Unique Character of Solutions of Laplace’s Equation. 

If a solution of Laplace's Equation has been found which 
is such as to assume a definite assigned value at each point 
of a given closed surface S hounding a given region, that 
solution is unique for all points within the region ; and if 
it is such as to vanish at oo it is also unique for all points 
outside the region. 

For, if two functions and Fg could each satisfy the stated 
conditions at points within the surface, their ditierence TF would 
vanish at all points of the surface. But Green’s Theorem gives 

"dW dW “dW 

Hence --- , - — , must vanish at every point of the 

dx ?>y 

region, and therefore W must be a constant throughout the 
region, vanishing at the surface, and therefore at all other 
internal points. Hence Fj and Fg must be identical. 

Similarly for points outside the surface with the condition 
as to vanishing at infinity. 

Hence solutions of Laplace’s Equation are unique and 
determinate for any finite region when their values are 
known over its surface supposed closed. 

* For the effect of Cyclosis, see Clerk Maxwell, E. and M., I., page 109. 
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'dV 

We note also that if — were given at each point of the 

f 2>W 2)W 

surface, we should equally have I W dS^O, for — = 0. 

J on ?in 


HARMONIC ANALYSIS. 

1785. Def. Any homogeneous function of x, y, z which 
satisfies the equation V^F = 0 is called a Spherical Solid Harmonic. 

Denoting by r^, we have 

{D.C., p. 137). 

This vanishes when m=0, or —1, (except where r=0). 
Hence a constant is a spherical solid harmonic of degree zero, 
and r~^ is a spherical solid harmonic of degree — 1. 

Laplace’s equation is unaflfecfced by writing x—Xf^, 2/~2/oj 
z—z^iov X, y, z respectively. 

Hence ^ is also a solution, 

except at (cCq) yoi h), where it becomes infinite. 

If F„ be any homogeneous function of degree n satisfying 
V^F— 0, then VJr^”+^ is also a solution {D.C., p. 137). Its 
degree is — w— 1. Therefore to any spherical solid harmonic 
of degree n corresponds another, viz. F„/r2"+iof degree — w— 1. 

1786. Specimens of Spherical Solid Harmonics, 

Lord Kelvin (Thomson and Tait, Na(. Phil., pp. 1-72-176) gives a long 
list of particular solutions of We select a few typical cases, 

which may readily be verified. 


Degree zero, 


log , tan -5 

®r-2 X x^+y^ 


Degree -1, ;tan->^, ^log — , 

1 r X r ° r — z x‘--\-y- 

Degrees 1 and -2, 

f. £, 

Degrees 2 and -3, ’lz^-x^-y\ x^-^f, Ayz+Bzx+Cxy, yzjr^ 


1787. If F„ be a spherical solid harmonic of degree ti, and 
we write F„=r"F„, as in Art. 1783 (5), F„ is a function of the 
direction of the point x, y, z as viewed from the origin, and if 
we take r as a constant, F„ is called a " Spherical Surface 
Harmonic ” or a “ Laplace’s Function.” 
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1788. Number of Arbitrary Constants in tbe General Spherical 
Harmonic of de^fee n. 

The number of coefficients in the general rational integral 
algebraic expression of degree n in three variables is the 
number of homogeneous products of degree n in x, y, z, viz. 

J(w4-2)(7i+1). 

When operated upon by we have a homogeneous function 
of degree 71—2 containing \n{n—l) coefficients, each of which 
is to vanish, which furnishes this number of relations amongst 
the original coefficients. Hence the number of independent 
arbitrary constants in V„ or Y„ is 

|('n.+2)('U. + l) — l)=2n + l. 

1 CJL 

Such a series as - + “ 

is given, will therefore contain 1 + 3+5+ ... +(2w-l-l), i-e. 
(■n.+ l)^ arbitrary constants, and in the case where Fo=0, 
as for the potential of a magnetic body, the number is less 
than this by unity, viz. n{n-\-2). 


1789. Construction of New Harmonics. 

Since V“7=0 is a linear differential equation, when any 


■ga+li+c 

solution Ff has been found, it is obvious that ■Qx<^'dy^dz‘‘ 

another solution. So that if Vi be a spherical solid harmonic 
of degree i, we have another of degree i—a—h—c. 


/ "3 3 3 \ 

Moreover ( i — +m.++'?i Vi will also be a solution ; or 
\ ?>y ?)zJ 

further still, if {l^ n^), {lo, ••• beany number of sets 

of direction cosines of arbitrary’’ linear elements d\, dh ^, . . . 


so that ^ = L ;^+m, ^ +%, ~ , etc., then 
3/ii 


AAA Ay 

3/i.j B/ig ^^3 ' ' ' 


is also a solution of Laplace’s Equation, and is a spherical 
solid harmonic of degree i—j. 


1790. Poles and Axes. Clerk Maxwell {E. and M., p. 162) 
Consider a spherical surface of centre 0 and radius r, 
refeiTed to three rectangular axes Ox, Oy, Oz. Let A-^^, A^,A^, ... 
be fixed points on the surface, and P any other point upon 
the surface. Let the direction cosines of OAj^, OA .^, ... be 
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(^i> (^ 2 J "^^2 '’^ 2 )’ •••.a’lid X, y, z the coordinates of P, 

Let Xi=cos AfOP, jULy^cos ApAj. Let dh^, be linear 

elements in the directions OA^, OA^,.... Then the lines 
OA^, OA 2 , ... are called “axes”; .^ 1 , A^, ... are called “poles” ; 

^ ^ *9 "d 

and the operation ^=Z.— -)- 7 J^ _ jg called difter- 

o/ij dx ay dz 

entiation “ with regard to the axis OAP 

Let ^3,- be a perpendicular from 0 upon a plane through P 

perpendicular to OA,- ; then p,•=^i^»+m^2/+3^i2:==rAi, and we 

have 


3r j 3'’ . 'dr . x y z Pf . 


^ (Pj\ ^ Pj \ _ p-v~ AfAy 
d/ll d/ii\r) r‘ * r ~ 'd/ij' 


1791. Consider the effect of the operations 

-A (_i)^A.A± 

9/^1 ’ ^ a/igS/t/ ^ ’ dh^dk^dii,' 

performed successively upon the function Let us write 

2A‘~-*/i* for the sum of all possible products consisting of 
-1—25 A’s witli different suffixes and s p’s with double suffixes, 
eacli suffix 1, 2, 3, ... f occurring once and once only in each 
product. 

Also let us write F_i_i for (-1)’^ ^ ••• J- • V and also 

0/1 i ohi-i 9/(,j r 

i\ r Ui 

■ Then Ui are spherical solid 

harmonics of respective degrees — (i + 1) and i. We then have 

^0-1/ _ ^ 
r “ '-'“r’ 

— ' = r _ 9 I 1 9;- A, 

-2 - '^/i^ - 72 ' 

^ ^ 'd/i, d/ll r~'' 7^ 7 ^ “7 — - 73 “ IPn), 

^ ~ ^ 97 97i ’ li - } 2AVb, etc. 
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1792. The General Form is 
_F . 

, 21+1 ^ r ^+1 


I^XiXg ... 


^ 2^-1 

1 


SV-v 


(2i-l)(2i-3) 


2X»-'-2- 




i X ^ 

to or g terms, according as i is odd or even, 


i.e. Yi 


2 2 
,_1.3...(2i-l) 




X jXq ■ • • X 


* 2i-l 
1 


(2t-l)(2i-3) 


SX’ ^fx 

SX^-V-.. 


1793. This form may be established by induction (Clerk 
Maxwell, E. and M., I., p. 161). To do so it is desirable to 
substitute for each X the corresponding pjr. For differentia- 
tion of r and the ji’a is simpler than that of the X’s in 

performing the opei'ation — . 


1794. When all the axes coincide the X’s are all equal, and 
the ix's are each unity. 

Y 

If we write when the axes are different, and 

Z ^ 

when they are coincident, we have 


f.V \<-2 , ~ 1 )(f ~ 2) (t — 3) . y 

1 2(2f-l)^ ■^2.4(2i-l)(2t-3) -J- 


^_ 1.3...(2i'-l) 
i ! 


1795. In the latter case, when the i axes coincide, Z, is a 
functinn of one variable only, viz. the angle which the vector 
to X, y, z makes with the fixed axis. When this angle is 
fixed, the value of Z,- is fixed, and the equation Z— const, 
gives a family of circles on the surface of the sphere, the 
planes of these circles being at right angles to the axis of 
the harmonic. The harmonic is now called a " zonal harmonic.” 


1796. In the former case F,' is a function of the i cosines 
which are variables, and of the ^ ^ - ■ cosines 
.'^ 12 ' M 23 J-" which are constants. As there are in this 
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case i arbitrary axes, and each requires three direction cosiu-i' 
I, m, n to fix it, between which there is an identical relatioii 
Yi will involve 2i arbitrary constants. Also 
since the expression for may be multiplied by any arbitrary 
constant M, and the function Vi^i\MYir^ still satisfies 
Laplace’s Equation, this value of F,- contains 2^+1 arbitrary 
constants inclusive of M, and is the most general form of r 
spherical harmonic of degree i (see Art. 1788). 

1797. The Zonal Surface Harmonic Z,- will contain three 
arbitrary constants, viz. two which fix the direction of its 
axis, and M. After the fixation of the axis, say to coincide 
with the z-axis, the only constant left is M, and if we choos-r 
M=l, Zi becomes a definite numerical quantity. 

If the axis OA of this zonal harmonic Z^ be in the direction 
(dflj 0o)) given by its co-latitude and azimuthal angle, and 
if OP be drawn in the direction (0, ^), then 

X=cos0 cos 00-1- sin 0sin 0o cos(^ — 0o)- 

If the axis be the z-axis, then 0o==O and X=cos0. 

In tlie former case there are two independent variable? 
0, 0, and the Zonal Spherical Surface Harmonic is known as 
a Laplace’s Coefficient. 

In the latter case there is but one independent variable, viz. 
0, and the pole of the harmonic is the pole of the sphere 
which is the positive extremity of the z-axis. 


1798. Licgendre’s Coefficients. 

If we expand the function — in powers of A, 

taken as <1 1, as 

(1 - + ... + PJi''+ ... , 

irrespective of what p may stand for, then P„ or P„(p) is 
called Legendre’s Coefficient of order n. 

If (r, 0, 0), (ro, 00, 0o) he the coordinates of points P, A 
and X tlie cosine of the angle AOP, 0 being the origin, the 

inverse of the distance AP is 2rroX-l-^o^) ^ and may be 

1 / V ^2 \ ^ I / O' Y ^ 

written as 1 — 2X — | — s) or -( 1— 2X ) ,accordiDe: 

as ro is or <] r. Accordingly, we have 
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1 

AP 


ro 

1 

. ^ 


(Qd^Qi for r <r 

' '0 '0 '0 ' 

{Qo'^Qi^+Qi'^A---- + Qj~A- forr>r 


o> 


0) 


where the Q’s are Legendre’s Coefficients for the case when 
p is < 1 and is a certain cosine. And for all values of rjr one 
or other of these expansions holds good. 

Also being an inverse distance is a Spherical Harmonic, 

and that series of the two above \Yliich is convergent is 'a 
spherical harmonic, and satisfies Laplace’s Equation; and as 
it does so for all consistent values of r^, each term will do so ; 
so that one or other of the sets 


{Qo>Qlr,Q2>^^■•^)> ( 


Qo Qj Qi ^ \ 

r ’ r^ ’ 1 ^’ r*’ 


forms a series of spherical solid harmonics. Moreover, by 
Art. 1785, if one set be spherical harmonics, so also are the 
other set. Therefore they are all spherical harmonics; and 
Qn is a spherical surface harmonic of the zonal species. 

It follows therefore that a Legendre’s Coefficient for 
which 2 ? is a cosine is a Zonal Surface Harmonic. We shall 
see later that it satisfies Laplace’s Equation whatever p may be. 


1799. The function 

satisfies Laplace’s Equation. 

Let x‘‘-\ry-A-z~=r^, and write as f{z). 

Then 


Again, writing 2 :=Xr, R-^={r'^—2\cr-\-c^Y^ and taking r>c, 

i2-'=,l(e.+«4+e.^.+...+Q44+-) 


Hence 


Qn (-1)”S"/ (-1)" 

^n+\ rfi\ 


The harmonic is therefore identified with one of those 
obtained in Arts. 1791 to 1794. 
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1800. Preliminary Remarks on Legendre’s Coefficient Pn{p). 
The definition being 

(l-2j)A+7(“)-i=P„+P,A+Pj/tH...+P„*.’*+... (/i<l), 
it follows that, whatever p may be, 

-Po(p)=l. 

P„(l) = coef. 7i" in (1— = 

P„(— l) = coef. /i" in (l+7i.)-i=( — 1)", 

P„(0)=coef. A” in (l-(-A®)“^=0 or (— 

according as n is odd or even. 

If the signs of both p and k be changed, (l — 2pk-{-h^)~-^ is 
unaltered. Therefore 

Po(P) + Pl(p)^^-i---+Pn(p)h”+...=P,(-p)-P,(-p)h-i-... 

+ (-l)"P„(-;p)A"+.... 

Hence 

^o(-p)=^o(p); = etc., P^(-p) = (- 2 )np^(py 


1801. Power Series for Legendre’s Coefficient Pn{p)> 

To obtain an expression for P„ as a power series in term? 
of p, we proceed directly by Expansion of {l — 2ph4-h^)-^, viz. 

= 1 + J A (2p - A) + . . . + (2? - 

1.3... (27^—1) j 
+ - 2 . 4 ...( 2 «) + 

Pickiag out the coefficient of h”, we have 


n 1.3...(2n-l) 


nl 


{p"- 


2 ( 271 - 1 )^ 


77.(71- l)(71-2)(r7- 3) 
2. 4(271-1) (271- 3) ^ 



which is in agreement witlrthe second series of Art. 1794. 

^n{p) is therefore a rational integral algebraic function 
of p of degree n. The highest index is n. P„ is an odd or 
an even function of p, according as ti is odd or even j and 
^n(~P) = (~I)”^fi(p), as already seen. 
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1802. Eodrigijes’ Form. 

Applying Lagrange’s Theorem \^D.G., p. 454], 

Hence 


1 <Z” 

^(^2—1)", a form due to Rodrigues (B) 


Pniv) 2'^.n\dp 

1803. Rodrigues’ form satisfies the differential equation 


For writing and denoting by suffixes of z 

differentiations with regai-d to we have l)=2??pz ; 

and differentiating this -n-d-l times by Leibnitz’ Theorem, 

^n +2 ( — 1 ) + ^pZn+i ^n{n-\-l)z„, 

1 804. Expansion in Terms of Tangents of Half Angles. 

Using Rodrigues’ form and putting p + l=u, p-l=v, 

^” = ^1 = + + + ....(C) 

6 9 

and putting p = cos 0, « = 2cos^-, v=— 2sin2-, we have 

P. = C0S-’‘ I {l - "(7,2 t^n2|+"(722 tan^ | - "( 73 ^ tan«-^ +...}; (D) 

1805. Expansion in a Series of Powers of tan 6. 

Regarding as a function of p^ and applying the rule of 

Diff. Calc., Art. 106, 

+ ; (E) 

and writing p = cos d, we have a form homogeneous in cos 6 and sin d, 

Pn = cos " 6 - cos "“2 Q sin* d 


2 * 


l)(?t 2)(7Z 3) „ . /T?\ 

+ — — ^co3"-''0sin^0-..., (F) 


22.42 


i,. ...(G) 
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1806. These forms may also be derived by writing 

(1 - + A*) = {(1 - yO" + >^" { 1 ^ 

expanding and picking out the coefficient of h". 

[Todhunter, F. of Laplace, p. 12. j 

a 

1807. Expansion in Powers of cos 

Since (p^- l)" = (p + l -2)"(p+l)’‘ 

= ( - 1 )" [2"(p + 1 )" - ’‘C'i2’-i(p + 1 )"+‘ + ”C'22'’-2 (p + 1)’'+2 _ . , 
we have by Rodrigues’ form, and putting p = cos 9 , 

= ( - 1 )" [l - ”<?1 COS^ I + "+2(72 ” 0 ^ COS^ I -"+2 (73 ”6^3 COS® 1+ II ) 


1808. Expansion in Terms of Cosines of Multiples of 9 . 

Taking 2p = ( + - = 2cos6^, we have, writing 

(1— as Aq + A^z + + ..., 

r=: (1 - 2ph ht-^) - 
= iAo + Aiht + ... + AJi’'f' + ...)(Ao + A^ht-^ + ... + A„h’'r'‘ -i- ...), 
and the coefficient of A" is obviously 
dod„((" + (-") + did„_i(r-2 + <-"+2) + ... 

= 2[do/l„cos7i6l + yljd„_iCOs(?i-2)0 + ...+.^l,^..^„..^jCOS0 or 

2 2 2 

as n is odd or even ; 


D _„/1.3...(2n-l) ^ ,1 1 .3. ..(271-3) 

= n~2 .4 . . . 277 2 • 2~ 4 • . . . (27^ - 2) ~ 


,1.3 1.3. ..(277-5) , ,,,, 1 

^ O • 27 r:.(2n-4) (^ - 4)^ + ...| 


1809. Limiting Values of the P’s. 

The binomial coefficients in the above form of P„ are all 
positive, and therefore P„ cannot exceed in numerical value 
that for which each of the cosines is replaced by unity. And 
in this case the expression for P„ = 2 (AoA„ . . . ) = coef. 

of p” in (1 — p)~“(l — p)“^, i.e. in (1 — p)“b i.e. 1, i.e. the value 
of each of the P’s cannot lie outside the limits +1 and — 1. 
The convergency of the series l-j-P^k-j-Pz/i^-j- ... follows at 

once by comparison wdth = ; /i<; 1. 

J. ““ / 6 


1810. Expressions in Terms of Definite Integrals. [Laplace, 
Mec. Cel., XL] 

Supposing a positive and >► b, both being real, we have 
r dx _ TT . 

Joft+6cosx s/a^-h'^' 
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-end writing q,=\ — lip, h^hjp^ — 1, where p is positive and 
> ] , and h negative to ensure a being positive, and both 
a and h real, we have 

1 — 2^7t + ; 

. ^ _r dx . 

\/l — 2ph-\-h^ Jol — h{p — jp^—lcosx)’ 

and expanding each side in powers of h and equating co- 

prr 

efficients, P„(p) = - (^— lcosx)”(7x- 

^r Jo 

1811. Upon expansion of (jj— Vp?— 1 cos x)" and integra- 
tion from 0 to X, all terms arising from odd powers of cos x 
disappear, and we are left with a rational integral algebraic 
function of p of degree n, which is identical with Pn{p), (which 
is known to be a rational integral algebraic function of p of 
degree n), for all positive values of p greater than unity, i.e. for 
more than 7i values. Therefore the identity with Pn{p) must 
liold for all values of p, though it was convenient in the last 
article to take p positive and >■ 1. It will be seen that the 
expanded form is identical with the expansion [E) of Art. 1805. 

Also, since the terms with odd powers of cos x contribute 
nothing, we have also 

^r,(p) = -[ (p+\//-lcosx)’'(7x- 

wJo 


1812. Writing ^ = cosh a, we have 

1 

P„(cosh a)= - (cosh a + sinh a cos x)”^X> 
■^Jo 

and we may transform these further by putting 

cosh a cos M± sinh a 


cos Y= 


to the forms 


^ cosh a ± cos sinh a 


1 C” 

P„ (cosh a) = - (cosh a ± sinh a cos 

0 


1813. Various Forms of Laplace’s Equation. 

Before proceeding further it is convenient to collect to- 
gether for reference the more useful forms which Laplace’s 
Equation V’^F=0 takes when transformed to other systems 
of coordinates than the Cartesian, and the modifications it 
undergoes under various circumstances. 
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By direct transformation to spherical polars {r, 0, 0) {D.C., 
p. 469), 

, d^V , dW , ^ 


2 3F 1 d^V cotO dV cosec^d 
If F„=r"F„, y„ being a function of 6 and <p only, we have 



3^7 

-cosec® 6 ” 


30® 


■w(w+l)7„ 


= 0 , 


and any solution of this is a Spherical Surface Harmonic or 
Laplace’s Function. See Art. 1787. 

Writing jul for cos 6, this equation becomes 


Laplace’s Coefficients, which are Zonal Harmonics and are 
cases of Laplace’s Functions, satisfy this equation. When 0 is 
absent, F„ is a homogeneous function of the n*''' degree sym- 
metrical about the z-axis; 7„ is a function of 6 alone, =Pn, 
and the equation becomes, when p is written for /x, 

Legendre’s Coefficients satisfy this equation, and are the 
cases of Laplace’s Functions for which 0 is absent, and 

P=/UL — C03 9. 

Other forms of V®F=0 are 


3r V H » Be) (itae 


'3r® 




3®F 


fjr 30 ^ 


= 0 . 


1814. Method of Obtaining these Equations from Hydrodynamical 
Considerations. 

The readiest way to reproduce any particular form of the differential 
equation is not by direct transformation, but by formation of the appro- 
priate hydrodynamic “ Equation of Continuity,” expressing the physical 
fact that in the case of any fluid motion, no creation of matter is going on 
in any element, any increase or decrease of mass in that element being 
due to what enters the element from outside or which leaves it. 



LEGENDRE’S COEFFICIENTS. 


897 


For a, homogeneous fluid in motion -with velocity potential F, this 
.-ondiiion may be ’written in the notation of Art. 789 as 

and by expressing this for Cartesians, for Gylindricals, for Spherical-polars, 
etc., the several forms cited are at once obtained. 

1815. Reverting to the power series, 

(1 — 2^ cos y ^ — '\n'^'L), 

which defines a case of Legendre’s Coefficients in which 
cosy=cosdcos0o+sin 0sin0ocos(9!»— (Art. 1797); 
it appears that R„ being a zonal harmonic, and a function of 0 
and (p, is a solution of the equation 

^^+cot0^+cosec20^^+n(n+l)/?„ = O, 

or, what is the same thing, if we write /x, for cos 6 and 
cos do , so that cosy=/x/xo+N/l— /xVl — /io^cos( 9 !) — 0o), 


181G. The General Solution in the Case when ^ is absent. 
If the 2 -axis be taken coincident with the axis of the 
harmonic, cos y=pi=cos 6=p, and the Laplacian 

equation reduces to 


|{(i-F)^}+"(«+i)«»=o (1) 

It will be noted that we usually use instead of /x in this case. 

The zonal harmonic P„ is a solution of this equation. To 
obtain the general solution put R„=PnU, and we obtain 


in which the first bracket disappears. We therefore get 


dhi fdu 2p 2 dPn . du_ B 
dp^l dp~l—p^ Pn dv ’ dp Pn^(l— 


B being a constant. 
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The general solution of equation (1) is therefore of the form 

Rn=APn-\-BQn, where Qn=Pn\ p 2 \ > which is called a 

Legendre’s Function “of the seqond kind.” 

If, then, we limit our solutions of equation (1) to such 
functions of 'p as give i2„ a rational integral algebraic form, 
we take the arbitrary constant B to be zero, and therefore the 
most general solution of (1) of this form is Rn=APn. 

1817. Since P„ is a particular form of the Spherical Surface 
Harmonic for wliich we have obtained the general result 

n 27r 

Y,nYndfidi)—0 when taken over the surface of the 

0 

sphere, we have 

J ^ J PmPndp cl<p = 0, and P^Pj^dp — Q, (pii=j= 7 C). 


1818. Particular Cases of jP„ expressed in Terms of 
Positive Integral Powers of p in Terms of P’s. 

The general result being 


1.3. ..(291-1) 
1.2 ... n 



nin—l) 

2(2n-l) 


V 


n-2 


we have the particular cases 


n{n—\){n—2)(n—Z) 

X~ 4(279-l)(2n-3) 


Po=l; Px=p-, 


n 5.7 , „3.5 
274 


1.3 

‘2.4’ 


p; 


„ 7.9 , „5.7 . 3.5 


etc. 


Reversing these results, we have 

i=Po; p=P,-, P^=IP^+IP,-, = 

= + + etc. 


1819. The general character of these latter results will be 
obvious, viz. p" will consist of a series of Legendre’s colBcients 
beginning with P„, falling in order two at a time, with certain 
numerical coefficients ; i.e. its form is 

P "h-4„_2Pn-2 + -4„_4P„_4 , 

and we shall consider in due course the law of formation of 
the successive A’s. 
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note fl't' ^Qnc© thsjfcj since C3.cli of ttie ^ s becomes 
vhen p = l, we have A„+A„_ 2 +A„_ 4 i- ... = 1, 

Again, if m<C_n, 

' p'-P,dp=[ (.4^P„.+^™_2P„._2+...)P„cZp=0. 

J — 1 J —1 


1820. If f{'p) be any rational integral algebraical function 
of j) of lower dimensions than n, then, in the same way, 

j_i/(p)Pnt^P=0. 

1821. The same result may be deduced from Rodrigues’ form of P 

For /_/(p)P „ dp = \ j{p ) ^ {p^ - l)ndp 




+ {?*-!)"]' ^ = 0, 

for after the differentiations are performed (p' - 1) is a factor of the whole. 

It follows that j f(p)P„dS =0 -when the integration is taken over the 
surface of the unit sphere. 


1822. The theorem j ^pmp„dp = 0, (m<n), may be used to obtain the 

several functions Pj, P^, Pj, ... without using the general formula. 

Ex. 1. To find Pj, assume P3=.<4p’+Pp. Then A+B = l. 

Multiply by p and integrate ; then -^ + ^ = I pP^ dp = 0. 

5 o j_i 


Hence 


A 

5 


B 

-3 



o 5p3 - .3p 

^3- 2 • 


Ex. 2. To find P^. Assume P 4 = ^p< + Pp2 + (7. Then A +P + (7= 1. 
Multiply by 1 and by p"^ and integrate. 


Then 


5+3 + j=0 and - + - + - = 0; 

= P - 35p^-30pH3 

35 - 30 3 8 ' ^ ^ 8 


Or we might use a determinant to eliminate A, B, G. 

These processes, however, speedily grow laborious by virtue of the 
number of equations to be solved or the order of the determinants to be 
evaluated. It is therefore desirable to follow another method, as we now 
.show. 
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1823. Lemma. 

If it be desired to solve a system of equations of form 


X y z 

+ ,t4-+— + ...=0, 


a+a 6+a c+a 
X 


X , y _ z 

> + r ■ o + —r-n + • • • 


a + fi b+(i c+/? 


= 0 , 


+ r^+-^ + ... = 0 ..., 


a + y h-\-y c + y 
one less in number than the number of unknowns, with 


I y 


€c~\-X Z>+A c-f-A 




and further to calculate such an expression as a ^ j — — + 

ci-{- 0 b-\- 0 c +0 

for the values of x, y, z, ... found from the above equations without 
actually calculating .r, y, z, ... themselves, we may proceed as follows. 
For convenience take the case of three letters x, y, z. 

vanish when 0=a or /3 and to become ^ 

when 0-\. Such requirements are obviously satisfied by 

^ , .y I g _ l (a + A)(fe + A)(c + A.) (0-a){0-p) 

a + 0 b+0 c+0 A(a+6')(6+(9)(c+(9) •(A-a)(A-/ 3 )’ 

which is an obvious identity, for it is a quadratic relation in 0, and 
satisfied by three values of 0. The value of x can be found by 
multiplying by a + ^, and putting 0= -o, viz. 


1 (g + A)(& + A)(c + A ) (a + a)(a. + yS) 

A {b-a){c-a) '{A-a)(A-/^) ’ 

and similarly for y and z. When A is indefinitely -large, the last of the 
given equations takes the form .r+y+ 2 =l, in which case 


(« + a)(a + /3) 
{b — a){c — a) ’ 


and generally we have 


y = etc., z = etc. ; 


a + 0 b + 0 c+0 {a+0){b + 0)[c+0){d + 0) 

there being one more factor in the denominator than in the numerator, 
no A occurring. 


1824. Ex. 1 . Calculate Fj. Assume ^5 = . 4 ^ 5 ^ Qj 

Then _ + _ + _ = o, -+_ + _=o, A+B + C=l. 

Take a = 4, fS = 2, a = 5, 6 = 3, c=l in the Lemma. 

Then ^^(a + a)(a+^)^^_ 7.5 p_5.3 

(6 - a)(c -a) 2.4’ ( - 2) . 2 ’ ^ “ 9 a > 


'2.4 
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£v. 2. Calcukte J p~P^dp. 

2B 2(7 

The result is clearly —+— +— , but without calculating A, B or (7, 

',ve have, putting 0 = 8, 

„ ( 8 - 4 )( 8 - 2 ) ^ 2 . 4.6 _ 16 
13 . 11.9 9 . 11 . 13 ~ 429 ' 

1825. AVe have seen that dp=Q, if m < n. But if 

we can readily calculate the value as in the above 
example. 

But first note that if m and n are one of them odd and the 
other even, the result is still zero. For writino- 

b 

j" j" — 

as no two suffixes in any of the products of the P’s can be 
equal. 

But if m and n be both even or both odd, and m^n, the 
result does not vanish. In this case, writing 

P„ = Ap^ +Pp"-2 + (72?"-“ + . . . , 

multiplying by p\ where lc^n-2, n-4>, n-6, etc., and 
integrating from — 1 to 1, we have a set of equations of 

‘yp» in^l+k^+k^ 3 +-=^' one less in 
number than the coefficients to be found. Also 


and j p”'P^dp= 


2A . 2B 


+ , 


2(7 


, 4 -.... 


w+w+l 771 + 71 — 3 

Hence the problem of evaluating this integral ( 77 ^ > ti) 
that considered above. 


IS 


Here 


and 


a=n — 1, (3=71 — 3, y=n — 5 

a=n, h=n—2, c—7i — i<. 
6=m -\-\ ; 
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£ind nfi — 1 77 

(m+1 — 11 — l)(m+l— 71— 3) ... to — ^ or „ factor. 

1 p™Pndp=2 

^ (7R + l+77)(77l + l + 7l — 2) ... tO Or factO]'!- 

_2 (77^— 7i+2)(7n,— 77+4) ... m— 1 (or m) 

(77l + 7l + l)(m + 77— 1) ... 777+2 (or 777 + 1) ' 

1826. If m—n, we have j* p'^Pm £^25=2 ”'+^ (777 !)7(2777+l) ! . 

1827. Again 

i-e. + . . . ) ij) = 2 ( 1 +1% |‘ + . . . ) , 


Hence 


^\p,^dp^2- \^'_P^^dp>=t, etc., [_Pr?dp = 


2 

277 -fl' 


Remembering that the area of an elementary belt on the 
unit sphere may be written as (7o-=27rsin 0(i0= — 27 rc?p, 
we have for the whole sphere 

1828. Professor J. C. Adams has shown tliat we may calculate the value 
'^'^here Il = sl\ — '2.ph + /P^ by means of Rodrig^ies’ expression 

for P„, and thence we may establish the integrals J' P„Pndp=0 or — 
according as mi= n or m = n. ^ ^ 

Integrating by parts, we have at once, writing X for (p^-l)” for short, 

ri/d-'zni ri.h/i—'X\-f , ri x 

-( - 1)"1 . 3. 5 ... (2>! - 1)/+ = ( - 1)". 1.3.6... (2n + l)A“j;, say. 

Take a sphere of radius unity, OA the radius, 0H=h <\, H lying 
upon OA. Draw an elementary double cone with vertex II intercepting 
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■itiperficial elements rftr, da at P and Q. Let A II P= \p,AOP= 6, Q0A = 6' 
IIP = It, HQ = Ji'. Then da/ IP = da'/m ; p = cos6=h + Rcosf ; 

sin 0/i?=sini/'/l, dp= -sin 6 d9, d<r = sin ddd dcfi, 

<ji being the azimuthal angle of the plane AOP ; 


sin 6 do I = sin 6' d6'lR'% i.e. dpj It- = dp'lR'^ ■, 

dU _ P ( — sin^ 0)” R cos 4'^ 
dh J-j 




cos V , /I tin 

tip =(-!)" j ^sin2"T//-cosVr^, 


and for opposite elements at P and Q, sin^^yp- and ^ have the same values, 

blit cos ip has an opposite sign ; hence corresponding elements of the 
integrand cancel when the integration is effected for the whole sphere, 

i.e. -^=0, and therefore U is independent of h. 



Hence to evaluate U we may take 4 = 0, and therefore P = l. 

Then {-i)”{2n + l)U = j^^{l-p^)” dp = j\in^’'0(- sin OdO) 

= 2 [^'sin2"+i 0dd = !/l . 3 . 5 . . . (2n + 1) ; 


••• h = 


271+ I 


. 4 ". 


It follows that { P„(Po + jPi^' + -” + '^n4’' + ...)d® = 

P -n P 2 

l_^RmRn^P = 0, (mi=7i), and J ^P„^dj? = — - as seen before. 


24" 

2n+l’ 


whence 


1829. If dm = j_^^dp, where R^ = i - 2pli + IP, ~^ = ^~P 
24(p — 4) = 1 — 4^ — P^, and we have 


P mP„ p- h 
dh ~W 



1 P’"+^ 


l-4^-P== 

24 


dp=m 


1 - 4® o m , 
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Thus 2 = reduction formula for such integrals. 

' 1 — m ah J 

1 830. Since (1 — 2jpA + /i^) ^ Pyh + ... + /* tA* + ... + + ... , 

we have 

2A.+1 Ji-p fjkp, , Hkp 

1.3...(2A-l)(l-2i,A + Ar— + + 

at+i 

and writing (1 - 2ph + h^) ^ + Q^h + + . . . + QJi" + . . . , we have 

Q 1 ^^Pk+n 

1.3...{2A-]) dp’^ ■ 

Therefore 

^ Pn (§0 + ^lA + . . . + <2mA”- + . . .) diJ ; 
(l-2yt + A2) 2 

.-. [_ ^ 7*„Q,„ dp = coef. of A™ in /ax+i, 

/'I ^A.-/l 

f.e. J ^Pn- = 1.3... (2A— 1) X coef. of A”" in ; 

or writing h + m = I, 

I'l P, 

j _^Pn ^ *•• {2A- ]) X coef. of A'"* in /ai+i. 

1831. We can now undertake the calculation of the 
coefficients of the series referred to in Art. 1819. It is 
convenient to consider the cases of odd and of even powers of 
p separately. 

(i) Take = A 2 ni+ 1 -P 2 m+l“h 

Multiply by ^im-\ ••• successively, and integrate from 

p= — \ to^ = l. We then obtain 


2A 


2 HI+1 


= 2 


2.4... 2?7t 


2(2m + l) + l (4m+3)(477^+l) ... (2?7i+3)’ 


2A 


2m-l 


4.6 ... 27?t 


2(2??l— 1) -t-1 (4771 4-1) (4777— 1) ... (27774-3) ’ 


2A 


2m- 3 < 


6.8... 2777 


2(2777-3) + ! (4777-1)(4777-3) ... (2777 + 3) 

Hence Avriting 2777 + 1=77, we have (77 odd) 


etc. 




77! 


1.3... (277 +1) 


[(2n + 1) P„ + (271- 3) P._, 

+ (2,7-7)MMp„_, + . 
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'ii) Take — -^2m-P2m”k-^2m-2'^2m-2“k ••• ! 

taeii multiplying by P 2 m> ^ im- 2 > ©tc., and proceeding as before, 
r,;:d writing 2m=n, we obtain the same result. 

Particular cases have already been given in Art. 1818. 

It will now appear that any rational integral algebraic 
function of p of degree n may be expressed as a series of 
Legendrian coefficients, of which the order of the highest is n. 

1832. Expansion of f{p) in Terms of Legendre’s Coefficients. 

CO 

Supposing the expansion possible, let f{p) = . Thpn 

multiplying by Pg, Pi, ... and integrating from —1 to 1, 
2 

^-^An=\ f{p)Pn dp, which determines ; 

It is assumed that f{p) remains finite and continuous 
throughout the range of integration. 

1833. The Series obtained for f{p) is unique. 

For if a second series for f{p) were possible, we should have 

CO CO CO 

fip) = ^^nPn and /(p)=2^„P„; whence 2Mn-i5„)P,. = 0. 

0 0 

Iilultiply by P,^ and integrate from —1 to 1. Then 
(A, I B „) 1 An=Br,. 

1834. Differential Coefficients of P*„ in Terms of Lower Order 
Legendre’s Coefficients. 

Pfi being a rational integral algebraic function of p of 
dP . 

degree n, is a similar function of p of degree n— 1, and 

therefore expressible in terms of Pn_i and lower Legendrian 
functions, and of form 
dP 

~^—-^n-lPn-l'\-A„_^P n-zA- A„_^P^_^-\- 

Multiply by P„_i, P„_ 3 , P„_6, ... and integrate from —1 to 1. 

Then, since and 

m having any of the values n—\, n— 3, w— 5, ..., m and n are 
one of them even and the other odd, we have P^Pn = f or — 1 
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according as p is +1 or —1, and therefore [-Pni^«]-i = 2 ; and 
dP 

further, since cannot contain a Legendrian function of as 

high order as P„ the second integral vanishes. Hence in all 

dP^ 


such cases 




dp 


-dp =2. Hence 


2A„_J{2n- 1) = 2A„_J{2n- 5) = 2A,_,l{2n- 9) = . . . = 2, 
and we have 


dP. 


■^=(2«-l)P„_. + (2n-5)P„_3+(2«-9)P,_,+ ...+3P. (or P,' 
according as n is even or odd. 


1835. Similarly we may write 
d^P 

^^ 2 " ~ Pn-sPi-a + Pji—iP It— j + n_6 + . . . = , say, 

and multiplying by r = n-2, n-4, n-6, and integrating from 

p= — 1 to^) = l and using accents for differentiations, 

and as r < n tbe final integral vanishes. 

Also, since (1 -p^)P„"-2j3P„'+w(n + l)P„ = 0, we have, when p= ±1, 

= n»d tltorefo,, = 

p p 

and n and r being both odd or both even, is an odd function of v, 

P 

and therefore =2. Therefore = (n-r)(n+r + l) and 

L P -1—1 ^ 

d^P 

= l.(2n-l)(2n-3) P „_2 + 2 (27i - 3) (2n - 7) P„_, + 3 (27i - 5) (2n - 1 1 ) P„_^ + . . 
and in the same way higher order differential coefficients may be expressed. 


1836. Obviously 

/ \ dP dP P 

and, if m + n be odd, no suffixes can be the same in the two brackets, and 
the integral vanishes. But if m+n be even, suppose TO:)>n. Then the 
terms which do not vanish are 

(2m - 1 )=/_'^ Pr,._ , dp + (2m - Pi_,dp + ... 

= 2 [(2m - 1) + (2m — 5) + (2m — 9) + ... + 1 (or 3)] as m is odd or even ; 

and there being — ^ or -g terms in the two cases, their sum is in either 
rl 

case m(m + l), i.e.j = ^ orm(m+])as m + n is odd or even, 

m being the smaller of the two, m and n. 
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1837. We might also proceed directly thus (m ^ n), 

tew = f_P„Pe'ip ; 

('Hid i^incG 71 is^grGatGT thciri tlie degree of a.ny power of ^ in tlie 

terminal integral vanishes. 

Again, (1 + 1)P^ = 0, and therefore if p=±l 

2 p' 

P P 

Now is an even or an odd function of p according as m + n is 

^ rP P 'Y ° 

odd or even, and therefore =0 or 2 as m + n is odd or even • 

P dP dP L P -1-1 ’ 

therefore dp = Q or m(m + 1) according as m + n is odd or even 

and n <tm. 


1838. Differential Equation satisfied by Legendre’s Functions. 
Starting again from tlie definition of Legendre’s Coefficients, 
-i “ 

viz. 7=:(l-2yi+/t2) it is easy to see that they 

satisfy a form of Laplace’s equation, without reference to the 
fact that when is a cosine these coefficients are Zonal 
Harmonics. 

For F2(l-2p/i-f/t2)=:l and 21og F+log(l-2p/t+/t2) = 0, 
whence 


dV 


dV 


dV ,3F 


and ...(1) 


dh 


dp dh 


Again, 

I {(1 -r’) 1^} = -2/«pr=+3A‘(i ~p-) nl 
ii ('*' ll) “ T« + .3/t> - A) J 

and adding, + A = 0 (2) 


by virtue of V^{l — 2ph-\-h^) = l. 

Substituting F=ZP„/i", and equating to zero the coefficient 
of /i", 

(3) 

,12p jp 

" dy+’'(”+l)^"=0 (Art. 1813) (4) 



908 


CHAPTER XXXIX. 


1839. Differentiating s times, we have 

fjs+2p rJs+ip 

+ {7^.(7^ + l)-s(s + l)} 




dp^ 


-0, 


.(5) 


which is known as Ivory’s Equation. 

If we then take as the expansion of P„ in powers of p, 


•f*n — ^0 + -^1^+^2^ + -43^ + --- > 

it follows that 

^s+ 2 ={s(s + l) — — s)(7r+s + l)^s, s=l=n. 
Moreover, 

{i-h(2p-h))-i=...+ ^-^~^h ,-{2p-kr+... 

shows that ^„ = 1.3 ... (2rj — 1), also that A„+ 2 > 
are all zero, for the coeflScient of A” contains no power 
of p above ; and this coefficient containing the powers 
pn-4^ it is dear that A^-x, A„_s, A„_^, ... are also 

all zero. 

Also, as .^ 3 =— ^s+ 2/(7«.— s)('nd-s+l), we have 

/t j — l-3...(2n— 1) 

A„-L.6...{^n 1), A„_2=-. ^2?i-l) ’ 

2.4(27^-l)(2n-3)’ ••• ’ 
and we have the series of Art. 1801 (A). 

d"P 

1840. It appears that -^=1. 3.5... (27i-l), and that all 

higher differential coefficients of P„ vanish. 

If n be even, =2m, the lowest order term of P„ is an 
arithmetical constant, viz. what is got by putting p=0, i.e. 

the coefficient- of in viz. (- 1)”» ^ ^ _ 

2.4... 2771 

If n be odd, =277^ + l, the lowest order term of P„ contains p, 

• / ^ (2'?>^+l) 


P^ 
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]8t1. Various Theorems. 


bmce 

have 




= (2n + 1) P„ + (271- 3) + {2n - 7) P„_, + . . . , 


andsince 


1 fJP 

wehave P„dy=-^(y._,) _» • 


1842. Since 


• P — P _ 2^ + 1 / 2 


7^(l_2^A+A^)-i=2P„^n and = 

we have {l — 2ph+h^)2{n+l)P„+ih'^={p—k)'E,P„h ” ; 

whence (n + l)P„ 4 -i- 2i3wP„+ ( ti- 1)P„_i =pP„ - P„_i , 

i.e. (n + l)Pn+i-(2n+l)pP„+nP„_^=0, 

which forms a difference equation connecting any three 

successive Legendrian Coefficients. 

1843. Again 

•• dp 

and subtracting the result = (2?t + 1 ) Pn > 


we have 


dP„ <^Pn-l _ p 
^ dp dp 


1844. Since ^=^ 7 ^ ^nd ^^={p—h)Y^, we have 

,2 ^ nr-L\ 

dP 

'■ (/- ^=XnP„]i^-^-pi:nP„_^h^-\ 
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dP 

equating coeflScients of 


^.e. 

or 


T. -n 'p^—ldPn-x 
JP 


'p^—ldPn D ■.T> (2w+l)yPn — ■ 

We therefore have the two results, 

7 ) 2—1 1 

p.-pp.-i=^n-,. 

7 ) 2_1 

3)P.--P,-i=^ A- 

7)^—1 , 

1845, We now have Pn+i—p^n = ^ _j_ f 
=%£p„(Z^) since 

=-w(j^- j ^ Pndp^n^^^Pndp+G, 

where C is a certain constant, viz. the value of P „+i when 
p~0. To find C, 

1 g«+l(y2-l)n+l >• 1 


P n+l — 


2n+l(^q_l)! fZp«+l 2"+l(w + l)! 


X 


.^!^[j 32 n+ 2 _n+l( 7 ^ 2 n_|.n+l( 7 ^ 2 n- 2 _ ^ , +( — 1)’' n+lQ ^pZn-2r+Z 

If n be even, each term left after (w + 1) differentiations con- 
tains p, and therefore in this case G vanishes. If n be odd, 
there is a term not containing p after the differentiations, viz. 

when Hence when ^=0, we have in this case 

2 

w+l 

1 ’i±l .. (-1) ^ (w-fl)! 

.(_i) 2 1 ,y‘ 




2n+i(nq-l)! 


n+l 

CP _ ^ ( — 11 ^ {^2'"bl)- 

■• P«+j-Jjr..=»J^f.<*2>+C, where 0=0 or 7^+^ 

according as n is even or odd. . 2 
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We also have by differentiation (and writing n—1 for n), 

1846. Since {w.+l)P„+i— (2n+l);pP„+wP„_i=0, we have 
[n + 1) p;+i - (2n + 1)^)P; +nP;_, = (2w + 1 ) P„ = p;,^,, - p; . 

wPji+l — (2w4-l)^’-Pn + (^ + l)-Pn-l = 0> 
a difference equation for the first differential coefficients of 
the P’s. 

1847. Differentiating again, 

7?Pn+l — (27l + l)j)Pn + (^ + l)-Pn-l = (2w + l)P„ = P,i+i — P„.i / 

whence (Ji— l)Pn+i~(2’i4-l)p-p!i+(w+2)P „-i=0. 

Similarly (w— 2)P^+i— (2w.+ l)pP„ +(w + 3)P „_i = 0, 
and so on, forming a series of difference equations for the 
higher differential coefficients 

1848. Since ;3P^-PLi=»Pn ••• (1). and P;,-pPUi = »P,.-i ... (2), (Arts. 
1843 and 1845), we have, by squaring and subtracting, 

(p»-l)(P'„‘'-P;ii)=«H7^-7^-i) (3) 

Writing - 1) Pn= U„, we have 

U„ - U„-i = {«* -(n- l)q Pf._i = (2n - 1)P^-, ; 

f7n-i-i^n-2= =(2n-3)i^_2, etc., 

and- C7x=/1-(iu^-l)P;“ =1=7^. 

Hence — {p^ — ^) Pn = /^+3Pi+5P2+ ... +{2n. — \)P-\ (4) 

1849. Again differentiating (1) and (2) r times, and again squaring 
and subtracting, 

or writing F„=(7i — r)“{P5r’)^“{p*'“^)(P"^ *) ’ 

_ 7„_i = {{n+r)^ -(«-!- ?-)2}(PrLi)"= (27i - 1 ) (2r + 1 ) (P^^Ll)^ 
andif n = r, F. = 0 ; if «=r+l, 7,,x = (2r+l)==(P'T ; 

whence 5^=(27i- iXPllUf +(2«-3)(P;i2)"+... + (2J'+ 1)(P'')'. 
or completing the series with zero terms and reversing the order, 
V„l{2r+\) = (Pi,’'>)^+ 3(Pr’f + 5(p2’'’f + .. • + {2a - l)(P«ii)"- 

1850. Illustrative Example. 

To find a series S which will assume a constant value A at all points on 
the surface of the unit sphere in the northern hemisphere, and a constant valve 
B at all points of the surface in the southern hemisphere. 

Suppose the series to be S^Co+G^PiAC^P 2+C^3P3+-" • 
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Then S=A from ^> = 0 10^5 = 1, S^B fromi3= -1 to 35 = 0 . Therefore 
multiplying-by P„, 

P 0„PJ dp = BPn dp + £ AP„ dp ; and P„ dp = ( - 1)" [ P,. dp ; 

.4 + (-l)"P n ..dPnl' 
n(n +1) L' ^ ' dp Jo 


A-B 


C'ai — 0, 

Also, 


= 'f =0, if n be even ( = £> 

(-ly, if n be odd ( = 2i + l) 
(A-B). 


3.5...(2i + l) 


(2i4- l)(2i + 2) ' 2.4... 2i 

,(4i + 3) 3.5...(2i-l) 
2 2.4...(2i + 2) 

A+B 


(t> 0 ); G2.H.1 = (-!)' 

if 71 = 0, Co = i(A+B)J^ dp — 

if 77 = 1, 0^ = S(A-B)J^'pdp = f(A-B). 

Hence the series required is 


P = 


A+B 


A-Bf3P, 3 TP, 3^nA_ I 
2 '■1.2 2 ’ 3.4 2.4 5.6 '"J 


1851. In ease the distribution be synunetrical about some other axis 
tlian O 2 , the zonal harmonics may be expressed in terms of harmonics 
with Oz for axis. 

1852. For instance, if we require an expression in terms of Harmonics 

with Oz for axis, where the value of 
the function is A over the whole hemi- 
sphere idth OA for axis and nearer 
to A, and is B over the hemisphere 
more remote from A, then we have 
just found an expression for such 
a function in terms of Zonal Har- 
monics with axis OA, viz. '2G„P„. 

"a If P be any point on the sphcri- 

A 

cal surface, and we put zOA = a, 

zOP=d, POA = 9', AzP=4>, ""'6 

have, from the spherical triangle 

^2P, 

O cos = cos a cos 0-1- sin a sin 0 cos (^, 

^*6- 594. P„(cos 6') becomes a spherical 

Surface Harmonic Q„ expressed in terms of 0, (/>, and the value of the 
function sought Avill be 

2 2 \l.2 2' 3.4'^2.4 5.6 ^ 
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1853. List of Working Formulae for Legendre’s Coefficients. 
(Differentiations with regard to p are denoted by accents.) 

1. i{{l-p^)Pr:}+n{n+l)P^ = 0- (l-p^)P/-2pP/ + n(n + l)P„ = 0; 

dp 

^j^ + cot 0 + + l'*p„ = 0 ; p = ix = cos 6. 

dy- “U 

1 d" 

2 . .Rodrigues’ Fornuila ; Pn = ^, 


1.3..'3...(2n-l) f n(n-l) 

nl 2(2n-l)-^ 


n(n- ] )(n-2)(7i-3) 


2. 4(271-1) (271 -3) 

4. Po = l, Pt=P, P2='iP^-h -P3 = iP^-eP. 

5.7 , „ 3 . 5 „ 1 . 3 „ 7.9. .. 5 . 7 , 3 . 5 

2.4 

7l! 


pn-, .j. 




— ^ O.i 1 ^ O * O n i.O -j-w i , 


5. i)" = 


1.3. 5. ..(271 + 1) 


((271 + 1)P„ + {277-3)?^P„_, 
+ (277-7) 


G. i=Po, p=Pu P^=lPo + nP2, p^=iPi + iPz7 

P* = lPo + --rP 2 + -5wPi7 P*=7-Pi + u-P3 + Tfe-P5) etc. 

7. P,-l[ (P±‘JW^lC0Bxrdx='-l (yTv/y'-^cosx)"«' 

8. J ^ P,„P„ dp = 0 if 777 =f 77, P„2dp = . 

9. P„' = (277- 1)P,._i + (277-5)P„_3 + (277-9)P,._6 + ... to Po or 3Pi. 

10. p,:„^p:_.=(2»+i)p„. 11. p„.-p,,-,=g^(p'-i)p,;. 


12. (77 + l)P„ + i - (277 + l)pP„ + 77P„_1 = 0. 

1 3. 77P,;^1 - (277 + 1 )pP„' + (77 + 1 ) p;_, = 0. 

14. pP,.'-P'.i = wP,„ P„'-pP;_j = 77P„_i. 

15. P,. -pP,._i =^P pP„ - P„_. P,/. 


16 


. P„ +1 - pP„ = 77 f P„ dp + a C = 0, if 77 be even, and 
•'0 ^1 

(- 1)2 (77 + I): 


2"+^ (^^ 77+ 1 ^ I 


if 77 be odd. 


17. 1 + 3 P 1 + 5 P 2 + 7 P 3 + ... = 0 for all values of p except p = l, and then 
is cc . See Art. 1857. 
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1854. The Roots of P„=0. 

Between any two real roots of a rational algebraic equation 
f(x)=0, at least one real root of /'(a;)=0 must lie ; and if the 
roots of the equation /(a:)=() are all real, the roots of /'(»)=(! 
are all real, and separated by the roots of /(a;)=0, and lie 
between the extreme roots oi f(x)=0. The roots oif''(x)=id 
are therefore all real and lie between the extreme roots of 
f'(x)=0, and therefore between the extreme roots oif(x)=0: 
and similarly for all the derived functions. 

(Jn 

Hence the roots of P„=0, i.e. of l)"=(h lie 

between +1 and —1, for the roots of (p^— 1)" are all real, and 
either +1 or —1. 

Also no two roots of P„=0 can be equal. For if they 
dP 

could, P„=0 and -j-?=0 would have a common root. But 


and 


/I2P fjp 


•2(s + l)p 


.{s(s+l)_n(,i+l))*-P” 


T - V- T • /j. T v" T - .n -T = 0 

for all positive integral values of s. So that if P„=0 and 

d^P„ 

etc., all zerp. But this is 


dPn n n 
-y^=0, we have -7—5". 
ap d^r ■ 


dp® 


d^P 

contrary to the result -^^=1 .3.5 ... (2?i— 1) (Art. 1840). 

Hence the roots of P„=0 are all different and lie between 
+ 1 and —1. 

It is obvious from the forms of P„ shown in Art. 1818, that 
when n is odd one of the roots is zero. Also, that in any 
case as the powers of p are either all odd or all even, all the 
other roots occur in pairs, one positive and one negative, of 
each magnitude. 


1855. The Curves r=aPo, r=aP^, etc., are readily 

traced. 

(1) r = aPQ-a is a circle, centre at the origin and radius a (Fig. 595). 

(2) r=aPi = acos0 is a circle of radius ~ touching the y-axis at the 
origin (Fig. 596). 
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_ 3 COS^ 0 — 1 , - a 

(3) r = aF 2 = a— — ^ has max. rad. vect. r = a,r = -, where 0 = 0 or 

77, and 0=(2n + l)^, and touches the lines 0= ±cos-i3~i (Fig. 597). 




Fig. 596. 


( 4 ) 


■ aP^ — a 


5 cos® 0 — 3 cos 6 


has max. rad. vect. a and ajs/b, where 


0=0 and ±cos“’5~i) and touches 0= ±co3~V3/5 and 0 = ^ (Fig. 598). 

4U 



(5) r = aP^ = a 


Fig. .597. 

35 cos'* 0 — 30 cos^ 0 + 3 


8 


Fig. 598. 

has max. rad. vect. a, where 0 = 0 ; 


where d = ^; ^ if 0 = cos~*'^^, etc., and touches 0 = cos~*|±/^ 
and so on for those of higher orders (Fig. 599). 


15±2\/30) 
35 J ’ 



'Fig. 599. 
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ISOG. "Wo may now nolo the cfl'ect of a small harmonic when 
posed upon the graph of a curve otherwise circular by tracing curv. 
the type r = o(l+£/’„), wlierc e is a small positive fraction. "We ni>'r ■ ' 
have to add with their proper signs the radii of the curvc.s traced, inn;’ 
plied by e, to tho.se of tlie circle. 

(1) r = a(l+£/^o) means that the radius of the circle is sliglitly 1 
uniformly increased (Fig. GOO). 



Fig. GOO. Fig. GOl. 


(2) r = o!(l + €Pi). Here the new locus shows the substitution of a 
Lima 9 on locus for the circle. The Lima 9 on lies partly inside and partly 
outside the circle (Fig. 601). 

(3) r = a(l + e/-' 2 ). This change substitutes an oval for the circle, which 
is thereby extended at the poles, and contracted at the ends of the 
perpendicular axis (Fig. 602). 



Fig. G02. Fig. G03. 

(4) r = a(l + €P 3 ). Here the circle is extended in three places, and 
contracted in three other places (Fig. 603). 
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= + Here the circle ia extended in four places and 

,ntracted in fofri' others, and so 
nr. ( Fig- 604). 

if we revolve these curves about 
the axis, the corresponding shapes 
of the solids of form r = a(l + eP„) 
ran be readily imagined ; r=a re- 
presenting a sphere, and £ small 
and positive. The shape is that of 
a sphere slightly swollen out at / 
the pole, and surrounded by belts | 
alternately lower than and higher \ 
than the normal level of the 
spherical surface, and when n is 
even the equatorial plane is a plane 
of syminctiy. 

If the radius of the sphere be 
affected by other harmonics, e.g. 
r=a(l4-c7’„ + €'Pm), the locus can 
be similarly constructed by superposition, i.e. the addition of the separate 
effects to the radius of the sphere. 

1857. A Remarkable Discontinuity. 

Tlie expression l-l-3jPj-j-5jP2“f'7i^3-t“... “}"(27t-|-l)jPj,-j-... is 
discontinuous. It vanishes for all values of p except p=l, 
when it becomes infinite. 

00 

For (l — 2ph+ ~ = y ] . a-nd differentiating, 

0 

( 25 — h){l — 2ph + 2 nP„h’^ . 

1 

Multiplying the second by 2/t, and adding to the first, 

( 1 - A2)(i _ 2ph+h^y 2 (271 + 1 

1 

CO 

and putting h=l, {2n + 1) = 0 

0 

for all values of except when ^5 = 1, i.e. at the pole of the 
sphere, and there the expression becomes infinite, being the 

limit when 7i-> 1 of 

{l-hf 

Similarly putting /t= — 1, 

l-SP^ + 5l\-7P,+ ...+{2n + l){-irl\ + ...^=0 
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6XC6pfc wli6D 2^= — Ij S'! fch6 oppositiB pol6, End. tlisre j* 
becomes infinite. 


We also have I | 


C-trCi-n 

1 sin Qdddcb . 

JoJo Q_ 

1-A.2 


1-h^ 


r = 2: 


27r 


h 


2 - 


{l-2llQ0Be + lif 
^ ■ -l.l=27r.2=47r. 

1— /d 


- ( 1 - 


(1— 2/i oos0 + /(-)‘ 


!+/<. 


1858. Physical Meaning. 

The potentials produced at points within or without a spherical surface 
of area S and radius by a layer of matter on the surface of surface 

density (2?i + l)Pn/<5 are respectively 
P„r''irl+^ and P„ro’‘/r'’+h For both 
these expressions satisfy Laplace’s 
Equation ; the second vanishes at m 
and Green’s surface condition is 
satisfied, viz. that the difference of 
attractions on two points on the 
same normal, one just outside and 
one just inside, is to be 47 rx surface 
density. And such a solution is 
unique. 

Take a particle of mass unity 
situated at the pole C of the sphere 
with centre the“origin 0 and radius 
Tq. The potential produced at any 
point P distant r from 0 in colatitude cos~^p is 

(rn^ - 2pror + 7 - 2 ) ” ^ = 1 2P„ ( -T or ( j) as r < or > ?■„, . . .(I) 

7*^ 1 

and we have seen that an internal potential Pn-;;:^ and an external 

' 0 

potential P„-^i produced by a distribution of surface density 
which varies as (2n + l)P„. 

CO 

Hence the potentials (I) are produced by a distribution 2(271 + 1)P„. 

But the distribution producing a given potential inside and outside is 
unique, and we have seen that a concentration into a point at the pole G 

CO 

does produce it. Therefore the distribution 2(27i + l)P„ must represent 

a concentration of matter into a single point at the pole G, and must 
therefore vanish at all points of the sphere except at the pole, where it 
must become infinite. 
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This theorem is of great service in obtaining expressions for tlie 
potential in the case of discontinuous distributions of matter. 


18o9. Let P be a point at which there is no attracting 
matter, 0 the origin, Q the position of an attracting element 
of mass 7Yi\ OP=T, OQ—v, PQ=R. Suppose the attracting 
body to be a homogeneous solid of revolution whose axis is 
taken as the z-axis. Then the potential at P is expressible 

771 - ^ CO p 

in the form F=2^=E^„P,.r’‘+25„^‘, where A^, are 

constants ; the first summation 'ZA^P^r'^ referring to that fqr 
-all those particles for which r < r, and the second for those 
for which r > r , and this is a unique solution. Now supposing 
that the potential is known for these two parts in convergent 
series for each such portion at each point on the axis, where 
then the values of An and B,, are known for all values of 
n. Therefore, assuming that the potential at any point on the 

axis is expressible as its value at any point 

off the axis may be at once written as zi^AnV^ + ~^Pn- 


1860. Consider the expression 

l:(2«+i)p„(A)p„(/x), 

0 

where P„ (A), P„(/a) are Zonal Harmonics 
and A, p the cosines of the colatitudes of 
two points. 

Take the case of a circular wire of 
infinitesimal section. Take as origin (j^ 
the centre of a sphere of radius Tq of 
which the wire forms a small circle, 
and let the z-axis be the normal to the 
plane of the wire. Let M be the mass 
of the wire considered of uniform line- 
density. 

The potential of the wire at a point Z, (0, 0, z) on the z-axis is 
- 2AroZ -b z^) " where cos~*A is the angular radius of the small circle, 





as z < or > ^o, and therefore 


at a point Q in colatitude cos~^/x and distant r from 0, the potential is 

M ^ / r\" M 

— SP„(A)/’„(ya)( - ) at where r < J’o; and — 2Pn(A)P„(/x)( -2 ) at<?£, 
'0 0 r 0 / 

where r > Vn. 
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Now (2?t+l)P„(A) is the law of distribution of surface density givin? 
a potential k within and oc P„/r"+i without the sphere. Heno- 

a surface density 2(2?i4-l)i-*„(A)/’„(/x) will give the same pptentials ap 

it has been seen that the distribution of a uniform line density 
along a circular wire gives, and is unique. Therefore the expression 

2(2k + 1)P„(A)P„(p) must be zero at all points of the spherical surface 

except for such points as lie along the small circle of angular radius cos~^ A, 
where the surface density is infinite but the line density finite. That is! 
the expression is zero except where A=/a, where it is infinite. 

The theorem is similar to one occurring in Poisson’s discussion of 
Fourier’s Theorem, Chapter XXXV. 

1861. Practical Method of Expression of a Rational Integral 
Algebraic Function of x, y, z in Terms of Harmonics on Unit Sphere. 

Let H,,=Ax^+x^-\By+Cz)-^x^-%Dy'^+Eyz-\-Fz^)^... be 
the general homogeneous expression of degree n, which con- 
tains i(n+l)(w-f2) coefficients. Subtract.and add 
+ where + 

whicli contains {{n-l)n coefficients A', B', C', ... to be found. 
Apply the operator to viz. 

(A-A')x" + .... 

We then obtain, after this operation, by equating to zero each 
resulting coefficient, |(n— l)w equations to determine the 
Kw-l)w quantities A', B', C', etc., and 
becomes a spherical harmonic of degree n. ^ Next apply the 
same mode of procedure to and so on. We have then 

expressed in the form 

r" Y „ +r2(r"-2 Y„_^) ... 

or y„_ 2 +F „_4 + ...); 

and if we take our sphere as t — Il, we have 

y„+y„_,+y„_,+..., 

a series of surface harmonics. 

If the rational integral algebraic function considered consist 
of groups of terms of different degrees, the same rule will 
apply to the terms of each group. 

As a preliminary to such procedure, all terms which are 
obviously already solid harmonics should be laid aside, to be 
restored when the process is completed, amongst the other 
harmonics of their own degrees. 
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I 6 G?,. Ex. Express 

<f> - + ci'2^ + aaZ + + b^^jz + h^zx + h^xtj + cx>jz 

jis series in the form r373 + r2rj. + rri+ Eo. 

^Ve onlj’ need consider the terms b^x^ + h^^ + b^z^, 

i.c. (bi - >^)x- + (ia- A)»/ + (ij - X)z^ + X{x^ + if + 

;md V=[(ii-A)a;= + ( 62 -A) 3'2 + (Z)3-A)2-] = 2(6i + Z »2 + 63 -, 3 A) = 0 

if A = ^ (ij + 62 + 63) ; 


^ := c . v^z + \ y ^ L ^ Azh .,2 ^ 2 6 2 -63 - 6, ^ 263-6^2 ^2 


+ bf^z + b^zx + b^xy'\ 


+ \ayX + a^ -^a^z'\ + 


61 + 62 + 63 


which on the surface r = 1 is of form 1^3+72+ Yi + l^o- 


] 863. If the function be not already expressed in Cartesians, 
it is usually best to express it so first. 

Ex. Express siid 6aiii^2(}} in terms of Surface Harmonics. 

sin^ 0 sin 2 2 </) = 4 (sin 6cos<fi)-{am Osm 4>)- = 4x-y‘^ (’■ = 1 ), 
and proceeding as before, 

= 4 {xY - r^^x''^ + - 5>522)} + ^r^lx''- + - J^'- 22 ) + 3*5 . ; 

and putting x = sin 0cos<^, 7/ = sin 0sin (/>, 2 = cos^, and r = l, we have a 
result of the required form + Fj + E^. 


1864. Change of Axis of a Legendre’s Coefficient. 

If P„ be Legendre’s coefficient of order n, we have the series 
of solid harmonics 


D -DO 3 /)^— 1 9 

F^=z\ P^r~=-^—= — r^-- 


Sz'^—r'^ 2z-—x^- 


-y 


p 5z^-Szr^ 2z^-Szx'^-3zy^ 


etc. 


Writing lX-\-mY -\-nZ for 0 , where Z^+m^+n^=l and 

the.se solid harmonics become, 
when referred to new axes OX, OY, OZ, ZZ+mT+wZ ; 
3(ZZ+my+wZ)2-(Z2 + r2+Z2). 0(lX++y-3R^{lX++) 

2 ’ 2 


etc., 


X Y Z 

and the axis of this set of harmonics is -y-=— = -, viz. OA 
(Fig. 607). ' ” " 

If we transform to polars so that this line is given by 
Z=sin 0'cos 0 ', m=sin 0'sin w=cos0', and X=Ra'm 6 cos (p, 
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r=i2sin 0sin 0, Z=Rc,os6, the axis OA of the new set of 
harmonics is inclined to the new ^-axis at an angle B' anii 
the azimuthal angle is and the expression 

lX+mY-\-nZ . ^ . 

^ IS cos B cos d 4- sm d sin B' cos (0 — (f/), 

and is still a cosine, viz. the cosine of the angle between the 
original axis OA and the direction OP of the point X, Y, Z. 

If then we take r = R = \, and if, instead of we write 
cos B cos d'4-sin B sin B' cos — <p'), 
we get a more general form of Harmonic than the Legendre’s 
Coefficients. There are now two independent variables B and 
B' and being regarded as known. 

The Harmonics in their new form are known as Laplace’s 
Coefficients and denoted hy Y^, Y^, Y^ ... . Thus for Legendre’s 
Coefficients the z-axis OA is taken as the axis of the system, and 
AOP=B. In Laplaces Coefficients the axis of the system is 
the line B', <}>, and the direction of P is B, (p. 



for a Legendre’s Coefficient, and 

cos B cos d'+sin B sin d'cos const, for a Laplace’s Coeff. 

Both sets are Zonal Surface Harmonics. When multiplied by 
r", i.e. OP^, they are Zonal Solid Harmonics. If we further 
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transform coordinates so that Z becomes the distance from 
any other fixed' plane through 0, the Solid Zonal Harmonic 
remains a Solid Zonal Harmonic and the Surface Zonal 
Harmonic remains a Surface Zonal Harmonic. 


18G5. Tesseral and Sectorial Harmonics. 

Take the case of an unreal plane Z=z-\-a{x-{ /?/), l=a, m = ai, 
7 i = l, so that 71^=1. 

Then, if F{z) is a Solid Spherical Harmonic, so also is 
F{z+a{x+iy)}, i.e. 

■F{z ) + ^ + ^2/) F'{z) + |j (a: + iyfF"[z) +,...+ ^ (x + z + .. . 


also satisfies Laplace’s Equation V"F=0 for all values of a, 
and the equation being linear each term of this expansion will 
also do so, and will itself be a Solid Spherical Harmonic ; and 
taking either sign for i, we have new forms of Solid Spherical 
Harmonics {x±iyyF''\z). Also their sum and difference are 
also Solid Spherical Harmonics. Therefore transforming 
to polars with r=l, x=sindcos^, 2 / = sinfisin0, z=cosd, 
sin* 0 cos S({) (cos 6) and sin® 6 sin F^'"^ (cos 0), or, what is 


— d*jP -r . 

the same thing, (1— 2 ?^)' coss0 and (1— sin 


new forms of Spherical Surface Harmonic functions of 0, 


1866. These new Harmonics are called Tesseral Harmonics 
of degree n and order s. When s=??, 

fJsp fjnp 

= a constant. 

dp^ dp'^ ' 

n n 

Rejecting the constant, {1—p^)'^ cosn(p and (1 — p^)“ sin ncp are 
called Sectonal Harmonics of degree n. 

It has been seen that in the case of a Zonal Harmonic its 
vanishing gives an equation of degree n in p with all its roots 
real, and the spherical surface is mapped out into a series of 
belts or zones by circular sections at right angles to the axis 
of the Harmonic, the angular radii of which sections are 
determined by the roots of this equation. 

In a Sectorial Harmonic the roots p^=l give the poles in 
which the axis of the Harmonics cuts the sphere. But in 
addition we have, by the vanishing of such an Harmonic, 
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cosn<p~0 or sinn^f—O, as the ease may be, which indicate 


TT * 

roots 'Ji0=2X7r-f^ or Xtt; i.e. a set of great circle section^ 

through the axis of the system of Harmonics, which therefoi-e 
map out the surface of the sphere by meridians. 

In tlie case of a Tesseral Harmonic the vanishing of 


A cos 




(1 — . .90 would give in addition to (i) the poles 
sin ^ dp, ^ ^ . ^P 

(ii) the meridians (in number s), the solutions of -^^=0. 

This is an equation of degree n—s in p determining n—s 
small circles whose planes are at right angles to the axis of 
the system. 

The surface is now mapped out hy these meridians and 
small circles into a set of tile-shaped elements or tesserae. 
Thus to any Zonal Harmonic correspond new Harmonics, 
Tesseral and Sectorial, which are all species of Laplace’s 
Functions. 

1867. The most general homogeneous funetion which is 
rational with respect to x= sin 0 cos 0, y~sin6 sin 0, z=cos 6, 
and of the n‘'' degree, for which r is put = 1, and ivhich satisfies 
the equation 




m , 1 

3/xJ 1 — 


-n{n+l)Q=^0, 


IS 


Q = Uo^n + ^ 




1 ’ 
where P„ is the Legendrian coefficient of the w’’’' order. 

For considering the expression .4;,^ cos /c0-|-P* sin it0, 
A/; cos Jc(p could not be a rational integral algebraic function of 
sin 9 sin 0, sin 6 cos 0, cos 9 unless A,, itself contains a factor 
sin*" 9. 

Put Q=cos k<p sin* 9 . v=cos /c0 . say. Then the differential 
equation becomes ( 1 — ^ — 2^i^-i-|'ri,(w-l-l)— y 2 }'^^ = ^ 1 


and writing — we have 
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y’hich is Ivor; 5 j^Js Equation of Art. 1839, where 



Buf as we require the integral function of /x which Avill 
satisfy the general equation, we take 5=0. Hence 

Q=A cos h<b sin*-' Q 

satisfies the equation. And in the same way, starting with 
Q^s\nk(f)s\n'^ Q .V, we should have arrived at a solution 

Q = 5sin/c^sin*=6>-^^; and these solutions hold for all posi- 
tive integral values of h Hence the most general solution 
of the kind required, viz. homogeneous (with r=l) and a 
rational integral algebraic function of sin Q cos 0, sin 0 sin 0 , 
cos Q, is that stated above, viz. 

n 

Q = +2 cos /C0 + 6* sin /c0) sin*-' 0 > 

where /x=cos0, and contains arbitrary constants. It 

is clearly useless to continue the summation for values of 
k > n, for the last factor would vanish for such terms. 

It thus appears directly from this form of the Laplacian 
Equation how the Tesseral and Sectorial Harmonics arise. 


1868. To expand any Function of fx and 0, say F{ix, 0), in a 
Series of Laplace’s Functions. 


We have seen when p is any quantity between ±1, that 
with the definition — we 

have l-}-3Pi-f 5P24-...-t-(2w-|-l)P„-f = 0 except where p=l, 
when the sum becomes co . Let p stand for the cosine of 
the angle between the direction /x, 0 and a fixed direction 
/x', 0', so that p=/x/i'-(-\/l— ^cVl— ya'^cos (0 — 0'), and consider 


the integral |j'(l + 3Pi-f 5P2-l-...)P(yU, 0)d/xd0. 


If we integrate over any closed region S on the sphere, which 
is not cut by the direction jj.', 0', this result is evidently zero. 
If the integration extends over the whole surface of the sphere, 
the direction /j.', 0' must be included; but no part of the 
integration contributes anything to the result except that 



926 


CHAPTER XXXIX. 


included in a very small contour about the direction /x, (p', and 
in this direction becomes F{ix, (f/). Hence the value 


of this double integral is 




taken over the infinitesimally small area -within the small 



contour just enclosing fx, <p'. But as I+ 3 P 1 + 5 P 2 +... 
vanishes at all other points of the sphere, this is equal to 

^')j'J(l4-3Pi+5P2+...)cZ/icZ^, 
taken over the whole sphere, ~47rF(/x', (f/), by Art. 1857 ; 
P(/, (p)Pndfxd(j>. 

When the integrations are effected each term is a function 
of /x', (f), which enter through the P functions alone, and each 
term will satisfy Laplace’s Equation and be a Laplace’s 
Function. 

This proof is due to O’Brien. 

When F{ix, (p) is itself a Laplace’s Function, say F„, we have 

4-7rY^ ='^{2r-]rl)^^YnPrdfxd<p, 

where Y^. represents the value of along the axis of the 
functions, i.e. when ;a=;u'and <p=(p' ; and every term vanishes 
except that for which r=n, whence 

rl f2Tr d-rY ' 

J.J. 
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1S69. The Value of the above Integral may be readily deduced by 
Physical Considerations. 

Take a layer of matter of surface density o-= Y„ on the surface of the 
sphere (radius a). The potential at any internal point C at distance r from 
the centre and JR from the element dS, 

fa-dS f a-dS f 1/ r -.2 \ 

"i ^ "•/(«^-2arcos0+r2)i~i + 

he. V, = fY„P„^^dS. 

Similarly, at an external point, z' 

F,-/y.i(/>.+P.%/>.“;+...)iS. / ^ / \ 

v,=jY.P.^,dS. I O 1 

But, by Green’s Theorem, \ / 

at any point A of the surface. Fig. 609 . 

a 2 J^nPndS = 4TrY„', and dS=a-d(x), where dw is the elementary 
solid angle subtended by dS at the centre. 

Hence [Y„P„dw = P^. 

J 2n + 1 

1870. Lemma. 

If 7i=^ + l, v=p-l and Z) = ^, we may show, by applying Leibnitz’ 
Theorem and comparing the r"" non-vanishing terms on each side, that 
uVD”+^u”v^l{n + s)\=D^-=’u^v^l(n-s)l ; i.e. that iiz = {p"^-l), 
z^D’^+^z^l{n + s)]=z~^D^-^z”l(n - 5)! . 

Hence j dp 

= / ‘ zW^+h^ . 2-^Z)n-s.n + 

•'-1 (n- 5 )! 

(Ti-fs)! 

“ (n-s)l J-i and integrating by parts. 


Hence 
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1871. Integral of Product of Two Harmonics over Unit Sphere. 
If r„, Z„ be two Spherical Harmonics each of degree n, viz, 

A 0 K 0 + 2 


and ao^L(,+^(<^s®oss 0 + &sSin S(j))Kg, 

1 

where Kg={l-p^yPl^^ (Art. 1867), we have, upon integrating 
the product with regard to ^ from 0 te 27r, 

r2?r 71 

Y ,, Z ^ dcj , = 2x^o«oAo"+ ^ S (^s«s+53&.c) a/, 

Jo 1 

and integrating this with regard top from — 1 to 1 , we have 
by the Lemma j" J 

2 ” T. j \ (w+s)! 27r 

In the case when the harmonics are of different orders, 


viz. « and m, r* f- ^ 0. by Art. lY 83. 

J _i Jo 

If the harmonics be identical, i.e. Zn= Y„, we have 

1872. If any function of fi, (j>, say Y ^F{/x, 0 ), be expandea 
in a series of Laplace’s Functions as 7 = ro+ Fi + 1^2 + ^3 + ••• • 
which is true upon the surface of the sphere r=cL, then at 
points Avithin the sphere Ave shall have 

7,.= ro+7.^+7.^2+-. 


and at points Avithout 

7c=7o^+7x^%i^3^ + - 


For each term is a spherical harmonic satisfying Laplaces 
Equation and satisfying the conditions at the surface, and the 
latter vanishes at oo ; and there is but one value of 7 AA’^hich 
does so. 

Thus, AA'hen 7 is given all over the sphere, Ave can write 
down its value at any internal or any external point. 
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1873. Differentiation of the Zonal Harmonics 

P 

Z = P r" Z = 

r" 

With cylindrical coordinates (p, 0 ), 

r=Jz^-\-p^, ix=cosQ^zlJz‘^-\- p^, 


3 , ' 






'-P 


"d/x 1 — fx^ 'dr 


’ S0' 


/i 2 

r dp ^ dp 


dp fxsjl — 


9-“ 


^,3 3 , \-p^ d d 

Then — ' • — 


dz~^dr' r dp^ dp 




.3r r dp 


. (Art. 1844), 


3z 

rZ-nJ. 
'3: 


{-/««Pn-i+(l-M'^)^‘}>-’-= -nr--ip„= 


3Zv 


Therefore, -whether i be positive or negative, ~—iZi^i, a 

rule analogous to the differentiation of a power. It follows that 

3% ... ...r/ 3’’Z{ ... . ,. , TV,7 

_=t(i_l)Zi_2, ... :^=^(^-l)...(^-?• + l)Zi_,. 

Again, by Arts. 1843, 1845, 


3Z, 

3p 


IL—J^ _ „2rn-l (mP ./l — ,,2r"-i 


C^/U. 


3Z. 


3/. 






(Z/x J 


1874. Change of Origin of Zonal 
Harmonics to a New Origin O' on the 
same Axis Oz. 

Let be a positive integer. 
Taking 0 as the origin and Oz as 
the axis of the Zonal Harmonics, 
Zn is a function of p and 0 alone, 
—fipy ^)- Then taking O' at the 
point (0, 0, —a), the new ordinate z' 
of any point P, whose coordinates 
are k, y, 0 with regard to axes with 
origin 0, is when referred to parallel 
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axes with origin O', 2+ a, and the corresponding Zonal Hai- 
monic Z„' is denoted by f(p, 2'), z-\-a ) ; and this beii)^ 

of degree n in z, we have 

^n— J+0^3^+2! 'dz‘^^''’‘^n] 32«’ 
the accent denoting the Zonal Harmonic of degree n will, 
reference to the new origin. That is, 

gj, +2! Sz” 

Similarly, if the Zonal Harmonic be of negative order. 
Z_„ and r> a, we have a series in ascending powers - but 

extending to 00 . For, as before, Z_„.is of form F{p, z), 

2 )F 'd'^F 

ZL„=F{p, 2+a)=F+a — 

„ n „ , w(n+l) ,,7 w(w+l)(%+2)y 

=Z_„- 1 : 2:3 ■ ■ ■ ■ 

Bnt in cases where r, being measured from the hrst origin, 
is <a, this expansion is inadmissible. We then have 
Zi^={x^-\-y^+{z-^afy^^{a^+ 2 ar cos e+r'^y^ 

~a\ ° a'^a.2 a 3^”7 

Differentiating with regard to z, i.e. with regard to z-fa on 
the left side, 

gZli 1 2Zi , 3Z2 4Z3 , 

U. 1 . • 2o-2 ^+3 ■■)■ 

Differentiating again, 

1.2Z'3=4fl-2Zo-2.3^+3.4^-...\ etc., 

and thus, by continued differentiations, we arrive at 

1 Tt wZi,w(w+ 1)Z2 w(w + l)(n+2)^_L 

1 a'^ 1.2 a2 1.2.3 
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PROBLEMS. 

'Iv- 

]. Show that Ax^ + By^ + Cz^-i{x^-{-y‘^ + z^){Ax + By + Cz) is a 
sn'lierical harmonic, and that the corresponding surface harmonic on 
unit sphere is 

(/i cos^ ^ + R sin® sin® 6 + C cos® 6 - ^{A cos ^ + R sin <^) sin 6* - ^ C’cos 0. 

2. If OA, OB, 00 be three perpendicular axes cutting a unit 
sphere with centre 0 at A, B, C, and if P be any other point on the 
surface, show that cos PA cos PB cos PC is a surface harmonic. 

3. ABC is a fixed quadrantal triangle on unit sphere, and, a 
point P moves on the surface, so that 

V= a cos® PA + b cos® PB + c cos® PC + 2 /cos PB cos PC 

+ 2g cos PC cos PA + 2h cos PA cos PB 

is a surface harmonic. Show that the cone F= 0 has three perpen- 
dicular generators. 

4. If R,i be Legendre’s coefficient of order n, show that 

^'_P,Pn(5P^-3)dp = 0, 

unless 71 = 3, in which case the value is 6/7. 

5. Show that 

{PgsfT + Pi^JS + Rjn/S + • . . + RnV2» + 1 )2 (fp = 2 (tt -f 1 ). 

6. Show that | p^Pndp = 0, except in the cases 

7. Show that p^Pn dp = 0, except in the cases 

I p^P^dp = \, I P^Psdp = ws’ = AV- 

8. Show that the area of one of the larger loops of the curve 
r = aPj is ^ ^5s/2 -1-11 cos“^ . 

9. Show that if « be very small, the area of the nearly circular 
figure r = a{\+eP^) is approximately 7ra2(l -i-|c). 

10. Show that if e be very small, the volume of the nearly 
spherical surface r = <i(l +^P^ is very approximately -^Tra®/! -1-f €®) 
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11. Sho^y thatif ii:2=l-2ax + a2 + 

and deduce the values of 

PmPndp, and ^^Pr?dp. 


13. Show that 

sin 3d 1 8 p sin 4d _ 4 p 16 p , 


sin5d_l 8 p 128 
Sind “S'^'T 2+ 35 ^■ 


13. Give the rational integral function of the second degree of the 
three quantities^ sin A, cos X sin d, cos X cos d, and put the terms of 
the second order under the form 

sin2 X + (Cj sin2 d + Cg sin d cos d + cos^ d) cos^ X 

+ (Cg cos d + Cg sin d) sin X cos A, 

and show that, with the addition of an arbitrary quantity Cq, it 

becomes a Laplace’s function if 3cg= - (Ci + Cg + Cg). 

[Smith’s Prize, 1876.] 

14. For points x, y, z which lie on the sphere x^ + y'^ + z'^=\, 
express Q as a series of surface harmonics, where 

Q = a; + 2i/ + 32 + 4 .r 2 + f>y- + 62^ + 73/2 + 82a; + %xy + lO-x^ + 1 1 xyz. 


15. Express sin^ d in a series of Legendre’s coefficients as 
Sin d-jgPg + 

Why cannot sin^ d be expanded in a finite series of spherical 
harmonics! [Math. Trip., 1873.] 


16. If Pn — ' 2 7 i^ 'jq ^ ^ d ~ ’ prove that if JPnC^p be taken to 
vanish when p = 1 , 

I -P»« = (^* + 1)1^” 

Show how by the help of these formulae the numerical values of 
Pj, P2, P3 , ... P„, and those of their differential coefficients, may be 

conveniently found for any given value of p. 

[Prof. Adams, S.P.', 1873.] 

17. Prove that 


log ^1 + cosec 0 = Po + i Pi + ^-^2 + i A + 


[Coll. Ex.] 
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1 Obtain a solution of the differential equation 

in the form of a series of cosines of multiples of x. 

[Math. Trip. II., 1888.] 

- fe~l 00 

19. 'Show that if' (1 - 2ax + a^) ^ = 1 + ^ 

0 

(n + 2) + (a + ^ - 1) On = 0. 

[E. J. Rohth, Proc. L.M.S., xxvi. 

20. Prove that if 

Fs(l-2aX+ a2)“^ = 1 + K^a. + + . . . + Jr„a" + . . . , 

. 'dV 'dV 

(ii) (1 - ^ ^ = 12tt2F^ ; 


(iii) (1 - a;2) K^' - 4a: JQ' + 7i(« + 3) /r„ = 0 ; 

(iv) (?i + 1) -^^n+i - (2a + 3)a;Z„ + (w + 2) /C„_i = 0 ; 

(V) JC = (2a + 1) Jifn.! + (271 - 3)/srn_3 + (271 - 7) /!rn_5 + . . . 

(vi) (271 + 3)1 " /Slj, da: = Kn+x ~ ^^n—i "h const, j 

(vii) K 2 n-x = 3Pi + 7 P 3 + . . . + (471 - 1 ) P 2 n-l > 

= 1 + 5P2 + 9P4 + • • • + ( 4 a + 1)P2„- 

(viii) r K^K„dx = 0 or (7i + l)(a + 2), 

according as 7a + a is odd, or even and 7n <j; 71 ; 


21 . 


2»i+l 

If P= (1 - '2ap + a2) 2=1+ 20„a", show that 


Qn~ 


1 

1 .3 




2«i+l 

2 = 1 + 20„a”, prove that 


22. If r=(l-2a;7 + a2) 

27ft(27a + l) ... (2m + 2?'- 1)_ 
1 .2...(2r+l) ^ 


® L 


Q^^dp = 2- 




Qzr+l ~ 9- 


23. Show that the roots of 
n 7 l( 7 ^-l) „^o . n{ n-l) n(n--l){n-2)(n-'i) 

~l2n{2n-lf 1.2 2a(27i - 1)(2«' - 2)(2a - 

are all real and unequal, and lie between 1 and - 1. 


3 ) 


^n-i _ 


... = 0 
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24. Prove that one solution of Legendre’s Equation 
(1 - *2)^2 - + n (71 + l)y = 0, 

where ti is a positive integer, is a polynomial of the ti*’’ degree, and 
determine it. 


25. Prove that a like statement is true of the equation 

(1 -x'^)y^-\-axy^-^n{n- 1 -a)y~0 
unless 1 + a - 71 he one of a series of numbers n-2, n- i, ti - 6 , . . . 
which terminate in 1 or 0, according as n is odd or even, and in that 
case a polynomial of degree 1 + a - ti is a solution. 

[Math. Trip. IL, 19 IS.] 

26. P„(/i) being the coefficient of A” in (1 -2yh + h^)~^ and -7?), n 

unequal, show that | dfi is zero unless m and n 

differ from one another by 2, and that when m = n + 2, its value is 
2(71+ l)(7i + 2)/(27i.+ l)(27i + 3)(27i + 5). [Math. Trip. IL, 1916.] 

If 771 = 71., show that the value is 

2 (47iS + 67i2 - 1)/(27i - 1 ) (2n + 1)2(27?. + 3). 

27. Prove that 

(i) (1 - dx = 0 (ni^ m ) ; 

(ii) j {I -X-){Pn(x))'^dx =271(77+ 1)/(271+ 1). 

[Math. Trip. IL, 1914.] 

28. Prove that P„+i - P„_i = (2?i + 1 ) P„ dp = (277 + 1 )|^ P„ dp. 

29. Prove that 


(i) [ P„(cos^) 
Jo 


de 


= 0 or TT 


fl.3... (71 
\ 2.4... 


(71-1) 


77 


(ii) £cos«J>„(co3«)i« = 0 or 


as 77 is odd or even : 
2 


as 77 IS even or oQ' 


30. Show that 


(i) (1 + ...} ; 

[Use formula of Art. 1813.] 

[Orehle, Jour. LVI. ; Todhunter, Functions, p. 115.] 
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p 2 _ p 2 P 2 _ p “2 P 2 _ p 2 p 2 p 2 
ol. onow tnat) p <2 _ p '2> p '2 _ p '2' p '2 _ p '2> "p"^^ — F^2 

■^1 "^0 "^2 *^1 -^3 -^2 

r-ispectively equal to 

\/Q — 1 

and that Pj = A> when^= - ^ or 1 ; ^3 = ^21 when^ = — - or 1 . 

0 

32. Prove that 

+ 3Pi2 + 5^2^ + . . . + (271 + 1) P„2 = (n + 1 )2P„2 - (_p2 - 1)P„'2. 

[Math. Trip., 1888.] 

33. Prove that 

P^'^ + 3P^'^ + 5P^'^+... + (2n + l)P„'^^^{{n + 2)^P„'^-{p^-l)P„’'^}. 


2J+1 


[Math. Trip., 1888.] 

34. If (1 - 2aa: + a2) 2 =\ + + Z^a-^ + ... + ZJ^a^ + . ., Z being 

a positive integer, show that, accents denoting differentiations with 
regard to x, 

(i) I ZfuZfi dx = 0 if m + 71 be odd ; 

(ii) (I — x^)Z^' — 2{l+ l^xZ^' + ii(n + 21 + \ )Z„ — 0 j 

(iii) .^n' = {2(71 + Z) - 1 + {2(71 + Z)-5} .^„_3 + (2(71 + Z) - 9}Z„_5 + . .. 

35. If (1 - 2aa: + ^ P„,_ show that 

71=0 

(i) ^Pm. n-1 = n i 


da; dx 

rl^P dP 

(ii) (1 -a;2) (2771+ l)a:?^ + 71(71 + 2771) P„ „ = 0; 


(iii) = 

fiv) r 2 ^”»- MI( 71 .H 2771 -l) f n( 771 ^|^ 

(IV) j_^(i X ) \n (2771-1)/ 

36 . Show that, if Z: > 0 and Px he the Legendrian coefficient of 
order A., 


d^d^ 

dx/^ dx^ ' 


(i) 

(ii) 


(iii) [ X 

Jo 


xPP^+^dx 

jP + 71 + 3 


-£xPP„d^;J 


7/1 and 71 being different 
positive integers, and p 
any positive quantity. 


[Math. Trip. II., 1889.] 
37 . Prove that P„(sec 0 ) =^|^sec” 6 '(l + sin 0 cos x)"t^X- 
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38. If Pn{p) <^enote Legendre’s coefficient of degree n, show thsi 

fi 

1 /i(l - -r^ unless m w he unity, and determine 

J —1 ^P 

its value in these cases. [Math. Trip., 1890.] 

39. Prove that 


(x + cos ^7** - 1)" - ^ 


1 'j" ,r’. 1'., 1 

! c?a;" '' ' (n + m)! 


and deduce the formulae 

^ ' (n-m)l dx”-^ ^ ' (ft + to) ! ■t/a;”+™ ' ^ ’ 


1 fir 

(^i) •^n(®) = ~ J^(a: + cos^\/«2- l)^d4>. 


40. Denoting hy P„(/i) the Legendrian coefficient of order n, 
prove that if to 4: ft, 

fl (Z2P,„d2p (ft-l)ft(ft+l)(?^+2) 

if TO + ft be even, but zero if to + ft be odd. [Math. Trip., 1897.1 

/ d\^ 

41. Prove that if n be a positive integer (sinh^a:^ ] cosech^"3;is 
equal to 

( - l)«2"ft!coth".'c|l ^^ sech^a; + - ^”— ^^ sech^a:+ ..."j 

and that either expression satisfies the differential equation 


^2,1 

sinh^a: ^ = oi{n + l)y. 


^P„(cos d) = 


® .1. ^ 
cos 71^ COS-^ 


dx^ ' ^ [Math. Trip., 189/.] 

42. Prove that 

I cos 71^ cos- I cosft^sin^ 

-^P„(cos^)= ^ --d^, 

V" ^0 VCOS^— COSC7 v/cOSP — cos*/> 

except when ?i==0, when the right side =7r \/2Po(cos 0). 

[Diriculet; Todhonter, Functions of Laplace, p. 35.] 

43. Show that if the usual polar variables 6, d> be replaced bv 

6 6 ^ 

X, y defined by cot = x, tan g • surface harmonic of 

^2 J/~ 9t(7l> 1 ^ 

order n satisfies the equation + -7I d y—Q, 

ox oy (x — yp 

If V be any solution of this equation, verify that 

-dV -dV dV -dV ^?>F ,dF 
'dx^'by' ^'dx'^y^y' ^3a:'^^3y 
are also solutions, [Math. Trip. II., 1889.] 
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44. Ay is the solid Zonal Harmonic of positive order n, having 
tlic axis of n f6r its axis and the origin of coordinates for its 
origin ; is the solid Zonal Harmonic of positive order m, having 
the same axis, and a point distant a from the origin for its origin ; 
prove that 


The corresponding Zonal Harmonic of negative order being 
denoted by Y„', prove that for points included within any sphere 
whose radius is less than a, and whose centre is the new origin, 

1 r, _(?^ + l)! A, 0 i+ 2)! Z2 (^ + 3)! Ag 

7i! a 2\n\ SIti! ”‘J 


Obtain the expression for ly for points outside any sphere 
whose radius is greater than a, and whose centre is the new 
origin in the form 


F' = r 

^ n TJ 


(71 + 1)! 


7l! 


fli 




3l7tl 

[Math. Trip., 1885.] 


45. Prove that the series 


|Pi + 2( “ 1)’(^^ + 1) 


1.3.5 
2.4. 6 


(2i-3) p 

(2i + 2) 


is equal to - for all values of /a from - 1 to 0, and to /x for all 
values of yx from 0 to 1. Apply this formula to calculate the 
potential of a hemispherical shell whose surface density varies as 

the density from a diametral plane at an external or internal point. 

[Math Trip., 1878.] 

46. Show that the surface 


ri 1 6P„ 1.3 9P4 , 1.3.5 13Po d 

7' = n^2 + 2'rTt"^ 3.6‘^2.4:.6 5.8 

consists of two equal spheres which touch each other at the origin. 

[Math. Trip., 1884.] 


47. If x = stix + As sn^a; + Ar^sn^x + A^ sjYx + . . . , show that 


(72, + 2)(7t+l)(w)(«--l) ^„_2n _ ]Ai ^ etc. 
22. 42 '' ' 


- {d7l{u, 

’^Jo 


[Math. Trip. ILL, 188G.] 



938 


CHAPTER XXXIX. 


48. Prove that if = + and r^ = p^ + 2^, then Ui being the 

solid Zonal Harmonic of degree i, and Pi the corresponding Legendre’.^ 


coefficient, 




-(i2 + i+l)P,.], 


and ^^=r-^--[P;_,-i(i-l)Pi], 

where accents denote differentiations with regard to the cosine 
of the co-latitude, giving 


.'dHUu^/r^ 




49. li p = x^ + y^ and Fi he the solid Zonal Harmonic of degree i, 
show that 1 02 

^•2t+l 3^2 Qp2 ^2i-3 ’ 

where = + y^ + z^. [Math. Trip. , 1890.] 


50. Show that 


/7m P //m P dP'P 


[S.P., 1875.] 


51. Find the number of independent solutions of the equations 
Uxx + «>/i/ + = 0, xUx + yuy -f- zuz = mi, and prove that if u be a solution. 
a(a;2 + i/2^;j2j-i(2n-'i) also will satisfy the first equation. 

Prove that if 


a + I3(j}-^yiifi=f{x + yw + g(a^) and C7a)2 = (^(o + /3u)-i-7a)-), 

where w is one of the primitive cube roots of unity, then « - 
p - y - a, A - B, B -C, C- A will all be spherical harmonics. 

[Math. Trip., 1876.] 


52. Prove that the function which has the value +l on the 
Northern hemisphere and — 1 on the Southern is given in Zonal 
Harmonics by the scries ZPgn+iAn+u where 


C?2..1 =(-l)" 


/"I. 3. 5 ...(271-1) , 1.3.5...(271-^1)\ 
h 2. 4. 6. ..271 ■^2. 4. 6. ..(271-1- 2)/ 


Hence find a function which has the values A+B, A - B on 
(i) the Northern and Southern, (ii) the Eastern and Western, (iii) 
any two corresponding hemispheres, respectively, the axis of the 

Earth being permanently the axis of the harmonics. 

[Math. Trip., 1884.] 


53. The polar equation of a nearly spherical surface is r = a + h}\,, 
where P„ is a zonal harmonic of the 7i“‘ degree, and i is a small 
quantity whose powers above the second may be neglected. Show 
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that the area of the surface exceeds the area of a sphere of radius a 
by 2"J-(7i^ + n+^)/(2'a + 1 ). [Math. Trip., 1878.] 

54. In the nearly spherical surface r = a-\-bP^, where is a 
zonal harmonic and h is small, prove that at any point the excess of 
the measure of curvature above l/a^ is to a first approximation 


a ? ' 




[Math. Trip. III., 1886.] 

55. Show that the Legendre’s function of the second kind 
(Art. 1821) may be expressed in the form 


1 1.71 


+ ^ L p ^ ^ p 


n_6+ • • • I > 


e„ = P„tanh-^ L 1.71 —3(77-1).-- ■5(77-2) 
and that the general solution of John Ivory’s Equation, 

I {(1 + (»(»+ i)-3(s+ i)Hi - 0, 


d^z 


is given by = and further that Q„ may be expressed 


as 


/ d \~(”+n _ 

a form corresponding to that of 


Eodrigues for P„, C being a constant. 

56. Find the integral of the square of a tesseral harmonic over 
the surface of the unit sphere. 

If the general expression for a tesseral harmonic be of the form 

m 

^(1 - /i^) ^ cos 777^, where the coefficient of the highest power of 
/Li in is unity, prove that 

^n+1 4„2_i^n-l- 


[Math. Trip.] 



CHAPTEE XL. 


SUPPLEMENTARY NOTES. 

Note A. Definition of Integration. Kiemann. 

1875. The definition of the integral f (j>{x) dx, given in 

Art. 11, for the case wliere <}yix) is single-valued, finite and 
continuous for the range a-^b, is an analytical expression of 
Newton’s Second Lemma. It is pointed out in Art. 13 that 
the several subintervals of the range a-h need 

not be taken as equal so long as it is understood that the greatest 
of them is ultimately taken as indefinitely small ; and Cauchy 
adopted this modification as the basis of his investigations 
(see Ai't. 1266). But in dividing the range a-h into an 
infinite number of subdivisions, 

Si=x^—a, = = 

the definition has .still kept to the idea that each of these 
intervals is to be multiplied by the value of 0(a;) at the 
beginning or at the end of the interval, that the sum of such 
products is to be formed, and then, if such sum has an 
existent limit and converges to a definite quantity, that limit 

is defined as | (p(x) dx. And it has been seen in Chapter Y. 

how Cauchy proposed to exclude from the definition an}* 
element or elements in which <p{x) becomes infinite or 
discontinuous. 

For the class of functions met with in elementary analysis 
and with which this treatise has been mainly concerned, this 
treatment will suffice, and has been adopted as offering an 
adequate scope for the beginner, with fewest difficulties in 
the initial conception of the processes to be followed. 

940 
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But it is evident that the multipliers of the several sub- 
G’.visions need^ not have been taken as the values of <p(^x^ at 
either end of the interval, but might equally well have been 
t.iken as any of its values intermediate between the greatest 
and least values which 0 (a:) is capable of assuming in each 
interval. 

1876. Starting with this idea, Riemann in a memoir (Ueber 
die DarstellbarJceit einer Function durch eine Trigonome- 
trische Reihe) has given a definition of integration which does 
not lequire that the function considered shall be continuous 
in the interval a-^b. Let a and 6 ‘be two finite quantities 
between which a real variable x. ranges. Let 0 (a;) be a func- 
tion of X which remains finite, but not necessarily continuous 
in the interval. Take d a definite given small positive 
quantity, which is called the Norm, of any mode of division 
of the interval a-b into sub-elements or segments dj, dg, ... 

\dz. 8 i=Xi — a, 62 —X 2 —Xi , ... (5„=6— ccn.i, each of these elements 
being not greater than the norm d of that mode of division. 
Then evidently there is an infinite number of modes of division 
corresponding to any particular norm d, and each of these is 
also a possible mode of division for any greater norm. Let 
ei, e 2 ,... 6 „ be positive proper fractions, and let S stand for 

n 

Then, if S converges to a definite limit 

whatever mode of division be chosen and whatever the frac- 
tions ej, 62 , may be when the norm d is made to diminish 

indefinitely, this limit is represented by [ f{x) dx, and the 

Ja 

function is said to admit of integration for the range a-^b. 
(See Prof. H. J. S. Smith, Proc. Lond. Math. Soc., vi., p. 140.) 

1877. A formal proof of the convergence of the series S 
under certain conditions is given by lliemann, and amended by 
Prof. Smith in one or two particulars in which Riemann’s 
demonstration is wanting in formal accuracy. The values of 
fpix), corresponding to the values of x for any segment, are 
called the “ ordinates ” of the segment. The difference between 
the greatest and least ordinates of a segment is termed the 
“ordinate difference” or the “oscillation” of ^(x) for that 
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segment. Let Dj, ... i)„ be the oscillations in the several 
segments. Then the greatest and least values of S for any 
particular mode of division are respective^ attained by takino; 
the greatest and least ordinates of the several segments, and 

n 

the difference of these sums, viz. 6, is given by 6=^SrD^. 

But for any definite norm d the greatest and least values of S 
do not in general result from the same mode of subdivision. 
Therefore the difference 0 between the greatest and least 
values of S for all modes of division corresponding to a given 
norm d will in general be greater than 6, which is the 
difference for a particular mode of division. And to be sure 
of the convergency of S it will be necessary to show that 0 
in any case diminishes without limit when d diminishes 
Avithout limit. 

1878. Professor Smith enunciates Riemann’s Theorem as 
follows : 

Let or he any given quantity, however small. Then, if in every 
division of norm d the sum of the segments for which the oscilla- 
tions surpass or diminishes without limit when d diminishes without 
limit, the function admits of integration, and conversely. 

Let 0{d) and L{d) be the greatest and least values of S 
corresponding to a given norm d, not necessarily arising from 
the same system of subdivisions for that norm. 

Then taking any two norms d^ and d^ (di> df), since every 
mode of division for norm d^ is one for norm d^, we have 
Lr{df) <(; G{df) and L{df) L{df}. Moreover, for every norm 
another norm dj can always be found which is less than 
such that G'(di) > G{df} and L{df) < L{dz), unless the max. 
and min. ordinates of the several segments are the same 
throughout the interval, however small the segments may be 
taken, in which case G{d) and L{d) are respectively hi(h—a) 
and h^(b — a), where and /ig are the greatest and least 
ordinates common to all the segments. And therefore, except- 
in this case, a series of norms d-y, d^, dg, ... of decreasing 
magnitude can be found so that G{dy), G{df), G{df), ... forms 
a decreasing series, and L{dy), L{df), L{df) ... an increasing ono. 

And G{dy) L{df^, except in the case where the function 
can be represented by a series of segments of lines parallel to 
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the a:-axis, when we may have G{d^=L{d^. For if the two 
sj'stems of division which respectively furnish G{dj) and L{d^ 
be superimposed, then to find the value of G{d) for the new 
system of division, each resulting segment will have to be 
multiplied either by the same ordinate which multiplied it 
before or by a still greater one from a neighbouring segment ; 
and to find the value of L{d) for the new system, each segment 
must be multiplied either by the same ordinate which 
multiplied it before or by a still smaller ordinate from a 
neighbouring segment. So that the least value of S obtain- 
able by taking the greatest ordinate .for each segment in any 
mode of division whatever is not less than tlie greatest value 
of S obtainable in any division whatever by taking the least 
ordinate of each segment. 

If then, for any given norm d, L'{d) be the least value of S 
for the mode of division which yields G{d), and G'{d) be the 
greatest value of S for the mode of division which yields L{d), 
G{d)>G'{d)\ G\d)^L'{d) and L{d)<:L'{d)\ 

.-. G{d)-L{d)=[G{d)-L\d)]+[G\d)-L{d)]-^^^^ 
>[G{d)-L\d)]^\_G\d)-L{d)]. 

But if Si be the sum of the segments which in the division 
{(r(d), L'{d)} have oscillations > cr, the sum of the segments 
which in the division L{d)} have oscillations >- cr, and 

be the greatest oscillation for any division of norm d, which 
is by supposition finite ; then 

(j(d)— l/'(d)=contribution from Si 

-{-contribution from (6— a— sj 

> 5ifi-l-o-(6— a— Si) 

and G'(d)—L{d) > s^Qi+a-ib—a—Sz) ; 

.•. adding, (?((?)— I/(d) :{> (Si+S 2 )(f 2 — cr)-|-2cr(6— a), 
and therefore, as o- is as small as we please and d can be taken 
so small that Si-{-S 2 is as small as we please, G{d)—L(d), that 
is 0, diminishes without limit as d diminishes without limit 
and f{x) admits of integration for the range a to h. 

1879. Conversely, if f{x) admits of integration in the in- 
terval a to h,S converges to a definite limit, and 0 diminishes 
indefinitely as d is made indefinitely small, and therefore also 



944 


CHAPTER XL. 


each of the differences 6 mnst do the same. But if s he tlie 
sum of the segments in which the oscillations exceed <t in auy 
mode of division, we have aS :{> 6. And however small cr may 
have been taken, we can, by taking d small enough, make Oja 
less than any assignable quantity, however small. Hence if 
S converges to a definite limit, s must also diminish without 
limit as d is indefinitely decreased.* 

1880. Prof. Smith (loc. cit) points out also that Riemann’s 
criterion of integrability is applicable in the case of any 
multiple integral extended over a finite region. 

1881. It is incidentally assumed that the interval a-b is 
one which extends from a given value of x, viz. x=a, to a 
greater one, x=h, and the interval a-h has been divided into 
subsections x^—a, x^—x^, x^—x^, etc. If we reverse the order 
of the array of points a, x^, x^, ... h, the only difference 
in the argument will be that the sign of each of the partial 
products formed in constructing the maximum and minimum 
values of S has been changed ; the new sums formed for the 
reversed order do not differ in absolute value from the values 
before considered, but are of opposite sign. It therefore 
follows that 

^J{x)dx=—^J{x)dx. 

1882. Moreover, if we add to the array several otlier 

points of division x=c^, x=Cz, ... the maximum and 

minimum values of S have not been respectively increased 
and decreased, for the norm of the mode of division with the 
additional points in the array cannot have been increased 
by their introduction. But the sums corresponding to the 
maximum and minimum values of S for the several intervals 
a to Cl, Cj to Cg, etc., are respectively 

<{: and ' f(x)dx, | ^ f{x)dx, etc., 

and modes of division of these intervals can be found for 
which their maxima and minima differ from these respective 
quantities by less than any assignable quantities, however 
small. Also the aggregate of any of these modes of division 

* Proc. Land. Math, Soc., vi., p. 143. 
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fhese partial intervals forms a mode of division of the 
' ''t fb 

,vhole interval a-h. Hence 1 f{x)dx must be equal to 

the sum of the integrals \ f{x)dx, \ ''f{x)dx, f f{x)dx. 

ja Jci 

1883. In the same way other general propositions such as 
those of Chapter IX. may be reconsidered for Riemann’s 
creneralised definition. 


Note B. Convergence of an Integral. 

1884. An infinite integral is one ‘in which either of the 
limits is +00 or — co , or in which the integration extends from 
— oo to + 00 . In what follows we shall assume that a is a 
positive quantity, i.e. a>0, and that /(a) is a finite function 
of X for all values of x from a given value x=^a to another 
value x~b which is greater than a, and that f{x) is integrable 
in this range. 

pco 

The integral 1 f(z) dz is defined as the limit, supposing such 
limit to exist, when x becomes infinitely large, of the integral 
1 = ^ f{z)dz. If such limit be finite the integral is said to 

converge to that limit. If there be no finite limit to the 
increase in the value of 1 as x tends to + cc , then, according as 
I tends to ± 00 , the integral is said to diverge to ±co. 
Integrals in which the integrand changes sign periodically in 
the march of x from a to oo , such as 

TOO r® 

sintcc^cp or x'^sm{hx-{-c)dx, 

Ja Ja 

are said to oscillate, and such oscillations may be either finite 
or infinite by virtue of the growth of the multiplier of the 
factor of the integrand which causes the changes of sign 
during the march of x. 

1885. If f(x) be a function which changes sign during the 
march of x, the integral | f{z) dz is said to be absolutely 
convergent when | convergent. But such an 

integral may be convergent even when not absolutely 
convergent. 
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The integral f{z) dz is defined as the sum of the integrals 
J -00 

P f{z) dz and [ f{z) dz, where c is a finite constant, and is 

J —00 J c 

said to be convergent when each of these integrals is conver- 
gent. Moreover, this definition is independent of the particular 
value of c. For, let c and c' be two values of x on the range 
of its values, c'>- c. 


Then ^ f{z)dz=--^ f{z')dz+^J{z)dz (xCc) 
d f(z)dz=^ f(z)dz+^J{z)dz (x>c'). 

I f{z) dz are finite, | f[z) 


Hence, as 




dz and 


dz and 


J" f{z) dz are both convergent or both divergent as a;-> — oo and 
j* f(z) dz and f{z)dz are both convergent or both divergent 


ascD-^-oo. , 00 

Therefore, supposing j f{z)dz and I f{z)dz to be both 

J —CO J c' 

convergent integrals, we have 

r f{z)dz-\-\ f{z)dz={ f{z)dz+\ f{z)dz, 

J— 00 Je' J— CO Jci 

wliich establishes the independence of the definition with 
respect to the particular value of c used. 


1886. If /i(cc), fzix) be two positive finite functions of x, 
both integrable for the range a to b, &i>a>0, and such that 
/ 2 (®)^'/i(^) values of x for that range, then, when h 

roo pM 

becomes infinitely large, fi{z)dz is convergent if 1 fi{z)dz 

Ja Jft 

be convergent. And if f^ix) <t fj_{x) for all values of x from 
a to h, then, when h becomes infinitely large, I f^{z)dz is 

roo ^ “ 

divergent if 1 /j ( 2 :) c 20 be divergent. 

Ja 


In many cases comparison with a known convergent or 
divergent integral will suflice to determine the convergency 
or divergency of an integral. 
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For example, if a>0, - is convergent or divergent 

iccording as n is >• or :j> 1. 

Hence § and is convergent, whilst 


p x^dx ^ f 
Jh Jx'^—a'^ Ji 


” dx 
b Jx 


and is divergent (6>a). 

1887. If then an index n can he assigned which is > 1, and 
for which »"/(») is finite for all values of a; from a;=a to 
a;= K), where a > 0, it will follow that 1 x'^fix) j does not exceed 
some finite positive limit X, and therefore that 


r“ f ” dz 

j J/(z)lfl!2::l>Xj^ — , i.e.> 


X 


IS 


71—1 

and is therefore convergent. Hence in such case ^J{z)dz i 
absolutely convergent. 

But if an index n can be assigned which is :i> 1, and tor 
which x'^J{x) is never less than some finite positive limit X 
(excluding zero) for all values of » from a to cc , (a > 0), or if 
it becomes infinitely large when a; increases indefinitely, it 

will follow that 

r/W<faH:Arj. 


and therefore in either case becomes positively infinite, and 

the integral diverges to + 00 . 

And if an index n can be assigned which is > 1 for which 
xH{x) is negative, and its numerical value is never less than 
some finite limit X (excluding zero) for all values of a; from 

a to w , (a> 0), it will follow that ^J{x)dx diverges to -oo . 

It appears therefore that under the conditions specified as 
to the integrability of /(cc), and as to its remaining finite for 
the range of integration, a to co , where a>l, it « can 
be assigned > 1, such that a finite^limit of x^f{x) exists when 

X becomes inanitely great, then £/{s)& is convergent; and 

it n can be assigned J- 1, such that x”/{a) does not become sero 
when X is increased indeBnitely, hut whether it approaches 
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a finite limit or becomes either positively or negatively infinite, 

tlie integral f{z)dz is divergent. 

^ r” xP- •'tP 

For instance the integrals /i=/ ■ V - t \ 

Ja "T tX Ja “T W 

respectively convergent and divergent, for the indices 2 and 1 can lie- 
assigned for these respective cases for which 


Lt^ 


X 


,.2 


+ 

and is finite in each case 


= 1 and Jjtx 




+ a* 


-h 


r siti 0 

dd is convergent, a being positive and 

> U. r or by Art. 34U, ^ 

f f^sindd0+j CsinedO, a<^<b, 

Ja 6 aJa bJi 

= ^ (cos a - cos 0 ^ (cos ^ - cos h), 

2 2 

which for .any values of a, b cannot be greater than “ + and, when h 

increases without limit, cannot be >-. Similarly j 
vergent. 

Also these integrals taken from 0 to a are obviously both finite. 
Hence the integrals from 0 to oo are finite. Their values have been 
found in Arts. 994, 1048. 

1889. For other tests for Convergency, the reader may 
refer to Prof. Carslaw’s Fourier’s Series, pages 98-121. 


Note C. Standard Forms. 

nda 
dz 


1890. In such standard integrals as those of Arts. 44, 71. 


etc., viz. - -T=, etc., which it is usual to give simply 

as sin~^-, sinh-^-, etc., it is to be noted that the left-hand 

CL CL 

members are even functions of a, whilst the right-hand members 
are odd functions of a. To be strictly accurate, such results 

should be written as sin“^ i — ^|. sinh“^i — i, etc., where ja] is the 

1 ® I ^ I 

positive numerical value of Jar, and where the inverse function 
is understood to have its principal value. Similarly 


dz 


'Jz^—aP 


docf 


z-\-Jz^—aP 


a 
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For 


in such cases the integral does not change its sign v/ith a. 
And for exactness there must be a corresponding understand- 
as to all deduced results. In the same waj?- in any other 
of tlie integrals discussed, and in which a constant is to be 
found with an even index in the integrand, and with an odd 
one in the result of integration a corresponding modification 

is to be understood; e.g. in 


the integral £ 


Art. 1044, the result of which is usually written as 

but which is itself manifestly unaltered by a change of sign 
of a or of b, the value should strictly be written as 


And similarly in any like case. 


I^l+|& I 


Note D. Kational Fractional Forms, 

Heumite’s Process. 

1891. In the integration of rational algebraic fractional 
forms, viz. f(z)l(p{z) (Chap. V.), where /and r/) are polynomials, 
rational as regards z, it has been assumed that the factorisation 
of (jj{z) could be effected. This depends upon the possibility 
of .solving cjj{z)=0. 

It is a well-known fact, established by Abel and Wantzel, 
that it is impossible to solve algebraically the general equation 
of degree higher than the fourth. Hermite has given a 
solution of the quintic by aid of Elliptic Integrals (Burnside 
and Panton, Th. Eq., p. 435). In consequence, the integration 
of such algebraic fractional forms as involve an unfactorisable 
denominator of the fifth or higher degree can only be 
completely performed for special forms of the numerator. 
But in any case, as we know that the equation ^{x)=0 does 
possess as many roots as indicated by its degree, although 
there may be no means of discovering them, we are entitled 
to assert’ that the integral of /(»)//> (®) does in every case 
consist of two portions, the one a rational algebraic function, 
and the other the sum of a set of simple logarithms wiJi 
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constant coefficients in which such pairs of terms as involve 
complementary imaginary roots may combine to form real 
terms by aid of the inverse symbols tan-^ or tanh-^. 

1892. It has been shown by Hermite that the algebraic 
portion of such integrals can be always found, whether (f){x) be 
factorisable or not, and in cases where no logarithmic portion is 
present, or if the residual numerator happens to be a constant 
multiple of the whole integration can be effected. Bui 
in the general case no means of discovery of the Logarithmic 
portion is available for the reason stated. 

An examination of the ordinary process for obtaining the 
H.G.F. of two polynomials in x, A and B, will disclose the fact 
that each of the successive “ remainders is of the form \A-\-fLB, 
where X and fx are themselves polynomial expressions, and that 
when A and B are prime to each other the final remainder 
which is then merely numerical is also of the same form. 
It follows therefore that it is always possible in such case 
to find two polynomials X and [x such that 'XA-\-iJ-B is 
independent of x, and therefore also to find two polynomials 
X' and fx such that \'A+(iB^C, where C is any given third 
polynomial in x. Moreover, supposing the degrees of A and B 
in X t-o be respectively the 7 )^'' and g*'*', and that of G to be 
not more than 1 , we may note that it may be assumed 

that the degrees of X^ and fx' do not exceed the [q — 1 )*''“ and 
respectively. For if we take their degrees to be 
greater than q—l and p — l, we could by division write 
X'=.-X"i?+X"', fx'=fx'A+/x"', where X", X'", /x", fx" are other 
polynomials such that the degrees of X'", fx" do not respectively 
exceed q — l and p—l, and tlius {X''-\-fx")AB-{-y"A-\-/x"'B=G, 
and by equating coefficients of terms of liigher degree than 
the highest in G, i.e. of the (p+g)'"’’, (p+g + l)*'’', etc., degrees, 
it will appear that X"+/tx" must vanish identically. 

1893. In the discussion of the integration of f{x)l<p{x), 
where (f>{x) is un factorisable, we may assume 

( 1 ) That (l}{x) contains no repeated factor; otherwise the 
H.G.F. process upon ^(cc) and <p'{x) would disclose that factor. 

(2) That/(a;) is of lower degree than q>{x), by Art. 140, and 
that in tliis case the result is purely logarithmic. 
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(3) But if <^{x) be itself the square of an irreducible poly- 
nomial u, and f{x) of lower degree than u, we ma^^ find 
polynomials X and /x such that 



and supposing u of degree ^ is of degree 1, so that 

X and a respective degrees 1 and 'p—2, so that 

is of lower degree than u, and therefore the unintegrated 
^ dx dX . 

portion is entirely logarithmic, but vanishing ^ vanishes. 

(4) If ^{x) be the r‘’‘ power of an irreducible polynomial u, 

dxif 

we may find X and a such that /(^c)=X^^-a'^^’^~^ 


f&l 


dx= 



1 X 
r— 1 


dx 


l.\^dx\['^<. 

>'—\J ]u 


dx, 


in which the index of the w in the integrand has been lowered 
by unity ; and by repetitions of this process we may obtain a 
result in which the only unintegrated part is of the form 


[^dx. 

(5) If (ji{x) be the product of positive integral powers of 
such irreducible factors, say <})[x)=u^U 2 ^u^ ..., the separate 
prime factors Wg ... may be discovered by the usual process 
employed in finding the H.c.F. for 0(a;) and its difierential 
coefficients, and thus, supposing a < ^ < y ••• » if we determine 
X and a so that XTU^^u{(...+fiu{^=f{x), we can write/(K)/0{a;) 


in the form -! — ^ , and repetitions of the process will 

separate out the fraction into the form 

to each of which portions we can apply the foregoing rules. 

f f(x) 

Hence in all cases the algebraic portion of 
discovered. 
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^ , f2 + x + 
Ex. To integrate i = j ^ 


2 + a: + 5a:‘ + 2a:® + bx* 


dx. 


. +a: + a;®)* 

r _ /• (l + « + a:°)( -3 + 5a:*) + 4a; + 5 finding A, /x such that 

Here i - J 

A(1 +5a;«) + /x(l +a: + a:®) = 5 + 4a;, we may take A of degree 4, /x of degree 3, 

and (a + a^x + a^x"^ + + aiX‘^) (1 + 5a:*) 

+ (6o + (1 + 2 : + = ^ + 4a;, 

giving ai= - 1 , 60 = 5 and the rest zero, whence 

- a: (1 + 5x*) + 5 (1 + a; + X®) = 5 + 4a:, 

f(l + x + x® )(-3 + 5x*)-x(l + 5x*) + 5(l + ^ + 

( 1 +x + x®);* 

5x* + 2 


and I 


1 + 5x* 

x-r, rr.dx 


'(1 +X + X®)® 


j 1 + X + X® J 

_ /• 5a:* + 2 , x f ^ ^ +log(H-x + .r®). 

jl+x + x® ' 1+x + x® Jl+.x + x® 1+x + x 

The same process will be helpful even in simple cases. 

E.g. (i) I=j Writing we have 

Oo==o, ^o~i; 

^ f( -l:.r)2.f+(.r- + l)^ X 4 I 4 f £ — ;+^tan“hr. 

(.v^+ir ‘^*"2.W+2jar + l 2(.r^’ + l)"^2 

0-0 1=1 


( 

(ao + «ix)(l +.r + a-^) + (^o + V+M‘0(^ +3.r'=)= - 1 +2.r2, 

we have «i = 6o=^2~*^> — 1 

, /■ -(.r-'4-.r+l)H 

•• (.r® + .r+l)' 


- (.r’' 4-.r+ l)4-.r ( 3.r-4-l) _ _ 


X 

.r^+x+ 1 


Note E. Legendre’s Substitution applied to 
Functions of Form \jX\/Y. 


1894. 


With 


reo-ard to integrals of the form 

to o 



XJY 


wdiere X=^a,x"-\-2\x-{-c,, y=a.,x^+ 2 &„a:+C 2 discussed in Art. 
2i)l onwards, in which we have adopted the substitution 

y — ^, it' should be mentioned that Greenhill in his “ Chaptei 

on the Integral Calculus” generally prefers to put y-=j- 

This of course alters the charaeter of the substitution-graphs, 
making them symmetrical about the a’-axis. (See Ex. 56, p. 0 - 0 , 
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7o]. I.) Ab alternative substitution is mentioned bj^ Mr. 
Hardy as being followed by Stolz {Grundzuge der Biff, und Int.- 
rcchnung) and by Dr. I’A. Bromwich, viz. to use the same 
gulDstitution as that of Legendre in the reduction of an 


Elliptic Integral to Standard foi'm, viz. whereby 

1 takes the form ^ 


{KX2+c,)f+2KXn+6,X+/x+c,)H-(a,M^+cJ}/(^+l)2 


and Y takes a similar form with suffixes 2. Then, if X, /x be 
so chosen that 


• Art. 1463) 

1 is reduced to the form 




idi 






' J (af +6)v/a'£H5'’ 

where A, B, a, b, a', b' are certain constants. And now we 
may proceed either as in Art. 310, or use tlie substitutions 
'UsJaff--i-b'=l in the first; vffa'ff-+b ' in the second, which 


reduce each integral to the form f ■ 


dv 


This method 


fails if ^ 


a.-, 


J PvHQ' 

p. But we ma 3 ’’ then put a^a: + 6j=^ and proceed 

On 


as in Art. 309. 


Note F. Continuity, Double Limits, Differentiation 
OF AN Integral, etc. 

1895. Continuity of a Fimction of two real Independent 
Variables. 

Let z=f(x, y) be a single-valued function of two independent 
real variables x and y which maj’’ be regarded as fixing a 
definite point. Construct a small rectangle with centre at 
x; y and with corners x±.^, y±ti. Then if 6^, be positive 
proper fractions and finite values of can be found for 
which the value of /(a;±0i^, y±Bzy])—f{x, y) taken positively 
is determinate and less than any arbitrarily chosen positive 
quantity e, however small, for all combinations of the quantities 
0j, 02 ) I'll® function is said to be continuous at the point x, y 
and throughout any region of the x-y plane for each point of 
which the same test is satisfied. 



954 


CHAPTER XL. 


1896. In the case o£ such a function as the above, vi>: 
z=f{x, y), it may happen tliat in evaluating the value of r 
for a point for which x=Xo and y=yo, the mode of approacli 
of X, y to the limiting position Xq, y^ is not immaterial. Tha' 
is f{x, y) may not he the same thing as 


Lty-^ygLtx-^Xof{^> y)- 

Take for instance the case of Sir R. Ball’s Cylindroid, vi?.. 


the surface At any point for which x=Xo, y=ij.. 

other than those which lie on the z-axis, the value of z 1= 
and is not dependent upon the direction in wliich 

^o””h2/o*’ 

X, y approaches its limiting position. But for points on th-- 
z-axis putting y—mx so that the direction of approach is defined 

as being: in a definite direction, z=- , - ^^^\ , and as m change- 

from 0 to 1, z changes from 0 to a, so that if the direction of 


approach to the point for -which a;=:0, y=0 be unassigned, the 
value of z cannot be assigned, and there is discontinuity in 
that its value is not independent of the relative mode ci 
approacli of x and y to their ultimately zero values. As ? 
matter of fact, the z-axis is a nodal line upon the cylindroid. 


1897. In partial diffei’entiation of a function of two indt- 
pcndent variables, z~f{x, y), which is itself single-valued, finite 
and continuous for all values of x and y which lie within 

specified limits, the value of the fraction ’ '^'^ ~ 8 y — ~ ^ 

will in general approach a definite limit when 8y becomes 
indefinitely small for each value of x within the specified 

range. The limit is then denoted by V)- 

possible that within this range of values of x there ma}’ he 
one or more values of x for which no such limit exists. In 
such case the operation of difierentiation fails and is an 
illegitimate process. Take the case /(a;, y)= a; sin xy. Hei-e 
/(a^> y) _ xs,mx{y+5y)-xsmx y 

Sy Sy 

and for all finite values of x and y this tends uniformly t'"' 
the limit x^cosxy when Sy is indefinitely diminished. 
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But if a; be increased indefinitely, the limit when = 0 of 

af sin x{y+ Sy) — a; sin a;?/ „ 

^ x^coBxy 

does not vanish, but may assume any value we please, however 
^eat. Therefore, for instance, the second differentiation 
suggested in Ex. 37, p. 381, Vol. I, would be an illegitimate 
operation. 

nco 

Butin the caseM=J^ x^e~’'^dx, where r is a positive integer 


o—x&a 


•■r„—ax 


x^e 


-1 


Sa 


- dx, and whether 


o—xSa 


-1 


Sa 


tends uni- 


and a is real and positive, ^ = 1 

Sa Jq 

X be zero, finite or infinitely large, x'^e~° 

formly to the limiting form -K^+ig-ax vanishing whether 
x=0 or a:=oo . Hence the differentiations employed in Ex. 3 
p. 369, Vol. I, are legitimate although the range of x is 
infinite. Similar remarks apply to Arts. 1039, 1041, 1046, 
etc., as therein noted. 

1898. If discontinuity in such a function as z=^f{x, y) 


Zh 




is not 


exists for any values of x, y, the equation 

^ 'dx^y 'dy'dx 

necessarily true for such points. This equation holds for any 
point X, y if a small rectangle whose centre is x, y can be 
constructed in the plane of x-xj within which each of the 
differentiations is a pos.sibIe operation, i.e. provided there be 
no discontinuity in the function or in either of its differential 
coefficients. 

The rule ^ ^{x, c)dx (Art. 354) (1) 

is virtually a consequence of 


'dc'dx 

r 

For <^dx is only another way of writing 

(j){x, c)=- ^^’ whence And the assertion of 

ox dc dcdx 

rule (1) is that 

^y}r(x, c)= c)dx, which is the same as ^ 

joc ox oc oc 
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Hence the assertion (1) is equivalent to the assertion (2); 
and therefore, where the one rule fails, the other breaks dow;i 
also. 

1899. In all multiple integral evaluations and theorem:-, 
such for instance as that of Art. 361, viz. 

0 (li{x,y)dxdy=\ \ ^(x,y)dydx, 

^ a JaJco' 

it is assumed that the subject of integration remains finite- 
and continuous for all points within and at the boundaries 
of the region over which the integration is conducted; and 
moreover that the differentials which we integrate do. not 
become infinite or discontinuous at any point within th.‘ 
range of the integration at each step of the process. If this 
be not the case, anomalies and contradictions may arise such 
as that noted in Ex. 38, p. 381, Vol. I. 

Note G, Uniform Convergence. 

1900. After the investigations of Stokes {Trans. Camh. Plvl. 
Soc., viii. 1847) and Seidel {AbJi. d. Bayerischen AJead., 1848), 
some time elapsed before writers on the General Theory uf 
Functions realised fully the importance of careful distinction 
between the uniform and non-uniform convergence of infinit- 
.series. The question of uniformity of convergence is a funchi- 
inental point in this General Theory, and it always arises when 
we have under consideration the limiting value of a function 
depending upon more than one independent variable. For c 
very useful discussion of the Convergence of Infinite Series' 
and Products, we may refer to Chrystal’s Algebra, vol. ii., 
pages 113-185. Reference may also be made to Dr. Hobson’s 
Trigonometry, ch. xiv., or Harkness and Morley, Tli. of F.. 
ch. iii. 

1901. Consider any series ... ,in which 

each term is a single-valued finite and continuous function oi 

O 

a variable 2 , which may be complex, and lying within a given 
1 ‘egion r in the Argaud diagram, and of the integral number 
which signifies its position in the series; then, if for every 
positive value of e, however small we can assign a positive 
integer p independent of 2 , such that for all values of •; 
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n-reater tlian j/, the modultis of the residue of the series heyond 
file term Un is' less than e, the series is said to be uniformly 
convergent for all points within that region (Chrystal, Alg., ii., 
p 144 ). If converges uniformly within the aforesaid 

region to a definite value 0(s), then cj){z) is itself a continuous 
fnnction of 2 ; for all points witliin the region. That is at 
each point within the region F, writing Ur=f{z, r), 

1 1 1 
(See references above.) 

1902. With the definition of an integral as in Art. 1266, 

n 

viz. Supposing that eacli of the 

1 

(o’s is a single-valued finite and continuous function of 2 and 
a complex constant a, which both lie in a definite region F 
of the Argand diagram, say ft)r=/r(a. z), and that when 
a and 2 are made to approach indefinite!}’’ near definitely 
assigned points Og and 2 o lying within the region F, the 
function /r(a, 2 ) tends uniformly to the value /^{ao, 2 ^) and is 
continuous, then we shall have 

n n 

i 1 

i.e. Lf.^^a,^f{a, z)dz=jLt^^a,f{a, z)dz=.^f{a^, z)dz. 

This result, for the case when 0 and a are real, has been 
assumed in Art. 354. 

Note H. Unicursal Curves. 

1903. In any case of a rational integral function of x and y, 
say (p{x, y), in which the real variables x, y are connected by 
a rational integral algebraic equation F{x, y) = 0 whose graph 
is a curve of deficiency zero, and therefore unicursal, both 
X and y are expressible as rational algebraic functions of a 

third variable t, as also and therefore in all such cases 

the integration y^d/x can be effected with the limitation 

mentioned in Note D, and the result is partly rational and 
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partly a logarithmic transcendent of form SA log (x—r/). 
where A and a are certain constants. 


1904. The principal elementary cases of unicursal curves are 
(a) the conic, (6) the nodal cubic, (e) the three-node quartic. 

(а) The equation of a conic may be written as 

where v^, are linear functions of x and y. Putting 
and solving, we may express both x and y as 
rational algebraic functions of X. 

(б) The equation of a nodal cubic may be written 

where are linear homogeneous functions of x and y, and 

w >3 is homogeneous and of degree 3. Putting y=\x, we can 
express both x and y as rational algebraic functions of X. 

(c) The general equation of a three-node quartic may be 
written in homogeneous coordinates (say areals) as 

ax~'^ hy~^ -{- cz~^ -f- ^fy~H~^ -}- -{- ’ilix~^y~^ — 0, 

and therefore, taking another point x , y, z' connected witli 
X, y, z by the relations xfx'~-^=yly'-^=zlz'-^f we have 
ax'^ -f- hy'^ -}- cz'^ -{- 2fy'z' -f • 2gz'x' -)- 21ix'y' = 0, 
i.e. the three-node quartic may be regarded as the “ inverse ” 
of a conic, using the term “ inversion ” in the sense in which it 
is employed by Dr. Salmon, H. PI. Curves, p. 244. 

Now x', y', z' being the coordinates of a point on a conic, 
which is a unicursal curve, may be expressed in terms of a 
fourtli new variable t as rational functions of t, and therefore 
X, y, z, the coordinates of a point on the inverse three-node 
quartic, can also be expressed in the same manner. For writing 

X _ y __ z 1 
/i(0 /zO 

where F=fi+f 2 +f 3 and (/>=j + vfo have 

Jl J 2 J 3 


X 


y 


i//i i/A’ m 0’ 


f \ 

So tliat if £r'=‘- 7 ^, etc., then x—-r-F, etc. Hence the "inverse” 

P 0/i 

of any unicursal curve is itself unicursal. 

In all sucli cases the integral J'0(®, will only require 
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for its expression, rational integral algebraic functions and 
simple logarithmic transcendents. 

The general cubic may be written uvw—z, where w, v, w, z 
are linear functions of x and y. Any point upon it may be 

defined by the equations vw=\z, If there be no node, 

the deficiency is unity. The curve is not then unicursal. But 
if these equations be solved for x and y, we have \x and \y 
expressed in the form where P and Q are rational 

polynomials in X of degrees not higher than 2 and 4 respectively. 

Hence in this case, for the integration of j'0(x, y)dx elliptic 

integrals will in general be required. Similarly, if the deficiency 
of the connecting relation be of higher degree, transcendents 
of a higher complexity than the elliptic integrals would in 
general be required. 

Note I. General Review. 

1905. The functions of a single variable x, with which we 
have been more particularly concerned, may be classed as 
(I) Algebraic, (II) Transcendental. 

(I) An Algebraic function is one which may be theoretically 
expressed as a root of the equation 

/o(a^)^” +/i (®) 2/"~^ + • . • + /r. (a^) = 0, 

where w is a positive integer and /p, /j, .../„ are polynomials, 
rational as regards x, but in which the coeflficients may be 
either commensurable or incommensurable, real or imaginary, 
but independent of x. 

This will include as particular cases, 

(a) The general rational integral polynomial. 

(b) The rational algebraic function, which is the ratio of 
two rational polynomials. 

(c) The general irrational species, in which commensurable 
fractional indices may occur as powers of rational polynomials. 

(II) Of Transcendental functions we have such as involve 
an exponentiation of the variable or the taking of a logarithm. 
And as the variable may be a complex quantity, this will 
include, besides the elementary cases of or logcc, the trigono- 
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metrical or hyperbolic functions and their inverses. For f 
single exponentiation or the taking of a logarithm, the function 
is said to he a transcendent of the first order, but if these 
operations he repeated the function is said to he a trans- 
cendent of the second or higher order. Thus e®*, log log log a; 
are said to he respectively of the second and third orders 
of transcendents. 

We may also have any arithmetical combination of the sum. 
difference, product or quotient of two or more of these groups. 

Such functions are said to be simple or elementary 
functions. 


1906. We have, besides such functions as described above, 
transcendents of a higlrer degree of complexity, such as 

Soldner s function ]i(x\ which is J or J Cosine 

, . , pcosK , c<-/ \ paincc , 

and 'Sine integrals, viz. Ci(a;)3j ■“ dx] Si(a3) = J —^dx. 


Fresnel’s Integrals ; Kramp’s Integral ; Spence’s Transcendents, 
defined as jC”( 1 ±a;)= ^±etc., the Elliptic 


Integrals, or others which have been computed and tabulated 
for special purpo.ses. 


1907. The problem of Integration with which we have been 
confronted is this : Supposing that we are given the differential 

equation ^|=/(®), where J{x) is one or other of the known 

classes of functions, or a combination of them, is it possible for 
us to solve this equation so that y can be recognised as itself 
one or other of these classes of functions or a combination of 
them ? When no such solution exists ?/ is a new transcendent. 


1908. The general discussion as to how completelj’’ this 
question can be answered would occupy much more space than 
we have at disposal. The reader may be referred to Bertrand, 
Calc. Int., ch. v., and to Camb. Math. Tracis, No. 2 (2nd ed.), by 
Mr. G. H. Hardy. 

But we may remark that, in the first place, if fix) be a 
rational function of x, it appears from Chap. V. and the 
remarks in Note D that the integral y is in all cases partly 
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partly logarithmic; that when the denominator is 
.'nr-orisable into linear or quadratic factors, the complete 
'nrezral can be found. But when the denominator is of the 
hfrii or higher degree and unfactorisable, though the rational 
ly.rL can be found by Hermite’s process, the transcendental 
logarithmic portion can only be obtained in certain cases. 
But the only barrier to complete integration in all such 
general cases is that of the impossibility of solving the general 
quintic or higher degree equation. 

If f(x) be an irrational algebraic function of the form 

^ rational polynomials and Q is a 

polynomial of not more than the fourth degree, it has been 
seen tliat its integration can always be effected, and when the 
degree of Q is not above the second, only simple functions will 
be required ; but when Q is of the third or fourth degree, the 
integration will usually call for the assistance of the Elliptic 
Integrals. 

It has also been seen that in all cases in which (p{x, y) is a 
rational integral algebraic function of x and y, and y is 
connected with x by an equation whose graph is unicursal, 

the integration ^<f>{x,y)dx can be effected in terms of the 

elementary rational algebraic and logarithmic functions. 

1909. In addition to these facts, a theorem due to Abel 
states that if y be an algebraic function of x, defined as above 
in (I) by the equation /o(a;)y"+/i(x)y"-i-b... +/„(a:) = 0, then 

\^ydx can always be expressed as ... 

where ... are polynomials in x. And further, that 

in the case when ?/" = a rational function of x, the integral 

y ^y—y x 3- rational function of x. The proof of the first of 

these theorems is somewhat difficult and long. Reference for 
them both may be made to the works already cited. Other 

forms for which Jy dx is expressible by means of algebraic 

functions and logarithms will be found given by Bertrand. 
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1910. It may be noted that, since differentiation of a func- 
tion involving irrational algebraic quantities or exponentials 
cannot destroy them, such quantities cannot appear upon the 
integration of a function that does not already contain them. 
Logarithms may appear upon the integration of an algebraic 
function, but always multiplied by mere constants and by no 
functions of x. For the operation of differentiation upon the 
result could not eliminate logarithmic terms otherwise 
involved. 

If, therefore, the integral of an algebraic function be expres- 
sible by means of the simple functions at all, it cannot contain 
exponentials, and whatever logarithmic terms occur are sucli 
as to appear in the first degree as transcendents of the first 
order multiplied by constants. 

Many cases have been discussed of the integration ^f{x)dx., 

in which f{x) has involved exponential, logarithmic, trigono- 
metric or hyperbolic functions, but there is no general rule 
which would indicate the nature of the result to be expected 
as there is in the case of rational algebraic functions, and the 
theor}'’ is far less complete. Keference may be made to 
Liouville’s “ Memoirs” {Jour.f. Math., 1835). 


PROBLEMS. 

1. Integrate 

, , 4.x5-l ,,, l-7.x8-8a:9 ,, x + + 12x^ + 

{x^ + x+iy (l-<-a:-Fa:6)2 


2. Obtain the rational part of J— 


+ 2x + -f 1 3.r® -F 

(1 -^-x + x^V 


dx. 


3. Show that 

r^x^(2x^-l)(x^-3x^ + 2x + l), 1 , 76 29 

J, (.#-x+I)HaH-2x+l) 


4. Show that if 


f ax 

JW 


and find the integral. 


ax^ -f 2bx + G , , . . , , , , 

T , — FTw rr^dz be rational, ac +ac = 2bo, 

^ + 2b X c )2 ’ 

[Hardy, No. 2, Gamb. Math. Tracts, p. IS. 
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6 . Show that 
convergent. 


.5. Discuss! the convergency of the integrals (a) Tlog sin a; 

(1) [ x^-^e-^dx, (c) f ^T^dx, (d) f ~dx. 

Jo Jo 1 Jo 1 

1 sin 

6. Show that I -^dx, although convergent, is not absolutely 

convergent. [Carslaw, Fourier’s Series, p. 103.] 

7. If the function <f}{x) be positive in sign, but diminishing in 

00 

value as x varies from a to co , then the series ^ + 3 ;) jg 

pm 0 ' 

convergent or divergent according as. (j^{x)dx is finite or infinite, 

TOO Jo pco 

and the series lies between 1 (}i{x)dxand 1 4>{x)dx. 

J« Jfl— 1 

[Cauchy, Boole, F. Diff., p. 126.] 

8. If fl > 0, discuss the convergency of the series 

to 2 CO 2 

S (a + , ^(a + n){log((H-?i)}™ ’ 


(”'i ) 2 (a 4 . log (« 4 . 7i,) I log ]og (tt + n) } ’ 


[Boole, Z.c.] 


9. In the curve x^ + y^ ■\-¥ = 2>axy, show that we may express 
X and 7 / in the form 2s - c + aA = ±R, •2y- c + a\= + B, where 
SK~ = 4A3 - 9a- A2 4 - 6acA‘ - c~ and c = a^ - Ifi, 
by putting s + 7/ + a = cA“b 

Hence show that + y-t- + S.s^) r/.r can in all cases be 

reduced to an elliptic integral. [.See Hardy, U. sup., p, 50.] 


10. Prove that 


jo + 

11 . If f{x) be an even function of x, prove that 
jo jo 

TT TT 

(ii) f /(sin 2^) sec ^ ^Z^ = 2 [ f {cos^O) sec 9 dO. 
Jo Jo 


[Liouville.] 


[Glaisheb. ] 
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CHAPTER XL. 


1 2 . If (f>{x) = <fi{ 2 a- x), show that 

(i) 6 ?a:=|| <iy{x){Fix) + F{a-x)) dx-, 

(ii) j" /(sin 20 ) = /(sin 20 )c^ 0 ; 

jr JT 

(iU) £/(sm 29 )seo»«<i 9 > 2 £/(.os«)see^( 9 ^«. 

13 . If J„ = | a:"/(sina;) dx, show that if n he an odd integer, 

(i) 24 - Jl 7 r 4 _i + - • • • “ ’^"4 = ^ ; 

/..V / -.x r (n + l)^ j. . («. + l)»(n-.l) nr A 

( 11 ) (n + 1 ) 4 - ^ 17273 — ■ -•••-’^'^0 = 0 - 

[Glaisher. ] 

14 . Prove that if (fi{x) — 4 i(l -x), then will 

(i) <t> (x) log r (x) dx = ^ log ’T £ 4 > (a:) da; - ^ (/> (a:) log sin rx dx ; 

fi 11 

(ii) I sin 7 ra:logr(a;)da: = -log 7 r--(log 2 - 1 ); 

Jo TT TT 

(iii) £sm%*logrWia: = |(21og2--I). ^ 


[Glaisher.] 


1 •— t/ 

15 . By the transformation * = :; , show that 

1+^ 

3(1 +»^) 

J„ l-2x-x^ l+i” 8' 


[Glaisher.] 


16 . Show that the curve 6 = <f) on unit sphere consists of two 
loops each of area tt - 2 ; 0 and (f> being colatitude and azimuthal 
angle. 

17 . Show that the solid angle of the cone 

02 ^a;2 ^ _ 3^ ^a;2 z^) 

is TT . 


18 . Examine the nature of the curve on unit sphere defined by 
the equation 2 sin| 0 cos J^ = l, and show that the solid angle of 
this cone is 2 / 3 . 
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19. ProA^e that 


II 


p-^GOs 6 cos 6 ' dS dS' = 



p cos \p ds ds', 


v.-here dS, dS' are any elements of tAvo unclosed surfaces over Avhich 
the first integral is taken, and p the distance betAveen them Avhich 
makes angles 6 and 6' Avith the normals at its extremities ; also ds 
(h are any tAA^o elements of their bounding arcs over Avhich the 
second integral is taken, the directions of these elements of arcs 
being inclined at an angle i/'. Give an optical interpretation of the 

[Math. Trip., 1886.] 

[See Arts. 846, 1783, and Herman, Optics, Art. 157.] 


20. If X, y, z he each real, finite and determinate functions of 
cos a, sin a COS and sin a sin ji, the locus of the point x, y, z Avill be 
a closed surface containing a volume 


1 r 

3J0 Jo 


Vpy ^/3 


dad ft, Avhere etc. 

00. 


[Math. Trip., 1870.] 


21. The volume enclosed by a closed oval (synclastic) surface is 

, its area is S, and I denotes the integral ^ ^ dtx extended 

over the surface, p^, p^ being the principal radii of curvature at the 
point Avhere dcr is the element of area. A sphere of any diameter 
rolls on the outside of the surface j and for the envelope of the 
sphere the corresponding integrals are constructed. ShoAv that 


87r ^^ 192712^ 


is the same for the enAmlope as for the original surface. 


22. ShoAV that the length of an arc of a curve on the sphere 
4. y2 ^ ^2 _ ,.2 be expressed in terms of the coordinates u, v 
of a point on a plane curve by the transformation 


X 

by the formula 


z 1 

ir'^V («2 4- t;2 _ 47-2^}- ^2 ^ .y2 ^ 4,-2 > 


S = 


I 


s/d%fi + dii^ 

1 +(tt^ + ?;^)/4r2' 


[G. B. Mathews, Nature, Feb. 1921. Art. on 
“ Einstein’s Theory of Relativity”.] 



ANSWERS TO EXAMPI.ES AND PROBLEMS. 


VOLUME II 


2 . 

0.7 


V' 


2uv du dv 


8. /=A 


10 . 7 = 


CHAPTER XXIII. 

Page 44. 

coa(wi + n)a ^ „ sin(m+M)a sin(»i-?i)g sin(m + 7i)a 
n{m + n) 7 i(m+?i)" n^{'m — n) n^{m+n) 

ny 


VF 


a^Jo Jo 


/'v'af(a-f) 

a 

fT f' 

1 

^=/o / 
a 


a /o^ 

77-\J j-ay 

= irf^^V'-^JL + ^ r clyjd^ 

I Jo Jo + 21-1 Jo s/if-J-A^'^ 


Vdydx. 


2 Jo Jo 2 J-i Jo 


xi: 


hk cV'v 


cVA-i 


1 . 


13 . 7 


h+h ~ ^ 

J{x,y)dydx 


+ / ij{x,y)dydx. 

J(i Jy 
7 ! — 

** a 

(lb ab {, 

14 . ^=j^^^^j^^'^^f(x,y)dxdy+j f{x,y)dxdy. 


,2co8-i7« 


Va'd-hbi 
8a <1 Sr 

-- .C08-1-1 


r'or v~ r T r®®® o 

15 . 7 = / y(r,e)drde+ r ^''f{r,e)drde. 

Jd Jo Jia Jo 

"s 

!i! 

P and Q, the intersections of cd^-\-y'^=u, xy=v in the first quadrant. 
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i V'Srrpr ,a a fa 

18 I=^dy dxU+ dt, d:vU=^rd0 drU. 

Jo J / . T-, -'® •/a/v^cos’e+46in>e 

v«*— 4v* o 


M- -r ■'C/^ Cf ’')• 

1 . J= -C^J J(sin^^ + swh''‘T))d^clr}. 


20. One. 

22. Art. 832. 


26 


28. /=^cota+sinh“^cota. 
J * 


29. S=abcj Jsin +sin^6(^^^+^^^^'jd9d4>. 


CBA.PTER XXIV. 
Page 144. 


- imm- 

33. Art. 902 , n^tt sech tto. 


99 4 + F r(2c + l) 

22- ^-"(logc)'+i’ (2logc)2»+’ 


CHAPTER XXV. 
Page 176. 


r(p+g + 3) 


2 . 


3. 


•i‘ 


1 — 


jD + 1 ? + l p + g + 3 A,^’+''+--A2'’'-''+^ 


a“6 “a“l 5 


(ii) 


:v 


I S,r+!?+’-+^-S,r+3+’'+‘. 

= ®‘^'=-=2, + g+r+4 5,r+»+’-+= - 6>+«+’-+= ’ 


(? + !)«' 

(iii) ^ 3^6M:C^ -1^^!, etc. 

^ ^ 6 a2 + 62 + c2 Si^-82® 

5. TT/jtaW/lSQO. 6. Ma ^ l ^% M { b ^ + c ^) l ‘ i - 

7. i/= { 7 ^ (a + 6 + c) + 4(/+5r+ A)}/30. 

8. if=7r/xa6c(a2 + &^+c^)/30, 5=5a(2a'^ + 6‘^ + c2)/16(a2 + 62 + c2). 

A = i/[262c2 + c2a2 + a2J2 + 3^^ + 3c^]/7 { a ^ + b ^+ c^). 

n. !=r(^^)r(m±f±5..)/r(^)r(E±^^0^ 

13- “• 
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CHAPTER XXVI. 


4. 7r/2. 


Page 212. 


5. A system of discontinuous lines and 
centre of the system, 
(-oc<^<-l), ^=-1, 

^ 4’ 16’ ^“8’ 


points, the origin being the 


6. The part of the plane 2=1 between y= ±x 

which contains (1, 0, 1). 

The part of the plane 2 = - 1 between y= ±x 

which contains ( — 1, 0, — 1). 

The parts of the plane 2=0 between y= ± x 

which contain the y-axis. 

The portions of the lines A-/l=y/l = { 2 -^)/ 0 , 

— l)=('^-i)/0, for which x is positive. 

The portions of the lines a?/l=y/l = ( 2 +^)/ 0 , 

•^/l =y/( - 1)= (2+i)/0, for which x is negative. 

9. A staircase of “ treads and risers,” the former consisting of lines, the 
latter marked by points. 


Page 237. 

V — b‘-4ac 

-e . 
a 


20. (a)0,(6)i,(c)oo,(d) 



n 


277 Wi 

23. -pe 2 cos-p. 
n/3 2 


42. \/7r/2e. 


CHAPTER XXVII. 

Page 289. 

27. (i) log ; (ii) (71 + 4) log (n + 4) - 2(71 + 2) log (n + 2) + ?i log n ; 

('*0 i{(^^+0)^log(7l + 6)-3(7l + 4)21og(7l + 4) + 3(7l + 2)21og(7l + 2)-7721og7l}. 


2 , 

(k-hn^k-hn-l) 

23. (3-(3' = y-y'-, 


CHAPTER XXVIII. 
Page 353. 


14. 7ra"/27i. 

a'y' + ay' + a' + f3y'=ay + a'y + a/3' + (3'y ; 
a'/(a + /3) = ay(a' + /3'). 


30. 7r/4. 


33. 


TT ^ I 
®Vl +a VVl — a 



57. 



a+b 
a — b' 
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CHAPTER XXIX. 

Page 415. 

L (i) 


(iii) 3/ log a. 


(ii) \/{logJx^+^'^)“ + {ta.n-^^l.vf, tan-i^^p==; 

log v.r'^+y* 

(i,.) ,alogv?+il._itan->y/:r^ 6 log + a tan-i^/x 

(v) N^cosh^y — cos'‘*,'r, ; 

(vi) \/cosh^3/-sin-.r, - tan“^ (tan .r tanh y) ; 

2s/sinlr 3/_+cosf£ tan-i (tan.rfAnb^). 

^ ^ cos2.r + cosh 23/ ' ^ 

u§+fh-‘ r^.} ■ 


4. (i) -1±1 , 2±in^; 

(iii) - 1 ± t, - 2± l^/2 ; 


(ii) 1 ±t, -2±in' 2 ; 
(iv) 1 ±t, 2±i\/2. 


5. (i) One in each quadrant ; (ii) n in each quadrant ; 

(iii) One in each quadrant and one on negative part of .r-axis ; 

(iv) and (v) n in each quad, and one on part of .r-axis ; 
(vi) n in each quad, and one on each part of 7/-axis. 


6. (i) ±t, ±2t, — lit ; (ii) ±i, ±2i, 6. 

7. (i) Cassinian, (ii) Two st. lines, (iii) Rect. Hyp. 

8. (Z2-a-cos''c)if/rt-siii cco.s-'c. 9. p = a^l4r'^. 11. A diameter. 

1 m Y" 1 in ..r 

15. (ii) X, = ae" « cos^, Ys = ac sin—"; 

ct ct 


(v) (a) Concurrent lines, Meridians ; [b) Cone, circles, Parallels of lat. 
(c) Equi. spirals. Rhumb lines. 

16. — h^)ln^. 


CHAPTER XXX. 
Page 479. 


n 3 . 

1. (i) 3(^1" l)^ + 3‘) (ii) 3‘ “ ~ 1)^ • 2. 2771 sin a, 27 rt cos a, - TTt sin a 

3. 27rta, 47n«, 27rt, 0. 12. zj'Ja^ — z-. 

17. ^sin a + sin ^ cosh ^^^-VSeos^sinh , if a < 1 ; Oi a>l 

18. 0 if « > 1, 2776 log (1 — a) — 277- if a < 1. 


19. 77, 277, 277. 
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CHAPTER XXXI. 


6 . 

22 . 

31. 


Page 620, 


a= a=-j^7r. 

(i) I sin"* (>{; sn m) ; (ii) ^sinh"* ^ ; (iii) inu-axat 
(i) amw; (ii) — ^ tan~* ctn « j ; (iii) — secli-*(^sn m). 


62. {(a;2+/)(l-^V)-c2(l+a,V)T=4^y(l-^*)(l -f)- 

63. Put y={\Jrk)xl{\+kx-). Multiplier 1/(1 + ^r), Mod 2s^A/(l +^). 


CHAPTER XXXIL 
Page 561. 

11 . ?>"+*(“)/(«+ 1 ); logfJ(M); 

12 . l^Xu) + ^Iu-, Tkr(«)-^ 7 ^(«)+^*ijJw; AP, + BP,-G^{u)^-Du 

(Art. 1432); + . where f)(r) = 0 ; 

19, y=C]_<fy(u,v)+C2<}>{u, -v). 

32. (i) ^P'w + -[(p)^ + ^|w+2p(v)^(tt) + C'; 

(“> (W‘[ ■ <:■ 

39. .r-{(3(a)-l3(<»,)}/{p(|’)-p(<»i)}- 


CHAPTER XXXIII. 
Page 598. 


1 . 

8 . 

12 . 

14. 

15. 

16. 


/= 1 + 3 A 2 , J = A 3 -A, H=- 144 [A(x*+y<)-(l- 3 A 2 ).r 2 y 2 ], 

A = ( 9 A 2 - 1 ) 2 . 

2 = p(it, 39, 25), .r = 2/(2 - 1 ). 10. 2 = - 3 + Q/x\ 

sin"*u, cos"*?t, 1, tan w, for l'=0 ; tanh"*?;, sech~*«, sech-w, sinhiz, 
for k=l. 


7==tan ^ tanh"*'^^ — {z-e^y^. 

Vfii-ez >2-«, s'e^-e^ > 2-63 ^ 

0. 36), y = l+i;2; or sn-* niod^ 


-25«=p-i(2,0,*), r=l/42. 
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22. (i) 2[^(a)-C(«)], where z=^(«,0,4) and ^(a) = a; 

(ii) where z=^{u,0,A), a=p-i(2, 0, 4) ; 

(iii) 2m - ^ log - ? [((„ _ a) + + a) - 4 m], a = ^9-(2, 0, 4) ; 

3-73, rr ( a . — u '\ 3 




-m) 


(/3+m) ’ 

where M;=f+p(M,^, - Y^), ^(a)=2, ^(^) = 1 
,v) „+I„g,«MS^), ,h«re and P(.).2. 

24. 

where M=p{e3 + (ej 7, J} 
27. Mv/3=X-amM, W3 = snM\^/dnM\/3 ; rQod>/2/3; 

/ 9 \ 6 

ory=p(wi-M) where y=^+\i0jg7:j::Y x-(l2z-7)/{l2z+U). 


■1 f .ij^2 ®4 — Mj 

Jai-Ui a^-a^ 

\ ^ a^—a^ ' x — a^ ’ 

V aj - ai ' 02 - 04 


(Art. 1339). 


CHAPTER XXXIV. Section I. 

Page 650. 

1, The points are opp. extremities of a diam. of a circle, centre at origin 

diam.=a. 

2. y=sinh7i:r/sinh7ia. 4, r’"sin7M0 = a’", where (M+l)m=n. 



i 

ii 

iii 

iv 

D 

vi 

Force/M^= 

ylo^ 

o/2_y^ 


m 

yla^ 

0/2/ 


rep. 

att. 

rep. 

att. 

att. 

rep. 

Line 



y=0 

y = co 

y = a 

3/ = o 


vii 

viii 

ix 

X 

.Porce/M2 = 


l/3aV^ 

2a*y^ 



{6^ + (o^ — b'^)y‘^}^ 


rep. 

att. 

att. 

rep. 

Line 

y = a 

y=a 

y—co 

y = 0 
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ANSWEES TO EXAMPLES AND PROBLEMS. 



i 

ii j iii 

iv 

V 

vi 

vii 

viii 

Force oc 

const. 

r 

,.2 

,.3 

,.s 

,,-3 

j.2n+i 

r 


rep. 

rep. 

rep. 

rep. 

rep. 

att. 

rep. 71 > — 1 
att. 71 < — 1 

rep. 

Circle 

i r = 0 

1 

r=0 

7-=0 

7-=0 

7-=0 

r = CO 

0 8 

II II 

r=a 


ix 

X 

xi 

xii 

Force qc 

p^ = Ar^ + B 

r 

p2 J.2 ^2 

rjir^ + a^)^ 

— 5 - = a- + 0 ^ - r- 

v‘- 

^_2a_i 
pti J- 

l/(2« -i-y 


rep. A + 
att. A - " 

rep. 

rep. 

rep. 

Circle 

7-=A 

J— 

^ A 

7-=0 

r— CO 

7’ = 0 


9. The parabola 11 (y- l) + 3.r(.c+4)=0 satisfies the conditions. 

10. Two straight lines equall}' inclined in opp. directions to the.r-axis. 

11. Rect. Hyp. 

12 and 13. Circular arc. Discont. solutions as in Art. 1505 (1). 

TT V 

14. A central conic. 16. ?/=a sin -j , where a is known. 

19. Ellipse. Centre on initial line. Action a min. Free path under 
att. radial force to focus. 

22. A circle. 25. A. catenary. 

28. A circle. Ma.x. area for given length [jo = A -i-Bcos(\lr+a)]. 

31. Parabolic arc wrapped on a cone. Focus at vertex. Axis along a 
generator. 

CHAPTER XXXIV. Section II. 

Page 692. 

1. y = a cosh 5). Minimum. 

3. Taking c +" and 

.r„ > - a, (.(•] > .ro> - a, min.), {.Vq > .r, >a, max.), (.Vo > - a > .r j , neither) ; 
. 1-0 < - n, (.r, < .7-0, max.), (.Vo <.rj < - a, rain.), (.To < - a <.ri, neither). 


CHAPTER XXXV. Section I. 

Page 717. 

1. If a cosine curve _y = cos.?.’ be drawn from .v = 0 to .v=Tr and a point 
placed at the origin, the total graph consists of this portion with 
repetitions from tt to 27r, Stt to .37r, etc. 

® ‘JiTT V 

10. f^(r)=Vj sin — where 
1 

An= — Ifil 1 - cos 7(7r — W C,f C0S7l7r — -cos HTT — )+ M COS?l7r — - cos 7177 
?i7rL 'V «3/ "V «3 03 / \ «3 
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CD OO 

11. <f>(.r) = ^o + ^^„cos2?i7r.r/a3 + 25„8iD 27^7^.r/a3, where 

/lo = {Cjag + CjCag - aj) + C3(a3 - a2)}/a3, 

^ n = ~ {^1 ^rnraja^ + C 2 (sin 2mraila^ - sin 27i7rai/a3) ' 

— C3 sin ^ n - TTa ^ ja ^) , 

27i'7ra,/a3) + C2(co8 2 mra - yja ^ — cos 2TTna2ja ^ 

+ 03(1 — cos 2717^2/03)}. 

14. Repetitions of the portion of y = x { Tr - - .r^)/! 2 which lies between .r = ± tt. 

CHAPTER XXXV. Section II. 

Page 737. 


1 . 52.2 


1 


- 2 t( 2 r+iy 


cos 


( 2 r+l) 7 rA‘ 


2 a 


2. -g +42(— l/^cosj’jr (-7r<.r<7r). A series of equal parabolic arcs, 
o -.xr 1 (2r + l)7ra:. kl 2 kl ^ 1 (2r+ l)27r.r 

(&TTy<““ 1 — • 4 -pr?( 2 FTT?'“— T 


o CO 

4. -S 


7 rt( 2 r+l )3 

2nk^ 1 


( 2 r+l)‘'i“‘“ I ’ 4 v-^{2r+'if 

sin (2r+ 1).?; ; 0 to tt inclusive. 

JJTT . pirx 


c ^ ^ /y \ • jpTT , 'PTTX 

5. — 5 - 2 / — , ( 1 - cos ® 7 r) sm — sm ^V- . 


dTT^ 

6 . y=--^.r ( 0 to 2 c-a); ,y= - 


2c — a 


8 c 

.S . . 7 i 7 r.r . / Al'^\ HTT , 2^2 . 

7. S*„sm ^ _+_jcos-^ + ^2S^ 


7r2(2c - x ), (2c - a to 2c). 


2^2 . ?i 7 r 4^2 

sin — 3 3* 

2 


77 1 V n 277107 J, / ^2 4^2 \ . titT 2^2 

A + p,cos-j-. = + A = 


i! 

24‘ 


in 1 rTT rTTX . . . , , 

lU. j repetitions of the part between .r = 0 

and x = l . 

13, If f { x ) changes to <^(.r) and /' { x ) to <}}'{ x ) at o- = a, 

, I jr , K ■ nirx , , t , , ^ ■ n-rrx , 

A „-= l ^ fix ) Bin - j - dx+J < f ,{ x ) sin — dx , 


= cos ’ip -/(O)] + ? (0 ( - 1 )" - (a] 


cos 


nva 


1 ^ a"Z)" /r" 6 "' 

ib. u— — 2j- 


■ttV 


/r" 6"\ 

[S^~pi)lo /{i>)co3n(<p-e)d(ji. 


19. -SY^-Ysin(2r + 1)— . 

TT 0 2r + l 'a 

27. C =]- tan~^ cos ^ ^ circle, centre at the origin, and radius 

2 1— m2 

^TTa symmetrically placed about the initial line, and subtending an 
angle tt — 2a at the origin ; together with the origin itself. 
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2, (| + i)(.-ad.)>. 


CHAPTER XXXVI. 
Page 786. 

7. 3a2/2, 5a3/2, axis = 2a. 


8. Art. 1650 (12). 


10. Edges 2a, 26; (i) (a2+62)/3; (ii) and (iii) + (a^ + 6‘0/3 for a point 
dist. r from centre. 


11. (i) a ; (ii) 4a/3. 

13. (i) sides a, 6, c, {a?+b‘^-{-c^)IQ •, 
(iii) 6a"/5 (rad. =a) ; 

14. 2/a, 3/2a, a = semi. maj. ax. 


12, lOa/7, a (axis 2a). 

(ii) a^/3 (side— a) ; 
(iv) a2/2 (edge=a). 
36. 17a2/16. 


39. 2(.yi2-{-c2 — c)/62, wliere 6 = rad. of disc, c=dist. between centres. 


11. 1/7. 


CHAPTER XXXVII. 
Page 849. 

a6j 

12. 280/1287. 


6- (“) A ; (^‘) A ; (c) 


23, .rV, 24. 25- 


27. 


(2p)!('Sg)! (Pi + gt) ! (Pz + gz) ! . . . (Pn + gn) ’ 

J)j;lp2!...p„!gi!g2!...g„! (2p + 2g)! 

(Sp + i)(2:p-i-9)...(2p+n-i) 


(Sp+g+i)(2?>+g+2)...(2?+g+7t-i) 
28. 128/457r-’. 39. 5c2/6. 


CHAPTER XXXIX. 


Page 931. 

4. 5 + (7a.' + 2y + 32) + ( - .r2 + £2 + lyz -f 82 .r + dxy) + {lOa;^ - 6x {x^+y"^ +22)} 
+ 1 \xyz. 

15. If sin2 0 could be expres-sed in a finite series of P’s, it could be 
expressed in a finite series of cosines. 

19. Art. 1806. 

CHAPTER XL. 

Page 962. 


1 . 


X 


X 


— X 


l+x + .f^’ l+.'r®+a;®’ l+o-' + .r® 


+ log(l +.r + .r®). 


-X A. ax + b 

' l+.r + .r'®' * a' a'.r2 + 26'a; + c'’ 

5. (a) conv. (6) n <t 1 conv. ; 0 < n < 1 couv. ; n :+ 0 div.-v + co . 

(c) conv. ((f) 0 < n < 1 conv. ; ti ^ 0 div. ; n > 1 div. 

8. All conv. if m > 1, div. if ni :}> 1. 
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(References are to Articles except those marked p. (ii) p. 361 refers to 

Volume II. page 361.) 
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859, 989, 1109. 
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ELEMENTARE ZAHLENTHEORIE 

By E. LANDAU 

“Interest is enlisted at once and sustained by the 
accuracy, skill, and enthusiasm with which Landau 
marshals . . . facts and simplifies . . . details.” 

— G. D. Birkhoff, Btilletin of the A. M. S. 
— 1927. vii -f 1 80 -f iv pp. 5>/2 x8'/4. [26] $3.50 
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VORLESUNGEN uber zahlentheorie 

By £. LANDAU 

The various sections of this important work 
(Additive, Analytic, Geometric, and Algebraic 
Number Theory) can be read independently of one 
another. 

— Vol. I, Pt. 2. (Additive Number Theory) xii + 180 pp. Vol. 
II. (Analytical Number Theory and Geometrical NumberTheory) 
viii + 308 pp. Vol. III. (Algebraic Number Theory and Fermat's 
Last Theorem) viii + 341 pp. 5'/4x8i/4. >>(Vol. I, Pt. 1 is issued 
as Elementary Number Theory.) Originally publ. at $26.40 

[32] Three vols. in one $14.00 


ELEMENTARY NUMBER THEORY 

By E. LANDAU 

The present work is a translation of Prof. Lan- 
dau’s famous Elementare Zahlentheorie, with 
added exercises by Prof. Paul T. Bateman. 

Part One. Foundations of Number Theory. I. 
Divisors. II. Prime Numbers, Prime Factoriza- 
tion. III. G.C.D. IV. Number-theoretic Func- 
tions. V. Congruences. VI. Quadratic Residues. 
VII. Pell’s Equation. Part Two. Brun’s Theorem 
and Dirichlet’s Theorem. PART Three. Decompo- 
sition into Two, Three, and Four Squares. I. 
Farey Fractions. II. Dec. into 2 Squares. III. Dec. 
into 4 Squares. IV. Dec. into 3 Squares. Part 
Four. Class Numbers of Binary Quadratic Forms. 
II. Classes of Forms. III. Finiteness of Class 
Number. IV. Primary Representation . . . VI. 
Gaussian Sums . . . IX. Final Formulas for Class 
Number. 

Exercises for Parts One, Two, and Three. 
—1958. 256 pp. 6x9. [125] $4.95 


EINFUHRUNG IN DIE ELEMENTARE UND 
ANALYTiSCHE THEORIE DER 
ALGEBRAISCHE ZAHLEN UND DER IDEALE 
By E. LANDAU 

— 2nd ed. vii + 147 pp. 5'/>x8. [62] $2.95 


GRUNDLAGEN DER ANALYSIS 

By E. LANDAU 

The student who wishes to study mathematical 
German will find Landau’s famous Grundlagen der 
Analysis ideally suited to his needs. 

Only a few score of German words will enable 
him to read the entire book with only an occasional 
glance at the Vocabulary! [A Complete German- 
English vocabulary, prepared with the novice 
especially in mind, has been appended to the book.] 

—3rd ed. I960. 173 pp. 5%x8. [24] Cloth $3.50 

[141] Paper $1.95 
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FOUNDATIONS OF ANALYSIS 

By E. IaNDAU 

“Certainly no clearer treatment of the foundations 
of the number system can be offered. . . . One can 
only be thankful to the author for this fundamental 
piece of exposition, which is alive with his vitality 
and genius.” — J. F. Ritt, Amer. Math. Monthly. 

— 2nd ed. 1960. 6x9. [79] $3.50 


HANDBUCH DER LEHRE VON DER 
VERTEILUNG DER PRIMZAHLEN 
By E. LANDAU 

To Landau’s monumental work on prime-number 
theory there has been added, in this edition, two of 
Landau’s papers and an up-to-date guide to the 
work; an Appendix by Prof. Paul T. Bateman. 

— 2nd ed. 1953. 1,028 pp. SVixB'/a- [96] Two vol. set $14.95 

UEBER ANALYSIS 

By E. LANDAU, B. RIEMANN, and H. WEYL 

— See: Weyl-Landau-Riemann. 

MEMOIRES SUR LA THEORIE DES SYSTEMES 
DES EQUATIONS DIFFERENTIELLES 
LINEAIRES, Vols. I, II, III 

By J. A. LAPPO-DANILEVSKit 

Three volumes in one. 

Some of the chapter titles are: General theory of 
functions of matrices; Analytic theory of matrices; 
Problem of Poincare; Systems of equations in 
neighborhood of a pole; Analytic continuation; In- 
tegral equations and their application to the theory 
of linear differential equations; Riemann’s prob- 
lem; etc. 

“The theory of [systems of linear differential 
equations] is treated with elegance and generality 
by the author, and his contributions constitute an 
important addition to the field of differential equa- 
tions .” — Applied Mechanics Reviews. 

— 3 volumes bound as one. 689 pp. 5 ’A X8V4. [94] $10.00 

TOPOLOGY 

By S. LEFSCHETZ 

CONTENTS: I. Elementary Combinatorial 
Theory of Complexes. II. Topological Invariance 
of Homology Characters. III. Manifolds and their 
Duality Theorems. IV. Intersections of Chains 
on a Manifold. V. Product Complexes. VI. Trans- 
formations of Manifolds, their Coincidences, Fixed 
Points. VII. Infinite Complexes. VIII. Applica- 
tions to Analytical and Algebraic Varieties. 

— 2nd ed. (Corr. repr. of 1st ed.). x-{-410 pp. 51^x8%. 

[116] $4.95 
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ELEMENTS OF ALGEBRA 

By HOWARD LEVI 

“This book is addressed to beginning students of 

mathematics The level of the book, however, is 

so unusually high, mathematically as well as peda- 
gogically, that it merits the attention of profes- 
sional mathematicians (as well as of professional 
pedagogues) interested in the wider dissemina- 
tion of their subject among cultured people ... a 
closer approximation to the right way to teach 
mathematics to beginners than anything else now 
in existence .” — Bulletin of the A. M. S. 

— Third ed. 1960. xi -1-161 pp. 5%x8. [103] $3.25 


LE CALCUL DES RESIDUS 

By E. LINDELOF 

Impoi-tant applications in a striking diversity of 
mathematical fields : statistics, number theory, the 
theory of Fourier series, the calculus of finite 
differences, mathematical physics, and advanced 
calculus, as well as function theory itself. 

— 151 pp. 5 V 2 X 8 V 2 . 13^1 53-25 


THE THEORY OF MATRICES 

By C. C. MacDUFFEE 

“No mathematical libi*ai'y can afford to be without 
this book.” — Bulletin of the A. M. S. 

— (Ergeb. der Moth.) 2nd edition. 116 pp. 6x9. Orig. publ. 
at $5 20. " [281 $2.95 

MACMAHON, "Introduction . . ." see Klein 

COMBINATORY ANALYSIS, Vols. I and II 

By P. A. MACMAHON 

Two VOLUMES IN ONE. 

A broad and extensive treatise on an important 
branch of mathematics. 

— XX + 300 + XX + 340 pp. 5%x8. [137] Two vols. in one. 

$7.50 


FORMULAS AND THEOREMS FOR THE 
FUNCTIONS OF MATHEMATICAL PHYSICS 
By W. MAGNUS and F. OBERHETTINGER 

Gathered into a compact, handy and well-arranged 
reference work are thousands of results on the 
many important functions needed by the physicist, 
engineer and applied mathematician. 

Translated by J. Weemer. 

1954. 182 pp. 6x9. German edition was $7.00. [51] $3.90 
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THE DEVELOPMENT OF 
MATHEMATICS IN CHINA AND JAPAN 

By Y. MIKAMI 
A scholarly work. 

— First ed. 1913. viii + 347 pp. SS/exS. Summer, '61. 

[149] Prob $3.95 


GEOMETRIE DER ZAHLEN 

By MINKOWSKI 

— viii + 256 pp. 51 / 2 x 81 / 4 . [93] $4.50 

DIOPHANTISCHE APPROXIMATIONEN 

By H. MINKOWSKI 

“Since the author has given an elementary, enter- 
taining, account, both in geometric and arithmetic 
language, of some important original results as 
well as the salient features of a classic theory, but 
presented in a novel manner, his work is deserving 
of the attention of the very widest circle of 
readers.” — L. E. Dickson. 

—viii + 235 pp. 51 / 4 x 81 / 4 . [118] $4.50 

MORDELL, "Fermat's last Theorem," see Klein 


INVERSIVE GEOMETRY 

By F. MORLEY and F. V. MORLEY 

Chapter Headings: I. Operations of Elementary 
Geometry. II. Algebra. III. The Euclidean Group. 
IV. Inversions. V. Quadratics. VI. The Inversive 
Group of the Plane. VII. Finite Inversive Groups. 
VIII. Parabolic, Hyperbolic, and Elliptic Geom- 
etries. IX. Celestial Sphere. X. Flow. XI. Differ- 
ential Geometry. XII. The Line and the Circle. 
XIII. Regular Polygons. XIV. Motions. XV. The 
Triangle. XVI. Invariants under Homologies. 
XVII. Rational Curves. XVIII. Conics. XIX. 
Cardioid and Deltoid. XX. Cremona Transforma- 
tions. XXI. The n-Line. 

-xi-f 273 pp. 51 / 4 x 81 / 4 . [101] $3.95 


LEHRBUCH DER KOMBINATORIK 

By E. NETTO 

The standard work on the fascinating subject of 
Combinatory Analysis. 

— Second edition, viii -H 348 pp. 5x8 in. [123] $4.95 


VORLESUNGEN UBER 
DIFFERENZENRECHNUNG 
By N. H. NORLUND 

— ix -f 551 pp. 5x8. Orig. publ. at $1 1 .50. 


[100] $5.95 
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FUNCTIONS OF REAL VARIABLES 
FUNCTIONS OF A COMPLEX VARIABLE 
By W. F. OSGOOD 

Two VOLUMES IN ONE. 

“Well-organized courses, systematic, lucid, fun- 
damental, with many brief sets of appropriate 
exercises, and occasional suggestions for more ex- 
tensive reading. The technical terms have been 
kept to a minimum, and have been clearly ex- 
plained. The aim has been to develop the student’s 
power and to furnish him with a substantial body 
of classic theorems, whose proofs illustrate the 
methods and whose results provide equipment for 
further progress.” — Bulletin of A. M. S 
— 676 pp. 5x8. 2 vols. in 1. [124] $4.95 


DIE LEHRE VON DEN KETTENBRUECHEN 

By O. PERRON 

Both the Arithmetic Theory and the Analytic 
Theory are treated fully. 

“An indispensable work . . . Perron remains the 
best guide for the novice. The style is simple and 
precise and presents no difficulties.” 

— Mathematical Gazette. 
—2nd ed. 536 pp. 51 / 4 x 8 . [73] $5.95 


IRRATIONALZAHLEN 

By O. PERRON 

Methods of introducing irrational numbers 
(Cauchy, Bolzano, Weierstrass, Dedekind, Cantor, 
Meray, Bachman, etc.) Systematic fractions, con- 
tinued fractions. Cantor's series and algorithm, 
Liiroth’s and Engel's series. Cantor’s products. 
Approximations, Kronecker theorem. Algebraic 
and transcendental numbers {inchiding transcen- 
dency proofs for e and n; Liouville numbers, etc.) 
—2nd ed. 1939. 207 pp. 51 / 4 x 81 / 4 . [47] Cloth $3.25 

[113] Paper $1 .50 


EIGHT-PLACE TABLES OF 
TRIGONOMETRIC FUNCTIONS 
By J. PETERS 

With an appendix on the computation to twenty 
decimal places. 

— Approx. 950 pp. 8x1 1 . [154] In prep. 


SUBHARMONIC FUNCTIONS 

By T. RADO 

— (Ergeb. der Math.) 1937. iv -[- 56 pp. 51 / 2 x 81 / 2 . [60] $2.00 
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THE PROBLEM OF PLATEAU 

By T. RADO 

— (Ergeb. der Math.) 1933. 113 pp. 51 / 2 x 8 . Orig. publ. (in 
paper binding) at $5.10. [811 Cloth, $2.95 


EINFUHRUNG IN DIE KOMBINATORISCHE 
TOPOLOGIE 

By K. REIDEMEISTER 

Group Theory occupies the first half of the book; 
applications to Topology, the second. This well- 
known book is of interest both to algebraists and 
topologists. 

— 221 pp. 51 / 2 x 81 / 4 . [76] 5 , 3.50 


KNOTENTHEORIE 

By K. REIDEMEISTER 

— (Ergeb. der Math.) 1932. 78 pp. 5 '/ 2 ><8 1 / 2 . [40] $2.25 


FOURIER SERIES 

By W. ROGOSINSKI 

Translated by H. Cohn. Designed for beginners 
with no more background than a year of calculus, 
this text covers, nevertheless, an amazing amount 
of ground. It is suitable for self-study courses as 
well as classroom use. 

“The field covered is extensive and the treatment 
is thoroughly modern in outlook . . . An admirable 
guide to the theory .” — Mathematical Gazette. 

— Second ed. 1959. vi -f 176 pp. 4i/2x6'/2- [67] $2.25 


CONIC SECTIONS 

By G. SALMON 

“The classic book on the subject, covering the whole 
ground and full of touches of genius.” 

— Mathematical Association. 
—6th ed. XV -1-400 pp. S'AxS'A. [99] Cloth $3.25 

[98] Paper $1.94 


HIGHER PLANE CURVES 

By G. SALMON 

Chapter Headings: I. Coordinates. II. General 
Properties of Algebraic Curves. III. Envelopes. IV. 
Metrical Properties. V. Cubics. VI. Quartics. VII. 
Transcendental Curves. VIII. Transformation of 
Curves. IX. General Theory of Curves. 

— 3rd ed. xix -)- 395 pp. 5%x8. 


[138] $4.95 
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ANALYTIC GEOMETRY OF 
THREE DIMENSIONS 
By G. SALMON 

A rich and detailed treatment by the author of 
Conic Sections, Higher Plane Curves, etc. 

— Seventh edition. (V. 1). 496 pp. 5x8. [122] $4.95 

INTRODUCTION TO MODERN ALGEBRA 
AND MATRIX THEORY 

By O. SCHREIER and E. SPERNER 

An English translation of the revolutionary work, 
Einfiihrung in die Analytische Geometrie und 
Algebra. Chapter Headings : I. Affine Space. Linear 
Equations. (Vector Spaces). II. Euclidean Space. 
Theory of Determinants. III. The Theory of Fields. 
Fundamental Theorem of Algebra. IV. Elements 
of Group Theory. V. Matrices and Linear Trans- 
formations. The treatment of matrices is especially 
extensive. 

“Outstanding . . . good introduction . . . well 
suited for use as a text . . . Self-contained and each 
topic is painstakingly developed.” 

— Mathematics Teacher. 

— Second ed. 1959. viii -P 378 pp. [80] $6.00 

PROJECTIVE GEOMETRY OF n DIMENSIONS 
By O. SCHREIER and E. SPERNER 

Translated from the German by Calvin A. Rogers. 

A textbook on the analytic projective geometry 
of n dimensions whose clarity and explicitness of 
presentation can hardly be surpassed. 

Suitable for a one-semester course on the senior 
undergraduate or first-year graduate level. The 
backgpund required is minimal: The definition 
and simplest properties of vector spaces and the 
elements of matrix theory. For the reader lacking 
this background, suitable reference is made to the 
Authors’ companion volume Introduction to Mod- 
em Algebra and Matrix Theory. 

There are exercises at the end of each chapter 
to enable the student to test his mastery of the 
material. 

Chapter Headings: I. n-Dimensional Projective 
Space. II. General Projective Coordinates. III. 
Hyperplane Coordinates. The Duality Principle 
IV. The Cross Ratio. V. Projectivities. VI. Linear 
Projectivities of P„ onto Itself. VII. Correlations. 
VIII. Hypersurfaces of the Second Order. IX. 
Projective Classification of Hypersurfaces of the 
Second Order. X. Projective Properties of Hyper- 
surfaces of the Second Order. XL The Affine 
Classification of Hypersurfaces of the Second Or- 
der. XII. The Metric Classification of Hyper- 
surfaces of the Second Order. 

— 1961. 208 pp. 6x9. 


[126] $4.95 
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PROJECTIVE METHODS 
IN PLANE ANALYTICAL GEOMETRY 
By C. A. SCOTT 

The original title of the present work, as it ap- 
peared in the first and second editions, was “An 
Introductory Account of Certain Modern Ideas and 
' Methods in Plane Analytic Geometry.” The title 
has been changed to the present more concise and 
more descriptive form, and the corrections indi- 
cated in the second edition have been incorporated 
into the text. 

Chapter Headings: I. Point and Line Co- 
ordinates. II. Infinity. Transformation of Coordi- 
nates. III. Figures Determined by Four Elements. 
IV. The Principle of Duality. V. Descriptive Prop- 
erties of Curves. VI. Metric Properties of Curves; 
Line at Infinity. VII. Metric Properties of Curves; 
Circular Points. VIII. Unicursal (Rational) 
Curves. Tracing of Curves. IX. Cross-Ratio, 
Homography, and Involution. X. Projection and 
Linear Transformation. XI. Theory of Corre- 
spondence. XII. The Absolute. XIII. Invariants 
and Covariants. 

— Ready, Summer, 1961. 3rd ed. xiv -f 288 pp. 5x8. 

[146] Probably $3.50 

LEHRBUCH DER TOPOLOGIE 

By H. SEIFERT and W. THRELFALL 

This famous book is the only modern work on com- 
binatorial topology addressed to the student as well 
as to the specialist. It is almost indispensable to 
the mathematician who wishes to gain a knowledge 
of this important field. 

“The exposition proceeds by easy stages with 
examples and illustrations at every turn.” 

— Bulletin of the A. M. S. 
—1934. 360 pp. 5V2 x 8'/2. Orig. publ. at $8.00. [31] $4.95 


SHEPPARD, "From Determinant to Tensor," see Klein 


HYPOTHESE DU CONTINU 

By W. SIERPINSKI 

An appendix consisting of sixteen research papers 
now brings this important work up to date. This 
represents an increase of more than forty percent 
in the number of pages. 

“One sees how deeply this postulate cuts through 
all phases of the foundations of mathematics, how 
intimately many fundamental questions of anal- 
ysis, and geometry are connected with it ... a most 
excellent addition to our mathematical literature.” 

— Bulletin of A. M. S. 

Second edition. 1957. xvii -f- 274 pp. 5x8. [117] $4.95 


SINGH, "Non-Differentiable Functions," see Hobson 
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DIOPHANTISCHE GLEICHUNGEN 

By T. SKOLEM 

“This comprehensive presentation . . . should be 
warmly welcomed. We recommend the book most 
heartily.” — Acta Szeged. 

— (Ergeb. der Math.) 1938. ix-f-130 pp. 5V2x8'/2- Cloth. 
Orig. publ. at $6.50. [75] $3.50 

ALGEBRAISCHE THEORIE DER KOERPER 

By E. STEINITZ 

“Epoch-making.” — A. Haar, Aca Szeged. 

— 177 pp. including two appendices. 5'Ax8'/4. [77] $3.25 

INTERPOLATION 

By J. F. STEFFENSEN 

“A landmark in the history of the subject. 

“Starting from scratch, the author deals with 
formulae of interpolation, construction of tables, 
inverse interpolation, summation of formulae, 
the symbolic calculus, interpolation with several 
variables, in a clear, elegant and rigorous manner 
. . . The student . . . will be rewarded by a compre- 
hensive view of the whole field. ... A classic ac- 
count which no serious student can afford to 
neglect.” — Mathematical Gazette. 

—1950. 2nd ed. 256 pp. S'AxSVi. Orig. $8.00. [71 ] $4.95 

A HISTORY OF THE MATHEMATICAL 
THEORY OF PROBABILITY 
By I. TODHUNTER 

Introduces the reader to almost every process and 
every species of problem which the literature of 
the subject can furnish. Hundreds of problems are 
solved in detail. 

— 640 pp. 5y4x8. Previously publ. at $8.00. [57] $6.00 


SET TOPOLOGY 

By R. VAIDYANATHASWAMY 

In this text on Topology, the first edition of which 
was published in India, the concept of partial order 
has been made the unifying theme. 

Over 500 exercises for the reader enrich the text. 
Chapter Headings: I. Algebra of Subsets of a 
Set. II. Rings and Fields of Sets. III. Algebra of 
Partial Order. IV. The Closure Function. V. Neigh- 
borhood Topology. VI. Open and Closed Sets. VII. 
Topological Maps. VIII. The Derived Set in T, 
Space. IX. The Topological Product. X. Con- 
vergence in Metrical Space. XI. Convergence 
Topology. 

— 2nd ed. 1960. vi -f- 305 pp. 6x9. 


[139] $6.00 
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LECTURES ON THE GENERAL THEORY OF 
INTEGRAL FUNCTIONS 
By G. VALIRON 

— 1923. xii + 208 pp. 5'/)x8. [56] $3.50 


GRUPPEN VON LINEAREN 
TRANSFORMATIONEN 
By B. L. VAN DER WAERDEN 

— (Ergeb. der Math.) 1935. 94 pp. SVixSVi- t'^5] $2.50 


LEHRBUCH DER ALGEBRA 

By H. WEBER 

The bible of classical algebra, still unsurpassed for 
its clarity and completeness. Much of the material 
on elliptic functions is not available elsewhere in 
connected form. 

Partial Contents: VOL. I. Chap. I. Rational 
Functions. II. Determinants. III. Roots of Alge- 
braic Equations. V. Symmetric Functions. V. 
Linear Transformations. Invariants. VI. Tchirn- 
haus Transformation. VII. Reality of Roots. VIII. 
Sturm’s Theorem. X. Limits on Roots. X. Approxi- 
mate Computation of Roots. XI. Continued Frac- 
tions. XII. Roots of Unity, XIII. Galois Theory. 
XIV. Applications of Permutation Group to 
Equations. XV. Cyclic Equations. XVI. Kreistei- 
lung, XVII. Algebraic Solution of Equations. 
XVIII. Roots of Metacyclic Equations. 

VOL. II. Chaps. I.-V. Group Theory. VI.-X. 
Theory of Linear Groups. XI.-XVI. Applications 
of Group Theory (General Equation of Fifth De- 
gree, The Group Gws and Equations of Seventh 
Degree . . .). XVII.-XXIV, Algebraic Numbers. 
XXV. Transcendental Numbers. 


VOL. III. Chap. I. Elliptic Integral. II. Theta 
Functions. III. Transformation of Theta Functions. 
IV. Elliptic Functions. V. Modular Function. V. 
Multiplication of Elliptic Functions. Division. VII. 
Equations of Transformation. VIII. Groups of the 
Transformation Equations and the Equation of 
Fifth Degree . . . XI.-XVI. Quadratic Fields. XVII. 
Elliptic Functions and Quadratic Forms. XVIII. 
Galois Group of Class Equation. XIX. Computa- 
tion of Class Invariant . . . XII. Cayley’s Develop- 
ment of Modular Function. XXIII. Class Fields. 
XXIV.-XXVI. Algebraic Functions. XXVII. Alge- 
braic and Abelian Differentials. 


—Ready, Fall, '61. 3rd ed. (C. repr. of- 2nd ed.). 2,345 PP- 5x8 
[144] Three vol. set. Probably $19.50 
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DAS KONTINUUM, 
und andere Monographien 

By H. WEYL, E. LANDAU, and B. RIEMANN 

Four volumes in one. 

Das Kontinuum (Kritische Untersuchungen 
ueber die Grundlagen der Analysis L by H. Weyl. 
Reprint of 2nd edition. 

Mathematische Analyse des Raumproblems, 
by H. Weyl. 

Darstellung und Begruendung einiger 

NEURER ErGEBNISSE DER FUNKTIONENTHEORIE, by 
E. Landau. Reprint of 2nd edition. 

Ueber die Hypothesen, welche der Geometrie 
ZU Grunde liegen, by B. Riemann. Reprint of 3rd 
edition, edited and with comments by H. Weyl. 

83 + 117 + 120 + 48 pp. 5’/ix8. [134] Four vols. in one. 

$6.00 


THE THEORY OF GROUPS 

By H. J. ZASSENHAUS 

In this considerably augmented second edition of 
his famous work, Prof. Zassenhaus puts the origi- 
nal text in a lattice-theoretical framework. This 
has been done by the addition of new material as 
appendixes, so that the book can also continue to 
be read as before, on a strictly group-theoretical 
level. The new edition has sixty percent more 
pages than the old. 

The number of exercises, also has been greatly 
increased. 

“A wealth of material in compact form.” 

— Bulletin of A. M. S. 

— Second edition. 1958. viii 265 pp, 6x9. [53] $6.00 




